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Abstract

Following our approach to metric Lie algebras developed in a previous paper we

propose a way of understanding pseudo-Riemannian symmetric spaces which are

not semi-simple. We introduce cohomology sets (called quadratic cohomology)

associated with orthogonal modules of Lie algebras with involution. Then we

construct a functorial assignment which sends a pseudo-Riemannian symmetric

space M to a triple consisting of

(i) a Lie algebra with involution (of dimension much smaller than the dimension
of the transvection group of M),

(ii) a semi-simple orthogonal module of the Lie algebra with involution, and

(iii) a quadratic cohomology class of this module.

That leads to a classification scheme of indecomposable non-simple pseudo-Rieman-

nian symmetric spaces. In addition, we obtain a full classification of symmetric

spaces of index 2 (thereby completing and correcting in part earlier classification

results due to Cahen/Parker and Neukirchner).

Contents
1 Introduction
2 Symmetric pairs and triples

3 Quadratic cohomology of (I, 6;)-modules

4 Quadratic extensions 11
5 Admissible extensions 15
6 A classification scheme for indecomposable symmetric triples 18
7 Classification of symmetric triples of index 2 21



1 Introduction

In the present paper we will develop a classification scheme for pseudo-Riemannian
symmetric spaces. A (pseudo-)Riemannian symmetric space is a connected (pseudo-)
Riemannian manifold (M, g) satisfying the following symmetry condition. For each
point x € M there is an involutive isometry 6, of (M, g) such that z is an isolated
fixed point of 6,. Clearly, in this case the “symmetry” 6, is uniquely defined. In a
normal neighbourhood of z it coincides with the geodesic reflection at . Riemannian
symmetric spaces are well understood. They were classified by E. Cartan. Contrary to
that the classification in the pseudo-Riemannian case is much more involved.

One can reformulate the classification problem for pseudo-Riemannian symmetric spaces
in terms of purely algebraic objects. In order to do so we assign to each pseudo-
Riemannian symmetric space M a distinguished subgroup G of its group of isometries,
the transvection group of M (sometimes also called group of displacements) which still
acts transitively on M. For a fixed base point o € M the involution 6,, induces an invo-
lution @ on the Lie algebra g of G and the scalar product g, on the tangent space T, M
at zo induces a (non-degenerate) scalar product (-,-) on g, which is g- and f-invariant.
Moreover, the decomposition g = g4 @ g— of g into the +1-eigenspaces of 6 satisfies
[0—,0-] = g+ (see Section 2 for a more exact explanation of these facts). A triple
(9,0, (-,-)) which consists of a Lie algebra g, a scalar product (-,-) and an involution 6
satisfying these conditions will be called a symmetric triple. This gives us a one-to-one
correspondence between simply-connected pseudo-Riemannian symmetric spaces and
symmetric triples. Hence the classification of simply-connected pseudo-Riemannian
symmetric spaces up to isometry is equivalent to the classification of symmetric triples
up to isomorphism.

A classification of all semi-simple symmetric triples, i.e. of symmetric triples (g, (-, ), 8)
with semi-simple g, has been already obtained by M. Berger [B]. In particular, this in-
cludes all symmetric triples which correspond to non-flat irreducible pseudo-Riemannian
symmetric spaces. However, contrary to the Riemannian case a pseudo-Riemannian
symmetric space in general does not decompose into a product of irreducible sym-
metric spaces. Thus Berger’s result does not solve our classification problem. In fact,
symmetric spaces with semi-simple transvection group constitute only a very small part
of all pseudo-Riemannian symmetric spaces. The next step was done by M. Cahen and
N. Wallach [CW] who classified all symmetric triples which correspond to Lorentzian
symmetric spaces, i.e. to pseudo-Riemannian symmetric spaces with a metric of index 1.
For the case of index 2 M. Cahen and M. Parker gave classification results in [CP 1] and
[CP 2]. However the results in [CP 1] are not complete and also the revised version of
these results by Th. Neukircher in [N] is not quite correct (see also the introduction to
Section 7). For higher index the classification problem is unsolved. Note however, that
there are recent classification results of pseudo-Riemannian symmetric spaces admit-
ting very special additional geometric structures ((para-) hyper-Kéhler [AC 1],[ABCV],
(para-) quaternionic Kéahler [AC 2]).

Looking at the results for index 1 and 2 it becomes rather obvious that one cannot
expect to get a list of all symmetric triples for arbitrary index. Therefore the aim
will be to find a reasonable description of the structure of symmetric triples which will



lead to a nice description of the moduli space of isomorphism classes of all symmetric
triples. For obvious reasons one is mainly interested in indecomposable symmetric
triples, i.e. in those which are not the non-trivial direct sum of symmetric triples.
Moreover it suffices to consider only those symmetric triples (g, 0, (-,-)) for which g
does not contain semi-simple ideals. Indeed, if g has a semi-simple ideal, then it also
has a #-invariant semi-simple ideal . The restriction of (-,-) to any semi-simple ideal
is non-degenerate and therefore the symmetric triple decomposes into the direct sum
(b, 0]y, (-, '>b)@(hL’ Olyr, (-, )y1) of two symmetric triples the first one being in Berger’s
classification list mentioned above.

The structure theory for symmetric spaces which we will develop in this paper is com-
pletely parallel to our theory of metric Lie algebras presented in [KO2]. Let us de-
scribe the main ideas and results in the present context of symmetric triples. For each
symmetric triple (g,0, (-,-)) without semi-simple ideals there is a canonically defined
f-invariant isotropic ideal i(g) C g such that i(g)*/i(g) is abelian (see Section 5, For-
mula (16)). Furthermore, for any #-invariant isotropic ideal i C g such that it /i is
abelian the following holds. Put [ = g/i* and a = i*/i. The involution @ induces
involutions 6, on [ and 6, on a. Then a inherits an inner product from g and an l-action
being compatible with this inner product and the involutions 8, and 6, i.e., it inherits
the structure of an orthogonal ([, §;)-module. Moreover, i 2 [* as an (I, 6;)-module, and
g can be represented as the result of two subsequent extensions of Lie algebras with
involution

0—a—g—I1l—0, O—>[*—>g—>§—>07 (1)
where g = g/i. Vice versa, given a Lie algebra with involution (I, 6;), an orthogonal
(1,0;)-module a and two extensions as in (1) which in addition satisfy certain natural
compatibility conditions, the resulting Lie algebra g has a distinguished invariant inner
product and an isometric involution. This construction will be formalised into the no-
tion of a quadratic extension of ([, #;) by an orthogonal (I, §;)-module a in Subsection 4.1.
In particular, there is a natural equivalence relation on the set of quadratic extensions
of (I,6;) by a. We will call such a quadratic extension of a Lie algebra with involu-
tion (I,6,) admissible if the resulting metric Lie algebra with involution (g, 6, (-,)) is
a symmetric triple and the image of I* in g coincides with the canonical ideal i(g) C g
(the crucial condition). Admissibility implies in particular that the (I, 6;)-module a is
semi-simple.

Summarising up to here we have established that any symmetric triple without semi-
simple ideals has the structure of an admissible quadratic extension of a Lie algebra with
involution (I, #;) by an orthogonal (I, 6;)-module a in a canonical way. Geometrically, the
ideal i(g)* C g defines a foliation of the pseudo-Riemannian space M invariant under
all transvections. Its leaves are coisotropic symmetric subspaces of M which are flat.
This foliation is actually a fibration over an affine symmetric space N (without metric).
The Lie algebra [ is then a central extension of the Lie algebra of the transvection group
of N. The theory discussed so far is essentially a formalisation of ideas of L. Berard-
Bergery [BB1],[BB 2] (unpublished).

This formalisation allows us to proceed further. First, equivalence classes of quadratic
extensions of (I,6;) by an orthogonal module a are conveniently described by a cer-



tain cohomology set HQQ([,H[, a) (which is the quotient of a real algebraic variety by
an algebraic group action). We introduce these quadratic cohomology sets for orthog-
onal modules of Lie algebras with involution in Section 3. The relation to quadratic
extensions is established in Section 4. In particular, Subsection 4.2 contains our stan-
dard construction which produces a metric Lie algebra with involution (g, 4, (-,-)) out
of a Lie algebra with involution (I,6;), an orthogonal (I,6;)-module a, and a cocycle
representing an element in HQQ([, 01, 0a).

Secondly, for semi-simple modules a, we describe the subset Hé([, O, a)s C Hé([, 01, a)
corresponding to admissible quadratic extensions (Section 5). We call a Lie algebra
with involution (I, ;) admissible if it possesses a semi-simple orthogonal module a such
that HQQ([, 0i,a); # 0. As examples show this condition is rather strong. In particular,
not every affine symmetric space can appear as the base N of the special fibration
described above associated with some pseudo-Riemannian symmetric space M.

And thirdly, in Section 6 we establish that the correspondence
{symmetric triples (g, 6, (-,))} = {quadruples ([,«9[, a,p € Hé([, o, a)ﬂ)} )

which sends each symmetric triple to the datum which defines the equivalence class
of its associated canonical quadratic extension descends to a bijection of isomorphism
classes. Here two quadruples ([;, 0y, a;,¢;), i = 1,2, are called to be isomorphic if there
is an isomorphism of triples (for the formal definition of this notion see the end of
Section 3)

T:(l4,01,,a1) — (l2,01,,a2) such that T pe = ¢y .

Let us express this result in a slightly different way. We consider the automorphism
group G\, o of a fixed triple (I,0;,a). It is a subgroup of Aut(l, ;) x O(a)?. Then the
moduli space of all symmetric triples without semi-simple ideals can be identified with
the union of quotient spaces

H HQQ([v ‘9[7 a)ﬁ/G[,G[,a 5 (2)
([,9{,&)

where the union is taken over a set of representatives of isomorphism classes of triples
(1,0, a) consisting of an admissible Lie algebra with involution (I, 6;) and a semi-simple
orthogonal ([, 60;)-module a. As already mentioned, we are mainly interested in inde-
composable symmetric triples. Definition 6.1 together with Proposition 6.2 provides
a manageable description of the subset HQQ([,H[, a)y C Hé([, fi,a)y corresponding to
indecomposable symmetric triples. Therefore the moduli space of non-semi-simple in-
decomposable symmetric triples is given by the following subspace of (2)

H Hé(u 6[7 a)O/G[,G[,a . (3)
([,9{,&)

This is the first main theorem of the present paper (see Theorem 6.1).

In order to approach a true classification one has to evaluate (3) further. By construc-
tion, the dimension of the symmetric space N corresponding to (I, 6;) is bounded by the
index of the symmetric triple (g, 0, (-,-)), i.e. the index of (-,-)|,_. For this reason the



bijection (3) is extremely useful for a concrete classification of symmetric triples with
small index, where all the ingredients of (3) can be explicitely computed. The situation
concerning the classification results in index 2 which we discussed at the beginning of
this introduction motivated us to redo this classification using (3). This is the content
of Section 7. Theorem 7.1 which is the second main theorem of the present paper
provides a full classification of indecomposable symmetric triples of index 2 which are
not semi-simple. Moreover, we determine the surprisingly small subset of them which
belongs to pseudo-Hermitian symmetric spaces (Corollary 7.1).

