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An Arzela-Ascoli Theorem for Immersed Submanifolds

1 - Introduction.

In [1], Cheeger proved his famous “Finiteness Theorem” which states that, given positive
real numbers K, ¢, R € RT, there exist only finitely many homeomorphism classes of com-
plete manifolds of a given dimension with sectional curvature bounded above in absolute
value by K, injectivity radius bounded below by e and diameter bounded above by R.
Gromov later showed how this result may be viewed in terms of (more precisely, as a
corollary of) a compactness result for the family of such manifolds (see, for example [3]
and [4]). Viewed from this perspective, the conditions imposed by Cheeger become quite
satisfying to our common sense. The curvature bound is probably the most fundamen-
tal. Indeed, curvature reflects the “derivatives” of the manifold (how fast it turns), and
whenever derivatives are bounded, following the philosophy of the classical Arzela-Ascoli
theorem, one is entitled to expect to find a compactness result. The other two condi-
tions reflect more geometrical considerations. The lower bound on the injectivity radius
excludes “pinching” (one can consider a sequence of cylinders of ever smaller radius: the
only intrinsic data that informs us of degeneration is the injectivity radius which tends
to zero), and the bound on the diameter excludes the possibility of adding components
indefinitely without introducing very high curvatures (to see what happens without this
condition, one can consider a sequence of surfaces of ever increasing genus).

In [2], Corlette proved an analogous finiteness theorem for immersed submanifolds of a
given Riemannian manifold. He proves that, given positive real numbers K, R € Rt and a
given compact manifold M, there exists only finitely many C! isotopy classes of complete
immersed submanifolds of M with second fundamental form bounded above in norm by
K and diameter bounded above by R. This result no longer requires the condition on the
injectivity radius of the immersed submanifold since such a lower bound is now a product
of the bounds on the second fundamental form of the submanifold and the curvature of the
ambient manifold (one may consider again the example of a cylinder in Euclidean space:
its injectivity radius cannot become small without its second fundamental form becoming
large). Following the philosophy of Cheeger’s finiteness theorem, one would expect this
result to also arise from a compactness result for immersed submanifolds.

The compactness result thus obtained bears a perfect analogy to the classical Arzela-Ascoli
theorem, being, in certain aspects, a generalisation of this result, and it is for this reason
that we have chosen to name it thus. An example of an application of this result may be
found in [5]. The statement of this theorem requires the following definition:

Definition 1.1

Let (M, g) be a Riemannian manifold. Let X = (Y,4) be an immersed submanifold in M.
Let V* be the Levi-Civita covariant derivative generated over Y by the immersion i into
(M,g). Let A(X) be the second fundamental form of X. For all k > 2, we define Ap(X)
using the following recurrence relation:

A (X) = A(X),
Ap(X) =ViAg_1(X) Vk > 3.
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We now define A, (X) for all k > 2 by:
k
Ar(X) =3 14Xl
=2

The principal result of this paper is now given by the following theorem:
Theorem 1.2
Let k > 2,m < n € N be positive integers.

Let (M, pn)nenN, (Mso,Poo) be complete pointed Riemannian manifolds of dimension n
and of class at least O such that (M, p,)nen converges towards (Mu, pso) in the pointed
C* Cheeger/Gromov topology.

For alln € N, let ¥,, = (Spn,qn) be an m-dimensional pointed immersed submanifold of
M,, of type at least C* such that i(g,) = pn.

Suppose that for all R > 0, there exists B such that, for all n:
A% ()] < B Vg€ Brlgn):

Then, there exists a pointed complete immersed submanifold Yoo = (Seo,qoo) 0f Mo of
type C*~11 such that i(q¢ss) = poo and that, after extraction of a subsequence, (X, Gn)nen
converges towards (Yoo, ¢oo) in the pointed weak C*~11 Cheeger/Gromov topology.

The terms used in this theorem are explained in section 2 and appendix A of this paper.
What we call the Cheeger/Gromov topology is essentially the canonical topology that one
would expect to use for immersed submanifolds. In particular, when k& = 2, the condition
on the submanifolds amounts to a bound on the norms of the second fundamental forms
of the immersed submanifolds.

We would like to underline that in [2], Corlette clearly states that he anticipates that
his finiteness result should arise from a compactness result in a way analagous to the
Cheeger/Gromov case. We consider however that, given the importance of this result to
our own work, it was necessary to properly unearth this theorem and to state and prove
it in its own right.

In the second section, we introduce various concepts associated to immersed submanifolds,
and we describe the Cheeger/Gromov topology for pointed Riemannian manifolds and
immersed submanifolds. In the third section, we study the manner in which immersed
submanifolds may locally be described in terms of graphs over the tangent space to each
point. The objective here being to bound from below the radius of the disk over which the
submanifold is a graph, and to bound from above the derivatives of the function of which
the submanifold is a graph. In the fourth section, using the technical results of the third
section, we prove theorem 1.2 and we then prove Corlette’s result [2] as a corollary.

In this paper, we will be working in the C*® category. Since we geometers are not in
general in the habit of using mappings of this type, appendix A reviews the properties

4



An Arzela-Ascoli Theorem for Immersed Submanifolds

required of a class of functions for one to be able to construct a theory of manifolds out of

it, and we then show how the class of Cllf):‘ mappings satisfies these properties. Finally, in

appendix B, we provide a proof of the now classical compactness theorem of Riemannian
geometry in a form that is most appropriate for our uses. We also hope (perhaps vainly)
that we have provided here a slightly more accessible proof of what is an important, but
technically challenging result.

I would like to thank Francois Labourie for introducing me to the subject and drawing my
attention to the utility of this result.

<&
2 - Convergence of Manifolds.

2.1 Immersed Submanifolds.

We review the basic definitions from the theory of immersed submanifolds and establish
the notations that will be used throughout this article.

Let M be a smooth manifold. An immersed submanifold is a pair ¥ = (S, i) where S is
a smooth manifold and ¢ : S — M is a smooth immersion. Let g be a Riemannian metric
on M. We give S the unique Riemannian metric ¢*g which makes ¢ into an isometry. We
say that ¥ is complete if and only if the Riemannian manifold (S,i*g) is.

We introduce the following definition:
Definition 1.1

Let (M, g) be a Riemannian manifold. Let X = (Y,4) be an immersed submanifold in M.
Let V* be the Levi-Civita covariant derivative generated over Y by the immersion i into
(M,g). Let A(X) be the second fundamental form of X. For all k > 2, we define Ap(X)
using the following recurrence relation:

Ay(X) = A(X),
Ap(X) =V'Ar_1(X) VE = 3.

We now define A, (X) for all k > 2 by:

k
A(X) = Ai(X))].
1=2

2.2 The Cheeger/Gromov Topology.

A pointed Riemannian manifold is a pair (M, p) where M is a Riemannnian manifold
and p is a point in M. If (M,p) and (M’,p’) are pointed manifolds then a morphism
(or mapping) from (M, p) to (M’,p’) is a (not necessarily even continuous) function from
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M to M’ which sends p to p’ and is C* in a neighbourhood of p. The family of pointed
manifolds along with these morphisms forms a category. In this section, we will discuss
a notion of convergence for this family. It should be borne in mind that even though
this family is not a set, we may consider it as such. Indeed, since every manifold may
be plunged into an infinite dimensional real vector space, we may discuss, instead, the
equivalent family of pointed finite dimensional submanifolds of this vector space, and this
is a set.

Let (M,,, pn)nen be a sequence of complete pointed Riemannian manifolds. For all n, we
denote by g, the Riemannian metric over M,,. We say that the sequence (M, p,)nen cOn-
verges to the complete pointed manifold (My,pg) in the Cheeger/Gromov topology
if and only if:

(i) for all n, there exists a mapping ¢, : (Mo, po) — (My, pn),
such that, for every compact subset K of My, there exists N € N such that for all n > N:
(i) the restriction of ¢, to K is a C* diffeomorphism onto its image, and

(ii) if we denote by go the Riemannian metric over My, then the sequence of metrics
(¢ gn)n>n converges to go in the C*° topology over K.

We refer to the sequence (¢, )nen as a sequence of convergence mappings of the sequence
(M, prn)nen with respect to the limit (Mo, po). The convergence mappings are trivially
not unique. However, two sequences of convergence mappings (¢n)nen and (¢} )nen are
equivalent in the sense that there exists an isometry ¢ of (Mp,pg) such that, for every
compact subset K of My, there exists IV € N such that for n > N:

(i) the mapping (¢, o ¢/,) is well defined over K, and
(ii) the sequence (¢, o ¢! )n>N converges to ¢ in the C* topology over K.

One may verify that this mode of convergence does indeed arise from a topological structure
over the space of complete pointed manifolds. Moreover, this topology is Haussdorf (up to
isometries).

Most topological properties are unstable under this limiting process. For example, the
limit of a sequence of simply connected manifolds is not necessarily simply connected. On
the other hand, the limit of a sequence of surfaces of genus k is a surface of genus at most
k (but quite possibly with many holes).

Let M be a complete Riemannian manifold. A pointed immersed submanifold in M
is a pair (X, p) where X = (5,4) is an immersed submanifold in M and p is a point in S.

Let (X, pn)nen = (Sn,Pn,in)nen be a sequence of complete pointed immersed sub-
manifolds in M. We say that (X, pn)nen converges to (Xo,p0) = (So,po,i0) in the
Cheeger/Gromov topology if and only if (S,,pn)nen converges to (So,po) in the
Cheeger/Gromov topology, and, for every sequence (@5, )nen of convergence mappings of
(Sn, Pn)nen with respect to this limit, and for every compact subset K of Sy, the sequence
of functions (i, © ¢y )n>n converges to the function (ip o @) in the C'*° topology over K.
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As before, this mode of convergence arises from a topological structure over the space of
complete immersed submanifolds. Moreover, this topology is Haussdorf (up to isometries).

2.3 The Class of ¢*> Pointed Manifolds.

We define the space of Cllf):‘ mappings as in appendix A, and we define the following
topological structure over the space C*:

Definition 2.1

Let Q C R™ be an open set. Let (fn)nen, f be functions over Q of type C**. We say that
(fu)nen converges to f in the weak C*“ topology if and only if, for all 3 € (0, a):

([fn = flicrs@))nen — 0.

