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CONVEX INTEGRATION AND THE L» THEORY OF
ELLIPTIC EQUATIONS

KARI ASTALA, DANIEL FARACO, AND LASZLO SZEKELYHIDI JR

ABSTRACT. We consider elliptic partial differential equations and
provide a method constructing solutions with critical integrabil-
ity properties. We illustrate the technique by studying isotropic
equations and equations in non-divergence form in the plane.

1. INTRODUCTION

In the theory of the elliptic partial differential equations with
bounded measurable coefficients the solutions are basically assumed
to have square summable derivatives; for equations of non-divergence
form the assumptions concern the second derivatives. It is well known
that there is a range of exponents beyond the p = 2 where the LP-
theory of derivatives is still valid. Recent developments in the theory
of planar quasiconformal mappings, in particular the area distortion
theorem obtained by the first author in [1] and the invertibility of Bel-
trami Operators proved in [4], have in two dimensions provided the
precise range for these exponents, see [2], [20] and Theorem 1.1 be-
low. For more information see also the monograph [3]. These ranges
of exponents depend only on the ellipticity constants of the equation.

It is a natural question if restricting the range of the ellipticity matrix
could yield higher integrability for the gradients of the solutions. We
present in this article a general method for constructing examples which
show that such improved regularity is not possible and that beyond the
critical exponents the theory is not valid anymore.

Let us start by recalling the basic notations and the positive results.

Theorem 1.1. Let K = 1 and [?—ffl < q. Let Q C R? be a bounded
domain and let o(z) : Q — R2%2 be a measurable function such that

sym
for almost every x,

1) <o) KT

in the sense of quadratic forms.
Let u € WEU(Q) be a weak solution of the equation

(2) dive(x)Vu =0

in Q. Then u € WSP(Q) for all p < 2K
1
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Here ngxnf represents the space of symmetric matrices with real en-
tries.

Theorem 1.1 was obtained by Leonetti and Nesi in [20] where they
discovered that under the assumptions (1), (2) the solution u = Rf,
where f is a K-quasiregular mapping, with the same K. Since the
work of the first author [1] says that a K quasiregular mapping in W14
is immediately in W whenever Ig—ﬁ <qg<p< %, Theorem 1.1
follows. In addition, in the theorem we have included the end point
q= I?—f:l This case follows from the recent result of Petermichl and
Volberg (see [4],[28],[10]).

The classical examples built on the radial stretching wu(x) =
R(x|z|x ') show that for general o the range of exponents p, ¢ can
not be improved without extra assumptions. On the other hand, there
was the hope that if the range of o was restricted then the gradients
would enjoy higher integrability. A basic example pointing towards
this direction is the work of Piccinini and Spagnolo [29]. There it is
shown that if o(z) = p(z)l, where p is a real valued function with
1/K < p(z) < K, then u has a better Holder regularity than in the
case of a general o.

Our first theorems show, however, that for Sobolev regularity one

2K 2K

can not improve any of the critical exponents =5, z=7 even if the

essential range of o consists of only two matrices.

Theorem 1.2. Let 2 be a bounded domain in R* and let K > 1.
Then there ezists a measurable function py : Q) — {%, K} such that the
solution uy € W2(Q) to the equation

3) {div p1(x)Vuy(x) =0 in

ur(z) =y on 0

satisfies for every B(x,r) C § the condition

(4) / V|25 — oo
B(z,r)

Theorem 1.3. For every o € (0, 1) there exists a measurable function
p2: Q — {%, K} and a function us € C*(Q) such that us(z) = 1 on
082,

div po(x)Vug(z) =0

in the sense of distributions and uy € WH4(Q) for all ¢ < Ig—fl, but for
every B(z,r) C

(5) / Vo | 47 = 0.
B(z,r)

As a particular consequence, Theorems 1.2 and Theorem 1.3 apply
also to the quasiregular mappings since u; = R f where f is quasiregular
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with
— K—-1
6 Ozf = £ko.f, k=——.
(6) f = kD] o
The same ideas yield extremal solutions also to the Beltrami equation
(7) Ozf = k0. f,

for details see Remark 3.4.

Remark 1.1. Our methods do not imply that p; and p, in the above
theorems could be equal. Surprisingly, in the analogous problem for
the Beltrami equation (7) a simple argument shows that this choice
can be made. To see this, let fo be the very weak solution of (7)
constructed in Theorem 3.2, with dilatation p : Q — {£k} and uy =
Rf, satisfying (5). Let f; be the classical homeomorphic solution to
the same equation, i.e. f; € I/Vllgc2 and 0sf; = pd,f1. Suppose that
there exists a ball B C  where [, \Vfl\%ﬁ < oo for some € > 0.
Since V fy € L(B) for any ¢ < 1?—14:17 we deduce that V f; € LP°(B) and
V fo € L% (B) for some dual exponents pg and go. But then, for example
by [19, Lemma 6.4], the composition f = fy o f; ' is in W'!(f,B) and
f obeys the chain rule. Therefore d;f = 0 a.e. and by Weyl’s lemma f
is analytic. But then fo = fo f; is also quasiregular, which contradicts

the fact that f, ¢ W1?(B).

Let us then consider linear elliptic equations in the non-divergence
form. The following theorem follows from the recent work of Astala,
Iwaniec and Martin in [2] where quasiconformal techniques are ap-
plied for developing the precise LP theory for planar equations in non-
divergence form.

Theorem 1.4. Let K > 1, let Q C R? be a bounded domain and let

A(z) : Q@ — R2x2 be a measurable function such that for a.e. x € €,

(8) \/—% [<A@@) SVEIL — detAdz) = 1.

Let u € W24(Q), q > I?—fl, be a solution of the equation

9) Tr(A(z)D*u(z)) =0
where D*u(x) = (@ju(:p))lj is the Hessian matriz of u. Then u €
WEP(Q) for all p < 2.

loc

The latter condition on A(x) in (8) is a normalization which can al-
ways be made since A is bounded above and below and (9) is pointwise
linear.

A key fact of the proof is that under the assumptions of the theo-
rem, the complex gradient of w, d,u = (u,, —u,) is a K-quasiregular
mapping. Therefore the ideas from [1],[4],[28] apply.
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Concerning the sharpness of the theorem, an example due to Pucci,
built on an appropriate radial function shows that there are no L? esti-
mates at the lower critical exponent p = K +1 Nevertheless, examples
built on radial functions do not seem to work with the upper critical
exponent. We not only provide the required examples but again show
that the range of A(z) is as simple as one can ask for.

Theorem 1.5. Let K > 1 and let Q C R? be a bounded domain.

There exists a measurable Az : Q) — \/7 , VK O
0 \/E 0 W

such that the solution ug € W22(Q) to the equation

{TY(A3($)D2U3> =0 in

(10) us(z) = x; on 0N2

satisfies for every B(xz,r) C Q

(11) / |D%us| %1 = oo
B(z,r)

Theorem 1.6. . For every o € (0,1) there exists a measurable

— 0 VK 0

ing Ay @ Q VK d ti

mapping Ay — {( 0 \/E) ,( 0 \/%)} and a function
ug € W9(Q) N CH(Q) for all g < 55,

such that
(12) Tr(Ay(z)D*uy) = 0
in the sense of distributions but for every B(xz,r) C Q

(13) / |D2u4|f§7fl = 0.
B(z,r)

Theorem 1.2 is a generalization of [11] which in turn has roots in [22]
where Milton proposed as extremal configurations the so-called layered
construction with infinitely many scales involved. In [11] the second
author interpreted Milton’s idea from a different point of view intro-
ducing the so-called staircase laminates and used Beltrami Operators
to complete the technical details left open by Milton. Unfortunately,
the method in [11] yield only a sequence of equations of the type (3),
such that the corresponding solutions {u;}32, satisfy

. 2K
lim [ |Vu;|%T = 0.
J—7x JB
Moreover, the method is not valid for showing that the lower critical
exponent 1?14:1 is sharp.

