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Abstract

We discuss the existence of generalized solutions of the flow of two immis-
cible, incompressible, viscous Newtonian and Non-Newtonian fluids with and
without surface tension in a domain @ C R%, d = 2,3. In the case without
surface tension, the existence of weak solutions is shown, but little is known
about the interface between both fluids. If surface tension is present, the en-
ergy estimates gives an a priori bound on the (d — 1)-dimensional Hausdorff
measure of the interface, but the existence of weak solutions is open. This
might be due to possible oscillation and concentration effects of the interface
related to instabilities of the interface as for example fingering, emulsification
or just cancellation of area, when two parts of the interface meet. Neverthe-
less we will show the existence of so-called measure-valued varifold solutions,
where the interface is modeled by an oriented general varifold V'(¢) which is
a non-negative measure on Q x S¥!, where S?! is the unit sphere in R
Moreover, it is shown that measure-valued varifold solutions are weak solution
if an energy equality is satisfied.

Key words: Two-phase flow, free boundary value problems, varifold solutions,
measure-valued solutions, surface tension

AMS-Classification: 35030, 35Q35, 76D27, 76D45, 76T99

1 Introduction and Main Results

We study the flow of two incompressible, viscous and immiscible fluids like oil and
water inside a bounded domain Q or in = R?, d = 2, 3. The fluids fill domains 2, (¢)
and Q_(t), t > 0, and the interface between both fluids is denoted by I'(t). The flow is
described using the velocity v: € x (0,00) — R and the pressure p: Q x (0,00) — R
in both fluids in Eulerian coordinates. We assume the fluids to be of a generalized
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2 1 INTRODUCTION AND MAIN RESULTS

Newtonian type, i.e., the stress tensors are of the form T*(v, p) = 2v%(|Dv|) Dv — pI
with viscosities v+ depending on the shear rate |Dv| of the fluid, 2Dv = Vv + VoT.
Moreover, we consider the cases with and without surface tension at the interface.
Precise assumptions are made below. Under suitable smoothness assumptions, the
flow is obtained as solution of the system

o +v- Vo —divT*(v,p) =0 in QF(t),t >0,
dive =0 in QF(t),t > 0,

n-T (v,p) —n-T (v,p) =rkHn onT(t),t>0,
V=n-v onl(t),t>0,

v=20 on 08),t > 0,

V|i=0 = Vo in Q,

N N N N TR
— = = = =
S Ot = W N~
~— — — ~— ~—— ~—

together with Q(0) = QF. Here V and H denote the normal velocity and mean
curvature, resp., of I'(t) taken with respect to the exterior normal n of 9Q7(t), and
k > 0 is the surface tension constant (x = 0 means no surface tension present).
Equations (1.1)-(1.2) describe the conservation of linear momentum and mass in
both fluids, (1.3) is the balance of forces at the boundary, (1.4) is the kinematic
condition that the interface is transported with the flow of the mass particles, and
(1.5) is the non-slip condition at the boundary of 2. Moreover, it is assumed that
the velocity field v is continuous along the interface.

Most publications on the mathematical analysis of free boundary value problems
for viscous incompressible fluids study quite regular solutions and often deal with
well-posedness locally in time or global existence close to equilibrium states, cf. e.g.
Solonnikov [29, 30], Beale [3, 4], Tani and Tanaka [33], Shibata and Shimizu [24]
or Abels [1]. These approaches are a priori limited to flows, in which the interface
does not develop singularities and the domain filled by the fluid does not change
its topology. In the present contribution we consider certain classes of generalized
solutions, which allow singularities of the interface and which exist globally in time
for general initial data. For this purpose, we need a suitable weak formulation of
the system above. Testing (1.1) with a divergence free vector field ¢ and using in
particular the jump relation (1.4), we obtain

_(U7 at(p)Q - (U0> 90|t:0>§2 - (U ® v, VQD)Q
H(S(x. Dv), D)o = # / (How, o(t)) db (1.7)

for all ¢ € CF (22 x [0, 0))4, divy = 0, where Q = Q x (0,00), x = xa+, S(1, Dv) =
2v"(|Dv|)Dv, S(0, Dv) = 2v~(|Dv|)Dv, and

(Hro, o) = [ Hn- o) ') (1)



Now the aim is to construct generalized solutions in a class of functions determined by
the energy estimate: If v and I'(¢) are sufficiently smooth, then choosing ¢ = vx[o,r|
in (1.7) one obtains the energy equality

ST o) + HEH(T(T))

T
1
+/ / S(x, Dv)Dvdxdt = §||vo||%z(ﬂ) + KHHT) (1.9)
o Ja

for all 7' > 0, where Iy = 0Q. — Note that gH*'(I(t)) = — [, HV dH*" =
—(Hpgy,v(t)) due to (1.4), cf. Lemma 2.3 below. — Now assuming that

vE(|Dv)) > ¢|Dv|?2
for ¢ > 1 the equality above gives a uniform bound of
v € L(0,00; L2(€)) N LU0, 00; W, (),

where we refer to Section 2.2 below for the precise definitions the function spaces in
this section. Moreover, we note that

(Vx(), ) = / vl dr = / n - () dHO (2)

I(t)

for all o € C5(2)%. Hence the distributional gradient Vy(¢) is a finite Radon
measure and ||Vx(¢)||m@) = H*HD(¢)). Thus, if £ > 0, x(¢) € BV(Q) for all t > 0
and the energy equality above gives an a priori estimate of

X € L=(0, 00; BV(Q)).

In the case without surface tension, k = 0, we only obtain that y € L*(Q) is a
priori bounded by one. This motivates to look for weak solutions (v, x) lying in the
function spaces above, satisfying (1.9) with a suitable substitute of (1.8), such that
(v, x) solve (1.7) as well as the transport equation

Ox+v-Vx=0 in Q, (1.10)
X|t=0 = Xo in (1.11)

for xo = Xqp in a suitable weak sense, where (1.10) is a weak formulation of (1.4),
cf. [17, Lemma 1.2].

In the case without surface tension and for Newtonian fluids, i.e., v*(|Dv|) =
vt > 0, the existence of weak solutions (even for N-fluids with different densities)
was proven by Nouri and Poupaud [17]. Moreover, Giga and Takahashi [10] consider
the case of a two-phase Stokes flow with v* close to . The main difference in
their approach is that (1.10)-(1.11) is replaced by a transport equation for a level set
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function, which is solved in the sense of viscosity solutions. Due to a lack of regularity
in the velocity v only sub- and super-solutions exists, which may differ. This causes
the possibility of “boundary fattening”, cf. [10] for details. — In [17] and the present
contribution the transport equation is solved in the sense of renormalized solutions
due to DiPerna and Lions [9]. But also the result of Nouri and Poupaud does not
give good information for the interface I'(t) since Q7 (t) = {x € Q : x(t) = 1} is
only known to be a measurable set. Moreover, we note that Wagner [35] consider
generalized solutions of a one-phase flow for an ideal, irrotational and incompressible
fluid and that Gomez and Zolésio [11] treated a quasi-stationary two-phase flow for
shear thinning fluids.

Because of the better a priori estimate in the case with surface tension, one might
expect to get better results in this case. But unfortunately the additional mean
curvature term causes severe problems in the construction of weak solution, which
might be related to instabilities of the boundary when fingering or emulsification
takes place, cf. e.g. Joseph and Renardy [13]. The only known results for generalized
solutions in the case of surface tension are due to Plotnikov [20] for a two-dimensional
flow of shear thickening fluids (i.e. ¢ > d = 2 above) and [21] for the case of
compressible fluids as well as Salvi [23] for an incompressible viscous Newtonian
fluid. In Plotnikov’s contributions the mean curvature term is interpreted as the first
variation of a so called general varifold and it is shown that for almost all ¢ > 0
the varifold is supported on a rectifiable closed curved dividing the plane into two
disjoint domains Q*(#). The latter solutions can be considered as some kind of
measure-valued solution and are related to the solutions constructed in the present
contribution. In [23] no interpretation of the meaning of the mean curvature term
for the constructed weak solution is given.

It is the purpose of this article to introduce a notion of so called measure-valued
varifold solutions of the two-phase flow described above. The definitions are in
the spirit of measure-valued solutions for conservation laws and the flow of non-
Newtonian fluids as studied for example in [12]. Measure-valued solutions were
introduced in order to model possible oscillation and concentration effects on an
infinitesimal scale, which mathematically do not allow to prove the convergence of
a suitable approximation scheme to a weak solution. In the present two-phase flow
we have to deal with possible oscillation/concentration effects of the shear tensor
Du(z,t) as well as of the boundary I'(¢). Therefore the definition of a measure-valued
varifold solution uses the Young measure generated by the shear tensors Duv.(z,1)
of an approximate sequence (v, x:), € > 0, as well as an oriented general (d — 1)-
varifold V' (¢) generated by the sequence of surfaces I'.(t) of the approximation. Here
a generalized (d — 1)-varifold V' is simply a non-negative measure V € M(Q x S71),
which by disintegration can be represented as a non-negative measure |V| € M (),
corresponding to a surface measure, together with a family of probability measures
V., v € Q, for the normal vector of the “surface” n € S% !, which models possible
infinitesimal oscillations of the interface.

Before we come to the precise definitions and results we make the following as-



sumptions:

Assumption 1.1 We assume that k > 0 and Q = R? or that k = 0 and Q C R¢
is a bounded domain with Lipschitz boundary or Q = R%, d = 2,3. Moreover, let
q>1andletv(j,s), j=0,1, be twice continuously differentiable for s > 0 such that
v(j,s)s* is continuous at 0 and v(j,s) satisfy

d d?
COSQ72 < V(j? 8) < COSqiza _(V(j75)8) >0 @

ds (v(j,s)s*) >0  (1.12)

for some constants co, Cy > 0. Finally, we set S(0, A) = 0v(1,|A])A+(1-0)v(0, |A])A
for every A € R&xt 0 € [0,1], and Vo(Q) = W) o()? N LL(Q) if Q is a bounded do-

sym?

main and V,(RY) = {v € WHRY? : dive = 0}.

We note that the simple power law v(j, s) = ;5772 satisfies the conditions above.

Before defining generalized solutions of the two-phase flow with surface tension
we need some notation: An (oriented) general varifold is a non-negative V € M(R?x
S%1). For such a general varifold V

6V, o) = /R =599 Vo) dVins).  peCR. (1.13)

denotes its first variation. Moreover, let Q) := Q x (0,00), Q; = Q x (0,t), and let
(.,.)a denote the L?-scalar product on M.

Definition 1.2 (Measure-Valued Varifold Solutions)
Let k > 0 and let Assumption 1.1 hold. Thenv € L*>(0, 00; L2(R?))NLI(0, oo; V,(R?)),
x € L*°(0,00; BV (R%{0,1})), pn € L(Q; Prob(RE*4)), and V € L>°(0, 0o; M(RY x

sym
S 1), V() > 0 for a.e. t > 0, is called a measure-valued varifold solution of the
two-phase flow for initial data vy € L2(R?), xo = Xagf for a bounded domain Qf € R?

of finite perimeter if
- (Ua at@)@ - (Uo, 90(0>>Rd - (U ® v, VQD)Q

+ ( " S(x:A) dux,t(A),Dq:) = —m/o OV (1), p(t)) dt (1.14)

sym Q

for all ¢ € C’E’&(Rd x [0,00))¢ with divy = 0, if

/Rd . s-(x)dV(t)(z,s) =— g Y dVx(t), = CO<Rd)d7 (1.15)

/dXd Adpig 1 (N) = Dv(z,t) (1.16)
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for almost all (x,t) € Q, if x is the unique renormalized solution of the transport
equation (1.10)-(1.11), cf. Section 2.5 below, and if (v, x,V, 1) satisfies the general-
ized energy inequality

1 1
S+ IV O+ [ [ S06A): A dla, ) < Sl + Kl Fxall (117

for almost all t € (0, 00).

