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CONFORMAL DEFORMATIONS OF THE SMALLEST EIGENVALUE OF
THE RICCI TENSOR

PENGFEI GUAN AND GUOFANG WANG

Abstract. We consider deformations of metrics in a given conformal class such that the small-
est eigenvalue of the Ricci tensor to be a constant. It is related to the notion of minimal volumes
in comparison geometry. Such a metric with the smallest eigenvalue of the Ricci tensor to be a
constant is an extremal metric of volume in a suitable sense in the conformal class. The problem
is reduced to solve a Pucci type equation with respect to the Schouten tensor. We establish
a local gradient estimate for this type of conformally invariant fully nonlinear uniform elliptic
equations. Combining it with the theory of fully nonlinear equations, we establish the existence
of solutions for this equation.

1. introduction

The Ricci curvature tensor of a Riemannian metric plays an important role in comparison
geometry for Riemannian manifolds, in particular the lower bounds of Ricci curvature. See for
instance [2, 13, 30]. In this paper, we are interested in conformal deformations of the smallest
eigenvalue of the Ricci tensor. Let (Mn, g0) be an n-dimensional compact Riemannian manifold
and [g0] its conformal class. And let Ricg and Rg be the Ricci curvature tenser and the scalar
tensor of a metric g respectively. Define minRicg(x) the smallest eigenvalue of g−1 · Ricg at
x ∈M . Our problem is to find a conformal metric g = e−2ug0 such that

(1) minRicg(x) = constant.

It turns out that the problem is equivalent to solving an interesting fully nonlinear uniform
elliptic equation. First we recall that the Schouten tensor of the metric g is defined by

Sg =
1

n− 2

(
Ricg − Rg

2(n − 1)
g

)
.

Let Λ = (λ1, λ2, · · · , λn) ∈ Rn. Assume that λ1 ≤ λ2 ≤ · · · ≤ λn. For an integer 1 ≤ p ≤ n− 1,
define a function Gp : Rn → R by

Gp(Λ) = (n− p)
∑
i≤p

λi + p
∑
i>p

λi.

For a symmetric matrix A, Gp(A) = Gp(Λ), where Λ is the set of eigenvalues of A. It is easy to
check minRic = G1(g−1 · Sg).
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We may also ask if there is a conformal metric with a constant Wp(g) := Gp(g−1 · Sg). Wp(g)
is also an interesting geometric object, which will be called p-Weitzenböck curvature, for it
arises from the Weitzenböck formula for p-forms in a locally conformally flat manifold. See the
Appendix. We will consider the following general equation

(2) Wp(g)(x) = f(x), ∀x ∈M.

We first treat the case when the background metric has negative curvature, i.e., Wp(g0) < 0.

Theorem 1. Let (M,g0) be a compact Riemannian manifold and 1 ≤ p ≤ n. Suppose that
Wp(g0)(x) < 0 for any x ∈M , then there is a unique C2,α metric g ∈ [g0] for some α > 0 such
that Wp(g)(x) = −1, ∀x ∈M.

A geometric consequence of Theorem 1 is the existence of an extremal metric in the conformal
class with minimal volume. Although (2) has no variational structure in general, a solution of
(2) does achieve the minimum of the minimal volume in a conformal class in this case. The
following is a simple consequence, see section 4 for other related results.

Corollary 1. Suppose that minRicg0(x) < 0 for any x ∈M . Then there is a unique conformal
metric g∗ ∈ [g0] such that vol(g∗) = min vol(g), where minimum is taken over all g ∈ [g0] with
minRicg(x) ≥ −1. The extremal metric g∗ is characterized by a unique solution to equation
minRicg∗(x) = −1,∀x ∈M .

This Corollary is related to the minimal volumes considered by Gromov [12] and LeBrun [23]

We now turn to the case of the positive Ricci curvature.

Theorem 2. Let (M,g0) be a compact Riemannian manifold with Ricg0 > 0. Then there is a
conformal metric g ∈ [g0], g ∈ C2,α(M) for some α > 0 such that minRicg(x) = n − 1 for all
x ∈M .

The positivity of p-Weitzenböck curvature for 1 < p ≤ n/2 plays an important role in the
investigation of the topological structure of locally conformally flat manifolds in [14] and the
Appendix.

Theorem 3. Let (M,g0) be an n-dimensional smooth compact locally conformally flat manifold
with Wp(g0) > 0 and p ≤ n/2. If (M,g0) is not conformally equivalent to the standard n-sphere,
then there exists g ∈ [g0], g ∈ C2,α(M) for some α > 0 such that

(3) Wp(g)(x) = 1, ∀x ∈M.

Furthermore, the solution space is compact. That is, there is positive constant C > 0, such that

(4) ‖u‖C2,α ≤ C

for any C2,α solution g = e−2ug0 of (3).

One of the interesting aspect of this paper is that our geometric problem is deduced to
a Pucci type fully nonlinear uniformly elliptic equations with respect to the Schouten tensor.
These equations have been studied extensively in Euclidean domains, in particular in connection
to stochastic optimization. With the breakthrough of the Krylov-Safonov’s Harnack estimate
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[22] for non-divergent elliptic equations, it followed the fundamental Evans-Krylov theorem
[10, 21] on the Hölder regularity of the second derivatives. The deep results of Caffarelli [5] and
Safonov [33, 34] provide further improvement of such Hölder estimates bypassing C2 estimates.
Caffarelli’s perturbation theory is very important for our application in conformal geometry.
Especially some of our geometric equations are in terms of convex operators, where C2 estimates
are difficult to obtain with standard approaches. The core of Caffarelli’s perturbation theory
is the C2 estimates for simple model equations, which were established by him for the concave
and convex operators. To apply the Caffarelli perturbation theory for our equations, we need
one more crucial estimate, that is a local gradient bound depending only on one side bound of
solutions. As in the case for nonlinear equations in conformal geometry, this is a key step for
the blow-up analysis. The Bishop-Gromov volume comparison theorem also pays an important
role in the proof of Theorem 3.

The paper is organized as follows. In Section 2, we discuss briefly our uniformly elliptic fully
nonlinear equations and Caffarelli’s results. We prove the local gradient estimates in Section 3.
In Section 4 we discuss the case of negative curvature and the minimal volume in a conformal
class. We prove Theorem 2 and Theorem 3 in Section 5.

Acknowledgement. We would like to thank Claude LeBrun for helpful conversations with the
first author at AIM’s workshop on “Conformal Structure in Geometry” in Palo Alto. When
informed our results on the conformal deformations of the smallest eigenvalue of Ricci tensor,
he pointed to us a possible application to the minimal volumes. Corollary 1 was inspired by
conversations with him.

2. Fully nonlinear uniformly elliptic equations and Caffarelli’s estimates

In this section, we will deduce our problem to fully nonlinear uniformly elliptic elliptic equa-
tions. We will make use of Caffarelli’s fundamental W 2,p and C2,α estimates in [5] (see also
Safonov’s work on C2,α estimates in [34]). Some of these results have been subsequently gener-
alized to certain type of equations of form F (∇2u,∇u, x) = f(x) by L. Wang in [39] as well as
for the case of parabolic equations. As we will see that equation (2) involves ∇u in a delicate
way, we need certain appropriate a priori estimates depending only on one side bound of u (to
be more explicit, e−2 inf u). This type of local gradient estimates will be established in the next
section.

