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ISOMETRY GROUPS OF k-CURVATURE HOMOGENEOUS
PSEUDO-RIEMANNIAN MANIFOLDS

P. GILKEY AND S. NIKCEVIC

ABSTRACT. We study the isometry groups of a family of complete p + 2-
curvature homogeneous pseudo-Riemannian metrics on R6+4P which have neu-
tral signature (3 + 2p, 3 + 2p), and which are 0-curvature modeled on an inde-
composible symmetric space.

1. INTRODUCTION

Let M := (M,g) be a pseudo-Riemannian manifold of signature (p,q). Let
gp = glrerr (vesp. VIRp := V'R|7, ) be the restriction of the metric (resp. the
i*h covariant derivative of the curvature tensor) to the tangent space at P € M. We
define the k-model of M at P by setting:

M (M, P) := (TpM, gp,Rp, ..., V*Rp) .

One says that ¢ : MM (M1, P1) — M (Mo, Pr) is an isomorphism from the k-model
of M; at P; to the k-model of My at Py if ¢ is a linear isomorphism from 7T'p, M;
to TP2 M2 with

¢*92,P2 = 91,p, and ¢*V3RM27P2 = V’iRMuPl for 0<i<k.

One says that M is k-curvature homogeneous if the k-models 9y (M, P) and
M (M, Q) are isomorphic for any P, Q € M.

In the Riemannian setting (p = 0), Takagi [14] constructed O-curvature homo-
geneous complete non-compact Riemannian manifolds; compact examples were ex-
hibited subsequently by Ferus, Karcher, and Miinzer [5]. Although many other
examples have been constructed, there are no known Riemannian manifolds which
are l-curvature homogeneous but not locally homogeneous and it is natural to
conjecture that any l-curvature homogeneous Riemannian manifold is locally ho-
mogeneous.

In the Lorentzian setting (p = 1), curvature homogeneous manifolds which are
not locally homogeneous were constructed by Cahen et. al. [4]; 1-curvature homoge-
neous Lorentzian manifolds which are not locally homogeneous have been exhibited
by Bueken and Djorié [2] and by Bueken and Vanhecke [3]. One could conjecture
that a 2-curvature homogeneous Lorentzian manifold must be locally homogeneous.

It is clear that local homogeneity implies k-curvature homogeneity for any k. The
following result, due to Singer [11] in the Riemannian setting and to F. Podesta and
A. Spiro [10] in the general context, provides a partial converse:

Theorem 1.1 (Singer, Podesta-Spiro). There exists an integer ky 4 so that if M is
a complete simply connected pseudo-Riemannian manifold of signature (p,q) which
is kp,q-curvature homogeneous, then (M, g) is homogeneous.
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2 P. GILKEY AND S. NIKCEVIC

Sekigawa, Suga, and Vanhecke [12, 13] showed any 1l-curvature homogeneous
complete simply connected Riemannian manifold of dimension m < 5 is homoge-
neous; thus koo = ko3 = ko4 = 1. The estimate ko ,, < %m — 1 was established
by Gromov [9]. Results of [6] can be used to show k, , > min(p, q); we conjecture
kp ¢ = min(p, ¢) + 1.

If H is a homogeneous space, let My (H) := My (H, Q) for any point @ € H; the
isomorphism class of My (H) is independent of the point Q@ € H. We say that M
is k-modeled on H and that 9 (H) is a k-model for M if My (H) and My (M, P)
are isomorphic for any P € M.

Throughout this paper, we shall adopt the notational convention that

p=1.

In [7], we exhibited complete metrics on R6T4P of neutral signature (3 + 2p, 3 + 2p)
which are (p+2)-curvature homogeneous, which are 0-modeled on an indecomposible
symmetric space, but which are not (p + 3)-curvature homogeneous; these examples
show that the constants k, ; — oo as (p,¢) — oco. The proof of Theorem 1.1 rested
on a careful analysis of the isometry groups of the model spaces. In this paper, we
continue our study of the manifolds introduced in [7] by examining their isometry
groups and the isometry groups of their k-models.

We recall the definition of the metrics on R6T#P which were introduced in [7].
We will be defining a number of tensors in this paper and, in the interests of
brevity, we shall only give the non-zero components up to the usual symmetries.
Let x = (21, ..., ;) be the usual coordinates on R™. Let

{2y, 205 00 25 Uy 215 oy 2, 54 205 s 2, U 215 s 2 )
be coordinates on R6+47. Let F' = F(y, 21, ..., 2,) € C°(RPFL). Let

Metap,r = (RO, g6 1ap.F)
where ge+4p F is the metric of neutral signature (3 + 2p, 3 + 2p) on R6T47 with:
96+4p,F (0, 0x) = =2{F(y, 21, ..., 2p) + yJ + 2121... + 2pZp },
96+4p,F (O, O+) = Go14p,F(Oy, Oy+) = go+ap,r (05, 0p) = 1,
96+4p,F(0z;, 022 ) = goyap,r(0z,,05:) = 1.
Theorem 1.2 (Gilkey-Nikéevié [7]). Let M = Mgjap . Then:
(1) All geodesics in M extend for infinite time.
(2) expp : TpROT4P — RSP js q diffeomorphism for all P € R6+4P,
(3) VFR(0y,0¢,,0e,, 003 0es, -, Oty) = —5(0ey Oty 2) G6-+4p, 7 (O, ) are the
non-zero components of V¥R where & € {y, 21, .+, 2p, Uy 215 -y Zp }-
(4) All scalar Weyl invariants of M vanish.
(5) M is a symmetric space if and only if F is at most quadratic.