Remark 1.3 1. If V(¢) is obtained from a C'-surface I'(¢) in the natural manner,
(8V(t),.) coincides with the first variation of H¢ !|I'(¢), cf. Section 2.3 below.

2. Note that by the assumption on v(j,5), A — S(x,A) : A\, A € R4 5 a

sym?
strictly convex function. Therefore by the generalized Jensen inequality, cf.

(2.4) below, and (1.16)
/ S(x, Dv) : Dvd(z,T) < / /S(X, A) ANy - d(x, T) (1.18)

for almost all (z,7) € @ with equality if and only if ;- = dpu(ar)-
3. Let (VL(t),|V(t)]), = € RY, denote the disintegration of V(t) € M(R? x

S%1) into a non-negative measure |V (¢)| and a family of probability measures
Vo(t) € M(S% 1) as described in Section 2.3 below. Then (1.15) implies that
IVx(®)[(A) < |V(t)|[(A) for all open sets A and almost all ¢ € (0,00), cf. (2.2)
below. Hence |Vx(t)| is absolutely continuous with respect to |V (¢)| and

[ r@avxl= [ @ dviel, 1 ecr)

for a |V (t)|]-measurable function 6;: R? — [0, 00) with |6;(x)| < 1 almost ev-
erywhere. In particular, this implies supp Vx; C supp V(¢) and ||V x()||m <
IV (t)]|am for almost all t € (0,00). Hence every measure-valued varifold solu-
tion satisfies the energy inequality

1 1
SO + A1V Lan + (S Do), Doda, < 3 ool + wlVxollae— (119)

for almost all ¢ > 0. Moreover, if E(t) = {z € R?: x(z,t) = 1}, t > 0, then
E(t) is for almost every ¢t > 0 a set of finite perimeter, cf. Section 2.4 below,
and (1.15) yields the relation

/Sdl s dVa(t)(s) = {et(x>”<x> if v € 0,

0 else

_ix(®)
[Vx(®)]
the exterior normal of the reduced boundary 0*E; of E; and x(t) = xg,. — In

other words, the expectation of V,(t) is proportional to the normal n on the
interface and zero inside the fluid.

for |V (t)|-almost every z € R? and almost every ¢ > 0, where n = is



4. In general, it is an open problem whether V'(¢) is a so-called countably (d — 1)-
rectifiable varifold, which implies that V,.(¢) is a Dirac measure for |V (¢)|-almost
every . Then V() can naturally be identified with a countably (d — 1)-
rectifiable set — a “surface” — equipped with a density #; > 0. So far we
can only give a sufficient condition for the rectifiability of V' (¢) in terms of a
regularity condition for the pressure p(t) or the first variation dV (). See the
Appendix A below for details.

An open question is whether there are measure-valued varifold solutions such
that the first variation (0V,.) coincides with the negative mean curvature functional
associated to x(t), which is defined below, and such that p, ; coincides with the Dirac
measure 0py(z) almost everywhere. If this is the case, we call it a weak solution:

Definition 1.4 (Weak Solutions)

Let (v, x,V,u) be a measure-valued varifold solution of the two-phase flow in the
sense of Definition 1.2. Then (v,x, V) is called a varifold solution if u,: = ODv(a,t)
for almost all (z,t) € Q. If (v,x,V) is a varifold solution, then (v,x) is called a
weak solution of the two-phase flow if

BV (1),0) = —(Hyg ) = /R TP AVAD] for all b € Ol (RY)

and for almost all t € (0,00), where P, =1 — |§§8\ ® %, cf. (2.5) below.

From the definitions one derives the following general properties of measure-valued
varifold solutions:

Proposition 1.5 (Properties of Measure-Valued Varifold Solutions)
Let (v, x,V, 1) be a measure-valued varifold solution. Then:

1. If (v, x, V) satisfies the energy equality
1 1
SI@Iz + &IV (Ol + (SO, Dv), Do), = 5lvollz + #ll Vol (1.20)

for almost all t € (0,00), then (v,x) is a weak solution. Moreover, if (1.20)
holds with ||V x (t)||m replaced by ||V (t)||m, then (v, x, V) is a varifold solution.

2. If ¢ > d, then x € BV (Qr) for every 0 < T < oc.

Our main result concerns existence of measure-valued varifold solutions with some
additional properties:

THEOREM 1.6 (Existence of Measure-Valued Varifold Solutions)
Let g > ﬁdw let vg € L2(RY), let Qf € RY be a bounded C'-domain, and let xo :=
Xag - Then there is a measure-valued varifold solution (v, x,V,u) of the two-phase

flow as in Definition 1.2. Moreover,
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1. If d = 2 or ¢ > d, then supp V(t) C Bgr(0) for all t € [0,T] for some R =
R(T, x0,v0) and arbitrary T > 0.

2. If ¢ > d =2, then (v,x,V) is a varifold solution and supp |V (t)| = T} is a
compact rectifiable set and |V (t)| > H'|T; for almost all t > 0. Moreover,

(T3, T5) < Clty — ta| 7 for all 0 < t1, 1, < 00,
where dg(.,.) denotes the Hausdorff distance.

Remark 1.7 The case ¢ > d = 2 was already studied by Plotnikov in [20], where a
similar result is shown, but his definition of a varifold solution is different: Properties
of V(t) and supp |V (t)| = I'j, which can be shown for ¢ > d = 2, are taken as part
of the definition of a varifold solution. In particular, it is needed that supp V() is
a compact l-rectifiable set separating the plane into two open set wy(t) and wq(t).
Moreover, the relation (1.15) is not used. Instead x(t) is taken as the characteristic
function of the set wy(t) and it solves the transport equation in the weak sense.
Furthermore, it is required that the space-time interface J,co 717 x {t} has for
almost every t € [0,7] and every = € I'j a tangent plane containing (v,1). Finally,
no energy estimate is part of the definition. — See [20] for details.

Remark 1.8 We note that in the case of a Newtonian fluid, i.e. v(j,|Dv|) = v;.
The proof of Theorem 1.6 yields a conditional existence result for weak solutions if
there is no loss of area during passing to the limit in the approximation scheme, i.e.
limy oo [[Vxe(t)]] = [[Vx(t)| for almost all £ > 0. Then the arguments in the proof
of Proposition 1.5 or a convergence theorem by Reshetnjak [2, Theorem 2.39] shows
that (v, x) is a weak solution. Such kind of results are known for example for the
mean curvature flow by Luckhaus and Sturzenhecker [16] and for the multi-phase
Mullins-Sekerka problem by Bronsard, Garcke, and Stoth [6].

Theorem 1.6 is proved by first constructing solutions to an approximate system
for every € > 0 and then pass to the limit ¢ — 0 for a suitable subsequence. The
approximate system is derived by replacing (§V (¢),.) by (6V(¢),V..) in (1.14) and
replacing v-Vx by ¥.v-Vy in (1.10), where . is a suitable smoothing operator. This
preserves the energy estimate. Moreover, the convective term in (1.14) is smoothed
suitably. Using the same approximation scheme we extend the result of Nouri and
Poupaud [17] of existence of weak solution of a two-phase flow if Newtonian fluids
(¢ =2 and v(j,s) = v;) to a class of non-Newtonian fluids:

THEOREM 1.9 (Existence of Weak Solution, x = 0)

Letd=2,3, let g > dz—f2+1 orletq=2 and v(j,s) = v;, and let Assumption 1.1 hold.
Moreover, let vy € L2(9), xo € L=(Q;{0,1}), f € L7(0,00; V,(R2)"). Then there are
v € L®(0,00; L2(Q)) N L0, 00; V() and x € L=(Q;{0,1}), @ := Q2 x (0,00), that

are a weak solution of the two-phase flow without surface tension in the sense that

—(0,01p)q — (v0, 9(0))a — (v ® v, Vo)q + (S(x, Dv), Dp)g = (f, ¢) (1.21)



for all ¢ € CF (2 x [0, 00))¢ with div = 0, x is the unique renormalized solution
of the transport equation of (1.10)-(1.11), and (1.17) holds for almost all t > 0 with
k=0.

Remark 1.10 In the case of a two-phase flow for the Stokes equation, i.e. the
convective term v - Vo is neglected and (1.21) is replaced by

—(v,010)q = (v0, #(0))a + (S(x, Du), Dp)g = (f, ¢), (1.22)
the same result as above holds for all ¢ > %. Comments on the prove are given in

Remark 5.5 below.

The structure of the article is as follows: After studying the necessary prelimi-
naries in Section 2, we first prove Proposition 1.5 in Section 3. Then we introduce
the approximate system for the two-phase flow in Section 4 and prove existence of
solutions for it. Using these solutions we pass to the limit in Section 5 and prove the
Theorems 1.6 and 1.9. Finally in the appendix, we present a rectifiability criterion
for the varifold in the two-phase flow, which is based on a new rectifiability result for
varifolds due to Luckhaus [15].
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itude to the people at the Hokkaido University, in particular, to Professor Yoshikazu
Giga, for their hospitality, for the financial support of the stay and for many inter-
esting discussions. Moreover, special thanks are due to Stephan Luckhaus for an
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is grateful to the referees for careful reading of the manuscript and suggestions to
improve the presentation of this article.

2 Preliminaries

2.1 Notation

The set of all symmetric d x d-matrices is denoted by R¥4 For A, B € R4 we

sym* sym
denote A : B = Tr(AB) and |A| = VA : A, where Tr denotes the trace of matrices.
Given a € R? we define a®a € R?;;f as the matrix with the entries a;a;,4,7 = 1,...,d.

The dual of a topological vector space V' is denoted by V'. If v € V and v' € V/,
then (v,v') = (v,v')yyr 1= v/(v) denotes the duality product. If A: V — W is a
continuous linear operator, A": W’ — V' denotes its adjoint.

For a given set A C R? we define its e-neighborhood A., ¢ > 0, as A. =
U,ca B:(x). Moreover, for given compact sets A, B C R? the Hausdorff distance
is defined as

dy(A,B) =inf{e >0: AC B. and B C A_.}.



10 2 PRELIMINARIES

If A C R?is a compact set, then K(A) = {B C A : B closed} equipped with the
Hausdorff distance is a compact metric space, cf. e.g. [7, Proposition 2.4.4.].

2.2 Function Spaces

Spaces of integrable functions: If M C R? is measurable, L4(M), 1 < q < o0
denotes the usual Lebesgue-space and ||.||, its norm. Moreover, L4(M; X) denotes
its vector-valued variant of strongly measurable g-integrable functions/ essentially
bounded functions, where X is a Banach space. More generally, if X is a Fréchet
space, then f € LY(M;X) if f is strongly measurable and g¢-integrable/essentially
bounded with respect to all the semi-norms of X. For a subset N C X we denote
by LY(M;N) the set of all f € LI(M;X) with f(z) € N for almost all z € M.
Furthermore, f € L{ ([0,00); X) if and only if f € L9(0,T; X) for every T' > 0. If
Q C R? is a domain, then f € L{ (Q) if and only if f € LI(Q2 N B) for every ball
B with BN Q # (). For any measurable set A C R%, y4 denotes its characteristic
function.
Recall that, if X is a Banach space with the Radon-Nikodym property, then

LY(M; X) =LY (M;X")  forevery 1 <q< oo

by means of the duality product

(f,q) = /M (f(2),g(x)) du

for f € L9(M;X),g € LY (M; X"). If X is reflexive or X’ is separable, then X has
the Radon-Nikodym property, cf. Diestel and Uhl [8].