Note that the holonomy representation of a symmetric space with associated symmetric
triple (g,0,(-,-)) is given by the adjoint representation of g on g_. Therefore the
structure results of the present paper imply structure results for (indecomposable, non-
irreducible) holonomy representations of pseudo-Riemannian symmetric spaces. E.g.,
each such holonomy representation has a distinguished invariant isotropic subspace
given by i(g)Ng_. As already observed by L. Berard-Bergery [BB 1] a similar canonical
isotropic subspace can be assigned to any pseudo-orthogonal representation. It should
be possible to exploit this fact in order to uncover new structural results for holonomy
representations of non-symmetric pseudo-Riemannian manifolds as well.

2 Symmetric pairs and triples

In the following short survey of basic facts on symmetric spaces we will fix some notation
used in this paper and clarify the relations between the defined objects. For a detailed
introduction to symmetric spaces see e.g. [CP 2], [H], [KN].

Let (M,V) be a manifold with an affine connection. (M, V) is called an affine sym-
metric space if for each x € M there is an involutive affine transformation 6, of (M, V)
such that z is an isolated fixed point of 6,.

For an affine symmetric space (M, V) the transvection group G defined by
G:=(0y00,|x,yc M).

acts transitively on M. Let us fix a point g € M. The involutive affine transformation
0., acts by conjugation on G. We will denote this conjugation by 6. It induces an
involutive automorphism of the Lie algebra g of G, which we also denote by 6. We will
call (g,0) symmetric pair associated with (M,V). Let g4 and g_ be the eigenspaces of
0 with eigenvalues 1 and —1, respectively. Then we have

[6-,0-] =0+, [0+,0-] Ca—. (4)

Moreover, g4 acts faithfully on g_. Let G4 C G be the stabilizer of xg € M with
respect to the action of G on M. Then G§ C G, C GY holds. In particular, g,
is the Lie algebra of Gy whereas g_ can be identified with the tangent space T,,M
of M in xg. By (4) the homogeneous space G/G is reductive. In particular, the
decomposition g = g4 @ g_ defines a canonical invariant connection V°. There is an
affine diffeomorphism from (M, V) to (G/G,V?).



A Lie algebra with involution is a pair (I, 0;) consisting of a finite-dimensional Lie algebra
[ and an involutive automorphism 6, of I.

Let (I,6) be a Lie algebra with involution and induced eigenspace decomposition [ =
[y @ [_ such that

(S1) [ ] =L,

(S2) 14 acts faithfully on I_,

then there is a uniquely determined (up to isomorphism) simply connected affine sym-
metric space (M, V), such that ([,6,) is the symmetric pair associated with (M, V).
Therefore we will call any Lie algebra with involution (1, ;) satisfying Conditions (S1)
and (S2) a symmetric pair.

Now let (M, g) be a pseudo-Riemannian manifold and denote by V¢ the Levi-Civita
connection on M. (M, g) is called a pseudo-Riemannian symmetric space if (M, VLC)
is an affine symmetric space. In this case the affine transformations 6, are isometries
and the transvection group G is a subgroup of the isometry group.

The metric g on M induces a g;-invariant (in general indefinite) scalar product (-,-)
on g_. We will call the triple (g,0,(-,-)_) symmetric triple associated with (M,g). It
has the following properties:

(Sl) [9—79—] =0+,
(S2) g4 acts faithfully on g_,

(S3) (-,-)_ has an extension to a #-invariant and g-invariant (non-degenerate) scalar
product (-,-) on g.

Vice versa, let g be a finite-dimensional Lie algebra with involutive automorphism 6
and let g = g @ g_ be the decomposition into eigenspaces. Let (-,-) _ be a gy-invariant
scalar product on g_ such that (g, 0, (-,-) ) satisfies two of the three Conditions (S1),
(S2) and (S3), then also the third condition is satisfied and there exists a uniquely de-
fined simply connected symmetric space (M, g) such that (g, 8, (-,-) ) is the symmetric
triple associated with (M, g). Therefore we will call every triple (g,0, (-, -)_) consisting
of a finite-dimensional Lie algebra g, an involutive automorphism 6 of g and an g-
invariant scalar product (-,-)  on g_ which satisfies (two of) the Conditions (S1), (S2)
and (S3) a symmetric triple. For a symmetric triple (g, 6, (-,-)_) the extension (-,-) of
(+,-)_ in Condition (S3) is uniquely determined. Therefore we will also call (g, 6, (-,-))
a symmetric triple.

A metric Lie algebra (g,(-,-)) (or g in abbreviated notation) is a finite-dimensional
Lie algebra g together with a (non-degenerate) invariant scalar product. A metric Lie
algebra with involution is a triple (g, 6, (-,-)) (also abbreviated by g or by (g,6)), where
(g, (-,+)) is a metric Lie algebra and 6 is an involutive isometric automorphism. A
metric Lie algebra with involution (g, 0, (-,-)) is a symmetric triple if and only if (S1)
or (S2) is satisfied.



Let (M,g) be a pseudo-Riemannian symmetric space and (g,,(-,-)) the associated
symmetric triple. If g = g+ @ g_ is the corresponding decomposition of g, then g is the
Lie algebra of the holonomy group of (M, g) and the adjoint representation of g; on
g_ is the holonomy representation. According to de Rham’s decomposition theorem a
pseudo-Riemannian manifold is called indecomposable, if its holonomy representation
has no proper non-trivial non-degenerate invariant subspace. Hence a simply-connected
pseudo-Riemannian symmetric space is indecomposable if and only if the symmetric
triple associated with this symmetric space is not the direct sum of two non-vanishing
symmetric triples. We will call such symmetric triples indecomposable. In particular a
simply-connected pseudo-Riemannian symmetric space is indecomposable if and only if
it is not the product of two non-trivial pseudo-Riemannian symmetric spaces. However
note that there are non simply-connected pseudo-Riemannian symmetric spaces which
are not indecomposable in this sense, but which are not the product of two non-trivial
pseudo-Riemannian symmetric spaces.

A pseudo-Riemannian symmetric space (M, g) as well as its associated symmetric triple
(g,0,(-,-)) are called semi-simple if the Lie algebra g is semi-simple.

Finally let us introduce the notion of a homomorphism (isomorphism) for each of the
above defined algebraic objects. An isomorphism of metric Lie algebras is a Lie algebra
isomorphism which is also an isometry with respect to the given inner products. A
homomorphism (isomorphism) ¢ : (I1,6;,) — (l2,0;,) of Lie algebras with involution is
a Lie algebra homomorphism (isomorphism) satisfying ¢o6;, = 6;,0¢. An isomorphism
of metric Lie algebras with involution is an isomorphism of the underlying metric Lie
algebras which is also an isomorphism of Lie algebras with involution.

3 Quadratic cohomology of (i, 6,)-modules

Let us first recall the notion of quadratic cohomology introduced in [KO 2]. Let I be a
finite-dimensional Lie algebra. An orthogonal [-module is a tuple (p,a, (-,-),) (also a or
(p,a) in abbreviated notation) such that p is a representation of the Lie algebra I on

the finite-dimensional real vector space a and (-, ), is a scalar product on a satisfying

(p(L)A1,A2)q + (A1, p(L)A2)e =0
for all L € land Ay, A5 € a.

For [ and (any [-module) a we have the standard cochain complex (C*(I,a),d), where
CP(l,a) = Hom(APl,a) and we have the corresponding cohomology groups HP(l,a).
Furthermore we have the standard cochain complex (C*(I),d), which arises from the
one-dimensional trivial representation of . Even if a is one-dimensional we will distin-
guish between C*(I,a) and C*(I).

We have a product
CP(1,a) x CU(1,a) — CPTI(1)

defined by the composition

CP(1,a) x C9(1,a) -2 CPH(1,a @ a) Ve CP(1).



Let p be even. Then the group of quadratic (p — 1)-cochains is the group
Ch(a) = CP7H (1, a) & C2(1)
with group operation defined by
(11,01) * (12,02) = (11 + T2, 01 + 02 + %(71 A Ta)).
We consider now the set
Z5(La) = {(a,7) € CP(1,a) & C* (1) [ da = 0, dy = ${a A o)}
whose elements are called quadratic p-cocycles. Then the group (%71([’ a) acts on

Zg([, a) by

(a,y)(1,0) = (a +dr,y+do + ((a + 3dr) /\T>).
and we define the quadratic cohomology set H)(I,a) = Z5(l, a)/(?g_l([7 a). As usual,
we denote the equivalence class of (a,7) € Zg(I,a) in Hg (L a) by [a,9].

Now we consider pairs (I;,a;), i = 1,2, where [; are finite-dimensional Lie algebras and
a; = (pi,a;) are orthogonal [;-modules. We say that (S,U) : (I1,a1) — (lg,a2) is a
morphism of pairs if S : [} — Iy is a Lie algebra homomorphism and U : as — a; is an
isometric embedding such that

Uopa(S(L)) = pi(L)oU.

Note that U maps in the reverse direction.

Now let T := (S,U) : (l1,a1) — (l2, a2) be a morphism of pairs. For all p € Ny we define
maps

T CP(1) — CP(1), T*(y) == S*y
T* : CP(lg,a2) — CP(I1,a1), T*(a) :==Uo (S*a).

Then T* commutes with the differentials and
(T*aNT 1) =T*(a A T) (5)

holds for all @ € CP(I,a) and 7 € CY(I,a). In particular, Z5(l,a) is invariant under
T* @ T*. Moreover, T* @ T* restricted to Cgﬁl([, a) is a group homomorphism, and

(T e T ((,)(r0)) = (T, T"y)(T"7, T"0) (6)
holds for all (a,7) € Z5(1,a) and (7,0) € Cg_l([, a). Hence,
T : Hg([, a) — Hg([, a), T ([, v]) == [T, T*]

is correctly defined.

Now let (I, 6) be a Lie algebra with involution.

Definition 3.1 An orthogonal (1,60;)-module is a tuple (p,a,(-,-),,0.), where



1. (pya,(-,-),) s an orthogonal (-module for the Lie algebra |,

2. 0, is an involutive isometry of a compatible with p and 6, :
0o 0 p(0i(L)) = p(L) 0 b4 (7)

forall L € 1.
Often we abbreviate the notation by a or (p,a).

If a is an orthogonal (I, 6;)-module, then (6,0,) : (I,a) — ([,a) is a morphism of pairs.
As explained above (6, 6,) defines involutions

© := (61, 0a)" (8)

on C*(I,a), C*(1). Let CP(l,a) = CP(l,a)4+ @ CP(l,a)_ and CP(1) = CP(1)4 @ CP(I)_be
the eigenspace decomposition with respect to ©. Obviously,

Ch M (La)y = CP M (L) @ CPR(D),
is the space of fixed vectors of © & O : C%ﬁl([, a) — C%ﬁl([, a). Moreover,
Zg([v Cl)+ = Zg([v Cl) N (Cp([7 Cl)+ ©® CQpil([)'i‘)

is the set of fixed points of @@ : Z{(I,a) — Z4(1,a). Using (6) we see that Cg_l([, a)t
acts on 24 (I,a)4.

Definition 3.2 Let p be even. Then the set

HY (1,0, a) == 2B (1, 0)4 /C5 (1 a) 4.

is called quadratic cohomology of (1,6,) with values in the orthogonal (1,60;)-module a.

On the other hand, © acts on Hg([, a). The next proposition compares the set of
invariants of this action with M) (1,6, a).

Proposition 3.1 The map
Ho(L6,a) — Hp(La)® = {[a,7] € Hy(La) | O, 7)) = [a.7] }
[,7] — ]
s a bijection.
Proof. Let pr, and pr_ denote the projections with respect to the decomposition

Ci(l,a) = CU1,a)+ ®C(l,a)—. We abbreviate pr, 8 =: f4, pr_f =: B_ for f € C(l,qa).
Then d(5+) = (dB)+ and we write only df; .