In this work we replace the use of Beltrami Operators by versions
of convex integration. It was discovered by V. Sverdk and S. Miiller

that the method of convex integration, introduced by M. Gromov [14]
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for solving partial differential inclusions could be adapted to the Lips-
chitz setting. This method has then been successfully applied to pro-
duce minimizers to certain variational problems motivated by nonlinear
elasticity where direct methods fail due to lack of lower semicontinuity
([24, 23]). The same authors also used convex integration in [25] to con-
struct counterexamples to regularity for elliptic systems (see also [33]).
The method has been intensively studied and adapted to produce weak
solutions to various other problems [17, 32, 18, 35]. Another, similar
method for solving partial differential inclusions, which followed more
closely the classical Baire category approach to solving ordinary differ-
ential inclusions has been pursued by B. Dacorogna and P. Marcellini
in [8] (see also [9, 36]).

Generally, convex integration is a method for solving differential in-
clusions of the type

(14) Vfi(z)€eE

where E is a given closed set of matrices. Roughly speaking the method
consists of iteratively constructing layers within layers of oscillations,
starting with an affine function whose gradient is in a suitably defined
"hull” of E (see Section 2) and iteratively pushing the gradients to-
wards F itself. During the iteration scheme it suffices to keep track
of the gradient distribution of the approximating sequence, instead of
controlling the pointwise behavior of the gradients.

Our plan of proof for Theorems 1.2, 1.3 and Theorem 1.5, 1.6 is as
follows. We rewrite the equations as differential inclusions, in Lemmas
3.1 4.1, and then proceed with convex integration. The first step is
to find a sequence of laminates (see Definition 2.1) with the required
integrability properties. These will be called the staircase laminates,
following [11, 12]. We remark that the construction of this type of
laminates seems very flexible and adaptable to other situations. For
example in [5] and [6] they have been used in relation with the problem
of regularity of rank-one convex functions.

Once we find staircase laminates supported in the appropriate sets,
we proceed in a different way for the lower and upper critical expo-
nents. For the upper critical exponents we are dealing with honest
quasiregular mappings. This allows us to fit the set of solutions of (3)
into a natural metric space setting. Then we can adapt the elegant
method of B. Kirchheim in [17] and use Baire category. This approach
is based on the observation that points of continuity of the gradient
are typically residual.

For the lower critical exponent we are not able to find a natural met-
ric space setting. The reason is that the only norm which we are able to
bound is the W! norm (see Remark 3.6). Instead we follow the lines
of the original approach of Miiller and Sverék [25] of successive modifi-
cation on smaller and smaller sets via a sequence of in-approximations.
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In our case the in-approximations take a particularly simple form, as
the corresponding p—rank-one convex hull is the whole space, but we
need to take care that the gradients diverge on sufficiently large sets in
any ball of the domain. This approach also has the advantage that we
get very precise information on the integrability 2£ the gradient, namely

that our solutions have gradient in the space L ‘! (see Theorem 3.2).

2. PRELIMINARIES

We start by introducing the following notation. For matrices A €
R**% write A = (ay,a_) where ay,a_ € C denote the conformal co-
ordinates. That is, if we identify the vector v = (z,y) € R? with the
complex number v = x + 7y, the relation

Av=a,v+a_v

holds. For future reference we record that multiplication of matrices in
conformal coordinates corresponds to

(15) AB = (ayby +a_b_,ab_+a_b,),
and that TrA = 2Ra,. Also
det A = |ai[* — |a_|*,
(16) A = 2Ja. ] + 2o,
IA]l = lai| + la—],

where |A| and || A|| denote the Hilbert-Schmidt and the operator norm
respectively.

By M(R™*") we denote the set of signed Radon measures on R™*™
with finite mass. By the Riesz representation theorem, M(R™*™) can
be identified with the dual of the space Cy(R™*") of continuous func-
tions vanishing at infinity. Given v € M(R™*") with finite first mo-

ment we use the notation
U= / /\dy(/\)
Rmxn

and call 7 the barycenter of v

Now we turn to convex integration. The basic building block for
solving partial differential inclusions is the following lemma. Here,
and in the rest of the paper, we will say that a mapping f : Q —
R? continuous up to the boundary, is piecewise affine (or piecewise
quadratic) if there exists a decomposition of €2 into countable pairwise
disjoint open subsets €2; with |0€2;| = 0 and

e

such that f is affine (resp. quadratic) on each subset €2;.

=0,
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Lemma 2.1. Let o € (0,1), €,0 > 0 and let Q@ C R™ be a bounded
domain.

(i) Let A, B € R™"™ with rank(A — B) = 1 and suppose C' =
AA + (1 = AN)B for some X\ € (0,1). There ezists a piecewise
affine Lipschitz mapping f : Q0 — R™ such that
(a) f(z) =Cuz if v € 09,

() 1f — Clowgy <=
(¢) {z e Q: [Vf(z) - Al <5} = A9,
(d) {z € Q- |Vf(z) - Bl <o} = (1 = N)|Q.

(ii) If in addition to part (i) we assume that A, B € RYxY, then
the map f can be chosen so that f = YVu for some piecewise
quadratic u € W*>(Q).

Proof. Part (i) of the lemma is standard in the literature (see [24]),
but usually with C? instead of C® approximation in (b). The estimate
[f — Clee < € is obtained by rescaling the function. That is, fixing
r > 0 we cover () by small copies of itself upto measure zero, so that

’Q \ D(ai +n9)) —0

with r; < r, and then place in each copy the rescaled function f,, ., () =
rif (7 (z — a;)) + Ca;. The estimate follows immediately since the C
norm decreases as r — 0.

Part (ii) is an easy example of convex integration. Firstly, [17, Propo-
sition 3.4] yields a piecewise quadratic scalar function u; such that

o uy(z) = 3(Cx,z) if x € O,

o {z€Q: Duy(x) = A} > (1-¢)A|Q,

o {z€Q: D*uy(z) =B} > (1—e)(1—-N)Q,
e dist (D?uy(z),[A, B]) <4 ae. in Q.

However, we need a function u such that D?*u(x) belongs to a &
neighborhood of { A, B} instead of a neighborhood of the whole segment
[A, B]. To achieve this, we iterate the construction of u; to produce
a sequence of piecewise quadratic functions {u;}$°, with the following
properties: let

Uy = {x € Q: dist (D*u;, {A, B}) < 0}
Then,

)
)
) {z € Q: D*uy(z) = B} > (1—¢)(1 = N)|Q,
) u;(z) = w;(x) for x € U; whenever j 2 1,

) |Q\UZ+1‘ S i‘Q\UA and UZ C Ui+1,

)
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It follows from (4) and (6) that the sequence {u;} converges strongly
in W2 to a function u such that dist (D?*u(x),{A, B}) < ¢ almost
everywhere in €).

The sequence {u;} is defined by induction. We have already defined
uy. Suppose that wu; is given. Then, since u; is piecewise quadratic,
2\ U; has a decomposition

O\U; = JU;uN
J

where Uj are open sets on which D?*y; = C for some C with
dist (C,[A, B]) < 6 and |[N| = 0. Hence we can write

C=MA+D)+(1—-XN(B+D),

where 0 < X < 1, and D= /N\/} +(1— A\)B — C~’~ satisfies that |D| < 4.
Therefore, if we set A=A+ D and B= B+ D

(17) C =M+ (1-)N)B,
with |[A — A| < 6 and |B — B| < § and
rank(A — B) = rank(4 — B) = 1.

Thus, we can use again [17, Proposition 3.4] in each Uj to produce ;
such that

o Uj(x)= %(C’x,:@ if 2 € OU;

o [{z € U;: dist (D, {A, B}) < 6}| > 3|U;].
Then the function u,4; obtained from u; by replacing u; by u; on Uj
(modulo an affine function) fulfills the properties (1)-(6).

It remains to show that we can get the correct volume proportions.
To this end, for a given function u with dist (D?*u, {A, B}) < ¢ let

o = [{z € Q: [D*u(z) — Al < 6}|.