Let (Mn, g0) be a compact, oriented Riemannian manifold of dimension n > 2. Let [g0] be the
conformal class of g0. For any g ∈ [g0], we denote Ricg, Sg the Ricci tensor and the Schouten
tensor of the metric g respectively. We write

Rs
g(x) = smallest eigenvalue of g−1Ricg(x),

Rl
g(x) = largest eigenvalue of g−1Ricg(x),

Ss
g(x) = smallest eigenvalue of g−1Sg(x),

S l
g(x) = largest eigenvalue of g−1Sg(x).
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It is clear that Rs
g and Rl

g do not depend on the choice of coordinates. From the definition of
the Schouten tensor

Sg =
1

n− 2

(
Ricg − Rg

2(n − 1)

)
,

we have the following relations

(5)
Rs

g(x) = (n− 2)Ss
g (x) + tr(Sg(x)),

Rl
g(x) = (n− 2)S l

g(x) + tr(Sg(x)).

If g = e−2ug0, there is a transformation formula between two Schouten tensors

(6) Sg = ∇2u+ ∇u⊗∇u− |∇u|2g0
2

+ Sg0,

where all covariant derivatives are with respect to g0. (The same convention will be used in the
rest of this paper, unless it is stated otherwise). Locally, denoting Sij the Schouten tensor of g0
under the frame, we have

(Sg)ij = uij + uiuj − |∇u|2
2

δij + Sij.

For any symmetric matrix A, we denote λs(A) and λl(A) to be the smallest and largest
eigenvalues of A respectively. And we denote σ1(A) = tr(A). We obtain the equations for
constant Rs

g and Rl
g respectively:

(7) F∗(u) =: ((n− 2)λs + σ1)(∇2u+ du⊗ du− |∇u|2
2

g0 + Sg0) = e−2uRs
g,

(8) F ∗(u) =: ((n − 2)λl + σ1)(∇2u+ du⊗ du− |∇u|2
2

g0 + Sg0) = e−2uRl
g.

Hence F∗ and F ∗ are uniformly elliptic with ellipticity constants 1 and n− 1. It is clear that
F∗ is concave and F ∗ is convex. We also note that F ∗ and F∗ are homogeneous of degree 1.

There are other similar fully nonlinear equations arising in the Weitzenböck formula for p-form
on local conformally flat manifolds. Let Λ = (λ1, λ2, · · · , λn) ∈ Rn be the set of eigenvalues of
a symmetric matrix A. For an integer 1 ≤ p ≤ n/2, define a function Gp : Rn → R by

Gp(A) = Gp(Λ) = min{(n− p)
∑
k≤p

λik + p
∑
k>p

λik},

where min is over all permutations of 1, 2, · · · , n. We define Wp(g) the p-Weitzenböck curvature
of g by

Wp(g) = Gp(g−1 · Sg).
It is easy to check Rs

g = W1(g). The p-Weitzenböck curvature is as much interest as the scalar
curvture, at least for locally conformally flat manifold. For example, from the Weitzenböck
formula one can easily show that a locally conformally flat manifold with positive p-Weitzenböck
curvature has vanishing q-cohomology group for n/2 − p ≤ q ≤ n/2 + p (for p ≤ n/2).
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We may also ask whether we can find a conformal metric with constantWp. The corresponding
equation is

(9) Gp

(
∇2u+ du⊗ du− |∇u|2

2
g0 + Sg0

)
= constant · e−2u.

Equation (9) is also uniformly elliptic. It is easy to see that (9) is concave for p ≤ n
2 . From

the transformation formula (6), one can check that Equation (9) is also conformally invariant.
Hence, in general there is no compactness for equation (9).

We also define for p ≥ n/2 a function Gp : Rn → R by

Gp(A) = Gp(Λ) = max{(n− p)
∑
k≤p

λik + p
∑
k>p

λik},

where max is over all permutations of 1, 2, · · · , n. We still define Wp(g) = Gp(g−1 · Sg). It is
clear that Rl

g = Wn−1(g). We can also consider equation (9) for p ≥ n/2. For p ≥ n/2 equation
(9) is still uniformly elliptic, but it is convex. Since Gp is homogeneous of order 1, we may
rewrite equation (2) as the following equivalent equation by setting v = eu

(10) Gp(∇2v + Sg0v) = p(n− p)
|∇v|2
v

+
f

v
.

The function Gp is only Lipschitz, when p 	= n/2. (Remark that when p = n/2, equation (9)
is equivalent to the Yamabe equation.) One can find a sequence of smooth functions {Fk} such
that Fk uniformly converges to Gp in any compact domain of Rn and homogeneous 1 outside
the unit ball in Rn, i.e., Fk(x) = |x|F ( x

|x|) for |x| ≥ 1. Furthermore, for p < n/2 (p > n/2) Fk

is concave (convex).
One may consider a more general class of conformal equations. Let S be the space of sym-

metric 2-tensors on M . Let F : S → R a real continuous function. We consider the following
general equation

(11) F

(
e−2u(∇2u+ du⊗ du− |∇u|2

2
g0 + Sg0)

)
= f(x),

for some function f : M → R. F is uniformly elliptic with constants λ0 and Λ0 if there exists
two positive constants λ0 and Λ0 such that for any W ∈ S

λ0‖N‖ ≤ F (W +N) − F (W ) ≤ Λ0‖N‖ ∀N ≥ 0,

here by N ≥ 0 means that N is nonnegative definite and ‖N‖ = sup|v|=1 |Nv|. If F is uni-
formly elliptic, we call equation (11) a uniformly elliptic fully nonlinear equation with ellipticity
constants λ0 and Λ0. There are many typical uniformly elliptic fully nonlinear equations. Our
equation (9) is similar to the Pucci equation, see [5]. Let M± be the Pucci’s extremal operators,
namely for two given constant 0 < λ0 < Λ0 and W ∈ S

M−(W ) = λ0

∑
ei>0

ei + Λ0

∑
ei<0

ei,

M+(W ) = Λ0

∑
ei>0

ei + λ0

∑
ei<0

ei,
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where ei = ei(W ) are the eigenvalues of W . One can also consider

(12)
M−(e−2u(∇2u+ du⊗ du− |∇u|2

2
g0 + Sg0)) = 1,

M+(e−2u(∇2u+ du⊗ du− |∇u|2
2

g0 + Sg0)) = 1.

M− is concave, while M+ is convex.
We now deduce C2,α estimates for equation (2) from the work of Caffarelli [5] assuming the

gradient bound and a lower bound of u. The crucial part in Caffarelli’s perturbation theory for
uniformly elliptic fully nonlinear equation F (∇2u, x) = f(x) is the C1,1 interior estimates for
F (∇2u, x0) = constant. He obtained such fundamental estimates for concave or convex operator
F (note that here concavity and convexity of F can always be switched by F̃ (Λ) = −F (−Λ)).
Though Caffarelli proved these estimates in [5] for equations with flat metric, his arguments
work under general Riemannian metrics. And the generalization of Caffarelli’s estimates by
L. Wang [39] to uniformly elliptic equations of form F (∇2u,∇u, u, x) gives the following C2,α

estimates for equations of type (9).