If (fn)nen, f are functions of type C’llf)ca over Q, then we say that (f,)nen converges to f
in the weak C* topology if and only if for all p € Q) there exists a neighbourhood V' of
p in Q such that (f,)nen converges to f in the weak C* topology over V.

We show in appendix A that for k£ > 1, addition, multiplication, composition and inversion

of Cllf):‘ functions are continuous operations with respect to the weak Cllf):‘ topology.

We show in appendix A how the class of Cllf):‘ functions for k£ > 1 has sufficient structure
for us to construct the class of C* manifolds. We thus make the following definition:

Definition 2.2
For k € N and « € (0,1], a C** Riemannian manifold is a triplet (S, A, g) where:
(1) S is a connected topological manifold,

(2) A is a C®* atlas (i.e. all the transition mappings are of type Ck’a) and

loc

(3)gisa C{Z;l’a metric over (S, A) (i.e. g is described locally in every chart by a C{Z;l’a
function).

We define pointed C** manifolds and immersed submanifolds as for smooth manifolds. We
may also define for such manifolds a topology analogous to the Cheeger/Gromov topology.
In the case of convergence of C*® manifolds, the convergence mappings are all of type C**
and the metrics converge in the weak C’llf):l’a topology. We call the resulting topology the

weak C* Cheeger/Gromov topology.

2.4 Uniqueness of The Cheeger/Gromov Limit.

Let U C R™ be an open subset of R"”. Let g be a Riemannian metric over U. Let TU be
the tangent bundle over U. Let m : TU — U be the canonical projection. Let TTU be the
tangent bundle over TU. Let VT'U be the vertical subbundle of TTU:

VTU = Ker(m).
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Let HTU be the horizontal subbundle of TTU associated to the Levi-Civita connection of
g. We have:
HTU @ VTU =TTU.

We know that:
HTU,VTU = 7*TU.

Let us denote by ig (resp. iy) the canonical isomorphism which sends HT'U (resp. VTU)
into m*TU. We define the metric T'g over TTU such that:

Tglaru =iym*y,
Tglvruy =iy7mg,
HTU Ly, VTU.

We call T'g the Levi-Civita lifting of g over TU. Since the Levi-Civita connection of g

depends on the first derivative of g, a C* control on g and g~ yields a C*~1% control

on Tg and Tg~'.

We have the following elementary result:
Lemma 2.3

Let U,V be open subsets of R". Let ¢ : U — V be a diffeomorphism. Let g and h be
Riemannian metrics over U and V respectively. Let M and N be the matrices representing
g and h respectively with respect to Euclidean metric over R™. There exists a function Cy
such that if ¢*h = g, then:

IDellcory < ColllM|lcowy: 1M Hicowy, INllcowy, IN"Hicow))-
Proof: Since ¢*h = g, we have:
Dp'NDyp = M.

Since the mapping A — A? defines a diffeomorphism of the space of symmetric positive
definite matrices onto itself, we may write:

(NY2Dg) (N2 Dy) = M.
For any matrix A, we have:
A Al = || Al”>.

Thus:
IN'2Do]||* = [|M]].

Consequently:
IDg|| = |INTY2NY2Dy| < [N7V2||| M2/

The result now follows. O

Using the Levi-Civita lifting of the metric, we may generalise this result to higher deriva-
tives of ¢:
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Lemma 2.4

Let U,V be open subsets of R®. Let ¢ : U — V be a diffeomorphism. Let g and h be
Riemannian metrics over U and V respectively. Let M and N be the metrics representing
g and h respectively with respect to the Euclidean metric over R". For all k € N, there
exists a function Cy such that if ¢*h = g, then:

ID*ollcory < Ce(lM Nl or oy 1M Hler@wys 1IN ler@ys 1IN Hlerwy)-

Proof: We proof this by induction. By lemma 2.3, the result is true when k& = 0. Suppose
that the result is true for all £ < m. Let T™¢ be the m’th jet of ¢ sending T™U into
TmV. Let T™g and T™h be the m-fold Levi-Civita liftings of g and h respectively. We
have:

(T)*T™h =T™g.

Let M,, and N,, be the matrices of T™g and T"™h respectively with respect to the Eu-
clidean metric. Since T™U (resp. T™V) is a bundle over U (resp. V), for R € RT, we
may consider the subbundle BRU (resp. BE'V) of balls of radius R (with respect to the
Euclidean metric) in T™U (resp. T™V). Since the result is true for all & < m, there exists
R which depends only on || M||cm ), [|M ™! [em @), |INllem @y, [N~ lem @) such that:

T™"p(By"(U)) € B (V).

There exist functions Cy, g and é,, g such that:

INleoBrivy = Em,R(INllomw), [N Hlcm ),
[Mullcos,wy < Cor(IM|lcom @y, |M ™l em @)

Finally, there is a function D,,11 such that:
ID™ ol cowy € D1 (IDT™ || co(m, v))-

The result now follows for & = m + 1 by lemma 2.3, and the result follows for all k& by
induction. [

In particular, we obtain the following corollary:
Corollary 2.5
Let U, V' be open subsets of R™. Let (gn)nen,g be Riemannian metrics over U such that:

(llgn = gllex@))nen — 0.

Let (hp)nen,h be Riemannian metrics over V such that:

(I[hn = Bllck(vy)nen — 0.
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Let gguc be the Euclidean metric over R™ and suppose that there exists A € R™ such that,

for all n: 1
XgEuc < gn, hn < AgEuc~

Let (¢n)nen : U — V be C**! mappings such that, for all n:

Onhn = gn, ©n(0) = 0.

Then, there exists a C*' mapping ¢o : U — V such that, after extraction of a subsequence
(©n)nen converges to @ in the weak C*' topology. Moreover:

woh =g, ©0(0) = 0.

Proof: This follows from the preceeding lemma and the classical Arzela-Ascoli theorem. [

Remark: This result yields the uniqueness of Cheeger/Gromov limits.
o
3 - Immersed Submanifolds Locally as Graphs.

3.1 Immersed Submanifolds as Graphs.

It is trivial that every immersed submanifold may be described everywhere locally as a
graph over a ball of a given radius in the tangent space to the submanifold at each point. In
this section, we will show how to obtain a bound from below for the radius of such a ball in
terms of the norm of the second fundamental form in a neighbourhood of the given point.
We then show how bounds on the derivatives of the function of which the submanifold is
a graph may be obtained in terms of bounds on the derivatives of the second fundamental
form of the submanifold.

In this section we will only consider C'* manifolds, although the same reasoning remains
valid for C*® manifolds. Let (S,i) be an immersed submanifold in R® = R™ @ R»~™,
Let © be an open subset of S and let V' be an open subset of R™. We say that (Q,14) is
a graph over V if and only if there exists a diffeomorphism « : V' — € and a function
f:V — R" "™ guch that for all x € V:

ioa(r) = (z, f(x)).

We call f the graph function of ¥ and we call a the graph reparametrisation of €.

We have the following result:

Lemma 3.1

Let ¥ = (S,i) be an immersed submanifold of R™ = R™ @ R" ™. Let Uy,Us be open
subsets of R™. Suppose that there exist open subsets 1,{y of S such that, for each k
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(Q, 1) is a graph over Uy,. For each k, let ay, : Uy, — §2; be the graph reparametrisation of
Qp, and let fy, : U; — R™™™ be the graph function.
Suppose that there exists p € Uy NUs such that:

ai1(p) = az(p),

then, for every q in the connected component of Uy N Uy containing p:
ai(q) = a2(q),  fi(g) = f2().

Remark: In other words, for a given pair of open sets (U, Q), the graph function and the
graph reparametrisation are locally unique.

Proof: Let V be the connected component of U; NU; containing p. Let us define X by:

X ={qe Vst ai(q) =az(q)}.

The set X is closed. Let 7 : R™ — R™ be the canonical projection. For all ¢ € V:

(moi)oai(q) = (moi)oaz(q) =q.

Since (7 o @) is locally invertible, it follows that if «1(q) = @2(g) then, for all ¢’ in a
neighbourhood €2 of g:
a1(q) = az(q).

Consequently, X is open. The result now follows. [J
We have the following definition:
Definition 3.2

Let (S,i) be an immersed submanifold in R"™. Let K be a closed subset of S, and let Q! be
an open subset of R™. We say that (K1) is complete with respect to Q) if and only if
for every Cauchy sequence (zy,)nen in S such that (i(xy,))nen converges in ), there exists
Zo in S such that (x,)nen converges to xg.

Remark: If € is relatively compact, then this definition is independant of the Riemannian
metric chosen over a neighbourhood of .

Let ¥ = (S,i) be an immersed submanifold of R”. For ¢ € Rt suppose that ¥ is a
complete with respect to the ball B¢(0). Let p be a point in S and suppose that:

ilp) =0, T,%=i.T,5=R"x{0}.

We define E to be the set of all € (0,00) such that there exists a neighbourhood € of p
such that (£2,1) is a graph over B, (0). We define 7y by:

no = Sup(E).
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By the inverse function theorem, E is non-empty, and consequently 7 is well defined.
Moreover, by lemma 3.1, 9 € E. We obtain the following result:

Lemma 3.3

Let r > € > 0 be positive real numbers, and suppose that the closed ball of radius r about
p in S is complete with respect to B.(0). There exists a function figrapn (€, ) such that one
of the following must be true:

(1) no = €/2,

(2) Sup (IS (D)l 5.t p € By (0)} > ¢/2, or

(3) Sup {| DS 5:t. p € By (0)} > igrapnler):

Remark: There are three ways for the submanifold 3 to stop being a graph:
(1) The submanifold leaves B¢(0).

(2) The submanifold leaves B,.(p).

(3) The graph becomes vertical.

The first two conditions in the lemma take into account the first form of degenation, wheras
the last condition simultaneously takes into account the other two.

Proof: We define pigraph(€,r) by:

[4r2
/J’graph(evr) = 6_2 - L

We will assume the contrary in order to obtain a contradiction. Let Q2 be a neighbourhood
of p, @ : By (0) — Q a diffeomorphism and f : By, (0) — R”™™ a mapping such that, for
all ¢ € By, (0):

ioalq) = (g, f(q))-

For all ¢ € B, (0), we have:
IDf()]l < prgrapn(e, )-

Since its derivative is bounded, f extends to a continuous function on B, (0).

