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Abstract

The equivalence problem under local unitary transformation for n—partite pure
states is reduced to the one for (n — 1)—partite mixed states. In particular, a tripartite
system H4 ® Hp ® Hc, where H; is a finite dimensional complex Hilbert space for j =
A, B, C, is considered and a set of invariants under local transformations is introduced,
which is complete for the set of states whose partial trace with respect to H4 belongs
to the class of generic mixed states.
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Introduction

The importance of a measure to quantify entanglement became evident in the years by the
number of applications exploiting nonlocality properties which have been developed: we
mention, among others, quantum computation (see, e.g., [1,2]), quantum teleportation (see,
e.g., [3-10]), superdense coding (see, e.g., [11]), quantum cryptography (see, e.g., [12-14]).

Many proposals have been made for a measure of entanglement in the bipartite case, see
e.g., [15-22]. Less results are known instead for the tripartite and in general for the n—partite
case [20,23-25], although such systems are important for example in quantum multipartite
teleportation or telecloning processings.

One of the properties employed in the bipartite case is the Schmidt-decomposition [26].
However this decomposition is a peculiarity of bipartite systems and does not exist for n—
partite ones, a sign of the complexity of the many-partite problem. Generalizations of the
Schmidt-decomposition have been proposed [27-30], but the results are not sufficient to
provide good measures of entanglement in the n—partite case. In the following, we first
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reduce the n—partite problem to a (n-1)-partite one. To illustrate this, we consider the case
of a tripartite system. Then we define invariants under local unitary transformations which
form a complete set at least for tripartite states for which a solution of the bipartite problem
for entanglement measures is known.

Tripartite states as bipartite ones

Let ‘H4, Hp, and He be complex Hilbert spaces of finite dimension N4, Np, and N,

respectively, and let {| j)k}évz’“l, k = A, B,C, be an orthonormal basis of H;. A pure state
1¥) in Ha ® Hp ® He can then be written as

Ny Np Nc¢ N4 Np N¢

|¢>:Zzzajkl|j>A®|k>B®|l>C, Zzz%kla}‘klzl.

=1 k=1 I=1 =1 k=1 I=1

We denote by U(H) the group of all unitary operators on the space H.

First of all, we can consider tripartite states as special cases of bipartite ones, by decom-
posing the system into two subsystems, for example A-BC'. The following lemma holds.

Lemma 1 Let |¢), [¢V') be two pure states in Ha @ Hp @ He and define p = Tra ([¢0)(]),
p="Tra (|¢)(Y']), where Tra denotes the partial trace with respect to H 4.

a) The function I\(|v)) = Tr p® is invariant under local unitary transformations, for any
a e Ny

b) If IA(JW")) = IA(|)) for a = 1,...,min{N4, N - N¢}, there exist Uy € U(Hn,),
Upc € UHp ® He) such that |¢'y = Ua @ Upc|t). In particular, p' = UBCpU;C.

Proof. As already shown in [25], a) is easily proved as Tra(|1)(¢)|) = AL A%, where A4 is
the matrix obtained considering |¢)) as a bipartite state in the A-BC' system, with the row
(resp. column) indices from the subsystem A (resp. BC). The indices T resp. * denote
transpose resp. complex conjugation. As an example,

A, = ( 111 Q112 A121 A122 )
A 211 Q212 A221 A222
is the matrix A4 for the case Ny = N = Ng = 2. Indeed, if [¢') = Uy ® Up @ Uc|)), with
U € UMH,;), i = A, B,C, then A, and A, are related by
A;‘ = UAAA(UB & Uc)T
and
L)) = Tr(AFAD)® = Te((UaAa(Us @ Uo)" ) (UaAa(Up @ Uc)™)" )"
= Tr(Up ®@ Ug(ATAY)*(Up @ Ug)T) = Tr(AL A%)”
= (Y

for any power aw € N. The decomposition [¢)') = Us ® Upcly) follows directly considering
|4) as a bipartite state of the system A-BC' and applying the results of [21]. [



Remark 1 The statement can be generalized to n—partite systems: the equivalence problem
for n—partite pure states is reduced in this way to the equivalence problem for (n — 1)-partite
mixed states.

Reduction to bipartite mixed states

Lemma 1 allows us to reduce the tripartite problem on H, ® Hp ® H¢ to a bipartite problem
on Hp @ He.

Lemma 2 Let |¢') = Ug ® Ugc|t), with Us € U(Ha), Uge € U(Hp ® He) and define
p="Tra(|)W]), o' =Tra([¥)W')). If

P =Up®UcpUl @ UL,
where Ug € U(Hp) and Uc € U(Hc), then there exist matrices Vo € U(Ha), Vg € U(Hp),

Ve € U(He) such that
) =Va@ Ve @ Vely),

i.e., |Y) and |¢') are equivalent under local unitary transformations.