The construction outlined above shows that for every e there exists a
function u with

(1 =)A< p < (14 €N
Take € = 1/2. Then there is no loss of generality assuming the
existence of a function u;with

A
(18) 5 < Hu < A
Choose A € B(A, d) such that
C=M\+e)A+(1-\—e)B,

for some small 0 < ¢ < §/2. Now for arbitrary e > 0 we re-
peat the above construction with (A + €) in the place of A to ob-
tain a function uy equal to 1/2(Cz,z) on the boundary and such that
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dist (D%usy(z),{A, B}) < § and
fuy > (A +€1)(1 —€).
Now chose €5 > 0 so that

(19) fo > A
From (18) and (19) we deduce that
" def My — A
Houg = Houy

satisfies t € (0,1), and A = tus + (1 — t)py. Finally we divide Q in
two regions 2, Qs with [Q] = ¢t|Q| and [Qs]| = (1 — ¢)|Q2], and place
rescaled copies of u; and us in €27 and €y respectively. This defines
our final mapping w. It follows that g, = tps + (1 — ¢)uy = A and this
concludes the proof. O

The matrix A, B in the above lemma are said to be rank-one con-
nected and the measure A4+ (1—\)dp corresponding to A and B from
Lemma 2.1 is called a laminate of first order. The construction in the
lemma can be iterated by modifying the map f in the regions where
is affine. For example, in the region where {|V f(z) — B| < 4}, f can
be replaced it with a map(also given by the lemma) whose gradient
oscillates, on a much smaller scale between neigborhoods of the two
rank-one connected matrices C7, Cy such that

(20) B=NC+ (1= X)Cy.

Notice that, as in (17), (20) implies that if |V f(z) — B| < 4, then
Vf(z) = NCy + (1 — N\)C, where C, Cy are rank-one connected and
they lie in corresponding neigborhoods of €y and C5. Thus, on each
region where f is affine, we can apply Lemma 2.1 to obtain the new
mapping. On the level of the gradient distribution this amounts to
replacing dp by Ndc, + (1 — X)de,. This type of iteration motivates
the following definition ([7], [25],[26] )
Definition 2.1. The family of laminates of finite order L is the small-
est family of probability measures in M(R™*™) such that

(1) £ contains all Dirac masses.

(2) Suppose SN N\ida, € Land Ay = AB+(1-)\)C where \ € [0, 1]

and rank(B — C') = 1. Then the probability measure

N
> Xida, + M(Adp + (1= N)dc)
i=2
is also contained in L.
Proposition 2.1. Let v = SN ;64, € L(R™") be a laminate of
finite order with barycenter v = A. Then, for every a € (0,1), 0 <
d < min|A; — A;| and every bounded open set Q0 € R", there exists a
piecewise affine Lipschitz mapping f : 2 — R™ such that



10 KARI ASTALA, DANIEL FARACO, AND LASZLO SZEKELYHIDI JR

i) f(z) = Az on 09,
i) [f = Alga@) <9,
iii) {z € Q: |Vf( ) — Ayl <0} = |9, thus
iv) dist (Vf(z),sptv) <6 a.e. in S
Moreover, if A; € RZX" then the map f can be chosen so that f = Vu

sym ’

for some u € W>(Q).

Proof. The proof is by induction using Lemma 2.1. The precise argu-
ment is given in [25, Lemma 3.2] with the C° norm instead of the C*
and matrices in R"*™. The case of symmetric matrices is handled using
part ii) of Lemma 2.1 instead of part i). O

Finally, we recall the definition of certain semiconvex envelopes of
sets of 2 x 2 matrices.

Definition 2.2. Let E C R?*2. The polyconvex hull of E is given by

EP¢ = {A € R?*? : there exists v € M(R**?) such that

v=A,sptrv C E and detA:/ detdz/}
R2X2
Similarly the lamination hull of E is given by
= {A € R*?: 7 = A for some laminate of finite order v € E(szz)},

and in particular the first lamination hull is

Elet {A € R**? . 7 = A for some laminate of first order 1/}.

3. ISOTROPIC EQUATIONS
We start by transforming the set of solutions to the isotropic equation

into solutions to a certain differential inclusion.

Definition 3.1. For a set A C CU {00}, let

(21) Er={A=(ay,a_): a_ = pay for some p € A},

i.e. F, is the set of matrices with second complex dilatation in A. In

particular Ey denotes the set of conformal matrices, and F,, the set of
anti-conformal matrices.

By (15) we get the right-conformal invariance of E 4, namely that

(22) Er=FEA X forall X € E, \ {O}
Lemma 3.1. Let K > 1 and k = K—: Let Q C R? be a bounded

domain. Then u: ) — IR 1s a weak solution to

div p(z)Vu(z) =0
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for some p € L>*(Q,{K, %=}) if and only if u = fi for some f : Q — R?
satisfying

(23) Vfe E{k,fk}-

Proof. Tt is convenient to identify R? with C, so that f; = R(f). Ac-
cordingly, let us write f = u + tv. Standard calculations show that

20.f = Opu + Oyv + i(0yu — O,v),
20:f = 0yu — Oyv + i(Oyu + 0,v),

hence the condition Vf € Ey, ), or Ozf = 10, f, is equivalent to the
system

(1 — p)0pu = (1 + p)oyv,
(1 —p)oyu = —(1 4 p)o,v.

In other words

o, _
(24) 1+Mvu_Jvu

where J = (_01 é) . But in a simply connected 2-dimensional domain

) a vector-field is divergence-free if and only if it has the form JVw.
Hence (24) is equivalent to
1 —

div 7 Hu =o.

+ 4

g

3.1. Upper critical exponent. Our strategy is as follows. First, we
define an appropriate closed and bounded subset X C W'? which
contains all strong solutions to (23). Since bounded subsets of W2
are metrizable under the weak topology, we deduce that (X, w), where
w denotes the weak W'? topology is a metric space. Then we prove
that functions in X are points of continuity of the map V : (X, w) +— L?
only if they satisfy the inclusion (23). From this we deduce, using that
V is a Baire-1 mapping, that the set of solutions in X is residual.
Finally we show that the set of functions in X for which (4) holds in
any fixed ball B(z,r) is also residual. For this we use the staircase
laminate construction introduced in [11].

Definition 3.2. Let

202 _ 1.4
_ it . 2 o2 (L —7r*)(r® — k%)
Ay {T@ cr <k, r*cos® ¢ > e ,
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shown in Figure 1, and let i = E, (c.f. (21)). Let X be the closure
in the weak topology of W12 of the set

B e [ piecewise affine
(25) Xo=1{ feWI?(QR?*): eVf(z) €U ae.
o f(z) =2 on 0S

Note that A, and hence U, is open, and that Ky 4 C U. In
Lemma 3.3 we show that X is a bounded subset of W12 and hence the
weak topology is metrizable.

—i

FIGURE 1. The set A in the complex plane.

The proofs here are very similar to the work of Kirchheim in [17].
The main difference is that we are dealing with unbounded sets, and so
we need to make use of elliptic theory, in particular the relevant apriori
estimates and higher integrability, in order to obtain a complete metric
space X whose topology coincides with the weak W2 topology.

Lemma 3.2. Let Ey, _yy be as in Lemma 3.1 and let Eﬁ;’}_k} be the
first lamination hull. Then

le,1 c
E{k,—k} = Efk,—k} = EAT

with Ay given in Definition 3.2.
Proof. ,
le,1

First we will prove that Efg,—k} =Eq 4

Recall that X € Ef{?/z,_k} if and only if X = ¥ for some probability

measure v supported on Ey ) and satisfying

detv = /det dv

The crucial information to use is that F' — det I’ is a convex function
when restricted to Ei . Let us write

v=MAy+ (1 = Nv_g
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where vy, are probability measures with spt v, C Ep andsptv_, C E_
and barycenters Y and Z respectively. Then by Jensen’s inequality we
get

det X > AdetY + (1 — \) det Z.

Since X =AY + (1 — \)Z, expanding det X gives det(Y — Z) < 0.
Now consider pairs tY and sZ with t,s > 0 such that for some
N € (0,1) we have N (tY) + (1 — X)(sZ) = X. Linear independence
gives
;A 1—A
A= ; and s = Y
so that such pairs are parametrized by ¢ € (A, 00) with s = s(t) — oo
as t — A. Let d(t) = det(tY — s(t)Z). By the calculation above
d(1) < 0 and since detY,det Z > 0 we have d(t) — +oo as t — A.
Thus there exists ¢ty € (A, 1) such that d(ty) = 0. But that implies that
X e EGL
Next we obtain an explicit description of the lamination hull. A
matrix X = (z4,2_) is in the first lamination hull of Ey _jy if and
only if there exists A € (0,1), and matrices ¥ = (y;,y-) € Ej and
Z = (24,2_) € E_j, such that

X=XY+(1=-XNZand |y, — 2z | =|y_ — 2|

Substituting y_ = k7, , 2= = —kZ,, x_ = pT, and writing ¢t = (1—-2))
we see that X € Ei‘;l_k} if and only if

|+ kt| = E|k + tpl
for some ¢ € [—1,1].
Let p(t) = |pu+kt|* —k?|k+tu|*>. Then p(t) is a quadratic polynomial
in ¢, with leading term k*(1 — |u|?)t2.
Notice that
p(1) = (1= E)|p+ k>0, p(=1) = (1 = &*)|p — k[* > 0.