Let us denote by g, the Euclidean metric over R™. Using the bound of D f, we find that
there exists do > 0 such that:

It follows that there exists d3 > 0 such that for all ¢ € B, (0):

a(q) € Br—s,(p)-

12
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Moreover, if (g, )nen is a Cauchy sequence in B, (0) then (a(gy))nen is @ Cauchy sequence
in Q. Since the closed ball of radius r about p in ¥ is complete with respect to B.(0), it
follows that a extends to a continuous function over By, (0).

Now, there exists §; > 0 such that, for all ¢ € 9B,,,(0):

@)@l = llg; f(a)l

< gl + 11 £ (@)l
S € — (51.

Consequently, for all ¢ € B, (0
(

):
4 [(q)) = (i0a)(g) € Be(0).
In otherwords, for all ¢ € B, (0), i(a(g)) is contained in B.(0).

Let m : R™ — R™ x R"~™ be the canonical projection. Let p be a point in 9B,,(0). Since,
for all ¢ € Q:
Det(Ty(w o)) = Det(d;; + (9 f, 0 f)a"(q)) "/
> (1+ pigraph(e,7)?) 7%

It follows that:

Det(Typy(m o)) # 0.
Thus, by the inverse function theorem, there exists 7, € R, a neighbourhood €, of a(p)
in S, a diffeomorphism « : B, (p) — Q, and a function f, : B, (p) — R~ such that for
all ¢ in By, (p):

(i0ap)(q) = (¢ fo(a)-
Since ay,(p) € Q, it follows that 2N Q, # 0. Let ¢ be a point in 2N Q,. We have:

(ao(moi))(q) = (apo(moi))(e) =g

Since (7 0 i)(q) € By, (0)N B, (p) it follows by lemma 3.1 that « coincides with «,, over
By, (0)N By, (p)-

By compactness, there exists a finite set of points p1, ..., px € 9y, (p) and 6 € RT such that:

By s00) € By U 5, B, (00

Suppose that B y # 0. Since the straight line joining p; and pj;, which is

My (i) 11 Bnp_,» (p;
contained in By, (0) intersects By, (pi) N By, (p;) non trivially, we have:

Bnpi (pl) ﬂBan (pj) mB770(O) 7é @
The mappings a;, and a,; coincide in this set. Thus, since By, (pi) N Bnp,» (p;) is connected,
it follows by lemma 3.1 that «,,, and «;, coincide over this set. '

It thus follows that there exists § € R such that we may extend v and f to C**® mappings
defined on By, 45(0). Moreover, since:

(moi)oa=1d,
it follows that « is a diffeomorphism onto its image. Consequently:
no+06€k.
We thus obtain a contradiction and the result now follows. [J
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3.2 A Bound from Below of the Radius of Definition.

Let © be an open subset of R”. Let g be a Riemannian metric over . Let M : Q —
End(R™) be a smooth function taking values in the space of positive definite symmetric
matrices such that for all V,, € T),(2:

For every p € ), let Exp,, be the exponential mapping of {2 with respect to g defined in a
neighbourhood of 0 € T),(£2). We recall the following facts concerning this application:
Lemma 3.4

For all p € Q:
IDExp,(0)]| = 1|M "2,
IDExp,(0)7| = ||M]|"/>.

There exist functions ,uéxp, ugxlp such that:

HDzExpp(O)q < uéxF(HM\L IIM‘1H7 [DM])),
D= (Exp,) ™ (D) < prep (IM (M), (D).

Next, we have the following result concerning the transformation of the second fundamental
form:

Lemma 3.5

There exists a continuous function pi"$™ such that if:

(1) U,V are open sets,

(2) ¢ : U — V is a diffeomorphism,

(3) ¥ = (S,14) is an immersed hypersurface and,

(4) II (resp. II') is the (Euclidean) second fundamental form of (S,i) (resp. (S, 01)),
then, for all p € S:

HIp)l - < pipesee= (|1 (p)I], Do), 1 De~* )l |1 D*e(p)]),
') < g (I Do) 1 De~ D) 1 D26 p)I)-

In particular, if |Dy||, | Do~ and ||D?¢|| are bounded, then a bound on ||II|| yields a
bound on || IT'||.

Proof: Since translations and rotations are isometries, we may assume that ¥ = (5,1)
(resp. X' = (S,¢ 01)) is the graph of a function f (resp f’) such that f(0) = df(0) =0
(resp. f/(0) = df’(0) = 0). In this case, IT (resp II') coincides with D?f (resp D?f’) and
the result now follows from a direct calculation. OJ

By combining lemmata 3.4 and 3.5 we now obtain the following result:

14
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Lemma 3.6

There exists a continuous function p$; "™ such that if ¥ is an immersed submanifold in

Q and I19 (resp. II) is the second fundamental form of ¥ with respect to g (resp. the
Euclidean metric over ) then:

2] < 7P (NN M M | DM

In particular, if | M||,||M | and | DM || are bounded, then a bound on I19 yields a bound
on II.

Proof: Let p be a point in S. By applying (Expi(p))*l, we may work in an exponential
chart about ¢(p). At the origin in such a chart, the second fundamental form of an immersed
submanifold with respect to (Exp,(,)*g coincides with the Euclidean second fundamental
form. Using lemma 3.5, we may thus bound ||| in terms of ||[I79|| and the derivatives of
Exp;(, at p. The result now follows by lemma 3.4. [

We now obtain:

Lemma 3.7

There exists a function urr (K, B, e, ||M|], ||[M 7|, ||DM||) < €/2 such that if:
(1) 6 < purr,

(2) B<(0) € 9,

and if f : Bs(0) — R™~™ is a function such that:

(1) £(0),df (0) = 0, and

(2) the norm of the second fundamental form of the graph of f with respect to M is
bounded above by K,

then, for all ¢ € B;(0) :
IF @l <e/2,
IDf(@] < B.

Remark: In otherwords, we start by studying the graph of a function f such that
£(0),df(0) = 0 (these conditions reflect the fact that, in the sequel, we will be studying
immersed submanifolds in terms of graphs over the tangent space at each point). Then,
given a bound K on the second fundamental form of the graph, and given a desired bound
B on the derivative of f, we find a radius , depending only on B and K (and various
other variables nonetheless independant of f), over which this bound is satisfied (provided,
of course, that M o f is defined over this radius, hence § < €¢/2). Finally, for no extra cost,
we also obtain a bound for f over this radius which will be useful in the sequel.

Proof: By lemma 3.6, the norm of the second fundamental form of the graph of f with re-
spect to the Euclidean metric if bounded above by K’ = p$7 P (K, || M|], | M|, || DM])).

For all ¢, we denote d; and N; by:

e < (Dft-o,
(o) we(7%30)

15
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(51, ,(‘il) is a basis of tangent vectors to the graph of f and (Nl, ey Nn,m) is a basis of
normal vectors to the graph of f. Let II be the second fundamental form of the graph of
f with respect to the Euclidean metric. We have:

’(II(@, j),Nk>‘ :’<Dé)iNkvéj>’

Thus: o )
|8:0; 1% < K||94][[19; ][N
< K'(14[|Df|*)?
= ||D*f| < K'(1+]|Df|*)?*?

Solving this differential inequality with the intial conditions f(0), Df(0) = 0, we obtain
the desired result. [

We now obtain the following result as an immediate corollary:
Lemma 3.8

For r > € > 0, there exist functions A(K,r,e,|M|,||M~,|[|[DM]|) < €/2, and
B(r,e,||[M||,||M~1Y|) such that if (X,p) = (S,i,p) is a pointed immersed submanifold
of B.(0) such that:

(1) the closed ball of radius r about p in ¥ is complete with respect to B(0),
(2) i(p) = 0, and

(3) if IT is the second fundamental form of . with respect to g, then:

11| < K,

then, for all § < A, there exists a unique neighbourhood U of p in S such that (U,1) is a
graph over a Euclidean ball of radius § about the origin, and if f is the graph function of
¥ over Bs(0), then:

Il < e/2, |Df|| < B.

Proof: The ball of radius || M|~/ about p in S with respect to the Euclidean metric
over R" is contained within the ball of radius r about p in S with respect to the metric g.
We thus choose:

B = pgrapn (€, | M1 V2r).

We now define:
A= MII(KaBaev ||M||’ HM_1H7 ||DMH)

The result now follows from lemmata 3.3 and 3.7. O

16
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3.3 Bounds on the Higher Derivatives of the Graph Function.

In this section, we aim to show how bounds on the higher derivatives of a function may
be obtained in terms of bounds on the higher derivatives of the second fundamental form
of its graph. The results of this section are essentially trivial, but we include them for
completeness and clarity.

Let © be an open subset of R™. For every positive integer k, and for every r € R, we
define B (0) to be the ball of radius » about the origin in R*. Let m be a positive integer
not greater than n. Let € € RT be a small positive real number and let f : B™(0) — R"~™
be a smooth function whose graph is contained in 2. Let us denote the graph of f by X.

Let (-,-) be the Euclidean metric over R™. Let g be a metric over €2 and let M : Q —
Symm(R"™) be the matrix representing g relative to the Euclidean metric. Thus, for all
Vp € TQ:

g(vpv V;?) = <V;77 M(p) : V;?>

Let 01, ..., 0y be the canonical basis of R". For all 1 < i < m, we define 51, ey O by:

i = (0,..,1,...,0, 0, f™ .0 f™)".
For m+ 1 < i < n, we define ém+1, ,é’n by:

Ei=(=01f ., =0 f,0,...,1,...,0)%.

We define Nm+1, ...y Npp by
N; = M~1E,.

We find that (1, ..., ) defines a moving (non-orthonormal) frame for T'S. Similarly,

(Ns41, ..., Ny,) defines a moving (non-orthonormal) frame for the normal bundle to ¥
relative to metric g. We define the matrix B by:

B = (01, 0m;Npmt1, -, Ny).
Let V and D be the Levi-Civita covariant derivatives of g and the Fuclidean metric re-
spectively. Let IT be the second fundamental form of X, the graph of f.

In the sequel, for all 4,7, k, we denote by F(J'f, J'M,J*M~') any function depending
only on the derivatives of f, M and M ! up to orders i,j and k respectively.

We obtain the following result:
Lemma 3.9

For all i, j, k:
g(IT(8;,9;),Ny) = 8;0; f* + F(J f, JEM, J* M~Y).