First we show that the map is injective. Suppose that (a1,71), (a2,72) € Z5(I,a)4
and [a1,71] = [az2,72] € H{ (1, a). Then we have (a1,71)(7,0) = (az,72) for a suitable
element (7,0) € Cg_l([, a). Applying pr, we obtain

oy = a1 +dry (9)
Yo = m+doy+ ((oq+3dT)s ATy) 4 ((an + SdT)- AT). (10)
Since (a1,71)(7,0) = (a2,72) implies ay + dT = @ we have dry = dr and dr— = 0.

Now (9) and (10) yield (a1,71)(74+,04+) = (a2,72). Since (74,04) € Cg_l([, a); we
obtain [, 1] = [a2,72] € HG (L, a) 4.

Now we prove that the map is surjective. Suppose [Oa, ©7] = [a, 7] € Hp)(I,a). Then
there exists an element (27,20) € Cgﬁl([, a) such that

(Oa, ©7) = (a,7)(27, 20). (11)
Applying pr, and pr_ to the first component of (11) we obtain
dry =0, dr— = —o_.
Therefore, applying pr_ to the second component of (11) gives

Y- == +2do_ + ((a— +dT_) AN274) + (o +dTL) N27_) = y— +2do_ + (o N27_),

hence
V- = —do_ — {ap AT_).
Consequently,
() (v + oy +7-)

= (g —dr—, 74 —do_ — {ay A7)

= (o4 — dT_,’)q_ Tdr_AT_ —do_ — ((ag — 2dr_) ATZ))

= (4,74 — 3dT- AT_)(—T_, —0).
We obtain [a,7] = [a+,'y+ —ddr_ AT ] € Hp(1,a). This proves the assertion since
(ay,ys —2dr_ATo) € Z5(1a)4. 0

Let (1;,60;), i = 1,2, be Lie algebras with involution and let a;, i = 1,2, be orthogonal
(1;, 0, )-modules. We will say that (S,U) : (I1,6y,a1) — (I2,0.,,a2) is a morphism of
triples if

1. (S,U) : (l1,a1) — (l2,a2) is a morphism of pairs and

2. 5:14 = Is and U : ag — a; are homomorphisms of Lie algebras with involution.

If in addition S and U are isomorphisms, then (S,U) is called isomorphism of triples.
If (S,U): (11,6(,a1) — (I2,0,,a2) is a morphism of triples, then (S,U)* : CP(lz,a2) —
CP(11,a1) induces a map

(S,U)" : H (12, 01y 02) — HG (1, 0y, a1).
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4 Quadratic extensions

4.1 Definition

Let (1,6;) be a Lie algebra with involution and let (p,a,(-,-),,0s) be an orthogonal
(1,0;)-module.

Definition 4.1 A quadratic extension of (1,0;) by a is a tuple (g,0,i,1,p), where

1. (g,0) is a metric Lie algebra with involution,
2. 1 C g s a O-invariant isotropic ideal of g and

3. i and p are homomorphisms of Lie algebras with involution constituting an exact
sequence

0—>ai>g/ii>[—>0,
such that

(i) this exact sequence is consistent with the representation p of | on a and

(i3) i is an isometry from a onto it /i,

Remark 4.1 1. If (g,0,i,4,p) is a quadratic extension of (I,6;) by a, then (g,i,%,p)
is a quadratic extension of the Lie algebra [ by the orthogonal [-module a in the
sense of [KO 2].

2. Let (g,0,i,i,p) be a quadratic extension of (I,6;) by a. Let p : g — [ be the
composition of the natural projection g — g/i with p. Now let p* := [* — g be
the dual map of p, where we identify g* with g using the non-degenerate inner
product on g. This homomorphism is injective since p is surjective. Its image
equals (ker p)* = i. Hence p* determines a second exact sequence of Lie algebras
with involution

0 —I"—g—g/i—0,

where we consider [* as abelian Lie algebra with involution 6,*. In particular,
(g,0) can be considered as the result of two subsequent extensions of Lie algebras
with involution which satisfy certain compatibility conditions: first we extend
(,0;) by (a,0,) and then we extend the resulting Lie algebra by (I*,6,").

If (g,0) is a metric Lie algebra with involution and if i € g is an isotropic #-invariant
ideal such that it /i is abelian, then the sequence

0—it/i—g/i 2 g/it — 0 (12)

defines a quadratic extension of g/i* (with the induced involution) by the orthogonal
module i*/i. We call (12) the canonical extension associated with (g, 8, 1).

11



Definition 4.2 Two quadratic extensions (g;,0;,i5,45,p5), 7 = 1,2, of (1,6,) by a are
called equivalent if there exists an isomorphism of metric Lie algebras with involution
U (g1,01) — (g2,02) which maps iy onto iz and satisfies

Woiy =iy and p2oV¥=p;,

where WU : g1 /i1 — go/io is the induced map.

4.2 The standard model

Definition 4.3 Let (1,6,) be a Lie algebra with involution and let (p,a,(-,-),,0s) be an
orthogonal (1,6;)-module. We consider the vector space

V=D adl
and define an inner product (-,-) and an involutive endomorphism 6 on v by

(Zl + Ay + L1, 25 + Ay + L2> = <A1,A2>a + Zl(LQ) + ZQ(Ll)
0(Z+A+L) = 67(Z2)+0,(A)+6(L)

for Z, Zy, Zy € I*, A, Ay, Ay € a and L, Ly, Ly € [. Now we choose a € C?(1,a) and
v € C3(1) and define an antisymmetric bilinear map [-,-] 19 x 0 — 0 by

] =0

] = (L1, La,) + a(Ly, L2) + [L1, Lo
[L,A] = p(L)A— (A a(L,"))

] = ad"(L)(2)

] = (p(")A1, A2)

for Z e, A Ay, Ap €aand L, L1, Ly € 1.

Remark 4.2 The triple (9,(-,),[-,]) coincides with the triple 94 (I, a, p) defined in
KO 2].

Proposition 4.1 If (a,v) € Zé([, a)t, then va (1, 01,a) == (0,(,-),[,],0) is a metric
Lie algebra with involution.

Proof. This is a direct calculation. See [KO 2], Section 3.2 for a proof that («,7) €
Zé([, a) implies that (v, [,-],(-,-)) is a metric Lie algebra. Obviously 6 is an isometry.
It remains to prove that € is a Lie algebra homomorphism. Because of
0= [0(L1),0(Ls)] =

= 07 (7(0u(L1), 0:(L2),-) ) + Oa((0i(L1), 0:(L2)) ) + 0:([0:1(L1), 0:(L2)])

= Y(0i(L1),00(L2),0:(-)) + Oa( (6 (L1), 0:(L2)) ) + [L1, La]:

= (09)(L1,La,-) + (Oa)(L1, Lg) + [L1, Lo

= (L1, L2,-) + a(Ly, La) + [L1, Loy = [L1, Lo

12



we obtain [#(L1),0(L2)] = 0([L1,Le]) for all Ly, Ly € . The remaining identities
[0(L),0(A)] = 0([L, A]), [0(L),0(Z)] = 0([L, Z]), and [0(A1),0(A2)] = 0([A1, A2]) for
Z er*, A A1, As € aand L € [ can be proved in a similar way using the compatibility
of 6,0, and p. O

We identify 2/I* with a @[ and denote by i : @ — a @ [ the injection and by p:a® [ — [
the projection. Then we have

Corollary 4.1 If (a,7) € Zé([, a)t, then (0a~(1, 01, a),0,1%,i,p) is a quadratic exten-
sion of (1,0;) by (a,0,).

We will denote the quadratic extension (94~ (1,6, a),8,1*,4,p) also by v4.~(1, 6y, a).

Remark 4.3 Let a = ay Ga_, [ = [ & [, and d = 24 ® o_ be the eigenspace
decompositions with respect to the corresponding involutions. If the signature of the
restriction of (-,-), to a_ equals (p,q), then the signature of (-,-) restricted to g_
equals (p+dim(_,g+dim[_). If 04 ~([,0,,a) is a symmetric triple, then this is also the
signature of the metric on any pseudo-Riemannian symmetric space which is associated
with this triple.

4.3 Classification by cohomology

Proposition 4.2 For (ai,m), (a2,72) € Z%([, a); the quadratic extensions
001 71 (L0, a) and va, 4, (L0, a) of (1,60) by a are equivalent if and only if (a1, 1] =
[062,’)’2] S Hé([, 0[,(1).

Proof. Assume first that ¥ : 04, 4, ([,0;,a) — 0ay.4,([,0;,a) is an equivalence. The
following facts can be verified by direct calculations, see also [KO 2], Prop.3.3 for a
detailed proof. Since ¥ is an isometry and satisfies U(*) = ¥, pr,¥|, = Id and
pr, V|, = Id it can be written as

Id —7™ - %T*T
U = 0 Id T
0 0 Id

el —F@ad], (13)

where 7 € C1(I,a) and o(-,-) = (7(-),-) € C?(1). Moreover, since ¥ is a Lie algebra
isomorphism the cochains 7 € C1(I,a) and o € C?(1) satisfy (a1,v1)(7,0) = (a2,72).
Furthermore, 7 and o are ©-invariant, since ¥ commutes with § = 6,* ® 0, ® 6,. Hence
[a1,71] = [a2,72] € Hé([, O1,a). Conversely, if [a1,71] = [ag,72] € Hé([, 0i,a), then
there exist cochains 7 € C(I,a)4 and o € C?(I) such that (a1,71)(7,0) = (a2,72)
holds and we can define an equivalence ¥ : 0y, ~, (I,01,a) = 04y 4, ([, 61, a) by (13). O

Lemma 4.1 Let (g,0,i,i,p) be a quadratic extension of (1,0;) by a and let p:g — 1 be
the composition of the natural projection g — g/i with p. Then there exists an injective
homomorphism of vector spaces s : | — g such that
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(i) pos=1d,
(i) soby=60o0s, and

(iii) s(1) is isotropic.

Proof. Let us consider the orthogonal decomposition g = g4+ @ g— into eigenspaces of
6. Since it is f-invariant we have it = g, Nit @ g_ Nit. Moreover, ii =g, Nit and
it := g_ Nil are coisotropic subspaces of g, and g_, respectively. Therefore we can
choose isotropic vector space complements V. of ii in gy and V_ of it in g_. Then
V := V, ® V_ is a f-invariant isotropic vector space complement of i+ in g. Hence,
s:= (ply)~1: 1 — V C g satisfies Conditions (i), (ii), and (i) of the lemma. 0

Proposition 4.3 Let (g,0,i,i,p) be a quadratic extension of (1,0;) by (p,a) and let
5:1— g be as in Lemma 4.1. Let a € C?(1,a) and v € C3(1) be defined by

i(a(L1,L2)) = [s(L1),s(L2)] = s([L1,L2]) +1 € g/i (14)
Y(L1, Lo, Lg) == ([s(L1),s(L2)],s(L3)) - (15)

Then (a,7) € Zé([, a)+ holds and the quadratic extension (g,0,i,1,p) is equivalent to
Oaﬁ([, 9[, CL).

Proof. By [KO 2], Proposition 3.4 we already know that (a,v) € Z%([, a) and that
(g,i,7,p) and the triple  := (0,(-,-),[-,*]) associated with («,~y) by Definition 4.3
are equivalent as quadratic extensions of the Lie algebra [ by the orthogonal I-module
a (disregarding involutions). In fact we proved the following. If p* : [* — i is the
isomorphism defined in Remark 4.1 and if we define the linear map ¢ : a — (i®s(1))* C g
by

i(A) = t(A) +1i € g/i,

then
UV=p“+t+s: 2=0@adl—g,

is an equivalence of » and (g,i,1,p).