Therefore if p is concave it has no roots in [—1, 1]. So we may assume
|| < 1 and then if p has a root in [—1, 1], the minimum of p also lies
in [—1,1]. The discriminant of p is:

D =4k { (1= K*)*(Rp)® = (1= [p)(|uf* = K}

and the minimum is at
(A =F)Ru
C R pP)
Suppose D > 0. Then if |u| > k,
S U7 OV

> > 1
RE(L—Jp?)? — R2(1 = [ul?)

2
tOZ
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whereas if |u| < k, then
(1- )Rl _ (1- )
k(L= [ul?) = (1= |pf)

This proves that p has a root in [~1, 1] if and only if u € A, and thus
finishes the second part of the lemma.

<1

lto] =

U

Remark 3.1. The above lemma implies that the G-closure of {k, —k}
for the problem (6) is Aj. Similar computations can be found in [12]
and [27].

3.1.1. Points of continuity of V.

Lemma 3.3. The space (X,w) is metrizable, and for any f € X we

have Vf(x) €U a.e. in . Furthermore the set of continuity points of
the map V : (X, w) — L*(2, R**?) is residual in (X, w).

Proof. The key information seems to be that we are dealing with elliptic
equations, in particular with quasiregular mappings. To prove that
(X, w) is metrizable we need to show that Xj is bounded in W2
There is no loss of generality in assuming that 2 C B(0, %) Therefore
for f € X, the Lipschitz mapping f = fxa + TXBo0,1)\e is a well
defined K-quasiregular mapping by the definition of &. Thus, Rf = u
is a solution to

divo(z)Vu(z) =0 in B(0,1),

where ¢ is a matrix measurable function satisfying (1). Testing the
equation with v(z) = u(x) — x; yields the estimate

| vaps &t
B(0,1)

and using the same argument for J(f) we obtain that

(26) /B L VI )

Finally, the Sobolev embedding theorem yields the required bound,
(27) [ fllwr2@) < C(K, Q)

for f in X, and by the weak lower semicontinuity of the W2 norm
for f in X. This shows that (X, w) is metrizable with metric d. Let
us remark that by the compactness of Sobolev embedding the weak
topology in W12(Q) is equivalent to the the strong topology in L?(Q)
and in fact, by the Hélder regularity of quasiregular mappings (see for
example [19]) to the supremum norm topology. There is no problem in
any of the statements with the boundary since @ C B(0, %)
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To prove that Vf(z) € U a.e. for any f € X we use the weak
continuity of F' + det F' in WP for p > 2. Note that if f, — f in
W2(Q), then also f, — f in W'?(Q) for some p > 2 by the higher
integrability of quasiregular mappings. This means that V f(x) € UP°
for any f € X, and UP° = U by Lemma 3.2.

We now show that V is a Baire-1 mapping. Let A, be matrix of
different quotients (Recall that we have extended functions in X by
the identity outside €2 so that Ay f(z) is defined a.e. in §2). For all
Sobolev functions f € W% we have that

Jim [ 9] = A(Dllzz@pees) =0

On the other hand Ay is easily seen to be a continuous operator from
L*(Q,R?) — L?(Q2,R**?). By Sobolev embedding this implies that A
is continuous as a map from (X, w) — L*(Q, R**?). Therefore V is a
pointwise limit of continuous mappings, i.e a Baire-1 mapping. It is
then a classical result that the points of continuity form a residual set
n (X, w) (See [17, page 53] ). O

Lemma 3.4. The set of points of continuity in (X,d) of V satisfy
Vf(x) € Eg,—ry almost everywhere.

The proof is exactly as in [17] Proposition 3.17. Here we reproduce
it for the reader’s convenience. The main point is that if f is piecewise

affine with an affine piece A € U \ Eyy, 4y, then (since U = Eﬁ;’}_k})

there exists a rank-one segment through A in U of length proportional
to the distance to Eg . This permits us, with the help of Lemma
2.1, to produce a perturbation of f showing that it cannot be a point
of continuity.

Proof. Suppose for a contradiction that {z € Q: Vf(z) € U\ Eg 1y}
has positive measure, where f € X is a point of continuity. Then by
Lusin’s theorem there exists a compact 2y C Q (with |[Q] = m > 0)
such that V[ is continuous on Qq, and V f(Q) N Eg—xy = 0. Since
V f(€Qp) is compact,

1
(28) e = 5dist (Vf(), Ege-y) > 0.

Let

V= N.(VF(Q)) NU
be the e—neighborhood of Vf(€) in U. Since U = Eﬁ’ik}, to any
A € V there exists a rank-one segment connecting Ej to E_; and
containing A. Moreover, as dist (A, Ey, _xy) = € by (28), there exists a
rank-one matrix Cy € R?*? with |C4| = ¢ such that

(29) [A—CA,A—FCA]CU.
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Furthermore, since f is a point of continuity, there exists § > 0 such
that
1
Vg —Vfl: < gng whenever d(g, f) < 0.
Take a sequence of piecewise affine functions X, > f,, — f in (X, d).
Then in particular (since V is continuous at f), V f,, — V f in measure,

ie. {z:|Vfu(z) =V f(x)] >e}| — 0asn — oco. Therefore there
exists n and Q; C Qo with Q| > % so that

) 1
d(fnaf) < 5’ ||vfn - VfH%Q < §52m

and for all A € Vf,,(€;) there exists a rank-one matrix C'y with |Cy| >
e so that (29) holds. Since €2 is covered up to measure zero by open

sets on which f,, is affine, there exists finite number of disjoint open
sets G; C Q such that f,(x) = Az for z € G|,

A, —Ci, Ay +C)cU
for some rank-one matrix C; with |C;| > € and |J G| > 5.

For each i Lemma 2.1 supplies a piecewise affine function ¢; such
that (bz € WOLOO(GHRm)a

)
(30) ol < 5 and [ [Va] > el
Let g = fo + > X, ¢i- Then g € X,

)

but using Cauchy-Schwarz

- 2y L 12 < 22 A
o 707 V5= g 2, e > U

and hence
1 1
IVg—Vfl7: > SIVe - Vil = IV fu =V fl7: > gé‘Qm-
This gives the required contradiction. O

Corollary 3.1. The set of mappings f in X such that V f(x) € Eg, iy
15 residual.

3.1.2. Staircase laminates and integrability.

Proposition 3.1 (The strong staircase). Fvery A € U is the center of
mass of a sequence of laminates of finite order v,, € L supported in U
with

(31) lim |/\|%an =00

n—oo RQ X2
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Proof. Let A = (1,0) in conformal coordinates. Then the claim was
proved in [11], obtaining measures v, € L supported in Ey, _py ND,
where D denotes diagonal matrices. We shift the construction by con-
sidering the measures v,(-) = v,(- + (1,0)). Recall that v, are sup-
ported on matrices of the form ﬁ;k(ilvM and (n,0) (in conformal
coordinates). Therefore spt, C U ND. This proves the claim for

A= (2,0).

Since the sets are invariant under precomposition with conformal
matrices (see (22), the same is true whenever A is a conformal matrix.
Finally we claim that for every A € U there is a rank-one segment
[P, Q] contained in U with @ € Ey such that A = AP + (1 — \)@ and
A € [0,1). Indeed, writing A = (ay,a_) in conformal coordinates, let
Q = (ay—a_,0) € Ey. Clearly rank(A—Q) = 1, since A—Q = (a_,a_).
Because U is lamination convex (see Lemma 3.2) and contains Ej, it
also contains the whole segment [A, Q]. Furthermore, as U is open, the
segment can be nontrivially extended to some P € U so that A € [P, Q).
Then the required laminates can be defined as

Vp = )\5]3 + (1 — )\)l)n,
where 7, are laminates with barycenter @), constructed in the previous

step. U
Proposition 3.2. For any ball B = B(x,r) C Q the set

Noa = {f € X / VRS < M)
B(z,r)

18 closed and has no interior in X.