Theorem 4 (C2,α-estimates). Suppose F is a uniformly elliptic concave operator with elliptic
constants λ0,Λ0. Let B1 be a unit disk in a compact Riemannian manifold M and f, h ∈ C1(B1).
Suppose g = e−2ug0 with |∇u|B1 ≤ A is a solution of equation

(13) F

(
∇2u+ du⊗ du− |∇u|2

2
g0 + Sg0

)
= e−2uf(x), x ∈ B1,

then there exist α > 0 and C > 0 depending only on λ0,Λ0, A, ‖u‖C0(B1) and g0 such that

(14) ‖u‖C2,α(B 1
2
) ≤ C.

In fact, we may directly apply Caffarelli’s estimates [5] to obtain C2,α estimates for equations
of type (10). Let B1 be a unit disk in a compact Riemannian manifold M and f, h ∈ C1(B1).
Suppose g = e−2ug0 = v−2g0 with |∇v

v |B1 ≤ A is a solution of equation

(15) F (∇2v(x) + v(x)Sg0(x)) = h(x)
|∇v(x)|2
v(x)

+
f(x)
v(x)

, x ∈ B1.

Since F is concave, by Theorem 6.6 in [6], the equation

F (∇2v + Sg0(x0)v) = constant,

has C1,1 interior estimates for any x0 ∈ B1. It follows from Theorem 7.1 in [6] that equation (15)
has interior W 2,p estimate for any n < p < ∞ since |∇v|

v ≤ A. This in turn gives C1,β a priori
bound for the solution v of equation (15) for all 0 < β < 1. Finally estimate (14) for v = eu

follows from Theorem 8.1 in [6] since the right hand side of equation (15) is a Cβ function now.

3. Local gradient estimates

In this section, we establish a local gradient estimates for solutions g = e−2ug0 of equation
(2) in the case p ≤ n/2, depending only on lower bound of u.
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Theorem 5 (Local gradient estimates). Suppose F is concave and uniformly elliptic with ellip-
ticity constants λ0,Λ0. Let B1 be a unit disk in a compact Riemannian manifold M and u a C2

solution of the following equation

(16) F

(
∇2u+ du⊗ du− |∇u|2

2
g0 + Sg0

)
= e−2uf(x), x ∈ B1

for a C1 function f : B1 → R. Then there is a constant C > 0 depending only on λ0,Λ0, g0
such that

(17) |∇u|2(x) ≤ C(1 + ‖f‖C1(B1)e
−2 infB1

u), for any x ∈ B1/2.

Combining Theorem 5 and Theorem 4, we deduce the following.

Corollary 2 (Local C2,α-estimates). Let B1 be a unit disk in a compact Riemannian manifold
M and f ∈ C1(B1). Suppose u is a solution of equation (16), then there is a constant C > 0
depending only on λ0,Λ0, g0, ‖f‖C1B1

, infB1 u, such that

(18) ‖u‖C2,α(B 1
2
) ≤ C.

In particular, (18) is true for any solution of (2) when p ≤ n
2 .

We note that Corollary 2 guarantees that we can use the so-called blow-up analysis to study
the fully nonlinear equation (2). We remark that the local gradient estimates (17) does not true
for p = n− 1. The local gradient estimates were first obtained for σk conformal invariant equa-
tions in [15] and for σk

σl
conformal invariant equations in [17], though in general fully nonlinear

equations have no local estimates. The operator Gp we are considering here is only Lipschitz,
which we will deal with by a smoothing argument. Actually we can prove the local gradient
estimates for a more general class of uniformly elliptic fully nonlinear conformal equations.

We first prove the local gradient estimates for C2 uniformly elliptic operator F . Let F : Rn →
R is a C2 symmetric function and consider the following equation

(19) F

(
∇2u+ du⊗ du− |∇u|2

2
g0 + Sg0

)
= f̃ ,

for some C1 function f̃ . We denote the left hand side of (19) by F (W ) and set

F ij =
∂F

∂wij
,

where wij is the entry of the matrix W . As mentioned above, F (W ) = F (Λ), where Λ is the set
of eigenvalues of W .

Proposition 1. Let B1 be a unit disk in a compact Riemannian manifold M and u a C3 solution
of (19) for a C1 function f̃ : B1 → R. Let F : S → R be a C2 function satisfying

(1) F is an uniformly elliptic with ellipticity constants λ0 and Λ0

(2) F is concave.
Then for any ρ ∈ C2

0 (B1) with 0 ≤ ρ(x) ≤ 1, there is a constant C > 0 depending only on λ0,
Λ0, ‖ρ‖2

C(B1)‖ and g0 such that

(20) max
B1

{ρ(x)|∇u|2(x)} ≤ C(1 + max
B1

{ρ(x)|∇f̃(x)|}).
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Proof of Proposition 1. The Proof follows closely the argument given in [15] and [16]. As in [15],
we first reduce the proof of the Lemma to the following claim.

Claim. There is a constant A0 depending, such that

(21)
∑
i,j

F iiũ2
ij ≥ A

− 5
8

0

∑
i

F ii|∇u|4,

where ũij = uij + Sij.

For convenience of the reader, we sketch the reduction. Let ρ be a test function ρ ∈ C2
0 (B1).

We may assume

(22) |∇ρ(x)| ≤ 2b0ρ1/2(x) and |∇2ρ| ≤ b0, in B1,

for b0 > 1. Set H = ρ|∇u|2. Our aim is to bound maxB1 H. Let x0 ∈ B1 be a maximum point
of H and assume that W is a diagonal matrix at the point x0 by choosing a suitable normal
coordinates around x0. Set λi = wii and Λ = (λ1, λ2, · · · , λn). Since W is diagonal at x0, we
have at x0

(23) wii = uii + u2
i −

1
2
|∇u|2 + Sii, uij = −uiuj − Sij , ∀i 	= j,

where Sij are entries of Sg0. We may assume that

H(x0) ≥ b20A
2
0,

for some large, but fixed constant A0 > 0 which will be fixed later. We may also assume that

(24) |Sg0|(x0) ≤ A−1
0 |∇u|2(x0).

Otherwise, we are done. The fact that the derivatives of H at x0 vanish imply

(25)

∣∣∣∣∣
n∑

l=1

uilul

∣∣∣∣∣ (x0) ≤ |∇u|3
A0

(x0) for any i.

Applying the maximum principle to H, we have

(26) 0 ≥ F ijHij = F ij

{(
−2

ρiρj

ρ
+ ρij

)
|∇u|2 + 2ρulijul + 2ρuilujl

}
.

The first term in the left hand side of (26) is bounded from below by −10nb0Λ0|∇u|2. By using
equation (19) and inequality (25), the second term can be bounded by

(27)

∑
i,j,l

F ijuijlul ≥
∑

l

Flul − 2
∑
i,l

F iiuilului +
∑
i,l

F iiujlujul − C|∇u|2
∑

i

F ii

≥ −|f̃ |2 − 2n
∑

i

F ii |∇u|4
A0

− C|∇u|2,
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where C > 0 depends only on g0 and Λ0. See also (2.20) in [15]. It is easy to see that the third
term is bounded by the Claim. Hence if the Claim is true, from (26) we have

(28) 0 ≥ −C|∇u|2 − ρ|∇f̃ |2 − ρ
∑

i

F ii |∇u|4
A0

+ ρA
− 5

8
0

∑
i

F ii|∇u|4.