Moreover, recall the Lemma of Aubin-Lions: If Xj << X; < X5 are Banach
spaces, 1 <p < oo, 1<q<oo,and I CRisa bounded interval, then

{v € LP(I; X) : % € Lq([;XQ)} —— LP(I; Xy). (2.1)

See J.-L. Lions [14] for the case ¢ > 1 and Simon [26] or Roubicek [22] for ¢ = 1.
Furthermore, we note that, if Y = X’ is a dual space, then L2(Q;Y") for open
Q C R" is defined as all weak-* measurable functions v: Q — Y, i.e.,

T = <I/x, F(JZ, )> = <I/x, F(LU, ~)>X’,X
is measurable for each F' € L'(Q; X), such that

IVl (@ivy 1= ess supgeqllvally < oo

Sobolev and Bessel potential spaces: qu(Q), m € Ny, 1 < g < oo, denotes

the usual L?-Sobolev space, W[ .(§2) its local version, W (€2) the closure of C§°(2)

q,loc
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in W;m(Q), W, m™(8) = (W7o(82)), and f € Wq_lzzb:(ﬁ) if f € W, ™(Qn B) for every
ball B C R% The L?-Bessel potential spaces are denoted by H*(Q), s € R, which is
defined as restriction of distributions in H*(R?) to €, cf. Triebel [34, Section 4.2.1].
Finally, qu(Q) ={fe Ll (Q):Vfe L)}, normed in the obvious way, denotes
the homogeneous Sobolev space of first order, where functions differing by a constant

are identified.

Spaces of continuous functions: The usual spaces of continuous, Hélder contin-
uous, k-times differentiable and smooth functions on an open or closed set A are
denoted by C(A), C%(A), 0 < a <1, C*(A), and C*(A), respectively, Furthermore,
C(Q2) = D(R2) denotes the space of smooth and compactly supported functions
on  and Cy(9), CF(Q2) denote the closure of C§°(Q2) in the corresponding norms.
Moreover, if A C R? is a set, then

C’E’g’)(A):{f:A—>]R:f:F|A,F€C’SO(Rd),suppng}

equipped with the quotient topology. If A is an open set, a subscript b as in Cf(R?)
indicates that the functions and their derivatives are required to be bounded.

Spaces of solenoidal functions: In the following Cg% (€2) denotes the space of all
divergence free vector fields in Cg°(2)? and L4 () is its closure in the L%-norm. The
corresponding Helmholtz projection is denoted by Pre or just F,, cf. e.g. Simader
and Sohr [25].

Finally, recall that V,(R%) = {v € W}(RH? : div f = 0} and V,(Q) = W1, (Q) N
L1(Q) if Q is a bounded domain. In both cases V, will be normed by |lv|lv, ) =
| Dv||La(). By Korn’s inequality this norm is equivalent to the standard norms.

Spaces of measures and functions of bounded variations: These spaces are
defined in the beginning of the Sections 2.3 and 2.4.

2.3 DMeasures, Disintegration and Young Measures

Let X be a locally compact separable metric space and let Cy(X;R™) by the closure
of compactly supported continuous functions f: X — R™, m € N, in the supremum
norm. Moreover, denote by M(X;RR™) the space of all finite R™-valued Radon mea-
sures, M(X):= M(X;R), and Prob(X) denotes the space of all probability measure
on X. Then by Riesz representation theorem M (X;R™) = Co(X;R™), cf. e.g. Am-
brosio et. al. [2, Theorem 1.54]. Given p € M(X;R™) the total variation measure
is defined by

|p|(A) = sup {Z |(Ag)| : Ar € B(X) pairwise disjoint, A = U Ak}
k=0

k=0
for every A € B(X), where B(X) denotes the o-algebra of Borel sets of X. Then by
2, Proposition 1.47]

ul(A) :sup{ [ 7@ dn(a): 1 € xR, supp S € A < 1} (2.2)
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for every open set A C X. The restriction of a measure u to a y-measurable set A is
denoted by (u|A)(B) = u(AN B). Finally, the s-dimensional Hausdorff measure on
R? 0 < s < d, is denoted by H*.

Now let U € RY, V C RM be open sets and let v € M(U x V;R™). Moreover,
we set pu(A) = |v|[(A x V). Then by the disintegration theorem, cf. [2, Theorem
2.28], there is a p-measurable mapping x +— v, such that |v,| € Prob(V) for p-a.e.
z €U and for any f € LY (U x V, |v])

f(z,.) € LNV, |v.) for p —ae. z €U,
o [ fp i) € LU,
\%4

teen) = [ ([ sepane) w@. @

UxV

Obviously, if v € M(U x V) is a non-negative measure, then v, = |v,| € Prob(V)
for p-a.e. x € U.
We need the following version of the fundamental theorem of Young measures:

THEOREM 2.1 Let Q C RY be an open set and let z; € LP(Q;R™), 1 < p < oo,
be a bounded sequence. Then there is a subsequence still denoted by z; and a weak-*
measurable function x — v, € Prob(R™) such that for every continuous 7: R™ — R
satisfying the growth condition

I7(&)] < C(1+|¢))P ! for all € € RY

for some C' > 0 we have
7(2) —jee T i L’(Q)
where T = (v, T) for almost all x € Q.
Proof: The result immediately follows from Corollary 2.10 in Mélek et. al. [12,
Section 4.2] by choosing ¢ = p—1, r = g = p’. Moreover, we note that the restriction

to a bounded set in the latter Corollary is only needed if 1 < r < § as can be easily
seen in the proof. [

Finally, recall the generalized Jensen inequality: Let g: RY — R be a strictly
convex function and let u be a probability measure on RY such that Id and |g| are

ji-integrable. Then
g ( / xdu(ﬂc)) < [ s@autz) (2.4)

with equality if and only if u is a Dirac measure, cf. e.g. [12, Lemma 2.27, Chapter
III] and its proof.
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2.4 BYV-Functions and Varifolds
Let U C R? be an open set. Recall that
BV(U) = {feL'(U):VfeM(U;R)}
fllsvey = [flle@) + IV FAllmwre,

where Vf denotes the distributional derivative. Moreover, BV (U;{0,1}) denotes
the set of all x € BV(U) such that x(z) € {0,1} for almost all z € U.

Moreover, a set £ C U is said to have finite perimeter in U if xg € BV (U). Then
by the structure theorem of sets of finite perimeter |Vyg| = H?"1|0*E, where 0*E
is the so-called reduced boundary of E and

_<VXE790>:/diV90dx:/ ¢ npdH"",
E oO*FE

where ng(z) = —‘gg‘, cf. e.g. [2]. Note that, if £ is a domain with C'-boundary,
then 0*F = 02 and ng coincides with the exterior unit normal.
For a set E of finite perimeter in U we define the mean curvature functional

associated to 0*F as
(Hoep, p) = (Hyp ) = —/ Te(P, Vo) dH'™, ¢ e Ci(Q)°, (2.5)
O*FE

where P, = I — ng(z) @ ng(x).
A general (d—1)-varifold V is simply a measure V€ M(U x G4_1), where G4_1 is
the space of all unoriented (d — 1)-dimensional linear subspaces of R%, cf. Simon [27].

The first variation 8V of a general varifold V is defined as
(OV ) = / Pr:VgdV(z,T)  for € Co(U)Y,
UXGd,1

where Pr denotes the orthogonal projection onto 7' € G4_1. Note that general
varifolds are unoriented and that G4 = S¥1/{z = —z}. If F is a set of finite
perimeter in U, then its reduced boundary can be identified with the varifold defined
by

Ve, 0) = / o(x, [np(z)]) dH! for all p € Cy(U x Gy-1),
o"E
where [ng(x)] denotes the subspace of R¥! with normal ng(z). Then
0V, ) = —(Hpep, b)) for all v € C(U)L

Hence the mean curvature functional associated to 0*E can be obtain back from the
general varifold associated to 9* E. But this is not the case for Vg = —ngH | 0*E
since general varifolds do not take orientation into account. — Therefore we define a
oriented general (d — 1)-varifold as non-negative measures V € M(U x S%1) as was
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used for example by Soner [31, Section 2.3]. By disintegration V' can be written in
the form

Vo= [ [ c@adi@dvie),  eeuxst). (20

vaiously, every oriented general varifold V' induces a (unoriented) general varifold

V by

V)= [ plalhdVies), weGUxGar)  (@0)
UxSd—1

where again [s] denotes the (d—1)-dimensional linear subspace of R? with s as normal.
Now, if F has finite perimeter in U, then we associate the oriented general varifold
Va«p to 0*E defined by

(Varp, o) = / o(z,np(z)) dH for all p € Co(U x S*71).
O*E

Note that this corresponds to the choice |V| = H4 | 9*E and V, = 8,,,(») in (2.6).
Now we obtain Vxg back from V = Viy.g by choosing p(z,s) = s - ¢(x) with
b € Co(U; RY):

Wso) = [ sv@aVies) = [ onpdit™ = ~(xe,)

0*E
Finally, let Ty € R? be the boundary of a bounded C'-domain Qf with exterior
normal vector field n and let X;: R — R%, ¢t > 0, be a family of C'-diffeomorphisms
depending continuously differentiable on ¢ > 0 such that £X,(z) = v(Xy(x),t) for
a sufficiently smooth vector field v. Moreover, set 'y = X;(T'g) and Q; = X, (Qf),
t > 0. Then one calculates that
% A o(x) dH N (x) = (Vh,, pu(t)) +/F n-Vo(x)n - v(z,t)dH* (x) (2.8)

for every ¢ € C}(R?), where Vr, denotes the associated general varifold to I'; defined
as above and n is the exterior normal at I'; = 0€);.

2.5 Transport Equation

We consider weak solutions of the transport equation
ox+v-Vx=0 in Qr, (2.9)
Yo =xo  in®, (2.10)

where Qr = Q x (0,T), 0 < T < 00, Q = R? or  is a bounded Lipschitz domain,
v € L2 .([0,00); L2(9)), and xo € L>(2). Here a weak solution is a function x €

loc

L*>(Q) satisfying

X(Op+v-V)d(x,t)+ / Xop(z,0)dx =0 (2.11)
Q Q

for all p € Cé"(j)(ﬁ x [0,7")). Then we have



2.5 Transport Equation 15

Proposition 2.2 For every xo € L>®(Q) and v € L2 ([0,00); L2(2)) there is a
unique weak solution of (2.9)-(2.10) with T = oo. Moreover, this solution is a
renormalized solution, i.e, 5(x) is a weak solution associated to the data ((xo) for
any B € CY(R). Furthermore, if xo € M a.e. for some finite set M, then x € M

a.ce.

The proposition follows from Nouri, Poupaud and Demay [18, Theorem 4.1]. It
essentially coincides with [17, Proposition 3.3]. These results are based on DiPerna
and Lions results on weak and renormalized solutions of the transport equation, cf.
[9]. In the latter work dive = 0 or dive € L™ is essentially used.

In order to construct approximative solutions of the two-phase flow with surface
tension we use:

Lemma 2.3 Let xo € BV(R%{0,1}) and let v € C([0,T]; CZ(R%)4), dive = 0,
T > 0. Then there is a weak solution x € L>(0,T; BV (R%{0,1})) of (2.9)-(2.10).