17
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Proof: For all i, j, k, we have:

g(I1(9;,0;),Ny) = (V5 9;, MNy)
= (D, 05, Ex) + F(JHf, J'M, J* M)
=0;0;f + F(J f, J*M, J'M~1).
The result now follows. [J
Let 7 be the orthogonal projection onto T'> with respect to g. We have:

Lemma 3.10
For all V,, € TX:

n

(Vo) =Y ((B™1)'0:,V;)0;.

i=1

Proof: Since (B, ..., Bd,) is a basis for T)(2, there exists ay, ..., an € R such that:

i=1

Moreover, since (51, ...,5m) = (Bb1, ..., BOy,) is a basis for TS and since (Nm+1, oy Np) =
(BOmy1, ..., BO,) is a basis for TX, we have:

(Vp) =>2i", a;Bo;
=Y aid;.

However, for 1 < ¢ < m, we have:

(B=1)'0:,Vp) = (0;, B~' 307, a; BO;)
= (0,21 a;0;)
= Q.
The result now follows. [J
In particular, we obtain:
Corollary 3.11
We have:
= F(J'fIM, I M),

i=1

18
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Proof: By definition of B:
B=FJ f,JOM, J°M ).

The result now follows by the preceeding lemma. [

Let V be the Levi-Civita covariant derivative of ¥ with respect to g. We obtain the
following generalisation of lemma 3.9:

Lemma 3.12

For all aq,...,Qm, 1,7, k:

g((V™IT) (4,055 Dy s v Da ), Ni) = ay .00, 0i0; [
+f(<]m+1f, JerlM, Jm+1M71)

Moreover, for all ay, ..., am, 1, j, k:

g(V™ID)(D;,05;0ays -y Day ), O) = F(ITTLf JmH M, g M),

Proof: We prove this result by induction. By lemma 3.9, the result holds for m = 0. For
m > 1, we have:

g((V™I1)(8;,05;8ays vy ay ) Ni) = g(V (V™I 055

However: R
Vs Np=F(2f, J' M, J' M),
Similarly: . .
8a7n = ﬂ-(véﬂhn az)
=n(FJ2f, J M, J*M~1)).
Thus, by corollary 3.11:
Vo, Oi=>_ F(J2f,J'M,J' M~ 1)d;.
j=1

Finally:

O, g (VLT (D, 05 Dy -0y )y Ni) = By, F(JI™f, J™ M, J™ M)

am

= F(JHLf, M, S,

19



An Arzela-Ascoli Theorem for Immersed Submanifolds
The first result now follows by the induction hypothesis. The second result follows by a
similar reasoning. [
We now obtain the following result:
Lemma 3.13

For every positive integer m > 2, there exists a function B,, such that if K € RT satisfies:

A5 < K,
then:
ID™ fllco(s. 0)) < B (K, I fllorcs. o) 1M [[em=10y, 1M lem-1(0)).
Proof: Let || - || denote the Euclidean norm over R™. For all i, we have:
193] < 1+ Df]-
Thus:

9(0:,0)' <M+ ||IDF).

Similarly, for all ¢, we have:
g(Ni, N2 < [[M2 (1 + | D).

By lemma 3.12, we thus obtain, for all ay, ..., a,, and for all k:

|0as -0, £ < ‘g((@m—m)(aal,...,éam),Nk)‘
+ |FIm g ML g M|
<MD 4 ([ DFI) AR 4 [ FImT I, S M)

The result now follows by induction. O
<&
4 - A Compactness Result for Immersed Submanifolds.

4.1 Normalised Charts..

We use the results of the preceeding section in order to obtain an Arzela-Ascoli type
theorem which is the principal result of this paper. We begin with the following definition:

Definition 4.1

Let k € N be a positive integer and let p,I" € (0,00) be positive real numbers. Let (M, g)
be a Riemannian manifold of type at least C*. For p € M, a (T, k)-normalised chart of
radius p about p is a C* coordinate chart (¢, U, V) of M such that:
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(1) ¢(p) = 0,
(2) B,(0), the closed Euclidean ball of radius p about 0 in R, is contained in V', and

(3) if A is the matrix of the metric ¢.g with respect to the Euclidean metric over V', then:

[ Allcr-1vy, 1A ler-10y < T

For p € M, we say that M is (I', k)-normalisable over a radius p about p if and only
if there exists a (T, k)-normalised chart of M of radius p about p. For K a subset of M,
we say that M is (', k)-normalisable over a radius p about K if and only if M is
(T, k)-normalisable over a radius p about every point of K.

We have the following elementary result:
Lemma 4.2
For all k > 1, there exists a function Cy, such that if (@i, U, Vi)ieq1,2y are (I, k)-normalised
charts, then, for every Euclidean ball B contained in ¢1(U; NUs), we have:
lp2 0 o1 lors) < Cr(D).

Proof: This follows directly from lemma 2.4. J

For all k, for all r, and for all + € R¥, we denote by B¥(z) the Euclidean ball of radius
r about x in R*. Using the results of the preceeding sections, we show that, for any
Riemannian manifold, M, given an immersed submanifold ¥ = (S, ) of M, we may show
that ¥ may be described everywhere locally as a graph of a function over a disc in a
normalised chart where the radius of the disc may be bounded below and where the C*
norm of the function may be bounded from above. Formally, we have the following technical
lemma:

Lemma 4.3

Let k > 2, m < n € N be positive integers. Let I', B, p > 0 be positive real numbers. There
exist positive real numbers C,r > 0 such that if:

(1) (M, g) is a complete Riemannian manifold of dimension n and of type at least C*,
(2) K is a subset of M about which M is (T', k)-normalisable over a radius p, and

(3) ¥ = (S,1) is a complete immersed submanifold of M of dimension m and of type C¥,
and if p is a point in S such that:

(1) i(p) € K, and

(2) |A%(q)| < B for all ¢ € B,(p),

then, for every (T, k)-normalised chart (p,U, V) of M of radius p about i(p), there exists:
(1) a function f : B*(0) — R™" of type C* such that f(0),df(0) =0,

(2) an open set Q of S about p, and
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(3) a diffeomorphism « : (B]*(0),0) — (9, p),
such that:
(1) (Q,4) is the graph of f over B(0) in the chart (¢, U, V) with graph diffeomorphism

a. In otherwords, there exists a rotation A of R"™ such that, for all z € B*(0):

poa(r) = Az, f(z)),
and,

2) I fllcr oy < C.

Remark: This result amounts to a “globalisation” of the previous section. To be precise,
in the previous section, we obtained a local description of submanifolds of bounded sec-
ond fundamental form, whereas, in this section, we transform this data into an atlas of
controlled charts.

Remark: It is very important to observe that the graph diffeomorphism « also allows us
to construct a normalised chart for 3 about p.

Proof: Let (¢,U,V) be a (T, k)-normalised chart of M of radius p about p. By composing
o with an isometry if necessary, we may suppose that:
(TooTi) -T,S =R™ & {0}.

We choose r such that:

r < A(B7p/’p’F7F’F)7
as in lemma 3.8. Since ¥ is complete, the existence of f now follows. Moreover:

IDfI < B¢, p,T,T).
We now choose C' such that:

C > B (K,B(p/,p,T,T),T, T).

The bound on the derivatives of f now follows from lemma 3.13, and the result now
follows. [J
We now have the following result:

Lemma 4.4

Let k > 1 be a positive integer. Let (M, pn)nen, (Moo, Pso) be complete pointed Rie-
mannian manifolds of type at least C*, and suppose that (M, p,)nen coverges towards
(Moo, poo) in the pointed C* Cheeger/Gromov topology.

For all R > 0, there exists D,r > 0 such that for all n € NU{oo}, the manifold M, is
(D, k)-normalisable about a radius r over Br(pn).
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Proof: By compactness of the closure of Brt1(pso), there exists Dq,71 > 0 such that M
is (A1, k)-normalisable about a radius 71 over Br41(Poo)-

Let (¢n)nen be a sequence of C* convergence mappings of (M, p,)nen With respect to
(M, Poo). There exists N € N such that for n > N:

(1) the restriction of ¢,, to Brt1(pso) is a diffeomorphism onto its image, and

(2) Br(pn) € on(Br+1(poo))-

Since (¢ gn)neN — goo in the C’ffm topology, there exists Dy > Dy and 75 < r1 such that
for all n > N, the manifold M, is (D2, k)-normalisable about a radius ro over Br(p.).
The result for n < N follows trivially by compactness and the result now follows. [J

4.2 The Compactness Result.

We now obtain the following result:
Theorem 1.2

Let k > 2,m < n € N be positive integers.

Let (M, pn)neN, (Mso,Poo) be complete pointed Riemannian manifolds of dimension n
and of class at least C* such that (M, p,)nen converges towards (My, pso) in the pointed
C* Cheeger/Gromov topology.

For alln € N, let ¥, = (Sy, ¢n) be an m-dimensional pointed immersed submanifold of M
of class at least C* such that i(q,) = pn.-

Suppose that for all R > 0, there exists B such that, for all n:
|45 (9)| < B Vq € Br(q).

Then, there exists a pointed complete immersed submanifold Yoo = (S0, goo) 0f My of
type C* =11 such that i(ges) = poo and that, after extraction of a subsequence, (X, Gn)nen
converges towards (Y4, o) in the pointed weak C*~11 Cheeger/Gromov topology.

Proof: For all n, let g, be the metric over M, and let go, be the metric over M. By
lemmata 4.3 and 4.4, for all R € R, there exists K, D, D’,r,r’ € RT and, for all n, an atlas
Anr = (24,Uq, B+(0))geBr(q,) of (D,k)-normalised charts over a radius r of S,, and an
atlas By r = (Yq, Vs Br(0))geBr(an) Of (D', k)-normalised charts over a radius " of M,
such that:

(1) for every n and for every ¢ in Bgr(gy):
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(3) for every n and for every ¢ in Br(gn), (yq ©in 0 x;") is defined over B,(0) and:

1yq 0 in 0 23 o (B, < K-

Using lemma 4.2, we find that there exists B € R* such that, for every n € N, A,, g is
a (B,r)-optimal C*~1l.atlas of (S, q,) over a radius R (see definition B.1). Thus, by
the compactness theorem of Riemannian geometry (theorem B.3), there exists a complete
pointed C*~11-manifold (Ss,¢oo) to which (S,, ¢, )nen converges, after extraction of a
subsequence, in the weak C*~1! Cheeger/Gromov topology.