Multiplying (28) by ρ, we have

0 ≤
∑

i

F ii(A
− 5

8
0 −A−1

0 )H2 − CH − ρ2|∇f̃ |2,

from which we have (20).
Now we prove the Claim. By (23), we have

(29)

∑
i,l

F iiũ2
il =

∑
i

F iiũ2
ii +

∑
i�=l

F iiu2
i u

2
l

=
∑

i

F ii
{
ũ2

ii + u2
i (|∇u|2 − u2

i )
}

=
∑

i

F ii(w2
ii − 2u2

iwii + wii|∇u|2 +
|∇u|4

4
).

Set δ0 = A
−1/4
0 < 0.1. We divide the set I = {1, 2, · · · , n} as in [15] into two parts:

I1 = {i ∈ I |u2
i ≥ δ0|∇u|2} and I2 = {i ∈ I |u2

i < δ0|∇u|2}.
It is clear that I1 is non-empty.

Case 1. There is j0 satisfying

(30) ũ2
jj ≤ δ20 |∇u|4 and u2

j < δ0|∇u|2.

We may assume that j0 = n. We have |wnn + |∇u|2
2 | = |ũnn + u2

n| < 2δ0|∇u|2 by (30). From
(25) and (23), we have∣∣∣wii − |∇u|2

2

∣∣∣ =
∣∣uii + u2

i − |∇u|2 + Sii

∣∣ ≤ 3δ20 |∇u|2,
for any i ∈ I1.

Using these estimates, we repeat the derivation of equation (2.38) in [15] to obtain

(31)
∑
i,l

F iiũ2
il ≥ F̃ 1 |∇u|4

4
− F̃ 1|∇u|4 + Fnn |∇u|4

4
+ (1 − 32δ20)

|∇u|4
4

∑
i

F ii,

where F̃ 1 := maxi∈I1 F
ii. Recall that I1 is necessarily non-empty. We assume 1 ∈ I1 with

F 11 = F̃ 1. The concavity of F implies that

(32) Fnn ≥ F 11,
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for w11 > wnn. Hence, from (31) we have

∑
i,l

F iiũ2
il ≥ −16δ20 |∇u|4 + (1 − 32δ20)

|∇u|4
4

n−1∑
i=2

F ii

≥
(

1 − 32δ20 − 64δ20
Λ0

(n− 2)λ0

) |∇u|4
4

n−1∑
i=2

F ii

≥
(

1 − 32δ20 − 64δ20
Λ0

(n− 2)λ0

)
(n− 2)λ0

nΛ0

|∇u|4
4

n−1∑
i=2

F ii,

Case 2. There is no j ∈ I satisfying (30).

For this case, the proof is the same as in [16]. We repeat it here for completeness.
We may assume that there is i0 such that ũ2

i0i0
≤ δ20 |∇u|4, otherwise the claim is automatically

true. Assume i0 = 1. As in Case 4 in [15], we have u2
1 ≥ (1−2δ0)|∇u|2 and ũ2

jj+u
2
j(|∇u|2−u2

j) ≥
δ20 |∇u|4 for j > 1. From equation (29), we have∑

i,l

F iiũ2
il =

∑
i

F ii
{
ũ2

ii + u2
i (|∇u|2 − u2

i )
}

≥
∑
i≥2

F ii(ũ2
ii + u2

i (|∇u|2 − u2
i ))

≥ δ20 |∇u|4
∑
i≥2

F ii ≥ Cδ20 |∇u|4
∑
i≥1

F ii.

The latter inequality follows from the uniformly ellipticity of F . This finishes the proof the
Claim and hence the Proposition.

We have a direct corollary.

Corollary 3. Suppose F is a C2 concave and uniformly elliptic operator with ellipticity constants
λ0,Λ0. Let B1 be a unit disk in a compact Riemannian manifold M and u a C2 solution of
equation

(33) F

(
∇2u+ du⊗ du− |∇u|2

2
g0 + Sg0

)
= e−2uf(x), x ∈ B1

for a C1 function f : B1 → R. Then there is a constant C > 0 depending only on λ0,Λ0, g0
such that

(34) |∇u|2(x) ≤ C(1 + ‖f‖C1(B1)e
−2 infB1

u), for any x ∈ B1/2.

Proof. We pick ρ ∈ C2
0 (B1) such that ρ(x) = 1,∀x ∈ B 1

2
and 0 ≤ ρ(x) ≤ 1,∀x ∈ B1. (34) follows

directly from (20) with f̃ = e−2uf .
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In what follows in the next sections, we will only need Corollary 3 as we will work on smooth
operator F . We note that estimates (34) and (18) are independent of the smoothness of F .
Theorem 5 can also be proved by certain appropriate approximations.

A sketch proof of Theorem 5. Since u ∈ C2, u is in fact C2,α by the Evans-Krylov theorem.
We may find two sequences of smooth functions {uk} and {fk}, such that uk → u in C2,α(B̄1),
fk → f in C0,1(B̄1), and

F

(
∇2uk + duk ⊗ duk − |∇uk|2

2
g0 + Sg0

)
≥ e−2ukfk.

We now construct a sequence of smooth concave Fk : S → R such that Fk converges to F
uniformly in compacts of S and Fk is uniformly elliptic with ellipticity constants λ0

2 and 2Λ0.
We may assume

Fk(λ) ≥ F (λ), ∀|λ| ≤ sup
B1

∣∣∣∣∇2u+ du⊗ du− |∇u|2
2

g0 + Sg0

∣∣∣∣ + 1.

By the symmetry of Fk,
∂Fk(1,··· ,1)

∂λi
= ∂Fk(1,··· ,1)

∂λj
for all i, j. Set ∂Fk(1,··· ,1)

∂λj
= A. Let R0(x) be the

scalar curvature of g0, and let ũ be the solution of ∆ũk = fke−2uk

A − R0 + n − Fk(1,··· ,1)
A in B1

with ũk = uk on ∂B1. We consider the following Dirichlet problem

(35)
Fk

(
∇2vk + dvk ⊗ dvk − |∇vk|2

2
g0 + Sg0

)
= fke

−2uk , in B1,

vk = uk, on ∂B1.

By the concavity of Fk,
Fk(λ) ≤ Aσ1(λ) − nA+ Fk(1, · · · , 1).

We have

A

(
∆vk +R0 − n+

Fk(1, · · · , 1)
A

)
≥ A

(
∆vk − n− 2

2
|∇vk|2 +R0 − n+

Fk(1, · · · , 1)
A

)
≥ fke

−2uk

≥ Fk

(
∇2vk + dvk ⊗ dvk − |∇vk|2

2
g0 + Sg0

)
.

In turn, we have vk ≤ ũk in B1. On the other hand, we have

Fk

(
∇2uk + duk ⊗ duk − |∇uk|2

2
g0 + Sg0

)
≥ F

(
∇2uk + duk ⊗ duk − |∇uk|2

2
g0 + Sg0

)

= Fk

(
∇2vk + dvk ⊗ dvk − |∇vk|2

2
g0 + Sg0

)
.