Moreover,
Xl osmven < M (Iollogomcze) ) Pollsve, (2.12)
d
ZSIVXOIRY = —(H,0(®)  forallte (0,7)  (213)

for some continuous function M.

Proof: The solution x is constructed by the usual method of characteristics. Since
v € C([0,T]; CLHRYY) for every zp € R? there is a unique solution z(t;xy) €
C1(0, 00; RY) of

d
Ex(t; zg) = v(z(t; x0), 1), t >0, (2.14)

z(0; x9) = o, (2.15)

which are the trajectories along the vector field v. Note that, since v is globally
Lipschitz the solution x(t;x¢) exists for all t € (0,7"). Let X(xo,t) := z(t;x0) and
let X; = X(.,t) be the flow mapping. Then X € C*([0,7T] x R?) by the usual C-
dependence on the initial values and X;: R? — R? is a C'-diffeomorphism. Now
define x(z,t) := xo(X; 'z). Then [x(-,t)|lrire) = |IXollL1(ra) since det DX, (y) =
det DXo(y) = 1 because of 0; det DX (y) = divo(X¢(y,t)) = 0. In order to estimate
x € L>=(0,T; BV(R%{0,1})), we use that

/ x(@, 8) divp(z) do = / Yo(®) Tr(V9) (X)) dy
Q Q

- / Yo(®) Te(VE (1)) dy — / Yoly) Te(VDX; T)(Xo(w)) dy,
where ¥(y) = DX; Ty (X, (y)), ¥ € CL(RY)L. Hence

/Q ©(a t) div b (z)da

sup
te[0,T

< M <||U||C([O,T];C§(Rd))> ||X0||BV(Rd)||ZZ)I|Cg(Rd)
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for all ¢ € C}(R?)? and ¢t > 0 and some continuous function M. Moreover, by
standard calculations:

(nO)e = / N / o) o (Xu(y), £) dy dt

S - //x YVo(Xo(y). ) - v(Xe(y). t) dy dt
= —(x0,¢li=0) — (X, v - V)g

for all € O ([0, 00) x R?). Hence x is a weak solution of (2.9)-(2.10).
Finally, the last identity follows from (2.8). |

For the following we note that C*(R?) is equipped with the topology of locally
uniform convergence of the functions and their first order derivatives.

Lemma 2.4 Let xo = Xag » where Qf is a bounded C*-domain. Moreover, let ug, u €
C([0,T); C3(RHY) such that up — 0o u in C([0,T]; CLHRY). Then for any f €
CP(RY x S471)

lim f(z,n,) dH"™ (2) = f(x,ng) dH" () (2.16)

k=00 Jry, (1) Lo (t)

uniformly int € (0,T), where T\(t) = X, (¢)(02) and X,,(t) the flow map obtained
from (2.14)-(2.15) with v = w as above. Finally, {T'y, (t),T.(t): k € N;t € [0,T]} is

contained in a compact set.

Proof: First of all X, € C*([0,T] x RY) and X,, — X, € C'([0,T] x Bg(0)),
R > 0, by the usual C'-dependence of solutions of ordinary differential equations
on the data. Moreover, by construction X,, (t): R? — R? are bijective for any ¢ €
[0,T]. Hence X,'(t): R? — R* is continuously differentiable and X '(t) — X' (t)
in C1(RY) for any ¢t € [0,7], Using all this, the lemma can be proved by either
introducing a local parameterization of 9§ and using X, (¢) and X,(f) to get a
suitable parameterizations of I'y,, (¢) and I',(¢) or one uses the continuity theorem
by Reshetnjak: Since X, (£) —p—oe Xu(t) and X 1(t) = X 1(t) in CH(RY), it
is an easy exercise to show H4™ (T, (t)) — k0o HEH(LW(t)). Moreover, if Qf (t) =

Xy (0)(Q5), 2F (1) = Xu(1)(Qg), then

(Voggr#h == [ div (X ®)do =i = [ divo(X,(0)) dn = (Vxar,9)
QO QO

for all p € Cj(R?)?. This implies Vxg+ ) =% 00 VXat () it M(R?) since ||V, [las =

HIY(T4(t)) are uniformly bounded and C3(R?) is dense in Cy(R?). Therefore one

can apply [2, Theorem 2.39] to the vector measures VXQ;(t) and Vxgq+q) to show

(2.16).
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Finally, the last statement is an easy consequence of the fact that X,, — X, in
C1([0,T] x R%) and the compactness of 9. |

Lemma 2.5 Let u,u € L'(0,T;L2(Q2)), k €N, for some T > 0 such that u, —
win LY(0,T; L2 (). Moreover, let xx, x € L®(Qr) be the solutions of (2.9)-(2.10)
with v = u, u, resp., and xo = xg for some fivzed measurable set E. Then xi —5_ . X

in L®(Qr) and Xr —k—oo X in LP(Qr) for every p < oc.

Proof: First of all, since x;, € L*(Qr) are uniformly bounded, x, —j_., Xo in
L*>(Qr) for some o € L>®(Qr) and some suitable subsequence. Since u — g oo © in

LN0,T; L3, (), uk Ve =g o0 u-Vip in L0, T; L*(Q)) for any ¢ € CF5(2x[0, 00)).

Thus o solves the transport equation with v = u. Hence
Hij”qu(QT) =T|E| = ”%HZ

for every 1 < ¢ < oo. Thus xx, —j-cc Xo in LYQr) strongly. In particular,
this implies yo € {0,1} almost everywhere. Therefore X coincides with the unique
renormalized solution y,. Since this argumentation holds for any subsequence, the
sequence (xx)ken converges itself. |

2.6 A Convergence Result for Monotone Nonlinearities

In order to construct weak solutions in the case K = 0, we will use the following
result:

THEOREM 2.6 (Swierczewska [32, Lemma A.1])
Let E C R? be a measurable set of finite measure and let A: E x R™ x RY — RN be
a function such that

1. A(z,s,&) is a Carathéodory function w.r.t. x and (s,§), i.e., A is measurable
w.r.t x and continuous w.r.t. (s,€).

2. A(z,s, &) is strictly monotone w.r.t. £: For almost all v € E and all s € R™
and 51752 € RN7 51 7£ 527

(A(x7$>£1> - A<x757£2)) ’ (gl - EZ) > 0.
3. There is some ¢ > 1 and ¢y, co > 0 such that

Az, s,8)-€>alel,  |A(z,5,8)] < ef]™!

for almost all x € E and all (s,£) € R™ x RY.
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Moreover, let y,: E — R™ and z,: E — RY be a sequence of measurable functions
such that y, — y a.e. in E, z, — z in LYE) and A(z,yn,2,) — A in LY(E) as
n — oo. Then
1imsup/ AT, Yn, 2n) - 2o dr < / A-zdx
n—00 E E

implies z, — z in measure as n — Q.

In the following we will apply the theorem to the case x € 2, s e R, £ =\ € Rg;ﬁ,

and A(z,s,&) = S(s,A). In this case Assumption 1.1 implies the assumptions of the
theorem.

3 Proof of Proposition 1.5

First of all, we note that by (1.12) A — S(I,X) : A, A € Rt is a strictly convex
function for every [ € [0, 1].

First assume that |V ()| = ||[Vx(t)|| for almost all ¢ € (0,7"). We will prove that
Vi (t) = Op(a) for [V (t)|-almost every € R? and for almost every ¢ € (0, 00), where

n(z,t) = —‘gigg‘(x). From (1.15) we know that

L[ sv@aimavor= [ nen-vwavol

for all v € Cy(2)%. Hence by (2.2) |Vx(t)|(A) < |V (#)|(A) for every open A C .
Thus |Vx(t)| is absolutely continuous with respect to |V (¢)| and

Vx(B)](A) = / 0, () d|V (1) (x)

with some |V (t)|-measurable function 6;: R — [0, 00) and 6;(z) < 1 for |V (t)|-almost
all x € RY. But, since |[Vx(t)|| = |[Vx(@®)|(RY) = [V ()|(RY) = ||V (t)||, we conclude
that 6;(x) = 1 almost everywhere and |V (t)| = |V x(t)| as measures. Therefore (1.15)
yields

/ sdVy(t)(s) = n(z,t) for |V (t)|-almost all x € Q.
gd—1

Thus ]
5 / s —n(z,t)]> dVy(t)(s) = 1 — n(z,1) - / sdVy(t)(s) =0
Sd—1

for [V (t)|-almost all x € €, which implies that V,(t) = d,) for |V (¢)|-almost every
r € R4

If (v,x) satisfies (1.20), then necessarily ||[Vx(t)[|m = ||V (¢)||m for almost all
t > 0 because of (1.17) and (1.18). Hence the first part implies that V,(t) = 0,
which yields 6V (t) = —H, ). Moreover, by (2.4) and (1.16)

S(x(a0). Dol ) : Do(et) < [ S ).3)  Adiaea (V)
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with equality if and only if p,; is a Dirac measure. — Note that [ S(x(z,t),
Adpig (X)) < oo for almost all (x,t) € @ by (1.17). — On the other hand by (1.
(1.20),

)
17

)

/ S(x(z,t), Dv(z,t)) : Dv(z,t)d(x,t) = / S(x, A) : Mg (M) d(z,t)
for almost all ¢ > 0. Hence p,, is a Dirac measure for almost all (x,t) € @), which
implies that 11, ; = dpy(z) because of (1.16). — Altogether, we have proved that (v, x)
is a weak solution. The same argumentation also shows that (v, x, V) is a varifold
solution if (1.20) holds with ||Vx(t)|| replaced by ||V (t)]|.

Finally, if ¢ > d, then (2.11) and the fact that y € L>°(0, co; BV (R?)) yield

(v divee ) = / N / (e, £) AV (t) dt + /Q Vdiv(oas) d(z, )

- /Om/¢’(x,t) dVx(t) dt—/ooo/vt/)dﬂ dVx(t) dt

for all v = (¢ gy1) € CHQ;RYY) where 14.1(x,t) € R. Moreover, since q > d,
L0, T; V,(RY)) N L0, T; L2(R?)) — L%(0, T; Cy(R?)) for each T' > 0 and

/0 / w'<x,t>de<t>dt] < OBy DY lcan:

/ / wdﬂdwwzﬁ] < C(Bo, D)ol pooircoman ¥ lcoin)
0
C(Eo, T) |0 llcniom)

if suppyp C Qp for T > 0, where Ey = L{jvo]|3 + 5[|Vxollam. This shows that
X € BV(Qr) for every 0 < T < oc.

IN

4 Approximative Two-Phase Flow

In the following we denote X, = BV if K > 0 and X, = L™ if kK = 0.