1.1. The manifolds Mg 4y = (RST4P gs 4, ). We can specialize this construc-
tion as follows. Let getap,r be defined by setting F' = f, . where we let:

ooy, 21, .., 2p) =0,
oy, 21, oy 2p) 1= 22+t i 1<k <p.
As exceptional cases, we set:
Fopi1 (U 21, ooy 2p) 1= 2197 + o 2pyP T 4 yP T,
Fopt2(Uy 21, ey 2p) 1= 219 + oo+ 2pyP T 4 eV
Theorem 1.3 (Gilkey-Nikéevié [7]). Let 1 < k <p—+2.

(1) Metap,o is an indecomposible symmetric space.
(2) Meyap is an indecomposible homogeneous space which is not symmetric.
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1.2. The manifolds N4y = (RSP, g4, ). Let ¥ = 9(y) be a real analytic
function of one variable such that

PP >0, @) >0, and P £ etV
Define a metric go14p,» on RO by taking F' = fy, where

fu (Y, 215 s 2p) == P(y) + 2y 4+ .+ zpyp'H .

The following result shows that the geometry of a homogeneous pseudo Riemann-
ian manifold need not determined by the k-model:

Theorem 1.4 (Gilkey-Nikéevié [7]). Let 0 < j <k <p+2.

(1) Meyap,i is j-modeled on Metap, j; Meyap,; is not k-modeled on Mgyap 1.
(2) Notapp s p+ 2-curvature homogeneous and p + 2-modeled on Metap pt2.
(3) Notap,yp s not p + 3-curvature homogeneous and not locally homogeneous.
1.3. Isometry groups. Let G(M) (resp. G(MMy)) be the isometry group of a
pseudo-Riemannian manifold M (resp. of a k-model My,). In this paper, we study
the groups G(Metapi), G(Notapw), and G(My(Meyapk, P)) for any point P of

R6+4P_ A byproduct of our study is the following result that shows, not surprisingly,
that the symmetric space Megap,0 has the largest isometry group.

Theorem 1.5. Let 1 < k <p. Let n, := (6 +4p) + (p + 1)(3 + 2p) + (2p + 3).

(1) dim{G(Me+4p,0)} =71 + (p+1)(2p + 1).

(2) dim{G(Merapr)} =np + (20 +2) + 5(2p — k)(2p — k = 1).
(3) dim{G(Metap,pt1)} = Am{G(Metap,p)} — 1.

(4) dim{G(Merappt2)} = dim{G(Metapp+1)} — 1.

(5) dim{GNo+ap,p)} = Am{G(Merap,pi2)} — 1.

Here is a brief outline to the remainder of this paper. In Section 2, we review
some results from [7]. In Section 3, we reduce the proof of Theorem 1.5 to a purely
algebraic problem by showing for any P € R*4P that for 0 < k < p + 2, we have:

dim{G(Metap )} = 6 + 4p + dim{G (M, (Metap.k, P))},
dim{G(No+ap,)} = 5+ 4p + dim{G (M1 2(Merapp+2, P))} -

In Section 4, we complete the proof by determining dim{G(9M(Meiap i, P))} for
0<k<p+2

2. MODELS
It is convenient to work in the purely algebraic setting. Let
Mm, = (V,(-,-), A% ..., A")

where (-, ) is a non-degenerate inner product of signature (p,¢) on a finite dimen-
sional vector space V of dimension m = p + ¢ and where A* € @*THV* satisfies
the appropriate symmetries of the covariant derivatives of the curvature tensor for
0 < u < v;if v = oo, then the sequence is infinite. We say that 91, is a v-model
for a pseudo-Riemannian manifold M = (M, g) if for each point P € M, there is
an isomorphism ¢p : TpM — V so that

¢p(,)=gp and ¢pA* =V Rp for 0<p<v.