This gives vk ≥ uk in B1. From this, we obtain a C0 bound of vk and a bound of |∇vk| at the
boundary ∂B1. Using the same proof of Proposition 1, we can obtain a bound of |∇vk| on B̄1

(simply let H(x) = |∇vk|2 and estimate at the maximum point if it is not on the boundary). At
this end, we have a uniform C1 bound of vk. The standard barrier construction ω± similar to
the one in Step 3 in Chapter 9 of [6] (page 91), with the modified operator F̃ (ω±) = Fk(∇2ω± +
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dvk ⊗ dvk − |∇vk|2
2 g0 +Sg0), will give a C2 bound near boundary. The global C2 estimate follows

easily along the lines of proof in Proposition 3.1 in [15] (see also proof of Lemma 3 in [14]).
Higher regularity estimates follow from the Krylov Theorem [21]. We note that C2 and higher
regularity bounds of vk may depend on higher smoothness assumptions on uk and fk, but the
interior C2,α estimates of vk depend only on ‖uk‖C2,α(B̄1) and ‖fk‖C1(B̄1) by Theorem 4. In
any case, we can establish the existence of the Dirichlet problem (35) by using the method of
continuity for equation

Ft

(
∇2vk + dvk ⊗ dvk − |∇vk|2

2
g0 + Sg0

)
= tfke

−2uk + (1 − t)f∗k ,

where Ft(λ) = tFk(λ) + (1 − t)σ1(λ) and f∗k = σ1

(
∇2uk + duk ⊗ duk − |∇uk|2

2 g0 + Sg0

)
. Now

by Proposition 1, we have for any ρ ∈ C2
0 (B1) with 0 ≤ ρ ≤ 1, there exists C independent of k

and uk such that

(36) max
B1

{|ρ(x)∇vk|2(x)} ≤ C(1 + (max
B1

{|ρ(x)fk(x)||∇uk(x)|}+ max
B1

{ρ(x)|∇fk(x)|})e−2uk(x)).

From our estimates, ‖vk‖C1(B̄1) ≤ C, where C is a constant independent of k, since ‖uk‖C2,α(B̄1)

and ‖fk‖C1(B̄1) are uniformly bounded. By Theorem 4, vk → v0 (after passing a subsequence)
in C2,α(B1), vk converges to v0 = u by the uniqueness. Therefore, there is a constant C > 0
depending only on λ0, Λ0, and the geometry of B1 such that

max
B 1

2

|∇u|2(x) ≤ C(1 + ‖f‖C1(B1)e
−2 infB1

u(x)).

This finishes the proof of Theorem 5.

A direct consequence of Theorem 5 is the following

Corollary 4. Let B1 be a unit disk in a Riemannian manifold (M,g0) and p < n/2. There
exists a small constant ε0 > 0 depending only on (B1, g0) such that for any sequence of solutions
ui of (2) in B1 with ∫

B1

e−nuidvol(g0) ≤ ε0,

either
(1) there is a subsequence uil uniformly converging to +∞ in any compact subset of B1, or
(2) there is a subsequence uil converging strongly in C2,α

loc (B1).

Proof. It follows the same lines of proof in [36] or [15].

4. negative curvature case

In this section, we discuss the negative curvature case, where the geometry is rich. By
[11] (n = 3) and [27] (general dimension n ≥ 3), every higher dimensional manifold has a
metric with negative Ricci tensor. It is clear that such a metric also has negative Wp for any
1 ≤ p ≤ n − 1. Hence every higher dimensional manifold has a metric with negative Wp. The
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conformal deformation will yield interesting geometric information about the extremal metrics
in a given conformal class.

Proof of Theorem 1. First we take the sequence of smooth Fk considered in the previous section.
For each Fk we consider the following equation

(37) Fk

(
(e2u(∇2u+ du⊗ du− |∇u|2

2
g0 + Sg0)

)
= −1.

For large k, from the condition of the Theorem, we have

Fk(Sg0)(x) < 0, ∀x ∈M.

We first prove the existence of solutions to equation (37). Here we use the method of continuity.
Let us consider the following equation

(38) Ft(u) := Fk

(
e2u(∇2u+ du⊗ du− |∇u|2

2
g0 + Sg0)

)
+ t− (1 − t)Fk(Sg0) = 0

and define J = {t → [0, 1] | (38) has a solution for t}. It is clear that 0 ∈ J . First, we prove the
openness of J . Let t0 ∈ J . By the maximum principle, we know that there is only one solution
u of (38) for t = t0. Let L be its linearization. We want to show that L is invertible. By the
maximum principle again, we know that the kernel of L is trivial. Note that L might be not
self-adjoint. To show the invertibility of L, we need to show that the cokernel of L is also trivial.
However, one can readily check that the Fredholm index of L is zero, and hence the cokernel of
L is trivial. Now the openness follows from the implicit function theorem.

Then we show the closeness. Let x0 and x1 be the minimum and maximum of u respectively.
By the maximum principle, we have

(39) e2u(x0) ≥ t− (1 − t)Fk(Sg0)(x0)
−Fk(Sg0)(x0)

and

(40) e2u(x1) ≤ t− (1 − t)Fk(Sg0)(x1)
−Fk(Sg0)(x1)

.

Hence, we have C0 bound of u independent of t.
By a global estimates proven in Proposition 2 below and Theorem 4, we have the closeness.

Hence we have a solution uk of (37) with the bound

(41)
1

−minFk(Sg0)(x0)
≤ e2uk ≤ 1

−maxFk(Sg0)(x0)
.

In viewing of (41), we use again the global estimates and Theorem 4 to obtain a C2,α uniform
bound of uk for some α > 0. Hence uk converges (by taking a subsequence) to u. It is clear that
e−2ug0 satisfies (2).

Proposition 2. Let u be a solution of

(42) F (∇2u+ du⊗ du− |∇u|2
2

g0 + Sg0) = fe−2u
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with C1 function f . Suppose that F is uniformly elliptic and is homogeneous of degree 1. Assume
that u has C0 bound. Then u has a C1 bound and a C2,α bound.

Proof. Since we already have full C0 bound, the proposition can be proved using standard
Pogorelov type of trick, for example, as in [19]. Let v = eu and consider the following equivalent
form of (42)

(43) F

(∇2v

v
− |∇v|2

v2
g0 + Sg0

)
= fv−2.

Without loss of generality, we may assume that v ≤ 1. Set H = e2φ(v)|∇v|2. Here φ will be
fixed later. Let x0 be a maximum point of H. At x0, we have

(44)
∑

k

(2vkvki + 2φ′(v)vi|∇v|2) = 0, for any i.