It remains to show that («, ) € Zé([, a) is O-invariant and that ¥ is compatible with
the involutions 0* © 6, ® 6, on [* G a® [ and # on g. The first assertion follows easily
from (14) and (15) using that 4 is a homomorphism of Lie algebras with involution
and that s satisfies s 00, = 0 o s. Let us now verify the second assertion. Since p is a
homomorphism of Lie algebras with involution and s satisfies s 0 8 = 0 o s it remains
to prove that ¢ o 0, = 6 ot holds. Recall that t 0 0,(A) € (1@ s(1))* for all A € a. Since
i @ s(1) is O-invariant, also § o t(A) € (i@ s(1))* for all A € a. Hence it suffices to prove
that to0,(A) +i=00t(A)+1i¢€ g/ifor all A€ a. However, this is true by definition
of t and the fact that ¢ is a homomorphism of Lie algebras with involution. O

The following fact follows from Propositions 4.2 and 4.3.

14



Corollary 4.2 Let (g,0,i,i,p) be a quadratic extension of (1,0;) by a and let o €
C%(1,a) and v € C3(1,a) be defined as in Proposition 4.3. Then the cohomology class
[, y] € Hé([, 01, a) does not depend on the choice of s.

Finally we obtain:

Theorem 4.1 The equivalence classes of quadratic extensions of a Lie algebra with
involution (1,60) by an orthogonal (1,0;)-module a are in one-to-one correspondence with
elements of Hé([, 0, a).

5 Admissible extensions

In this section we will equip each symmetric triple (g,0, (-,-)) without semi-simple
ideals with the structure of a quadratic extension in a canonical way. Therefore we are
particularly interested in those (so-called admissible) quadratic extensions which come
from this canonical procedure. The main result is Theorem 5.1 which describes the
subset HQQ([, i, a); C HQQ([, 0;,a) corresponding to admissible quadratic extensions of a
Lie algebra with involution (I, 6;) by an orthogonal module a.

First we recall the construction of the canonical isotropic ideal of a metric Lie algebra

g from [KO 2], Section 4. Let g be a finite-dimensional Lie algebra. Then there are
chains of ideals

{0} = So(g) C Si(g) C S2(g) € ... CSi,(s) =g
g=Ro(g) D Ri(g) D Ra(g) D ... D Ry_(g9) ={0}

which are defined inductively as follows: Sk(g) is the largest ideal of g containing
Sk—1(g) such that the g-module Sk(g)/Sk—1(g) is semi-simple. Ry(g) is the smallest
ideal contained in Rj_1(g) such that the g-module Ry_1(g)/Rx(g) is semi-simple. Then

we set
-1

i(g) == D Sk(e) N R(g) - (16)
k=1

If i(g) is a metric Lie algebra, then i(g) is isotropic and i(g)* /i(g) is abelian provided g
does not contain non-trivial simple ideals ([KO 2], Lemma 4.2). By construction, i(g)
is invariant under all automorphisms of g, in particular under all involutions.

Definition 5.1 A quadratic extension (g,0,i,i,p) of (,0;) by a is called balanced if
i=1i(g). It is called admissible if it is balanced and if (g,0,(-,-)) is a symmetric triple.

Proposition 5.1 Any symmetric triple (g,0, (-,-)) without semi-simple ideals has the
structure of a balanced, hence admissible, quadratic extension in a canonical way.

Proof. Take the canonical extension associated with (g, 6,i(g)) defined by (12). O

15



Definition 5.2 Let (1,6,) be a Lie algebra with involution such that

(T ] =1, .

Let (p,a) be a semi-simple orthogonal (1,6,)-module and let (a,y) € Z3(I,a)4. Then
a=a"'® p(l)a, and we have a corresponding decomposition o = o + 1. We consider
the following conditions:

(Ag) Let Ly € 3(I)Nker p be such that there exist elements Ag € a and Zy € I* satisfying
forall L €1
(i) a(L, Lo) = p(L)Ao,
(”) fY(LuLOv ) - —<A07(X(L’ ')>Cl + <ZO7 [L7 ][> as an element Of [*7

then Ly = 0.
(Bo) The subspace og(ker [-,-],) C a' is non-degenerate.
(Ty) oy =ao(ker [, ],_).

(A) (k=>1)
Let & C S(I) N Ry (1) be an I-ideal such that there exist elements ®; € Hom(t, a)
and ®3 € Hom(¢, Ry (1)*) satisfying for all L € | and K € ¢

(i) a(L,K) = p(L)®1(K) — ®1([L, K]y),
(i1) AL, K, ") = —(®1(K), a(L,))a + (©2(K), [L, ) + (@2(IL, K)), ) as an ele-
ment of Ri(1)*,
then ¢ = 0.

(Br) (k=1)
Let by, C a be the mazimal [-submodule such that the system of equations

(a(L,K),B)q = (p(L)®(K) — ®([L,K](),B)s , LelL,KE€ER(),B € by,
has a solution ® € Hom(Ry(1),a). Then by is non-degenerate.

If the conditions (T»), (Ar), (Bk), 0 < k < m, where m is such that Rp4+1(l) =
0, are satisfied, then the cohomology class [a,v] € Hé([,ﬁ[,a) is called admissible.
We denote the set of all admissible cohomology classes by HQQ([, 0i,a)s. A Lie algebra

with involution (1,0y) is called admissible if it satisfies (T1) and there is a semi-simple
orthogonal (1,0;)-module a such that HQQ([,H[, a)y # 0.

Each of the above conditions depends only on the cohomology class [«, ] and not on the
particular cocycle («, ) representing it (compare the discussion in [KO 2], Section 4).
Thus the notion of admissibility of a cohomology class is well-defined. In addition,
we remark that the submodule by appearing in Condition (Bj) is automatically 6,-
invariant.

In the remainder of this section we want to prove the following theorem.
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Theorem 5.1 Let (1,0,) be a Lie algebra with involution. Let (p,a) be an orthogonal
(1,0))-module and let [a,~] € 'Hé([, 6i,a). Then the quadratic extension d4(1, 6, a) is
admissible if and only if

(i) (160 satisfies (Ty),

(ii) the representation p is semi-simple, and

(iii) [, 7] € HE(L, b1, a)s.
In the following we abbreviate d := 04 ([,6;,a), 0 =04 ©o_.

Lemma 5.1 Let p be semi-simple. If [o_,0_] = o4, then Conditions (T1) and (Tz) are
satisfied.

Proof. The only non-trivial assertion to be proved is a} C ag(ker[-,-], ). Suppose
A € d!.. By assumption there are elements Xl =Z'+ Al + L}, X2 =72+ A2 + L2,
1=1,...,k, in 0_ such that

k k k
A=YIxE X2 = 3L Lo+ Y (L] L) + p(LE (A7) = p(L3)(A})) + Z

i=1 i=1 i=1

with Z € *. Obviously, Z = 0. Moreover, p(L})(A2?) — p(L?)(A}) = 0 since this term
is in p(l)a and a = a' @ p(I)a. Hence, A = % o(L}, L?) and Y8, [L}, L?], = 0. O

Lemma 5.2 Let p be semi-simple. If the Conditions (T1), (T2), (Ao) are satisfied,
then the representation of 04 on d_ is faithful.

Proof. First we note that (77) implies

(p()a)+ = pli_)a_ (17)

To verify this we have to prove that L(A) € p(I_)a_ for all L € [y and A € ay. Because
of (T1) it suffices to show that [L1, Lo](A) € p(I-)a_ for all L1,Ly € [_ and A € ay.
But this is obvious since [L1, Lo](A) = L1La(A) — LoL1(A) and L;(A) € a_ fori =1,2.

Equation (17) implies
(p(Na)y + 1 =[I,a_] + 1} Clo—, 0]+ 11,

whereas (T5) yields
Clo, ]+ Cho,o-]+10.

Consequently,
ap C o, 0]+ 1%

and therefore
o =, L] 4ap + 0=, 0]+ 0. (18)
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Assume now, that Z; € ¥, Ay € ay and Ly € [ are such that [Z, +A;+Ly,0-]=0.
In particular this implies [Ly,[_]; = 0. Because of (7}) this yields L; € 3(I). Using
this and (18) we obtain

Zy+ Ay + Loy =2y + AL+ Ly, 0] =ad™(L4)(0) =0,

hence Z, + AL + Ly € 3(0). A straightforward computation shows that Condition (Ag)
is equivalent to 3(d) C I* @ a. It follows that L, = 0. Hence we have Z, + A4 € 3(0).
In particular, [Z; + A4, (] = 0 holds. This implies A, € a' and

(Ap,a(-,) = (A a0(-,0)) = =24 ([ D)

However the last equation yields Ay L ag(ker[-,], ) = a!,, hence A} = 0. We obtain
Z4 € 3(0) and, in particular, [Z4,[] = 0, which yields Z,([I,l]) = 0. This implies
Z4(I4) =0, thus Zy = 0. Consequently, the representation of o4 on o_ is faithful. O

Proof of Theorem 5.1.  Theorem 4.1 in [KO 2] tells us that the quadratic extension
00~ (1,0, a) is balanced if and only if (p,a) is semi-simple and the conditions (Ay),
(Bg), 0 < k < m, are satisfied. Recall from Section 2 that a metric Lie algebra with
involution is a symmetric triple if and only if one of the Conditions (S1) and (S2) is
satisfied. The theorem now follows from Lemma 5.1 and Lemma 5.2. O

6 A classification scheme for indecomposable symmetric
triples

By the results of the previous section the metric Lie algebras with involution v, ([, 0, a)
associated with semi-simple orthogonal (I, 6;)-modules a of an admissible Lie algebra
with involution (I, 6;) and [a, 7] € H2Q([, 01, a); exhaust all isomorphism classes of sym-
metric triples without semi-simple ideals. It remains to decide which of these data lead
to isomorphic symmetric triples. Since one is interested in the classification of indecom-
posable symmetric triples we also have to check indecomposability of v4~(I,60;,a) as a
symmetric triple in terms of the defining data (I, 6y, a), [a, 7] € Hé([, 6i,a);. A compre-
hensive discussion of the analogous questions for metric Lie algebras can be found in
[KO 2], Section 5. This allows us to be rather brief here. We will conclude the section
with a classification scheme for indecomposable symmetric triples.

Proposition 6.1 Let (1;,0,,), i = 1,2, be admissible Lie algebras with involution. Let
ai, © = 1,2, be orthogonal (1;,6y,)-modules and suppose (a;,;) € Zé([i,ai)Jr such that
[Oé’hfyi] € HQQ([M 011'7 az)ﬁ

Then vq, ~, (11,01, a1) and d4, ~,(I2, 01, a2) are isomorphic as symmetric triples, if and
only if there is an isomorphism of triples (S,U) : (1,0y,a1) — (l2,01,,0a2) such that
(S,U)*[ag, v2] = [e1,m] € HH (11,0, 01)5-

Proof. If (S,U) : (I1,6,a1) — (I2,0,,0a2) is an isomorphism of triples, then the

symmetric triple 04, 4, (l2, 01y, a2) is isomorphic to dyo(s+as),54s (1, 01y, a1). If in ad-
dition (S,U)*[a2,v2] = [a1,71], then the latter quadratic extension is equivalent to
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%01 1 (1,01, a1) by Proposition 4.2. Thus 04, ~, (I1,0,,a1) and 94, ~,(l2, 01, a2) are iso-
morphic.