In order to formulate the approximation equations, let 1 € C5°(R?) with supp v C
B1(0), [wdx =1 and ¢ > 0. Moreover, let U.f = ¢ x f if @ = R? and ¥, =
P,(¢. * f), where ¢.(z) := e %p(ex), e > 0, f is extended by 0 to RY, and P,
denotes the Helmholtz projection, cf. [25]. Then we consider the approximative
two-phase flow on (0,7), T > 0, which is v. € L>®(0,T; L2(Q2)) N L0, T;V,(Q))
solves

- ('Usa atw)QT - (UOa 90(0))9 - (‘Ijsvs & ws * Ve, sz * (p)QT

T (S(xe: Dve). Dp)gy = # / (H,y oy, Wosp(t)) (4.1)
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for all ¢ € CF(Q x [0,7))? with dive = 0, and x. € L>(0,T; X,(€;{0,1})) is the
unique renormalized solution of the transport equation

ath + (\IIEUE) : VXE =0 in QTv (42)

Xelt=0 = Xo in Q. (4.3)

Throughout this section we will frequently use that
(Voo @Y xw, Vihe xw)g = — (V.0 @ e *xw, Viho xw)g =0 (4.4)

for all v, w € L*(Q)%. This fact follows from integration by parts and from div ¥,v =
0, n- \I/g‘ag =0.
First of all, we need

Lemma 4.1 Let Assumption 1.1 hold and let T,e > 0. Then for every vy €
L2(Q), f € L1(0,T;V,(Q)), and x € L®(Qr;[0,1)]), there is a unique solution
v € L=(0,T; L2(Q)) N L0, T; V,(Q)) with 0w € LT (0,T; V,(R2)") solving

—(v,0ip)q — (vo, p(0))a — (Vv @z kv, Vihe xv) g + (S(x, Dv), Dp)q = (f, ¢) (4.5)
for all p € CF (2 % [0,7))¢ with div p = 0. Moreover,

2 q q 2
sup [0+ 1ol ) < (1 oy, + o0l (46)

10l rioiragy < M (11w gy Ieoll3) (4.7)

for some continuous function M. Finally, if fy, f € L*(0,T; L2(Q2))NLY (0, T; V,(Q)")
and xr, x € L=(Qr;[0,1]), k € N, are bounded sequences such that fr, — oo [ in
LY0,T; L*(Q)) and X1 —k—o X i LP(QT) for some 1 < p < 00, then vy —j 0o U €
C([0,T); L*(2)) where vy, is the solution of (4.5) with (f,x) replaced by (fr, Xx)-

Proof: The proof of existence of solutions can be done by a standard Galerkin
approximation using the fact that

(A(u),v) = /QV(X, |Du|)Du : Dv dzx, u,v €V =V, (Q)

is a strictly monotone, coercive, hemicontinuous bounded operator A: V' — V’. More
precisely:

First assume that the convective term is not present, i.e., ¥, = 0. If Q is a
bounded domain, then the lemma is a consequence of Zeidler [36, Theorem 30.A]
with V' as above and H = L?(2). The conditions (H1)-(H6) are easily verified. If
Q =R? then V = V,(R?), H = L*(R?), V' = V,(R?)’ is no longer an evolution triple.
But V, H, V"’ still have a common dense basis and the fundamental relation

(u(t), v(t))r2() = (w(0),v(0)) L2() = /0 (W'(s),v(s)) + (V'(s), u(s)) ds (4.8)
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for all 0 < ¢t < T and u,v € L4(0,T;V) with o/, € L¢(0,T; V") still holds. Then
the proof given for [36, Theorem 30.A] easily carries over.
If the convective term is present, the proof can be easily modified using the fact
that
(‘Ijev R Y * v, Vi x U)Q =0

due to (4.4). Therefore the energy estimate for the case with convective term is the
same as without. Moreover, in order to pass to the limit in the convective term
during the Galerkin approximation, one simply uses that

X = {u e LU0, T; V() : du € L7 (0,T; qu)’)} e LN0,T; L2, ()

loc

because of (2.1) applied to Xo = W, (Qr), X1 = L*(Qg), and X5 = W' (Qg), where
Qr =QN Br(0) and R > 0 is arbitrary. This is sufficient to show that

lim (V.v, ® e * vy, Ve % ) = (Vv @ Y x v, Vi) % ©) g,

n—oo

for all ¢ € (2 x (0, 7))4, divp = 0, if v, —, 0o v in X.

Furthermore, we note that the estimate (4.6) follows from the usual energy esti-
mate. In order to estimate J,v, we observe that

||5(X,Dv)||qL’q,(QT):/ |S(X,Dv)|qqld(x,t)§(]/ Dol d(z, 1),

T T

Moreover, since W.u = P,(¢. * u) and since P, is continuous on L*(Q)¢ for all
1 < s < o0, we conclude that

[Weovlls < Csllphev|ls < CS,SHUH% | Ve * ‘P”q < C&qHSDHVq(Q)

for all 2 < s < c0. Therefore

/ \Ija'U@wa*U:vwa*de(xvt)‘
Qr

1
< CTI7 (sup 4 *W)H?) Ve * @l Lar)

t€[0,T]

< Ca,s,THUH%oo(o,T;Lg(Q))H‘PHLQ(O,T;Vq(Q))v

where £ = Using these estimates and the equation (4.5), one easily derives
(4.7).
In order to prove uniqueness and the last statement, let v, w be two solutions of

(4.5). Then

N =

_ 1
2q°

—(v—w,0p) gy + (S(x, Dv) — S(x, Dw), Dp) g,
= (V(v—w) @ e 0, Vb % ), + (Vo @ . % (v — w), Vb % ©) oy
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for all ¢ € CF (2 x [0,7))? with divp = 0. Choosing ¢ = (w — v)x., t € [0,7T],
via a standard approximation, and using (4.8) we conclude

Jo(t) ~w®I3 < (806 Do) - S(x, Dw), Do~ Du,
< ¢ s (0l + o)) [ o) - u)1Bas

since Dv +— S(y, Dv) is monotone. Hence Gronwall’s inequality implies v = w.
Finally, let fx, f, X%, X, Yk, v be as in the last statement. Then

—(vk = v, 0ep)q + (S(xk, Du) — S(xk, Dv), Dyp)q
= (S(x, Dv) = S0k, Dv), D) + (fi = f, )
H(Pe(vr = v) @ Ye 5 v, Vihe * @) gp + (Vev @ e x (ve — v), Vibe x 0) g,
for all p € CF (2 x [0,7))¢ with dive = 0. Choosing ¢ = (vx — v)x[4, t € [0,7],

we conclude, using the boundedness of vy, v, that

lok(t) = v(®)[13 + (S(xx, Do) — S(xx, Dv), Dvy, — Dv)g,
< C (”fk = fllrore2y + 1S(x; Dv) = S(xx, Dv)| e (gp + /Ot Jvk(s) — U(S)H%ds) :
Thus
sup [Jop(t) —o(t)]3 < Cor (”fk — fllzrorzzy + 1S(x, Dv) — S(xa, Dv)||Lq/(QT)>

0<t<T

by Gronwall’s inequality. The second term can be estimated as

1506 D) = 030 DO, < Co [ = xaliDe e
T

<o / X — el Dol d(z, £) + C / Dv — Dol d(x, 1)

T

for all ¢ € CF (Qr). Now we observe that the first term on the right-hand side
converges to zero as k — 0o since xx —r—oo X i LP(Qr) and the second term is ar-
bitrarily small since C g (Qr) is dense in L9(0, T} qu(Q)) Hence limy,_, ||S(x, Dv)—
S (X DV)|| 1o (py = 0. Altogether this implies limy oo Supg<y<r |0k () —v(t)[|3 = 0. m

THEOREM 4.2 Let Assumption 1.1 hold. Then for every e, T > 0, vy € L2(Q),
Xo € L>®(Q;{0,1}) if K = 0 and xo = Xof if K > 0, where Qf € Q is a bounded
domain with C*-boundary, there is a solution v, € L>(0,T; L2(Q)) N L0, T; V,(Q)),
Xe € L™(0,7; X,.(2;{0,1})) of (4.1)-(4.3). Moreover, every solution satisfies the
energy equality

1
eI + £l Vxe(B) [l

t
1
+/ / S(xe, Dv.) : Dv.dxdr = 5\]1)5(3)]]% + K|V x:(5) || m (4.9)
s JQ
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for all s,t € (0,T), s < t, where t — gllv-(t)[13 and t — ||Vx=(t)||sm are absolutely
continuous functions satisfying

d
Ei”ve(t)ug = (Opv: (1), ve(t))a, %HVXE(t)HM = _<er(t)= W, xv.(t)) if K >0

for almost all t € (0,T) and Oy, k{H,_1), Ve * .) € LT (0, T;V,(2)").
Proof: Let
X, = {u € L0, T; V,()) : dou € L7(0,T; VQ(Q)')}

normed in a suitable way. Moreover, let X, := C([0,T]; L2(2)) and let X, =
(X0, X1)a, where (.,.), is an exact interpolation functor of type a € (0,1) — f.e. the
real interpolation functor, cf. Bergh and Lofstrom [5]. — Note that by (4.8) X; — X.
Furthermore, we note that the inclusion of X; into L(0,T; L2 (9)) is compact be-
cause of (2.1) applied to W, (Qr), L*(Qr), and W, '(Qg), where Qg = QN Bg(0)
and R > 0 is arbitrary. By [5, Theorem 3.8.1] the same holds for X,, a € (0,1],
instead of Xj.

We define a mapping F: X, — X; as follows: For given u € X, let x, €
L>(0, 00; X,.(£2;{0,1})) be the solution of the transport equation (2.9)-(2.10) with v

in (2.9) replaced by ¥.u. Then
Xodur xy € LP(Qr),1 <p < o0, (4.10)

is strongly continuous by Lemma 2.5. Moreover, the mapping X, > u — X, €
LP(Qr), a € (0,1], is even compact by the following argument: If u, € X, k € Ny,
is a bounded sequence, then after passing to a suitable subsequence up —p oo U
in L1(0,7T; L2 () by the observations above. This implies the same statement for

V. uy, ¥ u. Hence x,, — X again by Lemma 2.5.
Now let v = F'(u) be the solution of (4.5) with xy = x, and

(fur ) = H/o (Hyu), Vep(1)) dt.

Claim: F: Xy — X, is continuous, F: X, — Xy, a € (0,1] is compact, and
F: Xy — X is bounded.

Proof of Claim: First let K = 0. Then F: X; — X, is continuous because of
Lemma 4.1 and (4.10). Moreover, F': Xy — X is bounded by (4.6) and (4.7).
Finally, F': X; — Xy is compact since X; 3 u +— xo € LP(Qr) is compact and the
mapping of y, to the solution v = F(u) € Xy of (4.5) with x = x, and f = 0 is
continuous.

In the case x > 0 it remains to prove that Xy > u + f, € L7 (0,T; V,(R?)) is
bounded, that Xy > u — f, € L*(0,T; L2(R%)) is continuous, and that X, > u
fu € LY0,T; L2(RY)), o € (0,1], is compact. Then the claim follows in the same
way.
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Firstly, we estimate f,: Since Q = R?if &k > 0, U, = 1), * ¢ and
|[(Hyuys Tep())| < CRIVXW ()M Ve * @l comay < Corl|Vxu(®)lallly
where Y = LZ(R?) or Y = V,(R?) and

IVXull L0, rmmay) < M<H‘I’su|\0([0,ﬂ;og(md))> X0l Bv(®a)
< M (e lulleqomez @) Ixollaves
by (2.12). Hence

HquLq'(O,T;Vq’) + Hfu“Ll(O,T;L%) <M (87T7 HUHC([O,T];Lg(Rd))) ff||X0HBV(Rd)-
In particular this implies

1F(u)|lx, <M (e,T, ||lvoll2, [Jull Lo 0,7502(00)s 5l VXl L 0,058m002))) (4.11)

for some other continuous function M and x > 0 by (4.6) and (4.7).