Proof. By lower-semicontinuity of the norm Xp 5 is closed in the weak
topology of W12(0Q).

Suppose for a contradiction Xp 5 has nonempty interior for some B
and M. Then there exists f € Xo N Xp and € > 0 such that

/ Vg% < M
B

whenever g € X with d(g, f) < e.

Take any subdomain Qy C B where f is affine, say f(z) = Ax
with A € U. By Proposition 3.1 there exists a laminate v € £ with
barycenter 7 = A such that [,,., \)\|%du > 2M. Correspondingly, by
Proposition 2.1 there exists a sequence ¢; € W1>(Qg, R") such that
Vo = Ain Wh(Qp), ¢; = A on 09 and lim; .o [, |V¢j|1?7}—<1 > 2M.
Then the sequence f; = f + xo,(¢; — A) satisfies f; € X \ Xp p for
sufficiently large j. On the other hand d(f;, f) — 0, and this is a
contradiction. U

Corollary 3.2. The set of points in X such that fB(x " |Vf|% = 00
for all B(x,r) C Q is residual in (X, d).
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Proof. This follows since

{feX: |Vf|f%<1 < oo for some B(z,r)} = U UXB“M

B(x,r) M=1i=1
where B; is an enumeration of balls in {2 with rational centers and radii.
Therefore since each Xp, 5 is of first category, the (countable) union

is also of first category. O
Combining Corollaries 3.1 and 3.2 yields the following theorem:
Theorem 3.1. Let K > 1 and k = g—ﬁ For any bounded open set

Q C R? there exists a mapping f € WhH2(Q;R?) with the following
properties:
(i) f(x) =z on 09,
(i) Vf(z) € Eg iy a.e. in ,
(iii) For any ball B C Q we have [, \Vf(x)|%dx =

8

3.2. Lower critical exponents. In the following J = (0,1) in con-

formal coordinates, i.e.
J (lj) ( T > .
) —XT9

This subsection consists essentially of two parts. First we deal with
the geometry of Ky _jy, in particular we show that any matrix A lies
on a rank-one connection between Fy. _xy and FE., whose length is
proportional to |A|. Then we define the staircase laminates in Lemma
3.7. The construction is much more explicit then the corresponding
staircase for the upper critical exponents. The reason is that in contrast
with the case of the upper exponent, there are no apriori bounds on
the gradient, and so it becomes crucial to know precisely where the
gradients of the approximating sequence lie.

In the second part we proceed with convex integration. The setting
is quite general once the specific geometric properties have been es-
tablished. In Proposition 3.3 we show the existence of piecewise affine
maps f with the desired integrability property given by (39), which
solve the inclusion up to a small L> error. Moreover, the size of the
error can be made to depend on |V f|. Then in Theorem 3.2 we show
that the L* error can be successively removed. The main estimate
is in (54), it guarantees that the limit mapping lies in the space LK,
where qx = I?—fl is the critical exponent. Having made the size of the
error depend on the size of the gradient enables us to show that (54)
does not depend on the fact that qx < 2. In fact, because qx < 2, it
would be sufficient for the error to be independent of |V f|. This would
allow for a substantial simplification of the proof of Proposition 3.3 and
Lemma 3.7. However, we prefer this approach because it extends to
higher dimensions.
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We begin with two simple lemmas regarding the geometry of rank-
one lines in R?*?:
Lemma 3.5. Let A, B € R**? with det B # 0 such that det(A—B) = 0,
and let 0 = }Z—;} Then

|B|§¢§'”" A,

l1—0

where 2 — 1,

T =

Proof. First we assume that B is not anti-conformal and write A and
B in conformal coordinates:

A=(ay,a_), B=(z,uz)
for some p € C with || = o. Since det(A — B) = 0, we have
|z —ai] = |uz —a_|* =0,

which we can rewrite as

= 2 2
|Z‘2_2%<2a+ IU/a*>_'_ ‘a"i" |a*| :0

1—[pu? 1= |pf?
Completing the square yields
_ G+ —pa—| lpay —a-|
1 —{ul? 1 —[ul?
But then we estimate
1
< - — 71 _
|Z| =1 _ |,LL|2 (|a’+ /‘La—| + |lua’+ a—|)
1 jas] + Ja_|
S — (ol +la )X+ |p)) = ———
R )=
Hence, using (16)
|BI> =2(1 + o%)|2|?
1+ 02 2
= QW(\GH +a_])
2

< 2M|A|2'

- (1-o0)?
To treat the case of anti-conformal B we can repeat the above calcu-
lation with B = (0, 2). O
Lemma 3.6. Let K > 1 and k = 5—. Every A € R??\ {0} lies on

a rank-one segment connecting FEo, and Ey. In particular there exist
P e E,\ {0} and Q € Ei \ {0} with rank(P — Q) = 1 such that
A€ [P Q] and

1
(32) — A <[P = Q| < cklA|,
CK
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where cx > 1 depends only on K. The same holds if we replace Ej by
E_.

Proof. 1t suffices to prove the lemma for F;. We can introduce coordi-
nates in R?*? related to E, and E}, since they are linearly independent
two-dimensional subspaces. Accordingly, to every matrix A there exist
z,w € C so that A lies in the plane L, , spanned by the matrices (0, 2)
and (w,kw). Since det(0,2) < 0 < det(w,kw) and the determinant
is a quadratic form, there exists two linearly independent rank-one di-
rections in L,,. It is then easy to see that for A € L., there exist
nonzero P € L,,, N Ex and Q € L,,, N Ejy so that A € [P,Q]. The
upper estimate (32) follows from Lemma 3.5 and for the lower estimate
observe that

dist (A, E) +dist (A, Ey) S |[A—P|+|A—-Q| =|P — Q)|
and (32) follows by the linear independence of E., and FEj. O
Lemma 3.7 (One weak step). Let A € B,(nJ) for some 0 <r < 1/2.
There exists a laminate vy of third order with the following properties:
o Uy= A7
sptva C By U {(n+1)J},
sptva C {€ € R¥%: cn < |¢] < cxn}
(1= ' L)Bn <va({(n+1)J}) < (14 cxZ)B,,

where

n 1—k+2n
33 =
(33) o n+11+k+2n
and cx > 1 1s a constant only depending on K.

FIGURE 2. One weak step towards infinity.
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Proof. Using Lemma 3.6 there exists P € FE, and () € FEj with
rank(P — @) = 1 such that A = \{P 4 (1 — A\;)@Q for some \; € [0, 1].
Hence A\jdp+(1—X\1)dg is a laminate. Since |A—nJ| < r, from Lemma

3.5 applied to A —n.J and P —n.J € E,, we have |P — nJ| < /2r,
hence

|P— Al <3rand |P—Q|> e
CK
But then for some cx > 1

(34) N>l ——

CkKn
Now JP is conformal, so that JP = tR for some t > 0 and R € SO(2).
Moreover, n|J| — v/2r < |P| < n|J| ++/2r, and P = tJR, hence

(35) [t —n| <.
Define the matrices
1 1
36 Cr,=—-+(1.k C=——(-1k
( ) k 1—|—]€( ) )7 k 1+/€( 5 )

in conformal coordinates. Note that Cy, € Fi; respectively and
det(J — Cyy) = 0. Moreover, let

P (_1—(t—n)’n 1+(t—n)>'
2 2
By direct calculation P = M\tCy, + (1 — X\y)P and P = A3(n +1)C_j, +
(1 —X3)(n+1)J, where

14+ kE—(t—n)1+Ek)

S 2n+ 1+ k4 (t—n)(1—k)

(1—t+n)(1+k)
2(n+1)

In particular, by Definition 2.1
va =\ (AQ@Ck + (1= A) (MsBpnanc, + (1 — Ag)a(n+1)J)>
+ (1 —X1)dg
is a laminate with barycenter A, and
va({(n+1)J}) = M(1 = X)(1 = Ag).
Thus, by direct calculation using (34), (35), (37) and (38) we get

(1- c}}%)ﬁn <va{ln+1)J}) < (1+ CK%)ﬁn.