For the reverse direction we really need the admissibility assumption. Since both qua-
dratic extensions are balanced, an isomorphism V¥ : d,, ~, (1, 01,,a1) = day 4, (f2, 01y, a2)
maps the canonical isotropic ideals into each other, hence is compatible with the fil-
trations given by [ C [ @ a;, ¢ = 1,2. It therefore induces maps S : [j — g,
U=':a; — as. Then (S,U) is a morphism of triples and the quadratic extensions
o(§*az),5 e (115 01y, a1) and a4, 4, (11,01, 01) are equivalent. Now we apply Proposi-
tion 4.2.

For more details we refer to [KO 2], Section 5. O

Definition 6.1 A non-trivial decomposition of a triple (1, 60y, a) consists of two non-zero
morphisms of triples

(q’u.jl) : ([,9[,&) B ([’heli’ai) ) 1= 172 )

such that (q1,j1) ® (g2, j2) : (I,0,a) — (11,01, a1) @ (l2, b, a2) is an isomorphism.

A cohomology class p € Hé([, 01, a) is called decomposable if it can be written as a sum

© = (q1,71)" 1 + (g2, J2) w2
for a non-trivial decomposition (g;,j;) of (1,0y,a) and ¢; € Hé([i,ﬁ[i, a;), i =1,2. Here
addition is induced by addition in the vector space CP(I,a), © C*P~L(1) .

A cohomology class which is not decomposable is called indecomposable. We denote the
set of all indecomposable elements in Hé([, Oi,a); by HQQ([,H[, a)o.

Proposition 6.2 Let (I,60,) be an admissible Lie algebra with involution. Let a be an
orthogonal (1,6;)-module and let (o) € Z3(1,a) 4 be such that [a, ] € HE (1,0, )4

Then vq.~(1, 0y, a) is indecomposable if and only if (o, ] € Hé([,ﬁ[, a)o-

Proof. Assume that [o,v] = (q1,51)*[a1, 1] + (g2, j2)*[a2, 2] for some non-trivial de-
composition of (I,6;,a). Note that

(q1, J1)"[ar, M) + (a2, J2) " [z, v2] = ((q1,51) © (g2, 42)) " [(a1, 2), (y1,72)] -

Arguing as in the first part of the proof of Proposition 6.1 we find that v, ([, 6, a) is
isomorphic to the orthogonal direct sum 04, ~, (I1,01,,a1) @ 90y~ (12,01, a2) and thus
decomposable.

It is again only the reverse direction where we need the admissibility assumptions.
Let 94~(1,6(,a) be decomposable. Thus it is isomorphic to an orthogonal direct sum
01 ®02. Without loss of generality we may assume 9; = dq, ~; (Ii, 01, a;) for certain triples
([i7 Hli, CLZ') and [Oéz‘,%‘] S Hé([i, 01“ ai)u. Then

[(ala a2)) (71)72)] € HzQ([l @ [25 0[1 @ 9[25 ai @ aQ)ﬁ .
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Now Proposition 6.1 implies that there exists an isomorphism of triples
(S,U) : (L0, a) = (h @ l2, 0, @015, 01 © ap)

such that (S,U)*[(a1, @2), (71,72)] = [a,7]. Setting ¢; := pr,, o S, j; := Ul,, we obtain
the decomposition [a,v] = (q1, j1)*[a1,71] + (g2, j2)*[a2,72]. Thus [, 7] is decompos-
able. O

Let us fix an admissible Lie algebra with involution (I, 6;) and a pseudo-Euclidean vector
space (a,6,) with involution. Conjugation by 6, defines involutions on the Lie algebra
so(a) and on the group O(a), also denoted by 6,. We set

Aut(a) := O(a)? = O(ay) x O(a_) .

We consider the set Hom((l, 0;),s0(a))ss of all orthogonal semi-simple representations of
[ on a which are compatible with the involutions 6, and 6,. If p € Hom((I, 6,),s0(a))ss
is fixed we denote the corresponding orthogonal ([, 6;)-module by a,. The group G :=
Aut(1,0;) x Aut(a) acts from the right on Hom(([,6,),s0(a))ss by

(S,U)p:=Ad(U HoS*p, SeAut(b), Uc Aut(a) .

Then for any p € Hom((1, 6;),s0(a))ss an element g = (S,U) € G defines an isomorphism
of triples g := (S,U1) : (1,0, a4+,) — (1,0, a,) and therefore induces a bijection

g Hé([, bi,a,) — Hé([, O, ag%p) -
We obtain a right action of G on the disjoint union

11 HE(L, 01, a,) -

peHom((1,0),50(a))ss

As in Definition 6.1 let Hé([, Oi,a,)0 C Hé([, a,) be the subset of all admissible in-
decomposable elements (see Definition 5.2 for the admissibility conditions). Then the
set

H HQQ([70[7ap)0

peHom((1,0),50(a))ss

is G-invariant. Combining Proposition 5.1 and Theorem 5.1 with Propositions 6.1 and
6.2 we obtain

Theorem 6.1 Let (I,0,) be an admissible Lie algebra with involution, and let (a,6,)
be a pseudo-Euclidean vector space with involution. We consider the class A(l,0;,a) of
non-semisimple indecomposable symmetric triples (g,0, (-,-)) satisfying

1. The Lie algebras with involution g/j(g) and (1,60,) are isomorphic.

2. i(g)/i(g) is isomorphic to (a,0,) as a pseudo-Euclidean vector space with involu-
tion.
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Then the set of isomorphism classes of A(l, 0y, a) is in bijective correspondence with the
orbit space of the action of G = Aut(l, 6;) x Aut(a) on

H HzQ([, 9[,ap)0 .

peHom((1,0),50(a))ss

This orbit space can also be written as

H Hé([,ﬁ[,ap)o/Gp ’
[pleHom((1,0:),50(a))ss /G

where G, = {g € G | g*p = p} is the automorphism group of the triple (1,0, a,).

7 Classification of symmetric triples of index 2

Our general classification principle yields more explicit results if one only considers sym-
metric triples of a (fixed) small index. Here the index of a symmetric triple (g,0,(-,)_)
is simply the index of (-,-)_ or, equivalently, the index of the metric of any pseudo-

Riemannian symmetric space associated with (g, 4, (-,-)_).

In the following section we will demonstrate this for symmetric triples of index 2. We
will obtain a list of all isomorphism classes of indecomposable symmetric triples of in-
dex 2 or, equivalently, a list of all isometry classes of indecomposable simply-connected
pseudo-Riemannian symmetric spaces of index 2. First classification results for this
case were already obtained by M. Cahen and M. Parker in [CP 1] and [CP 2]. In [CP 1]
symmetric spaces of index 2 with solvable transvection group were studied. Unfor-
tunately, the classification of these spaces was not complete. In his diploma thesis
Th. Neukirchner elaborated the claimed results, found the gaps and gave a revised clas-
sification of symmetric spaces of index 2 with solvable transvection group. Comparing
the latter one with the classification which follows from our classification scheme we ob-
served that also Neukirchner’s classification is not quite correct (besides minor errors a
series of spaces is missing and some of the normal forms contain too much parameters).

Now let (g, 0, (-,-)) be an indecomposable symmetric triple of index 2 which is not semi-
simple. By Prop. 5.1 (g,0, (-, -)) has the structure of a quadratic extension d, ([, 6, a)
in a canonical way, where ([, 6,) is a suitable admissible Lie algebra with involution, a
is a suitable orthogonal (I, #;)-module and [, ] € Hé([,@r, a)p. Using Remark 4.3 we
see that dim(_ < 2. Since (I,6;) is admissible we have [ = [I_,[_] & [_ and therefore
dim[ < 3.

In particular it follows from dimensional reasons that either [ is solvable or isomorphic
to su(2) or to sl(2,R). If I is solvable, then also g is solvable and we are in the case
discussed above. If [ is isomorphic to su(2) or to sl(2,R), then I is the Levi factor of
g. Symmetric triples with a Levi factor of this type were thoroughly studied in [CP 2].
In particular, Cahen and Parker obtained a classification of those triples whose Lie
algebra structure satisfies in addition a certain minimality condition. In the special
case of index 2 this minimality condition is always satisfied. For completeness we will
reproduce also this classification of non-solvable indecomposable symmetric triples of
index 2 using our classification scheme (taking only the rather elementary classification
of indecomposable orthogonal (I, #;)-modules from [CP 2]).
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7.1 Semi-simple orthogonal representations of solvable Lie algebras
with involution

Before we concentrate on symmetric triples of index 2 we will give the following descrip-
tion of Hom(([, 6;),s0(a))ss/ Aut(a) for an arbitrary solvable Lie algebra with involution

(1,0,) satisfying [I_,[_] = [, and the standard pseudo-Euclidean space a = RPT"9"5 with
involution 6, given by ay = R”? a_ = R"*. Here we have Aut(a) = O(p,q) x O(r,s).
Since ' = [I,1] = R(I) and R(I) is in the kernel of any semi-simple representation of [
the map

Hom((1/V,0,),s0(a))ss — Hom((l,6,),s0(a))ss
p — p, p(L)=p(L+1)

is a bijection. Here 0, is the involution induced by 6 on the quotient. Since by assump-
tion [, C I' we see that §; = —Id. Hence for our purpose it is sufficient to determine
Hom((1, —Id),s0(a))ss/ Aut(a) for any abelian Lie algebra I.

Let RP? be the standard pseudo-Euclidean space of dimension n = p + ¢. Then the
standard basis ey, . .., e, of RP? is orthogonal and satisfies (e, ex) = —1fork=1,...,p
and (ex,ex) =1fork=p+1,...,n.

We consider a = RPT™9T$ with the involutive isometry 6, defined above by a = a, ®a_,
where a; = RP? and a_ = R™®. We will use the notation of'? for ay, a”® for a_ and
a9 @ a”® for the pair (a,0,). We will say that Ay,..., Apyqirts is a standard basis of
a@al® if Ay, ... Api, is the standard basis of o} = RP? and Apigi1,... Aptgirts
is the standard basis of a”* = R™*. given n=p+q+r+s,n' =p +¢ +r' +5',is a
standard basis of if Ai,..., Ay is the standard basis of o/ ® a” and Ap11,..., Ay
is the standard Often we identify (a @ ', 0, @ 0,/) with ol 777 @ g7+ 5+,

Now let (I,6;) be an abelian Lie algebra with involution §; = —Id. For A € [* we define
orthogomal1 represintations p:\F of (1,6) onlai’1 EB a2t py of (,6;) on aiﬁo & al?, pN:\F of
(1,60) on a+’0 & a”!, and py of (1,6;) on agr’ & a0 by

pE(L) = < A(OL) —A0<L> ) px (L) = ( A(OL) A(OL> >

w.r.t. the standard bases. Moreover, for u, v € [* we define an orthogonal representa-
tion py; , of (I,6;) on ai’l @ al! by

M E
1 0 0 v
P L) = v(L) (L) uo 0

u(L) —v(L) 0 0

w.r.t. the standard basis.
For A= (AL, ..., A™), = (pt,...,pu™), v=(v',...,v™) € ()™ we define semi-simple
orthogonal representations

0, 0, 0,1 0,1
py of (1Lo) onay" B a>™ =P 0y Da,
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;0 ,0 1,0 1,0
py of (1,6;) on a"” @ a™" =P 0 Da,

~t m,0 om __ m 1,0 0,1
py of (LO) onal” ®aZ" =@ a) Ga’,

0, 0 0,1 4 1,0
py of (L6) onay" @a™ =P ay ®a’, and
17 £ (1.0 m,m mm __ m 1,1 1,1
Py of (1,0) on al”" @ o™ =@ ay ©al

by
m m m
+ + ~+ ~+ Z 1"
P>\ :@pxbﬁ p)\ :@p)\iv pu,yz@p‘ui,yi'
i=1 i=1 i=1
Finally, let (po)?:¢ be the trivial representation of (I,6;) on a’}? ® a”°.