Now let u, € X,, k € N, be a bounded sequence and let « € (0,1]. If a = 1,
then Wy, € C([0,T]; C*(Bg(0))), k € N, is precompact for any R > 0 since W uy, €
C([0,T]; C2(RY)) and 0, W uy = V.0, € LY(0,T; C2(RY)) are uniformly bounded.
Now using again [5, Theorem 3.8.1] we conclude that ¥ uy;, € C([0,T]; C*(Br(0))),
k € N, is precompact if o € (0, 1). Therefore for a suitable subsequence W uy — o0

U.u in C([0,T]; C*(Bg(0))) for any R > 0. Hence (2.16) implies that
N (Hy, ), 0) = (Hy,q),¢)  forall g € Cy(RY)

uniformly in ¢ € [0,7]. Moreover, since supp xu,, k¥ € N, is contained in a compact
set K by Lemma 2.4 and C?(K) —— C'(K),

Jim sup ~ sup [(Hyu (1)) — (Hyu), )] = 0
—ee tG[O,T] ||§0“C§(Rd)§1

Therefore f,, —r—co fu € L*(0,T; L2(R?)) since ¥ L*(R?) — CZ(R?). By the same
arguments it follows that f, € L'(0,7T; L2(R?)) depends continuously on u € Xy. —
This finishes the proof of the claim.

Now, since F': X, — X; is bounded and F': X, — Xy is continuous for all
a € [0, 1], the interpolation inequality |[ul|x, < |lully,*[lull%, implies that F: X, —
X, is continuous for all « € [0,1). Similarly, the boundedness of F: X, — Xj,
a € [0,1], and the compactness of F': X, — Xy, o € (0, 1], yields the compactness
of F: X, — Xa, a € (0,1], Altogether F': X, — X, is a completely continuous
mapping for all o € (0, 1).

In order to prove the existence of a fixed point v. = F(v.) € X,, a € (0,1), we
will use the Leray-Schauder principle, cf. e.g. Sohr [28, Lemma 3.1.1, Chapter II],
for which it only remains to verify the following condition for a suitable R > 0:

If v = AF(v) for some v € X,, A € [0,1], then ||v||x, < R. (4.12)
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Therefore we assume that v = AF'(v) for some v € X,, A € [0,1], a € (0,1). If A =0,
then obviously, ||v||x, =0 < R for any R > 0. Thus it remains to consider the case
A>0. Set a =A"!1>1. Then u= av = F(v) solves

- (U, 81590)QT - (U()? 90(0))9 - (\Ijéu & 77Z)€ *u, ng * 90)QT + (S(XU’ DU’)? DQO)QT

T
S / (Ho 0, Wi (1)) di
0

for all ¢ € CF (2 x 0,7))* with dive = 0. Hence choosing ¢ = uy[oy (after a
standard approximation) we conclude

1 ! 1 ¢
sl + [ [ Stus Du)s Dudsdr = Sl + 5 [ {0, Veatr)) dr.
0 JQ 0

where we have used (4.4).
Now, since V.u(7) = aW.v(7), Lemma 2.3 implies that

/0 (Hyo oy, Weu(r) dr = o (Vx0l(©) — [Vxo®I(Q) i 5 > 0.

a ¢ 1
EHU(t)Hngn]VXU(t)](Q)+oﬂ100/ /!Dv!quchg Sllwolls + £l Vixol (@) =: Eg
0 JQ

for all 0 <t < T, where ¢y is the same as in (1.12). Hence using (4.11) and the latter
estimate, we conclude

CAF ()] x,

[ollx, <
< M (e, T, [|v] =022 () BV X0 | o0, m00)) < M7(e, T, Eo)

for some continuous functions M’, M”. Hence for R := M"(e, Ey) the condition
(4.12) is valid. This implies that there is fixed point v. = F(v.) € X,, which is a
solution of (4.1)-(4.3) by definition of F.

The remaining statements easily follow from (4.8) and (2.13). |

5 Proofs of the Main Theorems

5.1 Approximation Sequence

Throughout this section we assume that the assumptions of Theorem 1.6 if k > 0
and Theorem 1.9 if k = 0 hold. Moreover, we denote by Ey = 1]|vo||3 4+ [V xo|(©2)
the initial energy of the flow.
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For every € > 0 let (v, x.) be an approximative solutions due to Theorem 4.2 for
T = % Because of the uniform bounds of (v, xc) given by the energy equality (4.9)
and

IS0k Do) g,y = [ 1800 Dol dat) < € [ |Dunfta(a,)

T T

due to (1.12) there is a subsequence (v, , Xz, ) = (v, X&), k € N, such that

U — koo U in L7(0, 00; V,4(©2)) (5.1)
=il in L%(0,00; I2(2)) (52)
S(xw Do) —h—oe S in LY(Q) (5.3)
Xk —hooe X I L¥(Q) (5.4)

d
VXk —hsoo VX 10 L%(0,00; H#(Q2)),s > 2 if k>0 (5.5)

for some v € L>(0,00; L2(Q)) N L9(0, co V(Q))7 € L>(0,00; X,(92)) with X, =
BVifk>0and X, = L>®if k =0, and S € Lq/( Q). Here the functions v, x. are
extended by 0 for t > g.

5.2 Passing to the Limit in the Transport Equation and the
Convective Term

We pass to the limit in the transport equation using the following lemma, which is a
variant of [18, Lemma 5.1]:

Lemma 5.1 Let (vg, X1 )ren be bounded in L

oc([0,00); W RY)) x L=(Q), 1 < ¢ <
o0, such that

Uk —hooo U in LYO, Ty W) for all T > 0, (5.6)
Xk koo X i L7(Q).
If (Oyxi)ken is bounded in L9 (0,T; W/IOC( Q) for any T > 0, then XpUk — koo XV

in D'(Q).

Proof: First of all, since the statement is local, it is sufficient to consider the case
that € is a bounded domain and the case that (0,00) is replaced by (0,7), T > 0
arbitrary. Because of L7 () << Wq71(Q) (2.1) yields

Xiy oo X i L0, T W, ()
for some subsequence. Since y, —;_ .. x in L>®(Qr), x* = x and the full sequence

X& converges strongly in L9 (0, T WqTI(Q)). This implies that x,vr — xv in D'(Qr).
|
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Corollary 5.2 Let (v, x) be as in (5.1)-(5.5). Then (v, x) solves the transport equa-
tion (1.10)-(1.11).

Proof: It only remains to observe that 9y, is bounded in L7 (0, T} W 10e()) for
any 17" > 0: Because of

Xk Orp)ar + Otrs ve - V) = 0 for all ¢ € C5°(Qr)
we estimate
[OXk: Op)ar|l < MvkllLaqoaxam Vel e gr)
1
< € (Ilsorviay + Tilvelli=omzzan ) 1V0] v on)

)) with supp C Qg, Qr = QN Bg, R > 0. — Note that

for all p € LY(0,T; W, (2
) = L(Bg(0)) if Q = R? and V,(Q2) — L(Q) if Q is bounded. |

V(R N L (RY) —

The latter corollary and (2.11) yield
IXIzoi@r = IXllzr@r) = Tlixollre) = IIXkll7oigq
for all 1 < p < oo since [ x(t)dx = [ xodx for almost all ¢ > 0. Hence
Xk — koo X in LP(Qr) for all 1 < p < 00, T > 0.

In particular this implies that y(z,t) € {0,1} almost everywhere.
In order to pass to the limit in the convective term, we use the following lemma.

Lemma 5.3 Let vg,v be as above and let g > d+2 Then
Uk —kooo U i L7(0,T; L2 (Q)) (5.8)
for all T > 0. In particular,

,}i_{go(‘l’kvk ® Y * v, Vi x 0)g = (v @ v, Vo)q

for all p € C(O(f)(@)d.

Proof: First let |2] < oo. Since S(xg, Dvgx) and Vjivp ® 1 * vy are uniformly
bounded in L (Qr), L=(0,T; L'(Q)), resp., and

0<t<o0o

/ <HXk(t)790(t)>dt‘§ sup HvXk(t)”M(Rd)/ el maydt if £ >0,
0 0

dyvy, is uniformly bounded in LY (0, T; H~™(Q)) for some suitable m € N. Using (2.1)
with V,(Q) N L*(Q) —— L*(Q) — H ™(Q) when ¢ > 2%, proves (5.8) in the case
Q2] < oo. The case 2 = R? follows from the first part applied to ' € R?.

Finally, (5.8) implies that 1 * vy, - Vi, ¢ — v - Vi in L7(0,T; L*(Q)) for all
p € C'(Og)(@)d and T" > 0 since v, converges strongly to the identity as £ — oo.
Together with (5.2) this implies the last statement. |
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5.3 Case without Surface Tension

Obviously, in the case of two Newtonian fluids, ie., ¢ = 2 and v(j,s) = v; are
constant, the strong convergence of x, and the weak convergence of Duvy, yield S =
S(x, Dv). For the case ¢ # 2 and k = 0, we use the following lemma:

Lemma 5.4 Let k =0 and let ¢ > 2L + 1. Then

d+2
S(x(x,t), Dv(x,t)) = S(z,t) for almost all (x,t) € Q. (5.9)

Proof: By the results so far we obtain
—(v,0i0)q — (0, £(0))a — (v© v, Vi) + (S, Dm =0 (5.10)
for all ¢ € CF ([0, 00) % Q)?,div ¢ = 0. Furthermore, ¢ > 2% +2 + 1 implies that for all

T>0
[(v®@ v, Vp)or| < ClIVellLagr) (5.11)

for all ¢ € CF/([0,T) x Q)4 divp = 0, because of [12, Lemma 2.44, Chapter 5].
Moreover, since S € L9 (Q), equation (5.10) implies that dv € L7 (0,T; V,(R)") for
all T'> 0. Therefore we can choose ¢ = v|g, in (5.10) and obtain

1 ~ 1
ST + (8, Do), = 5 ol

where we have used (4.8) and (v ® v, Vv)g, = 0, cf. [12, Lemma 4.45, Chapter 5].

Moreover,
1 1
V(D5 + (SO, Dvk), Doi)ar = 5 lvollz

and therefore

. 1 |
lim sup(S(xx, Dvk), Dug)g, = §H’UOH§—lllgrilo{)lf§|‘vk(T)H§

k—o0

1 1 -
< Slwllz = 5l = (S, Dv)g,

Thus we are in the position to apply Theorem 2.6 with A(x, s, ) = S(s,§), 2, = Duy,
Yr = Xk to conclude that for a suitable subsequence limy_.., S(xx, Dvx) = S in mea-
sure. Since 7" > 0 is arbitrary, this implies (5.9). |

Proof of Theorem 1.9: For the case k = 0 the results obtained so far show that
(v, x) is a weak solution of (1.21) for f = 0 together with (1.10)-(1.11). The general
case f € L7 (0,00; V,(2)") can be proved in the same way with minor modifications. m

Remark 5.5 The condition ¢ > % + 1 is only needed to estimate the convective

term as in (5.11). For all other parts of the proof only ¢ > m is needed. Hence in

the case of the Stokes equatlons Where the convective term v - Vv is neglected, cf.

Remark 1.10, the condition ¢ > d +2 is sufficient to prove existence of weak solutions.
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5.4 Case with Surface Tension: Properties of the Interface

It remains to consider the case with surface tension x > 0. For this let Q) (¢) =
X50(92)), where Xi; = Xy, (t) is the flow map associated to (2.14)-(2.15) with
v = Wiy as described above. Moreover, let T'y(t) = 0 (1) = X;.,(92)) and let
Fk = U0§t<oo Fk(t) X {t}

First we will show that in the case ¢ > d or d = 2 I'y N 7 is contained in the
compact set Br(0) x [0,T] for R = R(T) and arbitrary 7" > 0. Then a suitable
subsequence will converge in the Hausdorff distance.