Without loss of generality, we may assume that v1 = |∇v|, vi = 0 for any other i and that vij is
diagonal at x0. Hence, (44) is equivalent to v11 = −φ′(v)|∇v|2. Set wij = vij − |∇v|2

2v δij + vSij.
The maximum principle, together with (44), implies

(45) 0 ≥
∑

F ij(vkjvki + vkvkij + φ′(v)vij |∇v|2 + vivjφ
′′(v)|∇v|2 + 2φ′(v)vivkivk)

By (44), it is easy to check that

∑
F ijvkivkj ≥ F 11v11v11 = F 11(φ′(v))2

|∇v|4
v

,

∑
F ijvkvkij =

∑
F ijvkvijk +

∑
F ijvkvmR

m
ijk

≥
∑

F ijvk(wij +
|∇v|2

2v
δij + vSij)k − Cmax v|∇v|2

≥ 2vk(fv−1)k +
∑

F iiv1(− v3
1

2v2
− φ′(v)

|∇v|3
v

) − Cmax v|∇v|2

≥ 2fkvk − 2v−1|∇v|2 − (
1
2v

+ φ′(v))
∑

F ii |∇v|4
v

− Cmax v|∇v|2,

φ′(v)
∑

F ijvij|∇v|2 = φ′(v)
∑

F ij(wij +
|∇v|2
2v

δij − vSij)|∇v|2

≥ φ′(v)fv−1|∇v|2 + φ′(v)
∑

F ii |∇v|4
2v

− Cmax v|∇v|2,

φ′′(v)
∑

F ijvivj |∇v|2 = φ′′(v)F 11|∇v|4,

2φ′(v)
∑

F ijvjvkvki = 2φ′(v)F 11v2
1v11 = −2(φ′(v))2F 11|∇v|4.
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Here C is a positive constant depending only on the Riemannian curvature of the background
metric and it varies from line to line. Therefore, we have

(46)
0 ≥ F 11(φ′′(v) − (φ′(v))2)|∇v|4 +

1
2v

∑
F ii(−1

v
+ φ(v))|∇v|4 − Cmax v|∇v|2

+2fkvk − 2v−1|∇v|2 + φ′(v)fv−1|∇v|2.
Choose

φ = −1
2

log t(ct− 2),

for a large constant c > 0 so that cmin v > 3. One can easily check that for any t ∈ [min v,∞)

φ′′(v) − (φ′(v))2 =
1

t2(ct− 2)2
> 0

and
−(

1
t

+ φ(t)) =
1

t(ct− 2)
.

In view of (46), we have

0 ≥ 1
2(max v)2(cmax v − 2)

|∇v|4F ii − c(f,C)|∇v|2.

Now we have a global bound of |∇v|, which depend only on g0, f , min v and max v. The C2,α

bound follows from Theorem 4.

Remark 1. The condition Wp(g0)(x) < 0,∀x ∈M in Theorem 1 can be weaken to Wp(g0)(x) ≤
0,∀x ∈M and Wp(g0)(x0) < 0 for some x0 ∈M . In fact, under the weaker condition, one may
produce a metric g ∈ [g0] with the stronger condition holds. This can be done using the short
time existence of the fully nonlinear flow

ut = Gp(∇2u+ du⊗ du− |∇u|2
2

g0 + Sg0)e
2u, u|t=0 = 0.

The short time existence follows from standard nonlinear parabolic theory, and the strict nega-
tivity of Wp(g) (which is equal to ut) follows from the strong maximum principle.

Remark 2. It is of interest to characterize when the condition in Theorem 1 is true by some
conformal geometric quantities. The difficulty here is the lack of variational structure for this
type of equations. We note that when p > n

2 , if the Yamabe constant Y ([g0]) of (M,g0) is non-
positive, then the condition in Theorem 1 is satisfied unless (M,g0) is conformally equivalent to
a Ricci flat manifold. This simple observation follows from the solution of the Yamabe problem
and the fact that if the scalar curvature vanishing identically, for p > n

2 , Gp ≤ 0 and Gp vanishes
identically if and only if the metric is Ricci flat.

Remark 3. It is also an interesting problem to consider the equation Wp(g) = −1 on a complete,
non-compact manifold. The arguments in the proof of the existence of Dirichlet problem (35)
can be extended to deal with a given boundary condition at the infinity for equation Wp(g) = −1
on a complete non-compact negatively curved manifold.
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As a direct consequence of Theorem 1, we have

Corollary 5. If there is g̃ ∈ [g0] with Rs
g̃(x) < 0 for all x ∈ M then there is a unique C2,α

metric g∗ ∈ [g0] for some α > 0 such that Rs
g∗(x) = −1,∀x ∈ M . Similarly, If there is g̃ ∈ [g0]

with Rl
g̃(x) < 0 for all x ∈M , then there is a unique g∗ ∈ [g0] and g∗ ∈ C2,α(M) for some α > 0

such that Rl
g∗(x) = −1,∀x ∈M .

Corollary 5 can be applied to consider minimal volumes in conformal classes. Set

C− = {g ∈ [g0]|Rs
g(x) ≥ −1,∀x ∈M},

C− = {g ∈ [g0]|Rl
g(x) ≥ −1,∀x ∈M},

C̃− = {g ∈ [g0]|Rs
g(x) ≤ −1,∀x ∈M},

C̃− = {g ∈ [g0]|Rl
g(x) ≤ −1,∀x ∈M}.

Define
Vs([g0]) = inf

g∈C−
vol(g), V l([g0]) = inf

g∈C−
vol(g),

V
s([g0]) = sup

g∈C̃−
vol(g), V

l([g0]) = sup
g∈C̃−

vol(g),

where vol(g) is the volume of g. It is clear that the definitions given here

Lemma 1. Let g1, g, g2 ∈ [g0]. If Rs
g(x) < 0, and Rs

g1
(x) ≤ Rs

g(x) ≤ Rs
g(x),∀x ∈ M , then

vol(g1) ≤ vol(g) ≤ vol(g2), any one of the equalities holds if and only if the metric is equal to g.
Similarly, if Rl

g(x) < 0, and Rl
g1

(x) ≤ Rl
g(x) ≤ Rl

g(x),∀x ∈M , then vol(g1) ≤ vol(g) ≤ vol(g2),
any one of the equalities holds if and only if the metric is equal to g.

The Lemma is a simple consequence of the maximum principle applied to equations (7) or
(8). From the lemma, we have the following relations

Vs([g0]) ≥ V
s([g0]) ≥ V l([g0]) ≥ V

l([g0]).

And we can show that the minimal volumes Vs([g0]) and V l([g0]) are achieved.

Corollary 6. Suppose that Rs
g0

(x) < 0 for any x ∈M . Then there is a unique conformal metric
g∗ ∈ [g0] such that vol(g∗) = Vs([g0]) with Rs

g∗(x) = −1,∀x ∈M and

V
s([g0]) = Vs([g0]) ≥ V l([g0]).

The equality holds if and only if there is an Einstein metric in [g0]. If Rl
g0

(x) < 0 for any
x ∈M , then there is a unique g∗ ∈ [g0] such that vol(g∗) = V l([g0]) with Rl

g∗(x) = −1,∀x ∈M .
In this case, we have

Vs([g0]) = V
s([g0]) ≥ V l([g0]) = V

l([g0]).

For the study of minimal volumes in general Riemannian manifolds, we refer to [12], [4] and
[23].
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5. positive curvature case

Now we consider conformal classes with metrics of positive Ricci curvature. Let [g0] be such
a conformal class. After a suitable scaling, we may assume that Ricg0 ≥ (n − 1)g0. Define
[g0]+ = {g ∈ [g0] |Ricg ≥ (n − 1)g} and Vmax(M, [g0]) = supg∈[g0]+ volg(M). This definition is
motivated by Gursky and Viaclovsky [18]. From the Bishop comparison, we know

(47) Vmax(M, [g0]) ≤ vol(Sn),

the volume of the unit sphere.