The symmetric group &,, acts on (I*)™ by permuting coordinates and on (I*)™ @& (I*)™

by permuting pairs of coordinates. The group (Z2)™ acts on (I*)™ by changing the
signs of the coordinates. We define the orbit spaces A, := (I* \ 0)"/&,, x (Z2)™ and

Al = (N 0™ /(Zo)™) & (" \ 0)/(Z2)™)) /&y Finally we define an action of
Aut(l,0,) on A, and A, by S*[A\] := [S*A] and S*[u, v] := [S*u, S*V].

Proposition 7.1 Let (1,0;) be an abelian Lie algebra with involution 0y = —1Id and let
a=ad??®a"’ be as defined above. Then the map

U Amy x oo x Ay x A — Hom((1, 6;),50())ss/ Aut(a)

ielld
(s Dl ) [oX, @y, @ 83, @ 3, @ Pl © (p0)70 501,
where
mz + m3 + ms + po = p,
Il = i = (my,...,ms5,p0,q0,70, S0) € zo| M matms g0 =,

meo + My + M5 +79 =T,
mi +m3+ms+ 59 =S

is a bijection. It is equivariant with respect to the action of Aut(l, ).

7.2 Admissible 3-dimensional Lie algebras with involution

We know that any indecomposable, non-irreducible symmetric triple of index 2 has
the structure of a quadratic extension v, (l,0;,a) in a canonical way, where (1,6,) is
an admissible Lie algebra with involution such that [_ is at most 2-dimensional, a is
a suitable orthogonal (I, 6;)-module and [a,~] € Hé([, 0i,a)9. Therefore we will now
determine all admissible Lie algebras with involution (I, ;) such that [_ is at most 2-
dimensional. Moreover we determine

CH%([, 01,a)¢ for an arbitrary semi-simple orthogonal (1, §;)-module a.

Proposition 7.2 If(1,0,) is an admissible Lie algebra with involution and if dim[_ < 2,

then (1,0) is isomorphic to one of the following Lie algebras with involution (given by
the induced decomposition into eigenspaces):
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LI=RF (k<2), 1, =0, 1 =1,

2. 1=n2)={[X,)Y]=2, [X,Z]=-Y}, L =R-Z, I_ =span{X,Y},
3. 1=13_1={[X,Y] =Y, [X,Z] =2}, , =R-(Y + Z), L_ = span{X, Y — Z},
4 i=b(1) = {[X,Y] = Z}, 1, =R-Z, L =span{X,Y}
5. 1=su(2) ={[H,X]=2Y, [H,Y]=-2X, [X,Y]|=2H}
It =R-H, [_ =span{X, Y},
6. 1=sI(2,R) = {[H,X] = 2X, [H,Y] = -2V, [X,Y] = H)
I =R-H, [_ =span{X, Y},

7. 1=5l(2,R), L =R- (X -Y), [_ =span{H, X +Y}.

Proof. Let (1,6;) be a Lie algebra with involution satisfying (77). Obviously, if dim[_ =
1, then [=1_ =R, and if diml_ =2 and [I_,[_] =0, then [ = [ = R?.

If dim(_ =2 and [[_,[_] # 0, then (I,6,) is isomorphic to one of the Lie algebras with
involution I, ¢ € sl(2,R), which are defined as follows:

o= (L) @ (L), (l,)- =span{Ly, Ly} =R? (l,); =R-L3 =R
(L1, Lo] = L3, [L3, L] = ¢(L) for all L € (I,)—.

For ¢, ¢’ € sl(2,R) the Lie algebras with involution I, and [, are isomorphic if and
only if there is a map g € GL(2,R) such that ¢’ = det(g~!)gpg~!. Consequently, (I, 6,)
is isomorphic to [; := [y, for exactly one of the following ¢; € sl(2,R), i =1,...,6:

0 1 1 0 0 -1
p1 =0, 802,3=i<0 0>,804=<0 _1>,805,6=i<1 0 )

It is not hard to see that [; = h(1), o = r3_1, I3 = n(2), [5 = su(2), all with the
involution given in the proposition, [y = sl(2,R) with the involution given in 6. and
lg = s[(2,R) with the involution given in 7. We will see in this subsection that all these
Lie algebras with involution are indeed admissible. O

Next we will determine Hé([, 01, a)o for all (1,6) listed in Prop. 7.2 and any semi-simple
orthogonal (I,6;)-module a. Let © be defined as in (8). By Prop. 3.1 we can iden-
tify ’Hé([, 0;,a) with Hé([, a)®. Therefore let us recall the following fact on quadratic
cohomology sets of three-dimensional Lie algebras (see [KO 2], Lemma 7.2):

If l'is a three-dimensional unimodular Lie algebra and a is an orthogonal -module, then

LQ : HQQ([, a) — (H*(1,a)\ {0})UC3)

[, 7] {MEW@@&M#O
| 7eC()  iffe] =0
is a bijective map.
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Now let #; be an involution on I and let a be an orthogonal ([, #;)-module. Obviously,
© o1 = 1g 0 ©. In particular, restricting ¢ to Hé([, a)@ we obtain a bijection

1+ Hp(La)® — (H(1,a)®\ {0}) U CP(1);. (19)

Here H?(1,a)® denotes the space of invariants of the action of © on H?(l,q).

7.2.1 The case [=n(2) or [=1t3_
Now let (I, ;) be a three-dimensional admissible Lie algebra with involution such that
diml' = 2, i.e. [ =n(2) or [ =r3_; with 6, as given in Proposition 7.2. The adjoint
representation of I induces a semi-simple representation adg of lp := [/I' on . Let
M€ (Ic/IL)*, i = 1,2, be the weights of the complexification of adg, and let

Vi ={U € 1. | ado(L)(U) = X{(L) - U for all L € 1}

be the corresponding weight spaces. Let (p,a) be a semi-simple orthogonal (I, 6)-
module. Then I' C ker p since I' = R(I). Hence, p induces a representation of [/I' on a.
In particular, the complexified module (p, ac) decomposes into weight spaces

Ey={A€cac|p(L)(A) =A(L) Aforall L€,

where A € (Ic/Iz)*. We will identify A with \(X) € C. For [ = n(2) we also define
FE:=FE, ®FE_,.

Proposition 7.3 Suppose [ € {r3_1, n(2)}. Let Z, C C*(I,a)+ be defined by
Zi={aeC?la) | aY,Z) €d', a(X,Y) € By, 0,(a(X,Y)) = —a(X, Z)}
if =131 and by
Zi={aeC?la)|aY,Z2) €d,, a(X,Y) € ENay, a(X,Z) = p(X)a(X,Y)}
if tl=n(2). Then

(ZA\{0}) U C?() — HH(1,60i,0)
(Z\{0}) > a +— [a,0]
C}()3y — [0,7]

s a bijection and

[, 0] € HQQ([, O,0)0 & o =R-aY,Z) and
span{a(X,Y),a(X,Z)} is non-degenerate

[0,7] € HQQ([, 0,00 & a'=0andy#0

for all o € Z\ {0} and v € C3(1).
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Proof. In [KO 2|, Lemma 7.1 we proved that

{a e C?*(la) | a(l,!') Cd', a(X,Vyi) C Eyi,i=1,2} — H?(l,a) (20)

a— [a]

is correctly defined and an isomorphism.
By Equation (7) we have p(—X)(0,(A)) = 0.(p(X)(A)) for all A € a, which implies

0.(Ey) = E_».
Now let a € C?(1,a) be such that a(X,Vyi) C Eyi, i = 1,2. Then
(©a) (X, V3i) = Oa(a(X,0((V}i))) = ba(a(X,V_5i)) C 0.(E_xi) = Eyi.
Moreover, if a(l',I') C a', then
()1, 1) = 0u(a(B1(1), Bi(1)) = Ou(a(l, 1)) C .

It follows that {a € C?(,a) | (l,l') C a', a(X,Vyi) C Eyi,i = 1,2} is O-invariant.
Hence the restriction of the map defined in (20) to

{Oé S CQ([, Cl)+ | Oé([/, [/) C Cl[, a(X, V)\z) C E/\i,’i = 1,2} = Z[

is an isomorphism onto H?2(I,a)®. The first assertion of the proposition now follows
from (19) and C3(1); = C3(). It remains to prove the statement on admissibility.

Assume first that [o,0] € Hé([, Oi,a)9 for a € Z;\ {0}. Since [«,0] is indecompos-
able we have a' = R - a(Y,Z). In particular, R - «(Y,Z) C a is a non-degenerate
subspace. Assume that span{a(X,Y),a(X,Z)} # 0 and that (-,-)_ restricted to
this subspace degenerates. Then span{a(X,Y),a(X,Z)} # 0 is totally isotropic.
Let by be as in Condition (Bj) of Definition 5.2. Since obviously the submodule
Y, Z) Nn{a(X,Y),a(X,Z)}* is contained in b; and by is non-degenerate we ob-
tain (Y, Z)* C by. This yields a(X,Y) = a(X, Z) = 0, a contradiction.

Now assume that o € Z;\ {0} satisfies o' = R - «(Y,Z) and that the subspace
span{a(X,Y),a(X, Z)} C ais non-degenerate. Since ag(ker[-,-];) = R-a(Y, Z) Condi-
tion (Byp) is satisfied. We prove that (Bj) is also satisfied. We use that the submodule
m = a(Y,2)t n{a(X,Y),a(X, 2)}*+ = (@) N {a(X,Y),a(X, Z)}* is contained in
by and that by C (a')* itself is a submodule. In case [ = n(2) this implies that by is
equal to (a")* or to m. Since both submodules are non-degenerate (B;) holds. Now we
consider the case [ = r3 _;. Assume that b; contains the submodule R - a(X,Y"). Then

(a(X, Z), (X, Y)) = ((p(X) +1d)(2(Z)), (X, Y)) =0

since a(X,Y) € E;. Since on the other hand a(X,Z) € E_; and by assumption
span{a(X,Y),a(X,Z)} C a is non-degenerate we obtain a(X,Y) = o(X,Z) = 0.
Similarly R - (X, Z) C b; implies a(X,Y) = (X, Z) = 0. Again we obtain that b; is
equal to (a')* or to m and (B;) holds. Now let again [ be t3 1 or n(2). Since Ry(l) = 0
Conditions (Ag) and (By) hold for k > 2. Moreover, (Ag) holds since 3(I) = 0 and (4;)
holds since no a € Z; \ {0} satisfies Assumption (i) of (A;). Since also Conditions (77)
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and (T») are satisfied [o, 0] is admissible by Theorem 5.1. Since I does not decompose
into the direct sum of two non-vanishing Lie algebras and a' = R - «(Y, Z) Proposition
6.2 yields [«,0] € HQQ([, 01, a)o.