Let £ be a point in So. Let (£n)nen € (Sn)nen be a sequence of points converging
to & By compactness, we may assume that i,(&,) converges to a point in M, that
we will refer to, slightly abusively, as ix(£0). Let (¢n)nen be a sequence of optimal
Ck=L1 convergence mappings of (Sy, ¢n)nen With respect to (Soo, goo). Let (¢, )nen be a
sequence of convergence mappings of (M,,, pn)nen With respect to (Muo, Poo ). By definition
of (¢n)nen, we may suppose that (x¢, o ¢p oxgl)neN converges to the identity in the weak

Cllf)gl’l topology. Similarly, we may suppose that (ye, o ¥y, o Ye l)neN also converges to

the identity in the weak C’{f;l’l topology. By the classical Arzela-Ascoli theorem, we
may suppose that there exists a function i : B;(0) — B, (0) of type Cllf);l’l to which
. _1 . k—1,1 L. . .
(y¢, ©tn o T Jnen converges in the weak C,._"" topology. By composition and inversion,
we thus find that (ye o, oinop, omgl)neN converges t0 i, in the weak C’f;l’l topology.
By repeating this operation with £ taking values in a countable dense subset of Sy, we
find that there exists io : Seoc — Moo to which (i,,)nen converges, after extraction of a
. k—1,1
subsequence, in the weak C| "~ topology.

Let §oo and goo be the Riemannian metrics over So, and M, respectively. Since (% gp )nen
converges to §oo and to i g, we find that i is an isometric immersion, and the result
now follows. [J

We obtain as a corollary to this result the following theorem of Corlette:
Theorem 4.5 [Corlette, 1990]

Let M be a compact manifold of dimension n. Let B, K € R be two positive real numbers.
Let m < n € N be positive integers. For all o € (0, 1], there exist only finitely many C*
isotopy classes of compact immersed submanifolds ¥ = (.S,i) of M such that:

s <B,
Diam(¥) < K.

Remark: We observe that if | IIx|| < B, then a bound on the volume of ¥ is equivalent to
a bound on the diameter of ¥. We thus obtain an analogous result for Vol(¥) < K.

Proof: We suppose the contrary and reason by absurdity. Let (2., ¢n)nen = (Sn, in, qn)
be a sequence of pointed immersed submanifolds of M no two of which are C™® isotopy

equivalent such that:
15| < B,
Diam(¥) < K.
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By the compactness of M, after extraction of a subsequence, there exists ps, such that
(in(gn))nen converges to poo. By theorem 1.2, there exists a complete pointed immersed
submanifold (X4, poo) of M of type C*! such that, after extraction of a subsequence,
(X0, Pn)nen converges to (Xoo, Poo) in the weak C’llo’i Cheeger /Gromov topology. To begin
with, we have:

Diam(¥) < K.

Consequently, X, is compact. It follows that there exists NV € N such that, for all n > N
there exists:

(1) a C*« diffeomorphism ¢,, : Seo — Sy, and

(2) an immersion 4/, : Sooc — M,

such that:

(1) for all m > N, i), = i, 0, and

(2) (i,)nen — ioo in the weak C1@ topology.

Let € be the radius of convergence of M. We may assume that for all m,n > N:

d(i, (p), 1, (p)) <e  Vp€ S
= d(in o (pnoey')(0),im(p)) <e  Vpe Sy

Consequently, if we denote by N, the normal bundle over ¥,, in M and by Exp the
exponential mapping of M., we find that there exists a section X of type C® of N¥,,
over S,, such that:

ino (¢no@y)(p) =Exp(X(p))  VpE Spm.

We define (it):eo,1] by:
ir(p) = Exp(tX(p))  Vp € S

This defines a C*“ isotopy between i,, and i, o (¢, o ¢,,}) and we thus obtain a contra-
diction. O

A - Holder Spaces.

A.1 Building Manifolds out of Classes of Functions.

The family of C°° Riemannian manifolds is not sufficiently closed for our purposes. We
are thus required to introduce the notion of C*@ Riemannian manifolds, where k > 1 and
a is a real number in (0,1]. We begin by reviewing the properties required of a class of
functions for one to be able to construct a theory of manifolds out of it. Let C be a functor
which associates to every pair of open sets U C R™ and V C R” a topological space of
functions C(U, V) sending U into V such that:

25



An Arzela-Ascoli Theorem for Immersed Submanifolds

(1) C is contravariant in U and covariant in V. Thus if U’ C U and if V C V', then
restriction defines a continuous mapping Rest : C(U, V) — C(U’, V).

(2) C(U,V) is contained in C1(U, V), the space of continuously differentiable mappings
from U to V. Moreover, this inclusion is continous.

(3) C is locally defined. In otherwords, if F(U, V') denotes the family of functions sending
U into V, and if, for any open subset U’ of U we denote:

FOVYNCWU',V)={f e FU,V)st. flyreCU,V)},
then, for any family (Uy,)seca of open subsets of U, we obtain:

U= U U,=CUV)= N FUV)NC(Us, V).
acA a€A

(4) C is reflexive. In otherwords, if f € C(U,V) is a diffeomorphism, then f~! € C(V,U).
Moreover, this operation is continuous in the sense that if (f,)nen, fo € C(U,V), are
diffeomorphisms such that (f,)nen converges to fo, then, for every relatively compact
subset W of Im( fp), there exists N € N such that:

n>N=W CIm(f,),

and (f;|w)nsn converges to (fo')|w

(5) C is transitive. In otherwords, if f € C(U,V) and if g € C(V, W), then go f € C(U, W).
Moreover, this operation is continuous. Thus, if (f,)nen converges to fo and if (gn)nen
converges to go, then (g, o fn)nen converges to go o fo.

Given such a functor C, we construct a class of manifolds, M(C), whose transition maps
are always in C.

(A) Condition (2) concerning differentiability could be replaced by continuity (one would
then replace “diffeomorphism” by “homeomorphism” in condition (4)). A meaningful man-
ifold theory can be constructed with simple continuity, but differentiability is essential if
one wishes to introduce such tools as Riemannian metrics or the implicit function theorem.

(B) Since maps in C are locally defined (condition (3)), we do not need to worry about the
topology of intersections of coordinate charts when we aim to show that a transition map
is in C.

(C) By reflexivity (condition (4)), it suffices to show that a transition map ¢ is in C(U, V)
to know that its inverse ! is also in C(U, V). This simplifies the construction of atlases.

(D) By transitivity (condition (5)), in order to show that a given chart is compatible with
a given atlas, it suffices to show that it is compatible with a minimal family of charts in
that atlas covering that chart. This also simplifies the construction of atlases.

(E) Let M and N be two manifolds in M(C). Let ¢ : M — N be a continuous mapping.
Let (Ua, 24)aca and (Vi, ys)oep be atlases of M and N respectively such that:

Va € A 3Jb(a) € Bs.t. o(Ua) € Via)-
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By transitivity, if (yyq) oo x;1) is in C for all a € A, then, for every pair of charts (U, x)
and (V,y) in M and N respectively such that ¢(U) C V, the mapping y o ¢ oz~ is also
in C. This simplifies the construction of mappings of type C between manifolds in M(C).
Moreover, transitivity allows us to show that the composition of two such mappings is also
in C.

Continuity of transitivity permits us to consider convergence of mappings between man-
ifolds in M(C). Moreover, composition of mappings between manifolds in M(C) is con-
tinuous. By continuity of reflexivity, if M, N € M(C) are of the same dimension, and if
(¢n)nen, po : M — N are homeomorphisms of type C such that (¢, )nen converges to g,
then (¢, !)nen converges to ¢y ! In otherwords, if U is a relatively compact open subset
of Im(¢pg), then there exists N € N such that:

n>N=Ue€Im(p,),

and (¢ |r)nen converges to (¢ |vr).

This allows us to contruct a basic theory of manifolds. We now impose the following
technical conditions on C:

(6) If A(U,V) denotes the space of all affine mappings from U to V then:
AU, V) CC(U,V).

Moreover, this inclusion is continuous.

(7) C is closed under Cartesian products. In otherwords, if f € C(U,V) and g €
C(U', V"), then:

fxgeClUxU,VxV.
Moreover, the inclusion C(U,V) x C(U', V') — C(U x U',V x V') is continuous.

These conditions allow us to use the implicit function theorem and Cartesian products to
construct manifolds.

The following conditions are also useful for technical local constructions:

(8) C(U,R) is an algebra over R. Moreover, addition and multiplication are continuous
operations. This algebra contains automatically the multiplicative identity since C(U,R)
contains all affine mappings.

(9) For all n, C(U,R™) is a vector space over R and C(U, R). Moreover the action of C(U, R)
on C(U,R™) is continuous.

We also wish to study families of functions and tensors over manifolds in M(C). Let F
be a functor which associates to every open subset U of R" a topological algebra of
functions from U to R such that:

(1) F is contravariant. In otherwords, if U’ C U, then F(U) is contained in F(U’).

(2) F contains the constant mappings (and thus the multiplicative identity).
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(3) C acts on F by pull back. In otherwords, if ¢ € C(U,V) and if f € F(V), then
fope FU).

(4) The action of pull back is continuous. In otherwords, if (¢ )nen, wo € C(U,V) are
such that (¢ )nen converges to o, and if (fn)nen, fo € F(V) are such that (fy)nen
converges to fo, then (f, o vn)nen converges to fo o ¢g.

These conditions permit us to define, for a given M € M(C), the topological algebra F (M)
of real functions of class F over M. Moreover, if ¢ : M — N is a mapping of type C, then
pull back (composition) defines a continuous mapping from F(N) to F(M).

Tensors over manifolds in M(C) are defined in a similar way.
A.2 Lipschitz and Locally Lipschitz Mappings.
Let ©Q be an open subset of R”. Let f :  — R™ be a function defined over 2. For
a € (0,1], we define || f[|Lipe (o) by:
flx) - fly
[ Fltipeiey = Sup LSO

etyeq ||z —yl|*

We say that f is an a-Lipschitz mapping over € if and only if:

£ llLipe () < oo

We say that f is a locally a-Lipschitz mapping if and only if for every p € €2, there
exists a neighbourhood V' of p in € such that f is an a-Lipschitz mapping over V. We
define Lip®*(£2) (resp. Lipf.(€2)) to be the space of a-Lipschitz (resp. locally a-Lipschitz)
mappings over (2.