(37) A2

(38) Az =

Finally, from Lemma 3.5 we get cx'n < |Q| < cxn, and this concludes
the proof.
U
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Proposition 3.3 (The weak staircase). Let K > 1 and k = K—+1 Let
€(0,1),0 >0 and 7 :[0,00) — (0,1/2] a continuous, non increasing
function with 7(0) > 0 and [ = Wt < oo.
For any bounded open set Q C R? and any nonzero matriz F
with |[F — J| < 7(|F|) there exists a piecewise affine mapping f €
WLHQ; R?) N C¥(Q; R?) with the following properties:

(i) f(x) = Fx on 0%,
(i) [f = Floa@) <9,
(iii) dist (V f(z ) Eg—iy) <7(IVf(2)]) ae inQ,

and there exists a constant cx . > 0 so that for all t > 1 we have

1

R < {zeQ: |Vf(z)| >t} < Crat KT
CK,r

(39)

Proof. We define a sequence of piecewise affine mappings { f,,} induc-
tively using repeatedly Proposition 2.1. Let fi(x) = Fz in €. For the
inductive step we assume the existence of a piecewise affine Lipschitz
mapping f, : 2 — R? such that

(a) fo(x) = Fxon&Q,

(b) [fa = Floa@ < (1 =27")9,

(c) dist (an( ), Btk —iy U{nJ}) < 7(|Vfu(z)]) ae. in Q,
and with Q, = {z € Q: |V f,(x) —nJ| < 7(n)} we have

47(]) 1] ,
(40) [T —cx j <l <H B;.

By assumption |F—J| < 7(|F|), so f; satisfies (c). Moreover, |.J| = /2,
so 7(n) = 7(]J]), hence ; = Q. We deduce that f; satisfies the
inductive hypothesis. To obtain f,;; we modify f, on the set €,.
Because f,, is piecewise affine, we have a decomposition into pairwise
disjoint open subsets (2,,; such that

=1

and f,(z) = Az +b; in Q,; for some A; € B,y (nJ) and b; € R2. For
each 7 we use Proposition 2.1 with the laminate v4, from Lemma 3.7
to obtain a piecewise affine Lipschitz mapping g; : €2,; — R? with

(d) gi(x) = Ajx + b; on 0, ;,
(0) [9: = Faloo@,y < 270106,
(f) ci'n < |Vgi(x)| < cxn ae. in Q,;,
(g) dist (Vgi(z), By U{(n+1)J}) < 7(cxn) ae. in Q,,,

)
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and
(41)
7(n)

(1- CRIT)@L <

<z e [Vg(z) = (n+1)J] <7((n+1))} < (1+ CK#)ﬁn-

We then define

fn-i—l(x) — {fn(.T) if RS Q \ Uf; Qn,i

gi(xr) ifxeQ,,

It is clear that f,11(z) = Fa on 09, and from (e) we get [f,i1 —
falca@ < 2=+ hence (b) follows. Because 7 is non increasing, (c)
follows from (g). Finally (40) follows from (41).

It is clear that the limit f(z) = lim, . f(x) exists pointwise almost
everywhere. Observe that we obtain f,; from f, by modifying on a
nested sequence of open sets (2, whose measure

- 7(Jj) kTl —k+2) ko
1Q,| < |Q|£[1(1+CK ; )8; < 19| - ]1:[1 TE 2 < n [e]
converges to zero, since by the condition on 7 the product [] y (1 —1—0#)
converges. Thus the limit mapping f is piecewise affine. Moreover, it
satisfies (i)-(iii) by our construction.
Finally, the distribution function of V f can be estimated as follows.
Using (g), for n € N we have

|V f(x)] > cﬁ in Q,, and |Vf(z)| < cknin Q\ Q,.
K

Hence, for given t > ci let ny; be the integer part of cxt and nsy the
integer part of ci't. Then

Q1 C{z e Q: |[Vf(x)] >t} CQp,,

so it remains to estimate [€2,| using (40). As observed already, the
product [] j(l + CTTJ)) converges for any ¢ to a finite positive num-
ber. Moreover, taking logarithms we see that for some constant ¢ > 0

independent of n

log( B-)—i—logn+ 7,’<c,
jHl ! ;1+k+2j

hence for a possibly different constant ¢ > 0

- 2K
(42) )log(][[l ﬁj) + il logn’ <,
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since k + 1 = 25 But this implies the estimate (39). Finally (39)

K41
implies that V£, is uniformly bounded in L', hence f € Wh! by dom-
inated convergence. O
Theorem 3.2. Let K > 1, k = # and let F € R*?\ {0}. For any

€ (0,1), § > 0 and for any bounded open set 2 C R? there exists a
mapping f € WHY(Q; R?) N C2(Q; R?) with the following properties:
(i) f(x) = Fx on 0%,
(i) [f = Flea@ <9,
(iii) Vf(z) € Eg,—ry a.e. in§,
(iv) For any ball B C Q there exists a constant cg > 1 such that

1 2 2
e {z e B: |Vf(z)| >t} < cpt R
CRB
forallt 2 1.
In particular f € WH4(Q) for all ¢ < 1?51 and for any ball B C Q we

have [, IV f(z)| %7 dz = oo.

Proof. We construct a sequence of piecewise affine mappings f, induc-
tively, similarly to the proof of Proposition 3.3, but with one impor-
tant difference: this time we will obtain f,,; from f,, by modifying the
mapping almost everywhere, and so in order to guarantee the point-
wise convergence of the gradients, in addition we need to control the

L'-norm of the difference Vf, ., — V f,.

The basic construction in each step is as follows: Let A be a nonzero
matrix and let € = dist (A, E)). Furthermore, let w C Q be any open
subset. Using Lemma 3.6 there exist matrices P, Qo with rank(P —
Qo) =1, P € Ey, Qy € Ej, with |P — Qg| > cx'|A| such that A €
[P, Qo]. Moreover

(43) dist (A, Ek) =€ § ‘A — Q0| < Cké€
using Lemma 3.5. Let @ € [A, Qo] with

1
(a4 A=l = (e — D).
Then |Q — Qo| < 3. Morcover
3
> i > —

since |P — Qo| 2 |A — Qo] = €.
For any n > 0 Lemma 2.1 yields a piecewise affine Lipschitz mapping
g:w — R? with g(z) = Az if x € Ow,

(46) lg — Alca@) < n/2,
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and for some € € (0,e/4) to be chosen later

, o A-Q
{z ew: |Vg(z)— P| <&} = |P—Q||w|
. N o _ A=P
‘{xew. |Vg(z) Q|<6}}— |P—Q\|w|'
Observe that (44) and (45) imply that for some cx > 1

1eld-Q e
exc [A[[P = Q] T [A]
Let o = {z € w: |Vg(z) — P| < £}. We modify ¢ in & using Propo-
sition 3.3, to yield a piecewise affine mapping h : w — R? with the
following properties:

(a) h(x) = Az on Jw,

(b) [h = Alca@) <,

(c) dist (Vh(x), Eg,—ry) < ¢/2min(|[Vh(z)|7,1) ae. in w,

(d) [, |Vh(z) — Aldz < Ce|w|
and for all ¢t > |A|

(47)

1
(48) —|A|FT R < |{w € Q: |Vh(z)| > t}] < kA5 Ro,
CK

More precisely, on each subset of @ where g is affine, that is Dg = A
a.e in @ for a matrix A s we replace it with a map of the form

h(z) = §(Rzx).

Here, R = J~'P (so that R is conformal) and g : R(&) — R? is given
by Proposition 3.3 with g(y) = AR 'y on the boundary of R(&) and
T;(t) = ﬁ min((t|R|)7k, 1).

At this point we choose & so that é|[R™| < 7;(]AR™'|), because then
|AR™' — J| = |AR' = PR7Y| < &|R7Y| < 7;(|JAR7Y)),

so the conditions of the proposition are fulfilled. Recall that Eg. ) is
invariant under pre-multiplication with conformal matrices (see (22)),
hence

dist (Vh, By, —1y) < dist (VGR, By, -1y R)

< IRl min ((1RI1931) 1)

< % min<|Vﬁ\*k, 1).