Proposition 3. Let (M,g0) be a compact Riemannian manifold with Ricg0 ≥ (n − 1)g0. If
Vmax(M, [g0]) < vol(Sn), then there is a conformal metric g ∈ [g0]+ with

Rs
g = n− 1.

Proof. Consider the sequence of approximating function Fk as in Section 2 with a normalization
condition that Fk(1, 1, ·, 1) = n− 1). We first want to find a solution to the following equation

(48) Fk

(
e2u(∇2u+ du⊗ du− |∇u|2

2
g0 + Sg0)

)
= n− 1,

for large k. Define

V k
max([g0]) = max{vol(g) | g ∈ [g0] with Fk(g−1 · Sg) ≥ n− 1}.

It is easy to check that limk→∞ V k
max([g0]) = Vmax([g0]). Hence for large k we have

(49) V k
max([g0]) < vol(Sn).

To show the existence of solution of (48), we consider a deformation, which is similar to a
deformation considered by Gursky and Viaclovsky in their study of σk-Yamabe problem.

(50)

Fk

(
∇2u+ du⊗ du− 1

2
|∇u|2g + ψ(t)Sg + (1 − ψ)g

)

= (n− 1)(1 − t)
(

1
vol(g0)

∫
M
e−(n+1)u

) 2
n+1

+ (n− 1)ψ(t)e−2u,

where ψ(t) : [0, 1] → [0, 1] is a C1 function satisfying ψ(0) = 0 and ψ(t) = 1 for t ≥ 1/2. We
now prove that there is a solution of (50) when t = 1, provided that V k

max(M, [g]) < vol(Sn).
When t = 0, it is easy to check that (50) has a unique solution u = 0 and its corresponding

linearization has no nontrivial kernel. Hence its Leray-Schauder degree is non-zero. If the
solution space of (50) for any t ∈ [0, 1] is compact, then using degree theoretic argument, we are
done. Assume by contradiction that there is no compactness. Assume without loss of generality
that there is a sequence of solutions gi = e−2uig of (1) with t = 1 such that ui does not converge
in C2,α. In view of Theorem 5 and Corollary 2, we have either

(a) infM ui → −∞, or
(b) infM ui → +∞.
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The latter is easy to be excluded as follows. At the minimum point of ui, we have

e2 inf uiFk(Sg0) = Fk(e2 inf uiS0) ≤ (n− 1),

which certainly implies that inf ui is bounded from above uniformly. Hence we are left to exclude
(a). Let xi be the minimum point of ui and assume that xi → x0 as i → ∞. Consider a scaled
function

ũi = u(expxi
εix) − log εi,

where εi = expui(xi). It is clear that ũi ≥ 0 satisfies a similar equation on B(0, ε−1
i r0/2) ⊂ Rn

with a scaled metric, where r0 is the injectivity radius of (M,g). The set B(0, ε−1
i r0/2) with

the scaled metric converges to Rn. By local estimates and local C2 estimates in [14] for a more
general concave case one can show that ũi converges to an entire solution v of

(51) Fk(∇2v + dv ⊗ dv − 1
2
|∇v|2gRn) = (n− 1)e−2v

and

(52) V k
max(g) ≥ lim

i
inf vol(e−2uig) ≥ vol(Rn, e−2vgRn),

where gRn is the standard Euclidean metric. By a classification result of Li-Li in [26], we know
that (Rn, e−2vgRn) is equivalent to Sn. Hence V k

max([g0]) ≥ vol(Rn, e−2vgRn) = vol(Sn). This
contradicts (49). Therefore, we have a solution uk of (50) for large k.

Now we consider the sequence {uk}. As above, we can show first that uk has a uniform upper
bound. If uk has a uniform lower bound, Corollary 2 implies that the sequence {uk} has a
uniform C2,α bound. And hence we have a limit u0 which is a solution we desire. Hence to
prove the Proposition, we only need to exclude the case that minuk → −∞. Assume that we
are in this case. By a similar argument presented above, after considering a suitable rescaling
we have a limit C2,α function v∞ satisfying

(53) Gn−1(∇2v + dv ⊗ dv − 1
2
|∇v|2gRn) = (n− 1)e−2v

and

(54) V k
max([g0]) ≥ lim

i
inf vol(e−2uig) ≥ vol(Rn, e−2v∞gRn).

The contradiction follows from the following Lemma. We finish the proof of the Proposition.

Proposition 4. Let p < n/2 and g = e−2ugRn be a C2 function on Rn such that

Gp(g−1Sg)(x) = c,∀x ∈ R
n,

for some constant c. Then u = 0 if c ≤ 0 and u(x) = log λ2+|x−x0|2
2λ

q
(n−p)p

c

if c > 0. That is,

(Rn, e−2ugRn) can be compactified as a standard sphere if c > 0.

Proof. The proof follows [26] closely. The only difference is that the operator there is required to
be C1. Here our operator Gp is Lipschitz only. However Gp is uniformly elliptic and concave. We
will show in Lemma 2 below that the Hopf lemma holds for our equation. Then the argument
in [26] can be applied to our equation.



CONFORMAL DEFORMATIONS OF RICCI TENSOR 19

Lemma 2. Let Ω be a bounded domain in Rn and p < n/2. If (9) has two solutions w and v
with w ≥ v and w(x0) = v(x0) for some x0 ∈ ∂Ω, then x0 ∈ ∂Ω. Furthermore,

∂w

∂ν
(x0) <

∂v

∂ν
(x0),

unless w = v. Here ν is the outer normal of ∂Ω at x0.

Proof. For any function, set

Au = ∇u+ du⊗ ds− 1
2
|∇u|2g0 + Sg0.

Since Gp is concave and homogeneous one, we have

Gp(Aw −Av) ≤ Gp(Aw) −Gp(Av) = e−2w − e−2v ≤ 0.

Let w̃ = w − v. Now we can write Gp(Aw −Av) as follows

Gp(Aw −Av) = aij(x)w̃ij + bi(x)w̃i

with λ0Id ≤ (aij(x)) ≤ Λ0Id and bi(x) bounded for any i. Therefore, we can apply Theorem 5
on page 61 and Theorem 7 on page 65 in [32] to prove the Lemma.

Remark 4. Proposition 4 does not hold for p = n− 1. For example u = kx1 for any k > 0 is a
solution of

F (u) = Gn−1(∇2u+ du⊗ du− |∇u|2
2

g0 + Sg0) = 0.

The same example indicates that without the concavity of F , Proposition 1 and Theorem 5 are
not true. It is easy to check that F (uk) = 0. On a domain Ω ⊂ {x1 ≥ 0}, we have uk ≥ 0. But
|∇uk| = k → ∞.

Proposition 5. Let (M,g0) be a compact Riemannian manifold with Ricg0 ≥ (n − 1)g0. If
Vmax(M, [g0]) = vol(Sn), then (M,g) is conformally equivalent to the standard unit sphere.