For [0,7] with v € C3(1) Assumption (ii) of (A1) is satisfied if and only if v = 0. Hence
(A1) holds if and only if v # 0. Since all other Conditions (Ay) and (By) are trivially
satisfied [0,~] is admissible if and only if v # 0 and a, = 0 (Condition (73)). Applying
Proposition 6.2 we obtain [0,7] € HQQ([, 0, a)o if and only if a' = 0 and v # 0. O

Proposition 7.4 If [ =n(2), then

u 0 0
Aut([,@l):{ v a 0 ‘u::l:l, a,vER,a#O}
0 0 wua
For [ =3 _1 we have
1 0 0 -1 0 0
Aut([,H[):{ v a 0 }a,veR,a#O}U{ v 0 b }b,veR,byﬁO}.
—v 0 a —v b 0

Here all automorphisms are written with respect to the basis X, Y, Z of L.

7.2.2 The case [ = h(1)

Now we suppose that [ = h(1) and that 6, is given as in Proposition 7.2, 4.

Proposition 7.5 For [ =4(1) and
Z:={a € C%la) | a(X,Y)=0, a(Z,1) Ca"}
the map

(ZA\{0HuC’() — HH(L,0,,0a)
ZI\{0}>5a — [a,0]
C}()3y — [0,7]

s a bijection and HQQ([, 01, a)0 is the image of
{a e Z\ {0} | a(Z,) = a'}

under this bijection. In particular, 'Hé([,ﬁ[, a)o =0 if al #0.

Proof. In [KO 2], Lemma 7.5 we proved that

{a € C?(1,a) | a(X,Y) =0, a(Z,1) C a'} — H?(l,a)

a— [a]
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is an isomorphism. The domain of this isomorphism is ©-invariant. Hence it restricts
to an isomorphism from {a € C%(1,a) | a(X,Y) =0, a(Z,1) C a'} = Z; to H%(1,a)®.

The cohomology classes [0,7] € 'Hé([, 01, a) are not admissible, neither (Ay) nor (A;) is
satisfied (see also [KO 2], Lemma 7.6). If a € Z; \ {0}, then neither assumption (i) of
(Ap) nor assumption (i) of (A;) is satisfied. Hence (Ap) and (A;) hold. Furthermore,
both (By) and (Bj) are equivalent to the condition that «(Z,[) is non-degenerate.
Condition (T?) is equivalent to a!, = 0. Hence, [a, 0] is admissible if and only if a', = 0
and «(Z,1) is non-degenerate. Proposition 6.2 now yields [, 0] € Hé([, i,a)p if and
only if a(Z,1) = a". O

Proposition 7.6 For [ = h(1) we have

Aut([,@l):{(g 2) | A€GLER), detd=u},

where the automorphisms are written with respect to the basis X,Y,Z of I.

7.2.3 The case [=R*, k=1,2
Proposition 7.7 If 1 =R, k = 1,2, then we can identify
HQQ([, 0, 0) = H*(1,a)° = C2(1,a") = C?(1,a},).

and we have

C%(1,a) )\ {0} if dima} =1, dima" =0
Hé([, Oi,a)0 = ¢ {0} if dima'=0, (I,60;,a) indecomposable
0

otherwise .

Here the triple (I,0;,a) is indecomposable, if it has not any non-trivial decomposition
in the sense of Definition 6.1. The proof of this proposition is easy, so we will omit it.

7.2.4 The case [ =su(2) or sl(2,R)

Lemma 7.1 Let | € {su(2), sl(2,R)}. Let 6; be an involution of I. Then we have for
all semi-simple orthogonal (1,6;)-modules a

HE(1,0,a) = C(1) .

Moreover,
C3(1) if a'=0
2 —
HQ(l, 61 a)o = { 0 if a'#£0

Proof. Since [ is semi-simple we have H?(l,a) = 0. In order to obtain the first assertion
we now combine Proposition 3.1 with (19). Observe that C3(1), = C3(1). The second
assertion is then easy to check. a
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Next we introduce certain orthogonal (I, 6;)-modules for [ € {su(2),s[(2,R)}. Since we
are interested in admissible quadratic extensions of (I,6;) by such orthogonal (1,6;)-
modules a which yield symmetric triples of index 2 and since here dim[_ = 2 we
restrict ourselves to those a for which (-,-)  restricted to a_ is positive definite (see
Remark 4.3).

Let I = su(2). For k € N let pif be the irreducible l-representation on a real vector
space a of dimension 2k + 1 which is equipped with a positive definite l-invariant scalar
product and an involution 6, uniquely Characterized by (7) and 04,14 = +(—1)*1d ol -
Then p;r acts on aO KL g o , and p, acts on a+ @ aF By pj, we denote the
irreducible orthogonal representation of [ on a real vector space a of dimension 4k.
Then a carries an isometric involution 6, satisfying (7) which is uniquely determined
up to a sign. A different choice of the sign would produce an equivalent orthogonal

(1,0y)-module. Thus there is no need to fix it here. We have a = agrzk @ a2,

Let [ = sl(2,R), and let 6; as in Proposition 7.2,7. For k € N let pk be the irreducible
I-representation on a real vector space a of dimension 2k + 1 which is equipped with an
involution 6, uniquely characterized by (7) and ,|,; = +(—1)*Id,, . Then there is an

l-invariant scalar product on a which is positive definite on a_. Then P: acts on alfl’o@

c&k and p, acts on a 0 a®* 1, We also consider the real irreducible l-representation
acting on a 2k- d1mens1onal real vector space Vi. The natural l-representation pj, on
a =V, @V} carries an invariant scalar product of signature (2k,2k) induced by the
dual pairing. Moreover, there is exactly one involution 6, which satisfies (7) and has a
positive definite (—1)-eigenspace. Note that 6, switches the two summands V}, and V}".

We havea—aiko@ 0.2k,

For [ = s1(2,R) and (9[ as in Proposition 7.2,6. we only consider the orthogonal (1, 6;)-
module given by (pf,a,(-,)q,0) := (ad, [, B, —0;), where B denotes the Killing form

1 0,1
[. We have a = a7 @a’.

We call an orthogonal ([, 6;)-module a indecomposable if it has no proper non-trivial
non-degenerate ([, 6)-invariant submodule. A semi-simple indecomposable module is
either irreducible or the direct sum of two irreducible totally isotropic (I, #)-modules
in duality. The latter case does not occur if the restriction of the scalar product to a4
or a_ is definite. All the (I,6;)-modules defined above are irreducible.

Lemma 7.2 Let (1,0;) be as in cases 5.-7. of Proposition 7.2. Then the orthogonal
(1,0))-modules just defined exhaust the equivalence classes of those indecomposable or-
thogonal (1, 6;)-modules satisfying a' = {0} and a_ is positive definite. They are pairwise
inequivalent.

Proof. See [CP 2], Ch.V,§3. O

If k= (k1,...,kp) € NP for some p > 0, then we denote by p,j the direct sum module
pgl b...6 pzrp. By convention N” = (), and the corresponding direct sum is the zero

module. In the same way we define p, and p), k € NP. Moreover we set |k| :=
kjl 4+ ...+ k‘p.
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7.3 The classification result

Now we can formulate our classification of symmetric triples of index 2. As above we
will use the notation [y for [/R(I) for a given solvable Lie algebra [. Furthermore let
Sp.q be the group (&, x (Z2)P) x (&4 x (Z2)?) which acts on (If \ 0)P x (1§ \ 0).

Theorem 7.1 If (g,(-,),0) is a symmetric triple associated with an indecomposable
non-semi-simple symmetric space of index 2, then it is isomorphic to v4~(1, 6, a) for
exactly one of the data in the following list (which contains only data giving rise to
such triples):

LI=R'=R-X, 1, =0, L=1,

(a) a=a}' o’ @ aI @ pg >0,
p=py &P Sp,
A=) e ()P =RP, p=(ul,..., 09 € ()7 = RY,
D<A <. < o<pl <. <pl,
a=0, y=0

(b) a:aio@ai’o@a{?q@agfrq, P,QZO,
p=p1 @55 DB p;
A=\ W) e ()P =RP, p=(ul,... pu9) € (") =R,
D<A <., 0<pt <. <,
Oé:O,’)/:O,'

(C) a:ail@ai’l@a{?q@agfrq, P,QZO,
p=pi,®p5 p}
ver\0=R"\0, A\=(\,... . W) e (F)P =R, pu=(ut,...,u%) € ()=
RY,
D<A <A, 0<pt <0<,
a=0, y=0

2. 1=R?>=span{Y,Z}, I, =0, I =1,

(a) a=a?"@®a’"* pg>0p+q>3,
p=py ©py,
A, 1] € ((F\0)P x ("\ 0)?)/~, such that

{NY),X(2)) [i=1,....p} UA{WN)W(2)]ji=1....q}

is not contained in the union of two one-dimensional subspaces of R?,
and

(A1, 1) ~ (A2, p2) < span{yi, z1} = span{yz, 22} mod &, 4,
where y; == (AHY), ..., \(Y),ul(Y),...,ud(Y)) and

zi = (AN 2),...,. X(2),ul(2),...,ul(2)) fori=1,2,

a=0, y=0;

(b) a=a}' @ a7 @ p.g>0,
— 071 ~+ —+
p= (pO)0,0 ©® Px ©® Pus
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(A p] € ((F\0)P x (\ 0)9) /., with
(A1 1) ~ (A2, p2) &

(span{y1, z1}, y1 A 21) = (span{ys, 22}, £y2 A 22) mod &y,
where y;, z;, it = 1,2, are as in 2. (a),
a(Y, Z) = Ay, where Ag is the standard basis of c&l,
v=0;

(C) a = ai’o ) Cl:i’q D a(l,p'i‘q’ D, q 2 Oa
1,0 . ~
p=(po)go Ay & pit,
(A p] € (FN0)P x (F\ 0)7)/, with
(A, 1) ~ (Ao, p2) &

(span{yi, z1},y1 A z1) = (span{ys, 22}, £y2 A 22) mod &, 4,

where y;, z;, 1 = 1,2, are as in 2. (a),
a(Y,Z) = Ay, where Ay is the standard basis of ai’o,
v =20;

3. 1=n(2), . =R-Z, 1I_=span{X,Y},

(a) a:aﬁq@a(fpﬂ, p,q >0,
p=py ©py,
A=AL N e (B)P =RP, p=(pt,...,p9) € (151 =R,
D<A <. < o<pl <. <pl,
a=0, v(X,Y,Z) =k, k€ {l,—1};
(b) a:agl@aﬁ,q@a(}ﬁq’ pquov
p= (P01 ® 7 ® P,
A=AL N e (B)P =RP, p=(pt,...,p9) € (151 =RY,
D<A <. < o<pl <. <pl,
a(Y, Z) = Ay, where Ag is the standard basis of at

v=0;
(c) a=a?' @a® @ a9 a " pg>0,

p=pf &pl @p),
A=AL N e (B)P =RP, p=(pt,...,p9) € (15 =RY,
O< A <. <X, 0<put <. <,
a(X,)Y)=A1, a(X,Z) = Ag, (Y, Z) =0,
where A1, Ao is the standard basis of ai’l &) c&l,
v =0;

(d) a=a>" @d @d? @@, pg>0,
p=(po)o' ® pi ® 55 @ pf,
A=AL N e (B =RP, p=(pt,...,p9) € (15 =RY,
D<A <A, 0<pt <. <,
a(X,Y)=7rA1, a(X,Z) =1rAs, (Y, Z) = Ag, r € R, r >0,
where Ay, A1, Ay is the standard basis of '@ a?;l ($5) ao_’l,
v =0;
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4. l=rw_1, L =R- (Y +Z2), L =span{X, Y — Z},