Proof. On one hand we have

Usc Tra (19) (@) Ube = Tra (1@ Upc[¥){(|(1® Usc)")"”
= Tra (Ua ® Upc|v)($|(Ua ® Use)')"
on the other hand

Up @ Uc Tra (|0)()])* UL @ UL = Try (Us ® Up @ Uc|y) ($|(Us @ Up @ Ue)')* .

Since this holds for any power v € N, there exist a local unitary transformation W, on H 4
such that

Ua @ Upc|t0) (¥|(Ua ® Upe)'
=(Wa® 1@ 1)Us @ Up @ Uc|))(9|(Ua @ Up @ Uc)T(Wa @ 1 1)f
=WaUs® Up ® Ug|Y) (| WalU, @ Up @ Ug)' .

Hence _
W’) =Us @ Upcl) =Ua@ U @ Uc|t),

where U A is equal WUy, up to a phase factor. [

Lemma 1 and Lemma 2 together give rise to the following proposition.

Proposition 1 For pure states 1) and |[¢'), p = Tra (|00)(¥]) and p' = Tra (|J¢")(Y']), we
have that I2(|y")) = IA(|0)) for a = 1,...,min{N4, Ng - N¢} and p' = U @ UgpU}, @ U},
for some Ug € U(Hp), Uc € U(He), if and only if |¢) and |¢') are equivalent under local
unitary transformations.

Remark 2 A result corresponding to Lemma 1, Lemma 2, and Proposition 1 holds when
tripartite is replaced by n—partite, for any n > 3, by splitting the system A;A,... A, into,
e.g., AlfAQ ce An



New invariants

The next step is to find further invariants under local unitary transformations which give
the same value for two states if and ony if p’ can be written as Ug ® UCpU; ® Ug for some
unitary transformations Ug € U(Hp), Uc € U(Hc), the main obstacle being the fact that in
general p is a bipartite mixed state and there is no general characterization of entanglement
for that case.

The generalization of I2(|¢))) to bipartite mixed states is Tr(Tr;(p))*, where j = B, C.
For a pure state ) € Ha ® Hp ® He this means to consider the functions

Tr(Tr; (Tra |[)(4))"

Therefore we introduce the following set of new invariants

L5(19)) = Te(Trg (Tr ) (0])*)7 (1)
where j,k € {A,B,C}, j #k, and o, f € N .

Lemma 3 The functions [J’ 5([1)) defined in (1) are invariant under local unitary transfor-
mations Uy @ Ug ® Ug.

Proof. As a model we consider Ii’f(hﬂ)). The other cases can be treated in an analogous

manner. We have
A B
Tra(lo) @) => Y Z k1@, k1) (Pl | (2)

Jj=1 k,p=11l,q=1

where |kl) stands for |k) 5 ®|l)c. Multiplying (2) a times (a € N) and calculating the partial
trace on ‘Hp of the matrix obtained we get

Trp (Tra |¢><¢|)O‘

A B
1P14q1 2P141 2P2G92 242 ‘a a—1qa—1 i Paq. ‘lpa”ll | 1><2C¥|
] j q .7 .]3p q2 - HJap q. ja aqa ) m

=1, p1=1, q1=1,
j2=1, p2=1, ¢q2=1,

]azl pa—l QQ—L
mi1=1

and hence

Tr(Trp (Tra |v) (w))™)?
I} N

B
*
| | E E E e a; a;
Jhpqukl Uiy Pry Gy TkaPko_19%0_1 " " JkaPkalka Ik Pkalk—1q | 9

k=1 ji, =1, pr,=1, qx, =1,
]k2—1 Pk2—1 Qk2—17

Jke =1 Pkafl Qkafl

where ¢o, = ¢s,. Instead of the one employed in the proof of Lemma 1, an alternative
way to consider the factors ajj; is by writing them in matrices (AY));: the index j sets the



considered matrix and k, [ descrlbe the row and column of AY), respectively. That is, we

write [¢) = Z DD P u )\ jkl). Using this notation, one obtains
Tr(Trp (Tra |¢><¢|)a)
Na
_ Z (H Tr(Aml)TA(ij)) Tr<A<jk2>TA<jk3>) . Tr<A<jka_1>TA<jka>)>
Jigseesdlq =1 k=1
J29 5000 J2a71
JB1ssJBa=1