Lemma 5.6 Let d = 2, Kk > 0. Then I'x(t) C Bg(0) for all t € (0,T) and some
R = R(T, Ep, Q).

Proof: Since H4 (I (t)) < k™' Ey, obviously diam(€] (t)) < £2. Moreover, by the
transport equation

t
/ xdw—/ xdx—l—// v - Ldzdr,
Q;f (¢) aF 0 J(r)

where 1 = (1,...,1)T, which implies

/ T dr
Qf(t)

for all 0 < t < T since |Qf (7)| = || for all 7 > 0. Therefore Q) (t) C Bg(0) for
0<t<T with R=C(T, Ey, Q) + £2. ]

< C) + 4O 1* sup [lo(r)ll2 < C(T, o, )

In the case ¢ > d, v € L9(0,T; Cy(R?)) since V,(R?) N L2(RY) — Cp(R?) and we
can prove that I'y(¢) are equi-Ho6lder continuous in the following sense:

Lemma 5.7 Let ¢ > d. Then
du(Dk(t1), Di(ta)) < Oty — o]

for all 0 < ty,to < T, T > 0, where C depends only on Ey,q,T. In particular,

['1(t) € Br(0) for all0 <t < T for some R = R(T, Ey, Q).

Proof: By symmetry it suffices to show that I'y(t1) C (I'x(t2)), for e = C|t; — tQ\i.
Let xy € I'k(t1). Then by definition of I'y(¢) there is a curve x(t) such that z(¢;) = x,
and 2'(t) = vg(z(t),t) for t > 0. Moreover, xo = x(t2) € I'x(t2) and

to 1
|1 — 29| < / lve((t), 1) dt < C(Eo, T, q)|ty — ta| 7, 0<t <t <T.

t1

This proves the statement. [
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Corollary 5.8 Let kK > 0 and let ¢ > d or let d = 2. Then there is a subsequence of
Iy, k €N, (again denoted by Ty, k € N) and a closed set T* C Q such that for every
rational T' > 0

TN Qr — koo I w.r.t. dy

for some compact set ' C Qr with I N Qr = I'* N Q.

Proof: By the previous two lemmas, I', N Qr is contained in a compact set Ap.
Hence using the compactness of the metric space (K(A),dy) for compact A C RY
one easily gets a subsequence of 'y, k € N, that converges in (K(Ar),dy) for every
rational 7" > 0 to some compact set I'5.. By the definition of dy one easily verifies
that I', N Qr, = I, N Qq, if 0 < Ty < T5. Using this the existence of I'™ C @ is
immediate. [ |

In the case ¢ > d, we even obtain:

Corollary 5.9 Let ¢ > d. Then I'y(t) —k—oo L'y for allt > 0 in Hausdorff distance,
where I'y = {x € R : (z,t) € T*}.

Proof: First of all, for a fixed ¢ > 0 and a suitable subsequence 'y, (1) —j—c I}*
in the Hausdorff distance. We claim that I';* = I';. The inclusion I'y* C I is
obvious. Conversely, let (z,t) € I';. Then there is a sequence (y,,t;) € 'y, such
that lim; . (2x;,tx,) = (z,f). But by Lemma 5.7 there are y; € I'y,(t) such that

ly; — x| < C(Bo, T)|t — ty, |7 . Hence

1
|z —y;| < Mo — @, | + [, — y;| < o — x|+ C(Eo)|E — ti, |7

which shows that Iy (t) > y; — = € I'y. Thus I'y C I'f*. Therefore I'y = I'}*
for any accumulation point I'}* of I'y(¢) in the Hausdorff distance, which implies
[p(t) =0 [} for all ¢t > 0. |

The latter corollary gives some compactness in time for the sequence of interfaces
[k(t) if ¢ > d for d = 2,3. But now there is a crucial difference between the case d = 2
and d = 3. If d = 3 and t > 0 is fixed, then the boundedness of H4~1(T'x(¢)) does
not imply that a limit of I'x(¢) in the Hausdorff distance has finite H¢"!-measure. —
It is easy to construct sequences of surfaces of fixed area with many “small fingers”
that will converge to a set of positive Lebesgue measure. — This cannot happen in
two dimension as the following lemma shows:

Lemma 5.10 Let I'y, C R?, k € N, be a sequence of compact Lipschitz curves and
[y, — I* in Hausdorff distance for some compact set T* C R2?. Then H(I'*) <
lim iIlfk_>OO Hl (Pk) .

Proof: Let o > 0,q > 1 be fixed. Then thereisa N = N(9, q) such that dg (I'y, I'*) <
(1-— é)g for all k > N. Moreover, for any € > 0 there is some k. > N such that
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L :=HY(T}.) < liminf;_ o HY () +&. Then there is a covering I'y, C U]]Vil Bs ()

such that M < $H*(T'y.) + 1. (Let y;: [0, L] — R? be a parameterization by arc-
length and ¢, = k-g, k=0,...,M -1, where M = [ZL] + 1, and t5; = L; then

choose x; = % (vk(tj—1) + Yx(¢;)).) Therefore I'* C Ujj\il Bs)a(x;) and
HY(D) < OM < gH'(Ty,) + 6 < q (Hminf 1! (Ty) + ) +9,

where
Hj3(A) = inf {Z 2r; A C U B, (7;),0 <r; < 5} :
j=1 j=1

Since ¢ > 1, > 0 are arbitrary H}(I'*) < liminfy ., H*(Tx) + & for every 6 > 0,
which proves the lemma. [

Corollary 5.11 Let ¢ >d =2, kK > 0. Then H'*7(I'*N[0,T]) < oo for all T > 0.
Proof: By Corollary 5.9 I'y(t) —r_o I'f in Hausdorff distance. Moreover, by
Lemma 5.10 HY(T}) < liminfy o HY(Tx(t)) < k7 'Ey for all t+ > 0. Now choose

0=ty <t <..<ty=T,T>0, with |t; — t;}a] <5 = (£)? for r > 0

and N < 276!, where C is the same constant as in Lemma 5.7. Since the length of
' (t;) is bounded by k' Ey, there are balls Br(zj),l=1,...,M;,j=1,..., N, with
M; < C(Eo)r~! covering T'x(t;). Now choose k € N so large that dy(Tk(t;), I7) <3
for j=1,...,N. Using Lemma 5.7 and I'y(t) = [}, we conclude

1
dy(Ty,T5,) < Clty — to]7.
Then for |t —t;] <9
M;
Iy C (Ffj)r/g C (Tk(t5))arys | Brlas)-
=1

Thus
N M;
I nQr € JJBr(z)

j=li=1

where the number of balls on the right-hand side is bounded by Cr~—'=¢". Since r > 0
was arbitrary, this implies that H'*7 (I'*) < C(Ey, q). |

5.5 Case with Surface Tension: Finish of the Proof
Using Corollary 5.11 we obtain:
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Lemma 5.12 Let kK > 0 and let ¢ > d = 2. Then
S(x(z,t), Dv(z,t)) = S(,1) for almost all (x,t) € Q. (5.12)

Proof: Because of Corollary 5.11, H3(T* N [0,7]) = 0 for all T > 0. Hence Br(0) x
0, 7] = U2, QUM with M = I*NQ7 and H3(M) = 0, where Q; = (a;, b;) X B, (x;)
and @; N M = (). Now it is sufficient to prove that (5.12) holds for all ¢ with
supp ¢ C ;, which shall be arbitrary but fixed in the following. Then we choose
n € C§°(Q;) with n = 1 on supp . Because of the convergence of I'y in Hausdorff
distance, for every fixed j € N we have (I'y)., N Q; = 0 for sufficiently large k € N.
Hence x., = [ € {0, 1} is constant on @; for suitably large k and wy, := P2 m2)(nui) €
L>=(0, 00; L2(R?)) N L1(0, oo; V,(R?)) solves

—(U}k, 8tu)Q + (wk|t:0, u(O))R2 — (\Ifkwk X W, VU,)Q + (S(l, Dwk), DU)Q = <fk, u}
for all u € C ([0, 00) X R?)?, divu = 0, with a right-hand side f}, satisfying
fr — f € L7(0,00; V(R?)) as k — oco.

Moreover, Wy —( 0o w in L9(0, 00, V,(R?)) and weak-+ in L>(0, co; L2(R?)) and it
can be shown by the same argument as in the case k = 0, c¢f. Lemma 5.4, that
Dw, — Dw in measure. In particular this implies S = S(I, Dv) = S(x, Dv) almost
everywhere on supp ¢. Since ¢ € C§°(Q) with supp ¢ C @; and @Q); have been arbi-
trary, (5.12) follows. [

Finally, we consider the sequence of oriented general varifolds Vi (t), ¢t € [0, 00)
associated to I'y(1), i.e.,

Wil ) = [ plom@)dVxa(®l, @€ CulR? x5,

where ng(z) = |gx’“| and we set

Vi, p) = /OOO(Vk(t),go(t» dt for all € L*(0,00; Co(R* x S*71)).

Hence for a suitable subsequence
2d — 1
2

for some V € L°(0, 00; M(R? x S?71)) since Vj, € L2(0, 00; M(R? x S471)) is uni-
formly bounded and M(R? x S*!) — H=*(R? x S?1). Then by choosing the test
function in the form (z, s,t) = s - ¥(z,1), ¥ € CF ([0, 00) x R4)? this implies

—/ (Vi (1), (b)) dt = /// 5 (1) dony oy dIVe(t)] dt
0 Rd JSd—1

H,HOO_/O (Vx(t), (1)) dt = //S D(a,t) AV, (t) d|V (t)| dt,

Vi =i .V in L®(0,00; H¥(R* x §*71)), 5 >

k—o0

(5.13)
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which shows (1.15). Similarly, choosing ¢(z, s,t) = (I —s®s) : Vi(x,t) we conclude

—Ammnw¢®ﬂ#24ﬂﬂﬂﬁ¢@ﬂﬁﬁmmAMW4W¢@Mt

for all ¥ € CF ([0, 00) x R%)4,
Moreover, by Theorem 2.1 there is some p € LY (Q; Prob(R%x?)) such that (1.16)
holds and

S(, Do)~ / SN dpes(n) in L7(Q)

for every [ € [0,1]. But this implies

S(x(z,t), Dvg) —p—oo /S(X(a:,t),/\) dpz¢(N) in Lq,(Q).

Moreover, Xr —r—oo X in measure (for a suitable subsequence) and S(xy, Dvy) is
uniformly bounded in L (Q). Therefore

lim (S(xx, Dug), Dp)g = lim (S(x, Dvr), Dp)q = ( / SO A) dpa (), Dw)

k—o0

Q

for each ¢ € Cg°(Q)?, which proves (1.14). Hence the existence of measure-valued
varifold solutions is proved.

It remains to prove the remaining properties stated in Theorem 1.6. The first
statement follows from Lemma 5.6 and Lemma 5.7. The second statement is proved
by first proving that for a suitable subsequence |V;(t)| — [V (¢)| in M(R?) for almost
all t > 0 and then using an argument due to Plotnikov [20]:

Lemma 5.13 Let ¢ > d and let K > 0. Then there is a subsequence (again denoted
by |Vi(t)|) such that
V()] =i V()] in M(RY)

for almost all t > 0.

Proof: First, we define a measure Fy(t) by

(Bu(t).9) = w(V(OLo) + 5 [ e Pela)do, o € GolR).

Note that Ej(t) measures approximately the kinetic energy and “surface energy” of
the approximately at given time ¢ > 0. We now show that Ej(t) converges weak-x
in measure almost everywhere (for a suitable subsequence).