(a) a=ab? @ pg>0,
p=py ®pt,
A=AL N e (B =RP, p=(pt,...,p9) € (15 =RY,
D<A <., 0<pt <0<,
a=0, vy(X,Y,Z) =k, ke {l,—-1};

(b) a=a2' @@, pg>0,
p=(po)o1 @ B @ P},
A=AL . N e (B =R, p=(pt,...,p9) € (15 =RY,
D<A <A, 0<pt <0<,
a(Y, Z) = Ag, where Ag is the standard basis of ot
v=0;

(c) a=ay’@a? @@ pg>0,
p=pl @pl@pk,
A=AL . N e (B =RP, p=(pt,...,p9) € (15 =RY,
D<A <. <A, 0<pt <. <,
a(X,)Y - Z)=A1, (X, Y+ Z)= Ay, (Y, Z) =0,
where A1, Ay is the standard basis of ai’o & c&l,
7 =0;

(d) a=a>" @d’ @ @0, pg>0,
p=(po)oy & il @ pf @ o},
A=AL N e (B =RP, p=(pt,...,p9) € (15 =RY,
D<A <A, 0<pt <0< s,
(XY —Z)=rA;, o(X,) Y+ 2)=rAs, a(Y,Z) = Ay, TR, r >0,
where Ay, A1, Ay is the standard basis of ' @ ai’o &) a(l’l,
v=0;

5. 1=p(), L. =R-Z, I_=span{X,Y}

(a) a=a>" @ a2 @ a2t p g >0,
p= ()01 75 &),
A pl € (5 \0)P > (15 0)T)/~ , with
(At p1) ~ (A2, p2) < (A1, ), (A2, p2) satisfy (i) or (id):
(i) dimspan{z,y; } = dimspan{xs,y2} =1 and

(span{z1,y1}, R - y1) = (span{za, y2}, R - y2) mod &4,
(ii) dimspan{zi,y;} = dimspan{za,y2} =2 and
IreR,r#0 : (22 Aya, o) = (rzy Ayr,72y1) mod Sp.qs

where x; == (AH(X),..., N (X), u}(X),...,pd(X)) and
yi = (ALY, XY,k (V). p(Y)) fori=1,2,
a(X,Z) = Ao, ao(X,)Y)=a(Y,Z) =0,

where Ag is the standard basis of a(l’l,

v=0;
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(b)a—a @apq@a,p‘i’q’ paqzoa

p=(po)os @ Py & pit,
Xl € (5 \ 0)P x ([8\0)q)/~7 with
()\1,#1) ()\2,,[1,2) ~ MlMlT = MQMQT mod épﬂ,
for the ((p+q) x 2)-matrices M; := (x] ,y;"), i = 1,2, where x;,y; are defined
as in 5. (a),
a(X,Z)=A1, oY, Z) = Ay, a(X,Y) =0,
where A1, Ao is the standard basis of a(l’Q,
v=0;
6. l=su(2), [ =R-H, [_ =span{X, Y},
q—= o a(ﬁ|k\+|l|+2|m|+q
keN [ €N meN",
kjl Skag Sk‘p, ll Sglq, mi S §mr,
p=pL Do Bph,,
a=0,
v(H,X,Y)=c¢, ceR.

O, k[ +[1[+2[m|+p
a+ ) p’QaT Z 07

7. 1=5l(2,R), I =R-H, I_ =span{X, Y},

0= 70 d, >0, p—@pl,

a=0,vH,X,Y)=c, CER
8. 1=s1(2,R), [ =R- (X -Y), [ =span{H, X +Y}.
4=a @ oV lklHi+2Iml+g
kEeNP e NI meN,
klgkag...gk‘p, llg...glq, mlg...gmr,
p=pL S Dph,,
a=0,
’Y(HaX)Y):C, c €R.

|k +|]+2]m[+p,0
+ ) p’QaT Z 07

Proof. We already know that for a given symmetric triple (g, 4, (-,-)) the Lie algebra
a/i(g)* with the involution induced by 6 is isomorphic to one of the Lie algebras with

involution in Prop. 7.2. Moreover, if we consider a := i(g)*/i(g) with the induced
involution and the induced scalar product, then a_ is positive definite if dim[_ = 2 and
the induced scalar product on a_ has index 1 if dim[_ = 1.

According to Theorem 6.1 we have to determine the orbit space of the action of G =
Aut(l, 6;) x Aut(a) on

H = H HzQ([,‘ghap)O

peHom((1,0),50(a))ss

for these combinations of ([, 6;) and a.
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We begin with [ € {n(2), v3 _1}. We fix an arbitrary pseudo-Euclidean space a with

0,5

involution 6, such that a_ is positive definite, i.e. a = a +q @ a’”. Here we use the

description of the orbit space as

HE (1,01, 0,)0/G
[pl€Hom((1,0:),50(a))ss /G

From Propositions 7.4 and 7.6 we know that

Hom((1,6,),s0(a))ss/G = Hom((L,6;),s0(a))ss/(Aut(a) x Zs)
= Hom((1,6,),s0(a))ss/ Aut(a)

and by Prop. 7.1 we can identify Hom(([,6),s0(a))ss/ Aut(a) with
{ (po)bl @ pl @pl INEN, peN, po+P=D, @0+q=7 p+q+s0=5}.
Furthermore, we identify A € (I§)? with A(X) € R? and therefore A, with

A= W) eRPJ0O< A <. < AP

Now let p = (po)h%2 & py @ p,} be fixed. Recall that we know Hé([, 6i,a,)0 (Prop. 7.3)

0,s0

and Aut(l,0,) (Prop. 7.4). Consider a1, as € Z;. Then [a1,0] and [ag,0] are on the
same G ,-orbit if and only if there exists a real number a > 0 such that the conditions

a1(Y,Z) = taas(Y, Z)
and
(1 (X,Y),a1(X,Y)) = a{aa(X,Y),a2(X,Y)) if 1=n(2)
<041(X,Y), (X,Z)> CL<O&2(X,Y),O[2(X,Z)> if [:t37,1
are satisfied. Furthermore, (C3(1)\0)/G, = (C3(1)\ 0)/ Aut(l, 6;) = Zy. This yields the
assertion for I € {n(2), v3 1}
Now we consider [ = h(1). We define subsets H* ¢ H, i =1,2, p,q > 0 by

HP? = {[0,0] € HEH (L0 a0)0 | p = (po)gs © 5% @ o, A€ (15\0)F, i€ (15 0)7},

where a; is given by a1(X,Z) = Ao, au(X,Y) = a1(Y,Z) = 0 and «y is given by
ag(X 7Z) = A, ao(Y,Z) = Ag, aa(X,Y) = 0 for standard bases Ay and A;, Az of
»» respectively. Note that ai, as € Z; for all such p. By our description of Aut(l, 0)
(Prop. 7.6) we know that for each orbit O of the G-action on H the intersection ONH
is non-empty for exactly one triple (i,p,q). Moreover, O N HP'? is a G; X &, 4-orbit
in H??, where G; = (Aut(l,6;) x Aut(a"))s, is the stabilizer of a; € C?(I,a"). Using
again our description of Aut(l, ;) from Prop. 7.6 it is not hard to compute G; and then
Hf)’q/Gl
In the cases [ = R! and [ = R? we proceed as in the case of [ = h(1).

The result for [ € {su(2),s((2,R)} is a straightforward consequence of Lemma 7.2 and
Lemma 7.1. Note that in this case any automorphism of [ acts trivially on C3(1). O
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Recall that a pseudo-Hermitian symmetric space is a pseudo-Riemannian symmetric
space (M, g) equipped with an almost complex structure J which is compatible with g
and the involutions 6,, € M. Then J is automatically integrable and (M, g, J) is a
Kéhler manifold (see [CP 2], Ch.I,§6).

Corollary 7.1 If (g,0,(-,-)) is a symmetric triple associated with a simply connected
indecomposable pseudo-Hermitian symmetric space of complex signature (1,q), ¢ > 0,
which is neither semi-simple nor flat, then (g,0,(-,-)) is isomorphic to v, (1,6, a) for
exactly one of the data in the following list (which contains only data giving rise to
such triples):

1. g=1:1=1_=R?=span{Y, 7},

(a) a = a(J)r’l, p= (po)gi(l), a(Y,Z) = Ay, where Ay is the standard basis of a?r’l,

7 =0;
(b) a= a}r’o, p = (po)ézg, a(Y,Z) = Ay, where Ay is the standard basis of a}r’o,
7=0;
2.q=2:1=p(1), L =R-Z, I_ =span{X,Y}
a=a"? p=(po)gs (X, Z) = A1, aY,Z) = Az, a(X,Y) =0,
where A1, Ao is the standard basis of a(l’Q,
7=0;
3. q=14p,p>0:1=su(2), [ =R-H, [_=span{X, Y},

r p—r
a=a" " @a?, 0<r<p, p=Pp oPoi,

=1 =1
a=0,vH,X,)Y)=c¢, ceR.

4.q=14+p,p>0:1=5l(2,R), [ =R- (X -Y), [_ =span{H, X +Y}.

T p—r
a=a? 0 0<r<p, p=Pr o Po,

i=1 i=1
a=0,vH,X,)Y)=c¢, ceR.

Proof. A symmetric triple (g,0,(-,-)) associated with a simply connected non-flat
indecomposable pseudo-Hermitian symmetric space M is indecomposable ([CP 2], Ch.I,
Prop. 6.6). Moreover, it carries an automorphism F satisfying F? = 0, F|, . =1d, and
any such automorphism induces a pseudo-Hermitian structure J on M ([CP 2], Ch.I,
Prop. 6.4). If (g,0,(,")) = day(L,0;,a) for [a,v] € Hé([,@r,a)ﬁ, then the existence
of such an automorphism F' is equivalent to the existence of an automorphism F =
(Fi, E71) of the triple (I,0;,a) satisfying

F?=0, F|,=1d, F?=0,, Fl,, =1d (21)

’l+

such that (F*«, F*v) = (a,7). The corollary now follows by inspection of the classifi-
cation list in Theorem 7.1 provided one takes the following fact into account:
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Let (p,a) be a semi-simple orthogonal (I, 6;)-module such that the triple (I, 6, a) admits
an automorphism F' satisfying (21).

(i) ([CP2], Ch.V, Prop.3.3) If (1,6;) is as in cases 6. or 8. of Theorem 7.1 and a_ is
positive definite, then p is the direct sum of irreducible ([, 6;)-modules equivalent
to p; or pj. All these modules admit an automorphism F, with the required
properties.

(ii) If ris solvable and satisfies (77), then p is the trivial representation on a.

It remains to prove (ii). Let A € [§\0 and let E\ C ac be the corresponding weight space.
We have to show that Ey = {0}. The automorphism F} induces a complex structure
j on the real vector space [;;. The elements §*(N\), k =0,1,2,3, are pairwise different.
Therefore the sum of the weight spaces Ejk (s k=0,1,2,3, is direct. Take v € E).
Then FF(v) € Ejkny, and v7 1= v — Fy(v) + F2(v) — F2(v) satisfies F,(v™) = —v™.
However, the only eigenvalues of F,, on ac are 1, ¢ and —i. We conclude that v~ = 0,
hence v = 0. This finishes the proof of (ii). O

Note that Assertion (ii) of the above proof has strong implications for the structure of
arbitrary pseudo-Hermitian symmetric spaces with solvable transvection group.
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