Tr(AGs)T 460 AUs-10T gGs10) | 4G1)T 01y |

For a local unitary transformations U @ V ® W we have

Na Np Nc¢
W) =UVeW) =Y 3 Y AYjk)
7j=1 k=1 I=1
Ny Np Nao N N¢
UaVeaWw) =Y. > ZAM UngVosWalmpa) = Y - > > U (VAW ) kD),
jm=1k,p=11,q=1 7m=1 k=1 =1

e, A = S04, Ujn(VATWT), and
Na

Tr<A/<pqr)TA/(qu+l>>: S UL Tr(AT g0m2)),

m1pg, P y1M2
m1,ma=1

Therefore

B
( 11 Te(A'0)" 41080y Ty 408! 103y Tr(A/uka,l)TA/(jka))) _

k=1

.Tr(A’(jﬂa)TA’(jﬂl)A/(jﬂ_la)TA/(jﬂ_ll) 3 'A/(jla)TA/(jll))
o Z Z <H Umkljm Ujkz”kz Umkzjkz Uj’“3nk3 o Ujk“nka

mﬂl ..... mﬂazl n/gl 44444 nﬂail

T (AT 400y T AT AGg)Y | Tr( AT A(nka>))
Ul Uy, g UL U

PBadBa ~IB1981 ~Pp-1,8-1, IB-1198-11 "'Uj11q11
CTr( AP A@5) APs-12)T glas-1) | A®1)T glan)y
The result follows, since U is unitary and hence ), U ;kUkl =0;. O

Remark 3 The invariants IJ 5([¥h)) can easily be generalized to n-partite systems: the
functions

I(]xij(xzz’w’]n (|¢>) =Tr (Trj1 (Trjz ( (Trjn |¢><¢|)o¢n .. ) )OQ) ' , 0y € N7 1= 17 R

.....

are invariant under local unitary transformations U; @ Uy ® - - - ® U,,.

5



Unfortunately, the invariants (1) seem to be sufficient only in the case in which the A,
of the decomposition p = Y77 A;j|¢;)(p;|, where n < Np - N¢ and ¢; € Hp @ Hc for all j,
are not degenerated, i.e, \; # A\, for j # k. Indeed, the following lemma holds.

Lemma 4 Let |[¢)) and |¢)') be two tripartite pure states such that ]i];(|1/1>) = Iil;(h//)) for
J.ke{A,B,C}andj#k, a=1,...,N,-N,, and § =1,...,N,, where q,r € {A,B,C}
and r is different from j, k and q. Then,

a) there exist U, € U(H,) and U,, € U(H, ® H,), with p, q, r different from each other,
such that [¢") = U, @ U, ,|¥);

b) for any |¢m) of the decomposition Tr, (|V)(Y]) = > 0 _, /\gﬁ)\gogﬁ)ﬂgo%)\ for which A%
1s not degenerate we have

Uprlo®) = 0" @ ur|p®)) = uy @ 02y

where v;", uy € U(Hy) and u,, v € U(H,).

Proof. Part a) was already proved in Lemma 1, since
() = I5(1w)) = () = 15(1v")

Further we know that Tr, (|¢')(¢'|) = U, Tr, (J) (¥]) Ug,r. Since [;%(W’)) = [;%(W)) for
B=1,...,N,, with r different from ¢ and k, there exists a u, € U(H,.) such that

Ty, (Trg [') (') = w, Ty (T [40) ()" wf

Therefore, since this result holds for all o = 1,..., N, - N,, where 4, ¢, r are different from

each other, and the A? are not degenerated, for any m there exists a uf]m) € U(H,) such
that

UpeloDNeDIUS, = (™ @ D10 u) @) (211 @ ) (u™ @ 1)f
= (W™ @ u)|e®) (PP (W™ @ u,)t

The statement follows, as ](gogﬁ)\(uém) ® u,ﬂ)Tqu,ﬂ]gp%)H =1. O

Remark 4 1. Lemma 4 b) is only sufficient if p is a pure state.

2. For n-partite pure states the condition [i%(\@b)) = [i%(\@b’)) for j,k € {A1, Ag, ..., An}
implies |¢)) = Uy, @Up, ps....p, [) Tor some Uy, € U(Hy,), Upg,ps,..op € U(Hp, @ - -@H,, )
and

n

Up2 44444 pn|gp§pl)> = U}Zz ® ups 44444 pn|gp§pl)>
for any |g0§-pl)> of the decomposition Tr,, (|¢){(¥|) = >0, A§p1)|g0§-pl)>(g0§p1)| such that
)\§-p 1 is not degenerated. Further

ey =t @, o))

for Tr,, <|g0§pl)><gp§p1)|> =y, A§f’,f)|go§f’,§)>(gp§f’,f)|, if )\g.f’,f) and )\§m) are not degenerated,

and so on. Note that only the invariants I 5 were considered, and not [T



A special case for tripartite states

Complete sets of invariants for the case of bipartite mixed states are known only for some
special cases. For example, in [21] a complete set was presented for the case in which the
state p = D" Anlom) (pm| 1s a generic mixed state. To define this set, we need further
invariants:

O(p)jr = Tr (Tra(p;) (wil)" Tra(ler) (0r)*) » Qp)jx = Tr (Tro(les) (@5]) Tre(ler) (exl) -

Assume without loss of generality that Nz < N¢ and complete O(p) and Q(p) to (N3 x N3)-
matrices by defining O(p);x = Qp)jx = 0 for n < j,k < N7. A bipartite mixed state is
called generic if the (N3 x N#)-matrices O(p) and Q(p) are non-degenerate.

If p is a generic mixed state and UpUT, with U unitary, gives the same values as p for
the invariants J?(p) = Tr(Tr;(p®)), where j € {B,C}, O(p), Q(p), and

Y(p)ju = Tr(Trp(le;) (i) Tra(ler) (ee) (Tra(len) (wil)*)
X(p)j = Tr(Tre(le)(w;]) Tre(lor) (o) (Tre (e (@il)

where j,k,I = 1,...,n, then p and UpU' are equivalent under local unitary transfor-
mations [21]. That is, if Tra(|e))(¢|) is a generic mixed state and the above invariants
give the same results for Tr(|v)(¢]) and Tra(]o')(¢']), as well as I2(|1h)) = IA(|y")) for
a=1,...,min{Na, N3}, |) and |¢') are equivalent under local unitary transformations.
The number of invariants one needs to calculate can be diminished if one considers (1) and
takes into account Lemma 4.

Proposition 2 Let ) and |¢') be two pure states of Ha @ Hp @ He and assume that
p = Tra(|) (W) is a generic mized state. |v¢) is equivalent to |¢') under local unitary
transformations if and only if

I (lw)) = 125 (11) (3)
fors € {B,C}, a=1,..., min{N3, NZ}, 8 =1,...,N,, where r € {B,C} but is different
from s, and for p" = Tra(|¢"){(¢'])

O(p)ju =00 ), Q)= )jw, Y (P)ju =Y (), X(P)jw =X (4)
for the j, k such that A\j = \j.

Proof. As remarked above, the invariants (4) are sufficient to establish whether two states
for which the partial trace on H 4 is a generic mixed state are equivalent or not. It remains
to prove that (4) is fulfilled when \;, A, and \; are non-degenerate, if (3) holds. This follows
from Lemma 4 Indeed, for example

Tro(l@) (@) = Tre(Uselei)(ilUke) = Tro(up ® vh| ;) (sl (up @ v4))
= up Tro(1® vl o) (0| (1@ vlh)uly = up Tre(le;) (05])ul

hence

Q) = T (Tre(lp)(5]) Tra(leh) (@hl)) = Tr(up Tre (@) (i) ubus Tre (o) (el ul)
= Tr(Trc(li) (eil) Tre(ler) (exl)) = Qp)jr. -

The same holds for O(p), Y(p), and X (p). O



Remark 5 We know that the rank of p is smaller than min{ /N4, Ng - N¢} (see, e.g., [31]).
On the other hand, the assumption that p is a generic mixed state implies that p has full
rank, i.e., Ng - Ng. Therefore, in order to fulfill the conditions of Proposition 2, we need
Ny > Np - Ng.

In this last section we have seen that a criterion for equivalence of a class of bipartite
mixed states gives rise to a criterion of equivalence for a class of pure tripartite states.
In [32], the complete invariants for another two classes of bipartite mixed states are given.
For bipartite mixed states on C”™ x C",

N
p=">_ wla)él,
=0

where the rank of p is N +1 (N > 1), y are eigenvalues with corresponding eigenvectors
&) = 224 ff]l)\zﬁ Let A; := (fg)), pr = AjAf, and 6, .= AfA;, for | =0,1,...,N. If each
eigenvalue of py and 0y has multiplicity one (i.e., is “multiplicity free”), then p belongs to
the class of density matrices to which a complete set of invariants can be explicitly given.
For rank two mixed states on C™ x C" such that each of the matrices pg, p1, 6, and 6, has
at most two different eigenvalues, an operational criterion can be also found. From these
criteria for bipartite mixed states, by using Lemma 4 we can similarly obtain criteria for
some classes of pure tripartite states.

Conclusion

We have reduced the equivalence problem for n—partite pure states to the one for (n-1)—
partite mixed states and in the special case n = 3 we have constructed a set of invariants
under local unitary transformations which is complete for the states with partial trace on
H 4 which is a generic mixed state.
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