Remark: We recall the following properties concerning Lipschitz mappings:

(1) Every a-Lipschitz mapping is continuous. Similarly, every locally a-Lipschitz mapping
is continuous.

(2) IfllLipe (o) = 0 if and only if f is constant.
(3) Let us define Diam(2) to be the diameter of Q:

Diam(Q?) = Sup ||z — y||
z,yeQ

For all 8 € (0, a], we have:
I fllLips () < ||f||Lipa(Q)Diam(Q)a7B~
Consequently, if Diam(Q2) < oo, then:
8 < a= Lip*(Q) C Lip”(Q).
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However, in general:
3 < a = Lip{ () C Lip;) ().
(4) We consider 2 with the Euclidean metric as a Riemannian manifold. Let d be the

distance function on {2 generated by this Riemannian metric. We define Dil(€2) by:

Dil(Q2) = Sup M
THAYEN ||$ - yH

If f € CHQ) then:
I fllipt ) < [ fllcr()Dil(€2).

Thus, if Dil(Q2) < oo, then:
C'(9) C Lip' ().

However, in general:
CH(Q) € Lipioc(9).

(5) The two preceeding remarks show that the structure of Lip®(€2) depends on the ge-
ometry of 2 wheras the structure of Lip{ .(£2) does not. In the sequel, we define:

A(Q) = Max(Dil(2), Diam(€)).

We following trivial lemma summarises the operations under which the space of Lipschitz
mappings is closed:

Lemma A.1

We have the following composition rules:

(1) If f, g € Lip*(Q) then f + g € Lip®(Q)) and:

If + 9llLipe @) < 1fllLipe @) + 19llLipe ()

(2) If f,g € Lip®(Q2)NC°() then f - g € Lip*(Q) and:
If - 9||Lipa(Q) = ”f”CO(Q)”gHLipa(Q) + HfHLipa(Q)||gHCO(Q)~

(3) Let ' be another open set. If f € Lip*(), if g € Lip?(Q) and if g(2) C Q' then
fogé€ Lip*¥(Q) and:

1f o gllLipes ) < | fllLipe @) 190 Tips )-
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A.3 Holder Spaces.

In this section, we introduce C** and C’loC mappings for £ > 1, and provide a brief review

of their properties. In particular, we show how C’llfjca mappings satisfy all the conditions
specified in section A.1.

We recall that N denotes the set of positive integers, and, in particular, that 0 ¢ N. For
k €N, for a € (0,1] and for f: @ — R™ a C* function, we define || f||cr.o(q), the CF
norm of f by:

I fllcra@) = Z D fllcoey + I1D* fllLipe (-

0<i<k

We observe that || - ||cr.a () does indeed define a norm over the space of C* functions over
Q. We say that a function is of type CF if and only if it is C* and its C*® norm
is finite. Similarly, we say that a function is of type Cloc if and only if it is C* and,
for every p € Q there exists a nelghbourhood V of p in Q over Wthh f is of type CFe.
We denote by C*(Q) (resp. CIOC( )) the space of C** (resp. CIOC) functions over (2.
C{Zf trivially satisfies condition (1). All functions in C’llfm are differentiable, and so Cllf):‘
satisfies condition (2). It is locally defined, and thus satisfies condition (3). It contains all
affine mappings and is closed under Cartesian products, and thus satisfies conditions (6)
and (7). It thus remains to show reflexivity (condition (4)), transitivity (condition (5)), the
fact that C{Zf(Q R) is a topological algebra (condition (8)) and the fact that C{Zf(Q R™)
is a topological vector space upon which C’l (2, R) acts continuously (condition (9)).

Using lemma A.1, we now obtain the followmg trivial result:

Lemma A.2

For all k € N there exist continuous functions Vgﬁodd, vend and vhRd such that, for all €, QY
and for all o € (0,1]:

(1) If f,g € C**(Q) then f + g € C**(Q) and:
1f + gllcre@) < Ifllera@) +119llcre )
(2) If f,g € C**(Q) then f - g € C*(Q) and:
1f - gllerai) < vproa(lfllora)s 9llora), s A(S)).
(3) I f € CF(QY), if g € CH*(Q) and if g(Q) C ', then fog e C**(Q) and:
1 0 gllera) < Vemmp(fllera@)s 19llorac), @y AR)).

(4) If f : Q — Q' is a C%< diffeomorphism, then:

17~ lomaq@) < vt (1 lleka s 1 Hlor @), @ A(S2), AQ)).

30



An Arzela-Ascoli Theorem for Immersed Submanifolds

This now yields the following trivial corollary:
Corollary A.3

(1) If A(Q) < oo, then C*%(Q) is an algebra over R.
(1’) C%(Q) is an algebra over R.

loc

(2) If A(Q), A(Q) < 0o and if ¢ : Q — Q' is a C** mapping, then:
@*Ck’“(Q’) c Ck,a(Q)

2N p:Q—Q isa Cﬁ;? mapping, then:
P CP(QY) C CE ().

loc loc

(3) If A(Q), A(Q), A(Q") < 0o and if p : Q@ — Q' and ¢ : ' — Q" are C** mappings,
then v o p is also a C** mapping.

(3)Ifp:Q—Q andp: Q — Q" are che mappings, then v o is a also a Cﬁ;g mapping.

loc
(4) If A(Q), A(Y) < 00 and if ¢ : Q — ' is a C** diffeomorphism, and if ||~} ||c1(a) <

o0, then ! is a C** diffeomorphism.

(4)If o :Q — Q is a O diffeomorphism, then ¢~ is a C* diffeomorphism.

loc loc

Remark: In particular, we see that C{Zf (©,R) is an algebra and that Cllf):‘ (©2,R™) is a vector
space upon which C’llfjca (©, R) acts by multiplication. Moreover, we see that C’llfjca is reflexive
and transitive. It remains to show, however, that C’llfjca (©,R) is a topological algebra, that

C’llf)ca (Q,R") is a topological vector space, and that C’llfjca (Q,R) acts continuously on this

vector space. We must also show that reflexivity and transitivity are continuous. This will
be done in the next section.

Remark: Although we are more interested in studying C’llf)ca functions, when we are dealing
with lemmata comparing norms, it is preferable to study the family of C** functions,
since, in this case, the results are slightly simpler to state.

A.4 Continuity of Addition, Multiplication, Composition and Inversion.

We now study the topologies of C*®(€2) and Cﬁ)s‘(Q) Using lemma A.1, we obtain the
following result:

Lemma A.4
(1) If f, f',g.9' € Lip™(f2), then:

I +9) = (F"+ 9D lipe @) < IF = Flltipe o) + 119 = 9 llLipe @)-
(2) Iff7 flvgvg/ € Llpa(Q) ﬂCO(Q), then:

1f-g—=f"9llLipe) < HfHCO(Q)Hg/ - g/”Lip'j(Q) + HfHLip“(Q)”./g - g/HCO(Q/)
HIf = fllco@ |9 ILipe () + [1f = fllipe @) 19" | co)-
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This yields the following result which shows us that addition and multiplication are con-
tinuous in the CF* (resp. CI%) topology over k() (resp. CE¥(Q)).

loc loc

Lemma A.5

(1) If f, f',g,9' € C**(Q), then:
I +9) = (F + 9 ller e < IF = Flleraw + 19 = gllerao)-

(2) There exists a continuous function I/g?;d such that:

1f-g=1f"dlere < vomallf - f/”Ckv“(Q)/v 19 = g'llcre(a)s
Hf/Hck»a(Q)a 1" lcre () gllare ),
19" l|cr.e ()5 s A(R2)).

cty —
Moreover, v 7 1(0,0,,+,+,,-,-) = 0.

In order to define a topology with respect to which composition of functions is continuous,
we require the following definition:

Definition A.6

Let Q C R™ be an open set. Let (f,)nen, f be functions over Q of type C**. We say that
(fn)nen converges to f in the weak C** topology if and only if, for all 3 € (0, q):

([ fn = fllersQ))nen — O.

If (fn)nen, [ are functions of type C{Zf over §Q, then we say that (f,)nen converges to f
in the weak C"® topology if and only if for all p € ) there exists a neighbourhood V' of

loc

p in Q such that (f,)nen converges to f in the weak C** topology over V.

We immediately see that C’k’O‘(Q,R) is a topological algebra with respect to the weak

loc

CF* topology. Moreover, CF>®(Q, R™) is a topological vector space, and C*(€2,R) acts

loc loc loc
continuously on this space by multiplication. We now have the following result:

Lemma A.7

(1) If f € Lip®(Q), if g,¢’ € Lip (Q)NC°(Q) and if g(Q),q'(Q) C &, then, for all
Ge(0,a):

)y

_B a— @ e
|fog—1Tf Og/”LipB(Q) <2l7s £ l[Lipe 2 llg — g/”C'O(ﬁQ)(HgHLipl(Q) + HngLipl(Q))

(2) If f, f' € Lip™(Q)NCOY), if g € Lip"(Q) and if g(Q) C ', then, for all 3 € (0,a):

_8 1-8 8
1 09— F o gllips o) < 2751 = ooy (1 i@ + 1 Tip @) = 1917501 0y
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Remark: The preceeding lemma is a special case of the following more general result:
Lemma A.8

(1) If f € Lip®(Q), if g,¢’ € Lip®()NC°(Q) and if g(Q),¢'(Q) C ', then, for all
A€ 0,1]:

1 A
M98 e ) + 19 18050

1f o9 = f o g Loy <2 flluip @ lg — o' llebg
(2) If f € Lip*(Q)NCO(Y), if g € Lip”(Q) and if g(Q) C Q' then for all X € [0,1]:
Hfog f OgHLlpW =2'" AHf f HCO(QI (”f”Lip”(Q/) + Hf/HLip“(Q/ ) H9||L1pxe(g)

We now have:
Lemma A.9

(1) There exists a continuous function vo.,  such that if f € C**(Q)), if g, g’ € C*(Q),

if g(2),4¢' () C, and if 8 < «, then:

comp

/

[fog— f09'||ckﬁ(o) < V(S(t;}rlnp, (llg—g HCW(Q) ||9Hcka 7H9 ||cka

[fllera oy, a, B, AQ), (’))

cty —
Moreover Vg, 10,5550 500) = 0.