This Proposition is a direct consequence of the following

Proposition 6. Let (M,g) be a compact Riemannian manifold with Ricg ≥ n − 1. If vol(M)
is close to ωn, the volume of Sn, then, the Yamabe constant of (M, [g]), Y (M, [g]) is close to
n(n− 1)ω2/n

n , the Yamabe constant of Sn.

Proof. Let us first recall the well-known Yamabe constant of (M,g), which is defined by

Y (M, [g]) := inf
(∫

v
2n

n−2 dvol(g)
)−n−2

n
{

4
n− 1
n− 2

∫
|∇v|2dvol(g) +

∫
Rgv

2dvol(g)
}

By a result of Ilias [20], which is based on a result of Gromov (see also [3]), we have

n(n− 1)ω2/n
n

(∫
v

2n
n−2

)(n−2)/2

≤
(

ωn

vol(g)

)2/n {
4
n− 1
n− 2

∫
|∇v|2 + n(n− 1)

∫
v2

}
,

for any v ∈ H2
1 (M). Note that Rg ≥ n(n− 1). Therefore, we have

Y (M, [g]) ≥
(

ωn

vol(g)

)−2/n

n(n− 1)ω2/n
n ≥ n(n− 1)ω2/n

n − δ,
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for any small δ > 0, provided that vol(g) is close to ωn.

By the results of Colding (see [8],[9] and [31]), we know that the condition in Proposition 6
is equivalent to the one of following three other conditions:

1) radM is close to π,
2) M is Gromov-Hausdorff close to Sn,
3) the (n + 1)th eigenvalue of the Laplacian, λn+1(M), is close to n.

Proof of Proposition 5. Vmax(M, [g0]) = vol(Sn) implies by definition that there is a sequence
gi ∈ [g0]+ with limi→∞ vol(gi) = vol(Sn). Proposition 6 implies that Y (M, [g0]) = Y (M, [gi]) →
n(n−1)ω2/n

n , the Yamabe constant of Sn. Hence, the Yamabe constant of (M, [g0]) equals to the
Yamabe constant of the standard sphere. By the resolution of the Yamabe problem by Aubin
[1] and Schoen [37], (M, [g0]) is conformally equivalent to the standard sphere.

Proof of Theorem 2. Theorem 2 follows from Propositions 5 and 3.

Remark 5. It is interesting to know weather Vmax is achieved as in the negative case. One can
show that if Vmax is achieved by g̃, then Rs

g̃ is constant.

Now we prove Theorem 3.
Proof of Theorem 3. It follows the exact same arguments in the proof of Theorem 3 in [14],
since that proof works for general uniform elliptic concave equations as well, as we note that
Wp(g) > 0 implies the positivity of the mean curvature when p ≤ n

2 . We only give a sketch here.

Step 1. We define a deformation

(55) ft(g) := tWp(g) + (1 − t)Rg = 1,

where g = e−2ug0. Equation (55) (∀t ∈ [0, 1]) is still uniformly elliptic and concave.

Step 2. (Harnack inequality) There is a constant C > 0 such that for a solution u of (55) in
B3R we have

(56) min
BR

u+ max
B2R

u ≥ 2 logR− logC.

Here BR is the ball of radius R in Rn. (56) can be proved as in [14] using the method of moving
planes.

By scaling argument, we may assume that R = 1. Assume by contradiction that (56) is not
true. Then there exists a sequence of solutions of (55) in B3 such that

(57) min
B1

ui + max
B2

ui < −i.

Let mi = minB1 ui = ui(x̄i), and let xi ∈ B1 with B̄ri(xi) ⊂ B̄1 and |xi− x̄i| = ri. Here ri = emi .
In view of (57), we know that ri → 0 as i→ ∞. Consider a new sequence of functions vi defined
by

vi(x) = ui(xi + rix) −mi
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and set x̄i = xi + riȳi. It is clear that vi satisfies (55) in {|x| < r−1
i } and |ȳi| = 1. ¿From (57),

we extend vi by the Kelvin transformation to the whole Euclidean space as in (2.8) of [14]. Now
applying the method of moving planes as in [14], which in turn follows closely from [7], we can
show that vi converges to 0 in B 1

2
(ȳi). This is a contradiction. Note that though we are dealing

with the Lipschitz operators, the method of moving planes works by using the fact that ft in
(55) is uniformly elliptic and concave.

Step 3. Consider a solution u of equation (55). First, it is clear that we have that the scalar
curvature of g = e−2ug0 is positive. Hence we can apply the result of Schoen-Yau in [38] to
embed the universal cover M̃ of (M,g) into Sn by a map Φ conformally. Therefore we can use
the method of moving planes (again make use of uniformly ellipticity and concavity of ft) to
obtain as in [14] that

|∇u|(x) ≤ C, for any x ∈M,

for some constant independent of u, provided that (M,g0) is not equivalent to Sn. It follows
that

(58) max u− minu ≤ C,

for some constant independent of u. (58), together with the Harnack inequality (56), implies
that

minu ≥ C,

for some constant independent of u. Hence by Theorem 4, we know that the solution space of
equation (55) is compact.

Step 4. From Step 3 we can apply the degree theory. We may use a result of Li in [25], a
variation of the original Leray-Schauder theorem [24]. We also refer to Nirenberg’s lecture notes
[29] on the exposition of the degree theory in nonlinear differential equations. When t = 0, the
topological degree for equation (55) is −1, which was proved by Schoen [35]. Since the solution
space is compact, the topological degree for equation (55) with t = 1 is also −1. This finishes
the proof of the Theorem.

Remark 6. As in Remark 1, the conditions in Theorem 2 and Theorem 3 can be weakened to
the assumption that the corresponding curvature of the background metric is nonnegative and
positive at some point. The same argument using the short time existence of the corresponding
curvature flows as in Remark 1 can produce a metric g ∈ [g0] with the positive curvatures.

6. Appendix

In this Appendix, we assume that (M,g) is a compact locally conformally flat manifold. Recall
the Weitzenböck formula for p-forms ω

∆ω = ∇∗∇ω + Rω,
where

Rω =
∑
j,l=1

ωj ∧ i(el)R(ej , el)ω.
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Here ej is a local basis and i(·) denotes the interior product ∆ = dd∗ + d∗d is the Hodge-de
Rham Laplacian and ∇∗∇ is the (positive) Laplacian. In local coordinates, let ω = ω1∧· · ·∧ωp.
Since (M,g) is locally conformally flat, we have

(59) Rω =

⎛
⎝(n− p)

p∑
i=1

λi + p

n∑
i=p+1

λi

⎞
⎠ω,

where λ’s are eigenvalues of the Schouten tenser Sg. See for instance [28] or [14]. By the Bochner
technique, we have

Proposition 7. Let (M,g) is a compact locally conformally flat manifold and 1 ≤ p ≤ n/2. If
its p-Weitzenböck curvature Wp(g) is positive, then the Betti number bq = 0 for p ≤ q ≤ n−q. If
its p-Weitzenböck curvature Wp(g) is non-negative and bp 	= 0, then M is a quotient of Hp×Sn−p

if p > 1 and a quotient of S1 × Sn−1 if p = 1, where Hp is the hyperbolic space of curvature −1
and Sn−p is the standard sphere of curvature 1.

For the vanishing of cohomology groups under various conditions, see [28] and [14] and refer-
rences therein.
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