The properties (a) and (48) also follow directly from our construction
and Proposition 3.3, and (b) follows from (46) and the fact that in
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getting h from ¢, we apply the proposition at most countably many
times (in each subdomain of @ where ¢ is affine). Moreover,

/'Vh A|d$§/|Vh(x)l+|A|dx+/ Vg(z) — Alde
w w\@
§2|AHJ;|+/ [{z €@ |[Vh(z)] >t}}dt+%|w‘

[A—-Q)
[P — Q)

< 2+ el ] + excel

S cxelwl,
for some cx > 1 from (47) and (48).
Now we proceed with defining the sequence {f,} such that
(49) dist (Vfu(2), Eg—ry) < [F["27" min(|V £, (2)[ 7%, 1).

Let fo(z) = Fx. To obtain f,1 from f,, decompose 2 into a union of
pairwise disjoint open sets of diameter no more than % with

e

so that f, is affine in each 7, with V f,, = A?. In each (2} we apply the
above construction with = 2=™+*1§ and €, = |F|'**27" in order to
obtain f,1 with

(50) [fot1 = Falce@) < 27

(51) / |an+1 - an|dl‘ < cg27".
Q

Observe that (49) follows automatically from property (c). Thus the
sequence converges to some limit f in W11(Q) and C%(Q). Clearly
f(z) = Jz on 09, [f — FzxJce < §, and from (3) it follows that
Vf(x) € By, —y almost everywhere in Q. To conclude with the proof
of the theorem, we provide estimates from above and below for the
distribution function of the gradient Vf.

To get an estimate from above, recall that f,.; is obtained from
fn using the construction outlined in (43)-(48) above. In particular,

let QF C QF denote the open subset corresponding to w and assume
V fo(x) = A on QF with |A?| > 1. From (47) and (49) we deduce

diSt (A?, E{k,—k})

(52) || < ex Q| < e 27| AR R,

|A7|
and
(53) || > LU Eon) gy o Lo go i ppes
CK ’Aﬂ CK
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Recall that k£ + 1 = [?—fl Then for ¢t > 1 we have

{z € Q: |[Viwn(a)| >t} = Z’@ €+ |V fupa(2)| > t}]

=> He e W Vi (@) >t} + [{z € G\ [V unr(2)] > t}],
i=1
which by (48) and (52) is controlled by,

< e (3|0 AT| TR 4 [{r € Q: Vo) > 1))
i=1

o0

< cK(\F|I?_}+(12"(Z’Qﬂ>tI?—I+{1 + {z € Q: Vi) >t}

i=1
< ex([FIF27Q) % + [{z € Q: |[Via(a)] > t}],)

where the sums are over all i such that |A'| > 1. But then, passing to

the limit, we see that

(54) {z € Q: [Vf(x)| > t}] < 2| F| & et %o,

For the estimate from below, we argue in a similar way. Let B C {2 be
an open ball. For large enough ng € N there exists i such that (/' C B
and V f,, = A® with |A°| > |F|. But then by the construction there
exists a constant cx such that for ¢ > |A;°|

{z € B [V nga(2)] > 1}] Z exc[{x € O+ |V fugir(2)] > t}|
> cx|F|Reie wan| Q).

Next, arguing exactly as we did for bounding the distribution func-
tion from above, but with (53) instead of (52), we obtain that

(55)  |{z e |Vf()] > t}] 2 e No| F|EET R Q).
This concludes the proof of (iv), and the proof of the theorem. U
Remark 3.2. In Theorem 3.2 one could also take F' = 0. Indeed, let F

be a nonzero rank-one matrix. By Lemma 2.1 there exists a piecewise
affine Lipschitz mapping fo : © — R? such that fy(z) = 0 on 09 and

Vfo(z) € B1/2\F|(F) U Bl/Q|F\(_F)a
in other words there exist pairwise disjoint open subsets §2; C €2 such
that Vfy = F; in §; for some F; € R?*2\ {0} and |Q\ U;Q;] = 0. Let
def .
f(z) = fi(x) in Q;,
where f; is the mapping corresponding to €2; and boundary value F;

provided by Theorem 3.2. It follows that f € WHl N C% and satisfies
the conditions (i)-(iv) of the theorem, with F' = 0.
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Remark 3.3. Theorem 3.2 answers a question of B.Yan on the exis-

tence of very weak quasiregular mappings with arbitrary affine bound-

ary values. Namely, in the papers [35, 36] Yan constructed very weak

quasiregular mappings f :  — R™ for n = 3 such that V f(x) satisfies

that ||V f||* = pdet Vf where p(z) € {1,K} and f — Az € W, (Q)
nkK

for p < 225 where A is any matrix in 2x 2. A question raised in [35] is

whether such mappings exist fulfilling the more demanding condition
(56) V"= KdetVf a.e.

For n = 2 Theorem 3.2 answers this in positive and in fact the control
on the range of the gradient is substancially more precise than (56).
It is an interesting question what happens in higher dimensions (see
[13]).

Remark 3.4. It can be easily seen that by minor modifications Theo-
rems 3.1 and 3.2 yield very weak solutions with the same properties to

the classical Beltrami equation. We just need to replace the definition
of EA with

{A=(ay,a_): a_ = pa, for some p € A}

and observe that the geometric properties necessary for the proof, Lem-
mas 3.5, 3.6 and 3.7 still hold.

Remark 3.5. Very weak solutions which fail to be solutions are really
false solutions in the sense that they do not enjoy any of the spe-
cial properties of honest weak solutions, like openess and discreteness,
maximum principles and so forth. The investigation of this type of
pathological solutions to elliptic equations started with the classical
example by Serrin, [30], see also [16] for the concept of weak mini-
mizer. Other types of very weak quasiregular mappings can be found
in [15, Theorem 6.5.1,Theorem 11.6.1]. It is interesting however that
our mappings are Holder continuous for any exponent 0 < a < 1. A
different type of Holder continuous very weak quasiregular mappings
haven been constructed by Jan Maly [21] using radial functions.

Remark 3.6. We conclude the section by discussing why we were not
able to use the Baire Category argument. Theorem 3.2 implies that for
any F' € R?*? we can find a sequence f; such that D f;(z) € Ej _j a.ein
Q and D f; converge to F weakly in WP for every p < % Therefore
the natural set U as in definition 3.2 is the entire R?*2, which yield no
bound in the corresponding X. A way to go around this is to restrict
the attention to a subset of E, which still supports the appropriate
laminate. The difficulty is that then the set & will contain rank-one

lines, which prevent us to have a bound in any Wh? for p > 1.

4. EQUATIONS IN NON-DIVERGENCE FORM

We follow the same lines as in the case of isotropic equations, since
from the point of view of differential inclusions the structure of both
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problems is very similar. The entire construction lies in the set of 2 by
2 symmetric matrices ]Rfyxrfl Therefore during the whole section we use

the topology of this 3 dimensional vector space. For a set A € CU{o0}
we use the notation

(57) Ea={A=(ay,a_): 2a, = pa_ + ma_ for some p € A}.

Notice that Eo C ngxn% by definition. Then E; are anticonformal ma-
trices and [E., are symmetric conformal matrices. That is E., is the
real one dimensional subspace spanned by the identity.

We start by reinterpreting the equation as a differential inclusion.

Recall that for symmetric matrices, (15) implies that

(58) Tr(AB) = 2%(a+b+ + CL_E_) = 2a+b+ + (a/_l_)_ + a_b_).
Lemma 4.1. Let K 2 1 and k = £=L. Let Q C R? be a bounded

K+1°
domain. Then u : ) — R is a solution to
(59) Tr(A(z)D*u(z)) = 0 in Q

L 0
with some measurable A(x) : Q) — {( \/O? VE ) ) ( \/OF i >}

VK
if and only if for almost every x € €

DQU(JZ') € E{k,—k}-

Proof. Let A = (ay,a_),B = (by,b_) € R¥2 with A > 0 and put

sym
s = Z—; The lemma follows from writing

(60) Tr(AB) =0

in conformal coordinates. In fact, by (58), we obtain that (60) is equiv-
alent to

(61) BeE_4,.

Hence, u solves (59) for a general A(z) if and only if D*u(z) € E g, |
o= 0

almost everywhere. Putting A(x) € {( VK ) ’ ( VK (1) )}

v U

=

0 VK 0

finishes the proof.