Consequently, if (g,)nen converges to go in the C* (resp. lOC) topology, and if
A(Q), A(QY) < oo, then (fogn)nen converges to (fogo) in the C*P (resp. C’l 7) topology.

ere exists a continuous function v such that, 1 f, [ € g e
2) Th fi oo oo Stch that, if f, f' € CH(Q'), if g € C*(Q)
if g(Q) C Y, and if 8 < «, then:

[fog—fogllors <V§£¥np,2(||f—f/||cka(o' Hchka(f/z' ) 1 llema @y
Hg”Ck"’ )s 7/67 ( ) (Q ))

Consequently, if (fn)neN converges to fo in the C*® (resp. ch ') topology, and if

loc

A(R), A(Q) < oo, then (fy, 0 g)nen converges to (foog) in the C*P (resp. C, ’ﬂ) topology.

loc

This result shows us that the transitivity of C’llf)ca is continuous. We observe that in order
for transitivity to be continuous, we must have k > 1.

Finally, using the chain rule, and the result for composition, we may also obtain the
following result concerning inverses:

Lemma A.10

Let Q,Q C R™ be open sets. Let (¢n)nen, o : 8 — Q' be C* mappings which are
diffeomorphisms onto their images. Suppose that (¢n)nen converges to ¢o in the weak

cke

loc

that:

topology. Then, for every compact subset, K, of Im(yy), there exists N € N such

> N = K CIm(p,),

and (¢; ' )nsN converges to ¢y ' in the weak Cr topology over K.

loc
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It thus follows that reflexivity of Cllf):‘ is continuous. Again, in order for this to work, we
require that £ > 1.

We have thus shown that for £ > 1, C’llfjca functions satisfy all the conditions required for

us to be able to construct a theory of C’IIZCO‘ manifolds. Similarly, the same results permit
us to construct spaces of C*# functions over such manifolds for I + 8 < k + o and spaces
of Cll(’fz tensors over such manifolds for [ + 5 < (kK —1) + a.

<&

B - Cheeger/Gromov Convergence of Abstract Mani-
folds.

B.1 Cheeger/Gromov Convergence.

In this appendix, we prove the classical compactness theorem of Riemannian geometry in
a form which is most appropriate for our uses.

We begin by making the following definition:
Definition B.1

Let (M, p) be a pointed Riemannian manifold, and let g be the Riemannian metric over
M.

Let k € N be a positive integer, and let a be a real number in (0,1]. Let K,p,R > 0
be positive real numbers. A (K, p)-optimal C** atlas of (M,p) over a radius R is a
family A = (4,4, Bp(0))gep(p) of C* coordinate charts of M such that:

(1) for all ¢ € Br(p), if A is the matrix representation of (x4)«g with respect to the
Euclidean metric over B,(0), then:

||A||?k—1va(Bp(o)) <K,
A= er—1.0B,0)) < K,

and,

(2) for all q,q' € Bgr(p), and for every ball B contained in x4(Qq NQy):

zg o x(;chk»a(B) < K.

For all ¢ € Br(p), we will refer to (4,4, B,(0)) abusively as a (K, p)-optimal C*:2
chart of M about q.

We say that (M, p) is (K, p)-optimisable over a radius R if such an atlas exists.

Let A be such an atlas of M. Let d be the metric (distance structure) generated over M by
g. For all ¢ € Bgr(p), let D, be the distance function generated over B,(0) by (z4)+g. For
every x € B,(0), there exists p’ < p which only depends on p, |z| and K such that, if we
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denote €, = z;'(By(z)), then z, defines an isometry between (€, d) and (B, (x), D).
For example, if we choose 2z = 0, and if we choose p’ such that:

p
2K +1°

P <
then, we find that, for all y € B, (0):

2D4(y,0) < Dy(y, 9B,(0)).

In this case, if y, 5’ € B,(0), then the shortest curve in M joining ' (y) to x, ' (y) remains
within €4, and thus:

Dq(y,y) = dlxg " (v), 25" (v).
Definition B.2
We refer to p’ as the isometric radius of p about |z| with resect to K.

Let (M., pn)nen be a sequence of complete Riemannian manifolds. For all n, let g, be the
Riemannian metric on M,, and let d,, be the metric (distance structure) generated over
My by gn.

Let k € N be a positive whole number and let « be a real number in (0,1). We assume
that there exists:

(1) a sequence (R, )nen of positive real numbers such that (Ry,)nen T 00,
(2) a sequence (N, )nen of positive integers such that (N, )nen T 00,

(3) a sequence (€, )nen of positive real numbers, and

(4) a sequence (K, )nen of positive real numbers,

such that, for all n, for all m > N,,, there exists a (K,,e,)-optimal C*< atlas A, ,, of
(M, pm) over a radius R, + 1.

We obtain the following result:
Theorem B.3

There exists a complete pointed Riemannian manifold (Mg, po) of type C*® such that
(My,, pn)nen converges to (Mg, po) in the pointed weak C*< Cheeger/Gromov topology.

Moreover, for all n, there exists a (K, ¢,)-optimal C* atlas Ao n of (My, po) over a radius
R, +1.

Finally, there exists a sequence (¢, )nen of weak C** convergence mappings of (M, pp )nen
with respect to (My,po) such that, for all m € N, if:

(1) (gn)nen € (My)nen and go € M are such that (g, )nen converges to qo,
(2) for alln € NU{0}, (24, , Q.. , Be, (0)) is a (K, €y)-optimal C*< chart about gy, and

(3) €, is the isometric radius of €,, with respect to K,
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then, there exists a (distance preserving) C** mapping o : B (0) — Be (0) such that,
after extraction of a subsequence, (x4, © ¢n © Ty )nen converges to « in the weak Ok
topology. In otherwords, for every compact subset K of Ber (0), there exists M € N such
that:

(1) for allm > M, (x4, © @ © x(;)l) is defined over K and its restriction to K is a diffeo-

morphism onto its image, and

(2) for all B < a:

(”an O ¥n O xi)l - a”C’Cv/*(K))n)M — 0.
Remark: We will refer to such a sequence of convergence mappings as a sequence of optimal
convergence mappings of (My,py) with respect to (M, p,)nen-
We obtain this result in many steps. We begin by constructing the limit as a metric space:
Proposition B.4

There exists a sequence (8, )nen € RT and a sequence of functions (Covy, )pen : (0,6,) — N
such that, for all n, for all 6 < §,,, and for allm > N, the ball Bg, +1(pm) may be covered
by Cov,,(§) balls of radius §.

Remark: This result is proved by bounding the volumes of small balls from above and
below.

Proof: A proof of this proposition may be found in [4]. O
This yields:
Proposition B.5

There exists a family (Mg, do.n, Po,n)nen of pointed compact metric spaces such that, for
all n:

(BR,+1(Pm))m>nN,, — (Mo, do.n, Pon),
in the Gromov/Haussdorf topology.
Proof: A proof of this proposition may be found in [4]. O

By uniqueness of convergence in the Gromov/Haussdorf topology, for all n > n', there
exists a distance preserving map, sending (Mp n/, po,n/) into the ball of radius R, 41 about
Po,n in (Mo n,Po,n). Moreover, this map is unique up to isometries of the domain. Conse-
quently, we may take the union of these limiting spaces to obtain:

Proposition B.6

There exists a pointed locally compact metric space (Mg, do,po) such that (M,,, dy, prn)nen
converges to (My, do, po) in the pointed Gromov/Haussdorf topology.
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Remark: This space is seperable since it is a union of countably many compact sets.

Remark: We define the set X by:

X = M, M,,).
0 U(nLGJN )

By definition of the Gromov/Haussdorf topology, we may suppose that there exists a
complete metric (distance structure) d over X which coincides over M,, with d,, for every
n € NU{0}. We thus adopt the convention that if (gn)nen € (Mp)nen is a sequence and
if go € My, then the sequence (gn,)nen converges to go if and only if it converges to ¢ in
X with respect to the metric d.

Since M, is seperable, it contains a countable dense subset which we will denote by Q. For
every q € (), we define k, by:
kq = Inf{k €Ns.t. g€ BRk—i-l(pO)} .

For all g, let 6;% be the isometric radius of e, with respect to Kj,. Since @ is dense, we
have:
My = B .
0 qgQ ekq (q)
For every ¢ € @, we define (¢n)nen € (Mp)nen to be a sequence which converges towards
q. For all sufficiently large n, we have:

dn € Bqu+1(pn)~

These definitions will be of use to us in the sequel.

We now furnish the metric space underlying the limiting manifold with a C* differential
structure and a C*¥~1® Riemannian metric:

Proposition B.7

There exists a canonical maximal C** atlas A and a canonical C*~%® Riemannian metric
go over My such that the metric (distance structure) generated by go over My coincides
with do.

Moreover, for all n, the pointed manifold (Mo, po) is (K, €,)-normalisable over a radius
R,.

Proof: Without loss of generality, we may suppose that, for all n:
Gn € BquJrl(pn)'

For all n > Ny, , let (zg,n, Qqn, B, (0)) be a (Kq, €, )-optimal C*a chart of M, about
qn-
For all n, we define the metric gq , over Bekq (0) by:

Jgn = (Tgn)xGn-
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By the classical Arzela-Ascoli theorem, after extraction of a subsequence, there exists a
C*=1e metric g, over B, (0) such that (ggn)nen converges to g, in the weak Ch-le
topology. Since the metrics (gg.n)nen are uniformly bounded below, it follows that g, is
positive definite.

For all n, let dg,, be the distance structure generated over B, (0) by gq,n. Let dg be the
distance structure generated by g,.

Since, for all n, (z4,,)~" is locally distance preserving, by the classical Arzela-Ascoli the-
orem, there exists a locally distance preserving mapping &, : BE; (0) — My such that
q

(x5 )nen converges locally uniformly to &,.