By (2.8) we have that

G0ole =5 [ e@naot)

= (OVi(t), pWruk(t)) + / s-V(x)s - Yz, t) dVi(t)(z, s).

R xSd—1
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Since v, € L(0,T;Co(RY)), T > 0, is uniformly bounded, the last term in the
equation above is uniformly bounded in L (0, T; C*(R%)"). Moreover,

(OVi(t), pWivr) = (Vi (t), Po(0Wrur)) + (0Vi(t), (I — Fo) (W),

where (I—P,) (W) € L9(0,T; CHRY)), T > 0 and (§V,.(7),.) € L>=(0, 00; C} (RY)")
are uniformly bounded for every ¢ € CL(R?). (Note that in the case Q@ = R? the
Helmholtz projection P, can be represented using classical singular integral opera-
tors.) Therefore the second term in the equation above is also uniformly bounded in

L7(0,T; C*(R%)). Furthermore,

(OVi (), Py(p(Wrvr))) = (OVi(t), Ui Lylpvr))) — (OVi(t), Fy[ Wi, vk

where [A, B] denotes the commutator of two operators. Note that P, and ¥; com-
mute and that P, is a bounded operator on C%(R?), o € (0,1). Moreover,

H[\I’k,@]chl,a(Rd) < CHwHCa(Rd) w € CQ(Rd),O <a<l,

uniformly in £ € N. This implies that the second term in the equation above is

uniformly bounded in L7 (0, 7; C*(R?)"). On the other hand by (4.1)

—K(OVi(t), U Py (pur)) = —k(Hr, (1), Vi.Po (01))
= %%/Rd v (2, 1) Po(2) d + (1 — Pr)(@ur(t)), Deow(t))
H(Wrvr @ Vi * Vg, Vi % Po(pvg))ra + (S(Xk, Dvg), D Py (0vk) ),

where the second term vanishes and the last two terms are again uniformly bounded
in L1(0,T; CH(R?)). — Note that vy @ vy € L>(0,T; LY(R%)) N L*(0, T; L°(R?)) —
LYQr) N L*(Qr) and Vv, € LY(Qr) are uniformly bounded. — Summing up, we

have that p
%<Ek(t)> > € L (07 T; Cé (Rd)/)

is uniformly bounded. Hence

Ep —iaoo B in LP(0,T; H 3(RY)) if 5 > 1

loc
for every 1 < p < oo by (2.1) and therefore Ey(t) — E(t) in H*(R?) for almost
all t € (0,T). On the other hand v, —4 .o v in L7(0,T; L2 .(R?)) by Lemma 5.3
and therefore vy(t) — v(t) in L2 (R?) for almost all ¢ € (0,7) and for a suitable
subsequence. Hence

Ve(t)] —rkmoo p(t)  in Hi2(RY)

loc

for almost all t € (0,T). But, since C5°(R?) is dense in Cy(R?) and |Vj(#)] is uniformly
bounded in M(R?), we conclude

Vi) =fmoe u(t) 0 M(R)
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for almost all ¢ € (0,7). Finally, by (5.13)

2d -1

|Vie| = V] in L>°(0, 00; H*(R%)) for s >

hoo |
k—o0

and therefore u = |V|. ]

Lemma 5.14 Let ¢ > d = 2. Then |V (t)| is supported on T and |V (t)] > H'|T}
for almost all t > 0.

Proof: First assume that QF is simply connected. Let ¢ > 0 be such that |V, ()] =5 _
|V (t)] in M(R?). Moreover, let x;: [0,1] — R? be a parameterization of T'y; with
respect to arclength times the total length H'(T't ;). Then x;, € C%(]0, 1]; R?) is uni-
formly bounded since I'y; € Bg(0) for some R > 0 and the Lipschitz constants of
are H'(I'y;) < C(Ep). Hence for a suitable subsequence z;, —;_.o z € C°([0, 1]; R?)
for some x € C%!([0,1];R?) and H' (T, 1) —j—00 [*. — Note that H'(Ty, ) are
bounded below since they enclose Q; () and [} (¢)] = |Qf|. — Then

(Vo) = Jim () [ plantas =10 [ ptats)as.

for all ¢ € Cy(R?). Hence supp [V (¢)| = z([0,1]).

Now we prove that Iy = z([0,1]). Obviously, z([0,1]) € I';. Conversely, if
1o € I'}, then x = lim;_ .o, 24,(s;) for some s; € [0,1]. But then s; —; . 5o € [0, 1]
for a suitable subsequence again denoted by s;. Hence z¢ = lim;_. 2,(s;) = 2(s0) €
x([0, 1]). This proves the first part of the lemma.

In order to prove |V (t)| > H'|T* we use that

<mmwﬁ%mmwalwmwmm

since |2/(s)| < I* almost everywhere. Hence by the area formula

HWWMZAxMWWﬂszHMWm

for every open A C R?, cf. e.g. [27].
Finally, if € is not simply connected, we apply the argument above to N-curves
instead of one curve, where N is the number of connected components of 9Q7. =

A Appendix: Rectifiability of the Varifold

One of the most challenging questions concerning measure-valued varifold solutions
of the two-phase flow with surface tension is whether there are solutions such that the
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unorientated general varifold V (¢) associated to V() via (2.7) is a (d — 1)-rectifiable

—~

varifold for almost all ¢t > 0, i.e., V4(t) = 6p(z) and

Wa(t), ) = / o, Ple.))0y(x) dH [ Mi(2), @ € Co(Q x Gay),

for some countably (d — 1)-rectifiable set M; and a H% !| M;-measurable positive
function 6, cf. [27]. In particular, the case that 0;(x) is a positive integer for almost
all (x,t) would give a more satisfactory answer to the existence of measure-valued
solutions.

As noted by Plotnikov [19], the major problem is that (1.14) gives only informa-
tion of (§V,¢) for ¢ € C§°(Q;R?) with dive = 0. But in order to apply techniques
from geometric measure theory it is necessary to have a good estimate of (0V'(t), )
for ¢ € Cg°(Q;R?) with dive # 0 or at least for suitable gradients. The following
result on regularity of measure-valued varifold solutions shows that, once a (6V, )
can be estimated for all ¢ € C§°(Q; R%*1) in suitable norms and the (d — 1)-density
of |V ()| is bounded below, then V (¢) is a (d — 1)-rectifiable varifold. The result is
based on a new rectifiability result for general varifolds due to Luckhaus [15].

THEOREM A.1 (Rectifiability) Let (v, x,V, 1) be a measure-valued solution due

to Definition 1.2 and let T > 0, q > %. Assume that

limsup p~ "V (t)|(B,(z)) > ©; > 0
p—0

for |V (t)]-almost all x € R? and almost all t € (0,T). If for some s > 1

(6V,-y € L*0,T; WL (RY))

s,loc

or if there is some p € L*(0,T; L .(RY)) for some s > 1 such that

(Ua 8t90)QT + (v07 @(O))Rd - (U X v, VQD)QT
" ( [ 0N diae), DSO) ~ (divilo, = —x [ OV pl0) drA)

Qr

for all p € CF([0,T) x R%:RY), then V(t) is a (d — 1)-rectifiable varifold for almost
allt € (0,7).

We note that, if ¢ > d = 2, then the measure-valued varifold solution due to

Theorem 1.6 satisfies
lim sup p~ |V (£)|(B,(x)) = 1
p—0
for |V (t)|-almost all z and almost all ¢ > 0. Hence the lower bound of the (d — 1)-
density above is satisfied in this case.
The proof of Theorem A.1 is based on the following rectifiability theorem:
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THEOREM A.2 (Luckhaus [15])
Let V be a (general) (d — 1)-dimensional varifold on a domain Q@ C R? whose first
variation can be represented as

5V, ¢) = /(vw YAV dn, € CHURY), (A.2)

satisfying the estimate

o /B A )+ 7 / [o(y)] dp ()

BP(I)

< OF(p. sup R / dyi
p<R<dist(z,002) Bpg(x)

for all B,(z) C Q where i, 1o are non-negative Radon measures on 2 and F: Ry x
R} — [0,00) satisfies

1. F(0,L) =0, 0,F(p,L) >0, 92F(p,L) <0 for p, L >0,
2. limy oo L7'g(L) = 0 where g(L) = inf { R™¥"' + F(R,L) : R > 0}.

Moreover, assume that limsup, o p~**! pr(x) d|V| >0 >0 for |V]-almost all z € Q.
Then V is a (d — 1)-rectifiable varifold.

Remark A.3 We note that in the proof of Theorem A.2 the identity (A.2) is only
needed if ¢ = Vy is a gradient. For the convenience of the reader we repeat the first
part of the proof of Theorem A.2: The monotonicity formula for

wp.) =+ [0 (‘”” - y‘) AV I,

is considered, where ¢ € C*°([0, 00)) with ¢/(s) < 0, ¢(s) = 1for s <1 and ¢(s) =0
for s > 1. Then

i) = ~a-vp* [ o) avioi)

ot fo (P Eav
= [r(rw [ (D)) avinw

ot | \pf;y T 1] " ('“”“"y') =91 v ))

x —y| p p

- (o e (551))

o (25
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where “¢ (M> = —p 2V, 0 (M> for ®(s) = s71¢(s) is a gradient field.

o o
Then the assumptions of the theorem are used to estimate <5V(t), o <M> > In

p
the rest of the proof (A.2) is not used.

Proof of Theorem A.1: First of all, since rectifiability is a local property, we
replace R? by Q = Bg(0) with R > 0 arbitrary. Moreover, we can assume that
25§q*,whereq%:%—%<%.

First we consider the case (0V,-) € L*(0,T;W;1(Q)). Then there is some A €
LY0,T; L5(Q)) such that

(0V,9h) = / Az, t) : Vy(x,t) d(z,t) for all ¢ € L*>(0,T; Wsl,ﬁ(Q)),

which easily follows from Hahn-Banach’s theorem when identifying Wy ;(Q) with the

closed subspace {V : ¢ € W51,70(Q)} C L*(;R?%). In order to apply Theorem A.2
we choose p1 as the d-dimensional Lebesgue measure and estimate

1 1
p* / |A(y)|dy < (p‘d / dy) (p‘d / IA(y)!de)
By(x) By(z) By (z)

= Cp: <p‘d+1/ IA(y)Isdy> :
Bp(x)

Hence we can choose F(p, L) = C’pﬁL% for some suitable constant C' since s > 1
and pa(M) = [, |A(y)|° dy. Tt is easy to check that F(p, L) satisfies the condition 1
of the theorem. Moreover, choosing o =

1
ds—1
g(L) < C (L*“V + F(L™, L)) < ' (LQ@H) I Lf§+§) _ o

where =L < 1 since s > 1. Hence lim;_.o, L™'g(L) = 0.

In the second case we first use (A.1) for gradients ¢(z,t) = ¢(t)Vi(z) for ¢ €
Cr(Q),¢ € C3°(0,T), which yields

L' (9)

T
o [ v oo < o (Iulormolélmon v

161l Lo 0, [ V9| Lo (o)
Qr)

La'(
+ Ipllzr o8l 1Vl o))
< C(T)(Eo + [Pl rom:es @) 8l =00 | VY| 1o )

Hence
(0V,-) € LY(0,T; (G4 ()))
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where G, (Q) = {Vp € WL(Q) : ¢ € L¥(Q)} € WL(Q). In particular, (§V(t),-) €
(GL(Q)) for almost all t € (0,T) with s > 1. Now we can apply the arguments of
the first part since by Remark A.3 the identity (A.2) is only needed for gradients. m
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