4.1. Upper exponents. As in the isotropic case, the first step is to
define the appropriate complete metric space.

Definition 4.1. Let
U={AcR>?: a, <kRa_|}

sym
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Ey

FIGURE 3. The set Ey; 1y and the rank-one cone in R2x2

sym*

Let X be the closure in the weak topology of W2 of the set

e 1, piecewise affine
e D?u(z) €U a.e.
ou(x) = @ on 0f)
o Vu(x) = x on 0f)
Lemma 4.2. With the above definitions,
le,1 c 77

E{k.fk} = E]Ek,fk} =u

Proof. Let f: R>2 — Rbe f(A) = S(a_)*+ (1 —k*)R(ay)? + det(A).

sym

Then it is easy to see that if A € E, f(A) = 0. Therefore by defi-
nition 2.2 if A € EP¢ f(A) < 0. But this implies that A € &. On

the other hand any A € U lies in a rank-one segment [B,C] with
by = kR(b_),cy = —kR(c_) and B—C =1t(1,1) O

Remark 4.1. The above lemma is equivalent to proving that for equa-
tions of the type

(63) 20.f = posf + pozf
the corresponding G-closure is given by G(k, —k) = [k, k].

(62) Xo={ ueW»(Q,R?):

Now we can repeat the arguments in Section 3 word by word. The

only difference is that we need to use the part i) of Lemma 2.1 to stay
in symmetric matrices.
Lemma 4.3. The space (X, w) is metrizable, with metric d, and for
any f € X we have D*u(x) € U a.e. in Q. Furthermore the set of
continuity points of the map D* : (X,w) — L*(Q,R%:7) is second
category in (X, w).

Proof. We can use elliptic regularity here as well to obtain that X is
metrizable. Indeed by [2, Theorem 3.6] there exists an uniform constant

¢ = ¢(K,Q) such that
/ |D?ul* <c
Q
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for every u € X. Since f, = (u,, —u,) is K-quasiregular and affine in
the boundary of € we obtain that Df, € W1?(Q) for p > 2. Thus, we
obtain continuity of the determinant respect to the weak topology in
W22 which implies as in Lemma 3.3 that D?u(z) € UP°. The rest of
the proof is exactly the same as in Lemma 4.3. U

Lemma 4.4. The set of points of continuity in (X,d) of D* satisfy
that D*u(x) € Eg, iy almost everywhere.

Proof. We can repeat line by line the proof of Lemma 3.4. The only
difference is at (30) when we use part i) of Lemma 2.1 instead of part
i). O

Corollary 4.1. The set of mappings in X such that D*u(zx) € Eg, _xy
1s of second category

4.1.1. Laminates and Integrability.

Proposition 4.1 (The symmetric strong staircase). Let A € U. Then
there exists a sequence {v,}>2, € L(U) such that

/ Ay, = A,
R2><2

(64) sym
2K
lim |A|%-1dy, = c0.
n—oo RQXQ

sym

Proof. We give the building blocks of the appropriate staircase lami-

nate. Let ¢, = 14%/19(]@1) and e_j = 1J%k(—k:, 1) in conformal coordi-
nates. We define

(65) V"= Adner, + AaSntve . + Xadiin),

where N, = 5, 4 = (1 gt Bk and A} = (1 5tp) 1 -
1tk

%), Then v is a second order laminate [ Adv™ = (0,n). Moreover,

(66) TP =
Then the measures v, are obtained from »" exactly as in [11]. We

briefly recall the process. To start with we put 14 “I Yl The first

step is to construct a new measure v» € L(E) by replacing do; in
the definition of ; by v?. Then 1, has an atom ds;. This is further
replaced by 2 yielding a new measure v3. The process is continued till
infinity replacing always 6,,; by the laminate v™ obtaining a measure
Vn. The center of mass v, will be always J and (64) follows from
(66). To achieve that the support of v, is contained in U we shift the
construction considering the measures () = v, (- + J).

The set Eg gy it is invariant under multiplication for scalars and
addition of matrices with conformal coordinates (0,ti). Therefore we
can do the previous constructions with any matrix in the plane Eg as
center of mass. Finally any A € U is rank-one connected to Eq along
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the rank one line (1,1). Thus, we can argue as in the Proposition 3.1
to have the laminates with center of mass A. U

Since the proofs are again exactly the same we just quote the final

outcome.
Proposition 4.2. The set of points in X such that fB(M) |D2u|f%<1 =
oo for all B(x,r) C Q is second category in (X, d)
Theorem 4.1. Let K > 1 and k = g—ﬁ For any bounded open set
Q C R? there exists a function uw € W*2(Q;R?) with the following
properties:

(i) u(z) =z on 01,

(ii) D*u(z) € Egg—py a.e. in Q,

(iii) For any ball B C Q we have [, |D2(z)| %1 dx = oo.

4.2. Lower critical exponent. As in the case of the upper exponent
the proofs here are very similar. We start by a geometric lemma de-
scribing the rank-one connections of any matrix to Ky gy

Lemma 4.5. For every A € R3x? there evists P € Ey and and Q €
Eq,—ry with rank (P — Q) =1 such that A € [P, Q] and

1
(67) —|A] < [P = Q] < ck|4]
CK

Proof. Let A = (ay,a_) € RZ52. Then for P = (ay £ |a_|,0) €
E,det(P—A) = 0. The line P+t(£|a_|,a_) is rank one and eventu-
ally it will hit the planes E; and E_;. The estimates (67) follow from
Lemma 3.5 u

Next, we find that laminates with the required integrability exists
also in this setting.

Lemma 4.6 (One symmetric weak step ). Let A € B,.(nl) for some
0 <7 < 1/2. There exists a laminate va of third order with the follow-
g properties:

OEA:A,

e sptvg CEg_py U{(n+ 1)1},
e sptry C {E€R¥?: cln <[] < ckxn},
o (1—c'L)By <va({(n+1)I}) < (1+ cxZ)By,
where
n 1—k+2n
68 n — )
(68) g n+1l4+k+2n
and cx > 1 1s a constant only depending on K.
Proof. Let
1 1
(69) Ck = —(ka 1)7 ka = —(ka _1>

1+k 1+k
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in conformal coordinates. If A = nl the claim follows by considering
the laminate

VA :(Alénck + (1= M) (Mbsnye, + (1 - >\2)5(n+1)1)>7

with
1+k
70 AN=—"—
( ) 1 27’L+1+k3’
(1+ k)
71 Ay = —— .
(71) 2T 2(n+1)

This is by definition a laminate and (1 — A\2)(1 — A3) = ,,. The argu-
ment for A € B(nl,r) different for n/ combines this observation with
Lemma 4.5 just as in the case of isotropic equations, Lemma 3.7. [

Proposition 4.3 (The symmetric weak staircase). Let K > 1 and
k = ﬁ—ﬁ Let a € (0,1), § > 0 and 7 : [0,00) — (0,1] a continuous,
non increasing function with 7(0) >0 and [~ = Wit < oo.
For any bounded open set () C R? there exzsts a piecewise affine
function v € W3L(Q; R) N C1*(Q; R) with the following properties:
(i) u(z) =z on 012,
(ii) [u— 3{C, 2)]cra@) <9,
(iii) dist (D*u(x), Ege—gy) < 7(|D*u(z)|) a.e. in €,
and there exists a constant cx . > 0 so that for all t > 1 we have
1

CK,T

(72) R < |{r € Q: |D2ua)] >t} < cxt RO

Proof. The proof mimics once more the corresponding situation for
isotropic equations. The difference is that the step laminates are those
from Lemma 4.6 and that since the laminate is supported in symmetrics
we can approximate the laminate by the distributions of Hessians.

O

Theorem 4.2. Let K > 1, k = £—} and let F € R¥*\ {0}. For any
€ (0,1), 6 > 0 and for any bounded open set Q) C R? there exists a
function u € WQ’l(Q; R) N C*(2; R) with the following properties:
(i) u(z) = 2 (Fz,z) on 09,
(11) [ —<C.T x>]01a Q) < 5
(iii) D*u(z) € Eg_ry a.e. in Q,
(iv) For any ball B C Q there exists a constant cg > 1 such that

1
—t R < [{z € B: |[D*u(x)| > t}| < cpt R
B

forallt 2 1.

In particular uw € W*4(Q) for every q < but for any ball B C

. T
we have [, |D*u(x)| X+ dr = oo.
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Proof. The scheme of the proof for the corresponding theorem for
isotropic equations, Theorem 3.2 can be followed line by line, replacing
always Lemma 3.6 by Lemma 4.5 and part (i) of Lemma 2.1 by part
(ii). O
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