Let = be a point in B.(0). Let p be the isometric radius of ¢ 4 about |z| with respect to
K. Since the restriction of & to B,(x) preserves distance, it is a homeomorphism onto
its image. Moreover, the image of £, is an open set. Indeed, let y be a point in B,(x).
Let 0 be such that the closed ball of radius 6 about y with respect to d, is a compact
subset of B,(x). We find that the image of the interior of this ball under the action of
&g is precisely the open ball of radius § about &;(y) in My, and the openness of &; now
follows. Since, for every n, (4,)”! is a homeomorphism, it follows that ¢,, being the
locally uniform limit of a sequence of homeomorphisms, is also a homeomorphism (see,
for example, lemma 2.2.2 of [6]). We thus define z, = £, and Q, = £‘J(B€Lq (0)) and we

q
obtain a chart (24, $q, B, (0)) of My about g.
q

Let ¢’ be another point in Q. We construct (zq,Qq, B, ,(0)) as for g. We suppose that
Q4N Qy # 0. Let K be a compact subset of QN €. We have z,(K) C B, (0). For all

sufficiently large n, we have:
1y (g () € 9

Indeed, let y be a point in z4(K). Let us define 2 € B , (0) by:

2= (g 02 )(y).
Let e be such that B, (z) € B¢ (0). Since the mappings (z4, )n>n,, are uniformly

q
bilipschitzian, there exists e; such that, for all n > Ng:

Bu(e;'(2)) Ca;'(Ba(2))
cQ

= 2y,

Since (z,'(y))nen and (x;l(z))neN both converge towards z,'(y) = x;l(z), it follows

that, for all sufficiently large n:

(m;nl (y) € 362/2(96;;11(@).
Consequently, there exists e3 such that, for all sufficiently large n:

-r;nl (Bés (y)) < B€2/2 (xq_nl )
c B, (xqzbl (2))
€ Qq,.
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Since y is arbitrary, and since K is compact, it follows that for sufficiently large n:

wo(14(K)) C Qg

dn
and we obtain the desired result.

Let B be an open ball whose closure is contained in z4(2, N2y ) C B, (0). In particular,
x;l(E) is compact, and thus, for sufficiently large n, x, o x;ﬂl is defined over B. By our
hypotheses, for sufficiently large n:

|zq, 0z lora(p) < K.
Consequently, by the classical Arzela-Ascoli theorem, there exists ¢ € C*(B) such that,

after extraction of a subsequence, (4 o xq_nl)neN converges to ¢ in the weak C*“ topology
over B. However, for all sufficiently large n:

-1 —1y _ —1
Ty, 0 (Tqy 0wy, ) = ag,
Consequently, by taking limits, we obtain:
§poa =&
= « =zg ozt

In particular, it follows that (x4 o x;l) is of type Cllzca

It thus follows that (z4,Qg, Be,, (0))qeq is a C*e atlas over M.
For all ¢, ¢’ € @, and for all sufficiently large n:
((l‘;n )*gn)|acq;1 (Qq% NQg,) — (xqi1 © 'r;nl)*((an)*gn”qu (Qq% Ny )-
Thus, taking limits, we obtain:
9¢' |z (@, n0y) = (@g 0 25 )ugal 2y, n0y)-

It follows that the family (g,)4co defines a C*~1* Riemannian metric go over My. More-
over, with these differential and Riemannian structures, for all n € N, (Mo, pg) is (K, €n)-
normalisable over a radius of R,,.

Let po,p1 be two points in My. Let ¢ € RT be a positive real number. There exist sequences
(Po,n)nen, (P1,n)nen € (Mp)nen such that (po.n)nen and (p1,n)nen converge respectively to

po and to p;. For sufficiently large n, we may suppose that:
dn(Po,n, P1,n) < do(po,p1) + €/2.
For all n, there exists a continuous path v, : I — M, joining po., to pi,, such that:

Length(vn) < dn(po,n,Pg.n) + €/2.
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Thus, for sufficiently large n:
Length(v,) < dn(po,p1) + €.

We may suppose that every -, is parametrised by a constant factor of arc length. The
classical Arzela-Ascoli theorem now tells us that there exists v : I — My such that (7, )nen
converges uniformly to g over I. In particular:

70(0) = po, Yo(1) = p1,
and:

Length(vo) < do(po,p1) + €.
Since € € RT is arbitrary, it follows that dg is a length metric.

However, for all g, if e;cq is the isometric radius of €, about 0 with respect to K, then
zq : (Qq,do) — (Bey , (0),dy) is an isometry of metric spaces. Thus dy coincides everywhere
locally with the distance structure generated over My by go. Since dj is a length metric,
the result now follows. [J

For all ¢ € @, we construct (x4, (g, Bekq (0y) as in the proof of proposition B.7. We now
make the following definition:

Definition B.8

Let U be an open subset of My containing pg. Let k € N be a positive integer and let
a be a real number in (0,1]. A sequence of C*® strong convergence mappings of
(M, pn)nen over U with respect to Q is a sequence (p,, )nen Such that:

(1) for all n, @, : (U, po) — (My,po) is a C’llzzl’a diffeomorphism onto its image, and
(2) for all q,q" € Q, the sequence (x4, © @y, © xq_l)neN converges to (zq o m;l) in the weak

CM topology. In other words, for every compact set K C 24(Q24NQy NU) C Be, (0):
q

loc
(a) there exists N such that, for alln > N:
zq(K) C Qy,
on(2q(K)) C Qg
and,
(b) (2 © on oy )n=n converges to x4 o' in the weak C** topology over K.
Remark: By taking subsequences, we may suppose that, for all ¢ € @Q, (m;ﬂl o x4) is a
sequence of C*® strong convergence mappings of (M, p,)nen over U with respect to Q.

We now prove theorem B.3 by induction. The induction step is guaranteed by the following
result:

Proposition B.9

Let U be an open subset of M containing py. Let (¢n)nen be a sequence of strong conver-
gence mappings of (M, p,) over U with respect to Q. For every q € Q) and for every rela-
tively compact open subset V- C U U, after extraction of a subsequence of (M, pr)nen,
there exists a sequence (¥, )nen of strong convergence mappings of (M, pn)nen over V
with respect to Q.
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Proof: Let (¢r, ¢ ) be a CF“-partition of unity of U U2, subordinate to the cover (U, §,).
q q q

Define K C UNQy by:
K =V NSupp(¢g) N Supp(¢v).
Since (¢n)n>n is a sequence of strong convergence mappings, there exists M; such that
for n > M;y:
on(K) C Qq,,-

For n > M, we define ¢, : V — M, by:

@n(p) if p € Supp(¢,)° NV,
Yn(p) = S (2" 0 24)(p) if p € Supp(¢v)° NV,
z,  (ou(p)(2q, © @n)(p) + dq(p)2q(p))  otherwise (ie., if p € K).

. . koo .
For all n, since ¢, is of type C|", so is ¥y,

Let p be a point in Supp(¢,)¢ USupp(¢r)®. Let Q be a neighbourhood of p in
Supp(¢4)¢ USupp(ér)€. Since, for all n, v, coincides over ) either with ¢, or with
(:vq*”l o xq), it follows trivially that (i, )nen is a sequence of strong convergence mappings
of (M, pn)nen over Q with respect to @. It thus remains to study what happens near
points in K.

Let p be a point in K. Let Q be a relatively compact neighbourhood of p in €. There
exists NV > Ny, such that, for all n > N:

QC QN ()
For n > N, and for z € z,(f2), we have:

(@q, ©Wn 023" )(2) = (pu 0 27)(2)(wg, 0 n 0 27" )(2) + (dg 0 257)(2)z.

Since (@n)nen is a sequence of C*> strong convergence mappings over U with respect to
Q, it follows that, since (24, 0 on 0z, ") (2)nen converges to x40z, ' = Id in the weak C’ff)f‘
topology over z4(€2). Consequently (x4, o ¥, 0 z;")(2)nen also converges to the identity
in the weak C® topology over u,(Q2).

loc

Let ¢',¢"” be two other points in Q. Let us suppose that p € Q, N Qg NQyr and let Q be a
relatively compact neighbourhood of p in 2, N, N Q.

For sufficiently large n, x4/ o4y, o :EqTI is defined over Q, and, for all z € Q:

(zqy om0y )(2) = (zqy 0 1y !) 0 (24, 0 Y 0 77 h) 0 (g 0 50).

It thus follows that (x4 oy, o m;l)neN converges to (zq o x(;,l) over  in the weak C’llfjco‘
topology.

It thus follows that for all ¢',¢" € Q, (xq 0 ¢y © xq_,l)neN converges to (x4 o xq_/l) in
the weak C** topology over z, (g Ny NV). Tt thus follows that, if we can show that
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the, for sufficiently large n, the restriction of ¥, to V is a diffeomorphism onto its image,
then (1, )nen will be a sequence of strong convergence mappings of (M,,, p,,) over V with
respect to Q.

Forall ¢, ¢" € Q, for sufficiently large n, ownox;,1 is everywhere a local diffeomorphism.
Consequently, for all sufficiently large n, 1, is everywhere a local diffeomorphism. It now
remains to show that, for all sufficiently large n, v, is injective.

Suppose that there exists (2, )nen, (Yn)neny € V such that, for all n € N:

By compactness, we may assume that there exists zo, yo € V such that (2, )nen and (Y )nen
converge respectively to zo and yo. Since, for all ¢, ¢” € @, the sequence (z 4/ ownomgl)neN

q,l, we find that o = yo. Since this sequence converges in the weak

C’llf)ca topology and since k > 1, it follows that x,, = y, for all sufficiently large n (see, for
example, lemma 2.2.3 of [6]). This is absurd, and it follows that there exists N such that
for n > N, the application ¢, : V. — M, is a diffeomorphism onto its image. The result

now follows. [

converges to xy o x

We may now prove theorem B.3:

Proof of theorem B.3: By proposition B.9, for every finite family Q' C @, and for every
relatively compact subset V of Uzeqr €24, we may find a positive integer NV and a sequence
of % strong convergence mappings (¢n)n>n over V. Using a diagonal argument (a la
Cantor), we may thus find:

(1) a sequence of real numbers (p, )nen such that (pp)nen T 00, and
(2) for all n € N, a local diffeomorphism ¢, : (B, (po),po) — (M, po),

such that, for all N € N, the sequence (¢,)n>n is a sequence of strong convergence
mappings over B, (po).

Consequently, for all N € N, and for all n > N, the restriction of ¢, to B,, (po) is a

diffeomorphism onto its image. Moreover, since (5, ),>n I8 a sequence of strong conver-

gence mappings over B, (po), we find that (¢} gn)n>n converges to go in the weak Cho

loc
topology over B, (po) and the first result now follows.

The second result follows directly from proposition B.7 and the third result is an immediate
consequence of the fact that (¢, )nen is a sequence of strong convergence mappings. [
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