Clearly M is v-curvature homogeneous if and only if it admits a v-model.
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2.1. Models for the manifolds Mgy4p 1, and Neyap . Let
B=A{XY,Z1.... 2y, Y , 21, .. Zp, X*Y* 23, ., 23, Y 25, 225}

be a basis for R674?. Define a hyperbolic inner-product on R6+*P by pairing ordinary
variables with the corresponding dual x-variables:

(2.0) (X, X*) = (Y, Y") = (V, V") = (20, 20) = (20, 22) = 1.
Define A° € @*(R64P)* with non-zero components:
AX Y, Y, X)=A%X,Z;,Z;,X)=1.
Define tensors A’ € ®4+i(R6+4p)* for 1 <4 < p with non-zero components:
AUX,Y, Z;, X;Y, .. Y) =1,
AX,Y,Y, X Z.,Y,..Y) =1, ..,
AX,Y,Y,X;Y,...Y,Z) = 1.
Finally define AP*! € @°+P(R6+4P)* and AP*2 ¢ @0+P(R6+4P)* by setting
APTYX Y)Y, XY, Y) =1,
APPA(X Y)Y, XY, .. Y)=1.
Define models:
M ap s i= (ROFP () AY L AR for 0<k<p+2.
Lemma 2.1 (Gilkey-Nikéevié [7]). Let 0 < k <p+2.
(1) Motap i is a k-model for Meyap k-
(2) Morap,pt2 is a p+ 2-model for Nejap -

3. ISOMETRY GROUPS IN THE GEOMETRIC SETTING

In this section we will reduce the proof of Theorem 1.5 to a purely algebraic
problem by showing:

Theorem 3.1. Let 0 < k <p+ 2.

(1) dim{G(Merapr)} =6 + 4p + dim{G(Me1ap.x) } -
(2) dim{GNs+ap,p)} =5+ 4p + dim{G(Mo44p,p+2)}-

The proof of Theorem 3.1 will be based on several Lemmas. In Lemma 3.2, we
review a basic result about group actions. In Lemma 3.3, we relate the full isometry
group G(+) to the isotropy subgroup. In Lemma 3.4, we relate the isotropy subgroup
to the isometry group of the co-model. In Lemma 3.5, we relate isometry group of

the co-model to the isometry group of an appropriate finite model.
The following result is well known.

Lemma 3.2. Let G be a Lie group which acts continuously on a metric space X.
If x € X, let G-z be the orbit and let G, = {g € G : gx = x} be the isotropy
subgroup.

(1) We have a smooth principle bundle G, — G — G - x.
(2) dim{G} = dim{G,} + dim{G - z}.
We can relate dim{G (M)} to dim{Gp (M)} for M = Mg iap 1 or M = Noyap -
Lemma 3.3. Let Pc R0, Let 0 <k <p+2.

(1) dim{G(Mgrapr)} =6+ 4p + dim{Gp (Mg yap )}
(2) dim{GNssapp)} =6 +4p — 1+ dim{Gp(No1ap,s)}-
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Proof. We apply Lemma 3.2 to the canonical action of G(M) on R6T4P. Assertion
(1) follows as Megyap 1 is & homogeneous space. Let v > 2. Set

g pap (1) = w(l/+p+3) {w(p+3) }v—l{w(p+4) v

We showed [7] that if B is a basis satisfying the normalizations of Section 2.1, then
the only non-zero components of V**P*1 R are given by:

(3.a) VVPHR(X, Y)Y, X3 Y, Y) = aprap (V) -
We also showed that the following assertions are equivalent:

(1) grap,u (V1) (P1) = Qpap,n (2)(P2) for all v > 2.

(2) There exists an isometry ¢ : Notap ypy — Notap g, With ¢(Pr) = Ps.
The functions ogt4p,.(¢) are constant on the hyperplanes y = ¢; thus the group of
isometries acts transitively on such a hyperplane. Consequently

dim{G(N6+4p’¢)} > dim{GP(N6+4p’¢)} +6+4p—1.

Since Ngtap, is not a homogeneous space, equality holds. O

Let P € M. We can show that Gp(M) is isomorphic to G(Ms (M, P)) under

certain circumstances.

Lemma 3.4.

(1) Let My := (M1,q1) and My = (Ma,g2) be real analytic. Assume for
0 = 1,2 that there are points P, € M, so expp, : Tp,M, — M, is a
diffeomorphism. If ¢ : Tp, My — Tp,Ms induces an isomorphism from
Moo (M1, P1) to Moo (Ma, P2), then @ := expp, og o exp;l1 is an isometry
from My to Ms.

(2) If M = Meqap i or if M = Nojap g, then Gp(M) = G(Moo (M, P)) for
any point P € R6+4p,

Proof. Belger and Kowalski [1] note about analytic pseudo-Riemannian metrics that
the “metric g is uniquely determined, up to local isometry, by the tensors R, VR, ...,
VPR, ... at one point.”; see also Gray [8] for related work. The first assertion now
follows; the second follows immediately from the first and from Theorem 1.2. O

We now replace the infinite model by a finite model:
Lemma 3.5. Let P € R6t*P, Let 0 < k <p+2. Then:

(1) GMoo (Mo apies P)) = G Mg sapr)-
(2) GMooNo+ap,ps P)) = G(Merap,pr2)-
Proof. If M is a pseudo-Riemannian manifold, restriction induces an injective map
r: GM(M, P)) — GO (M, P)).

Suppose that M = My,i¢ for k < p+ 2. Then VIR =0 for j > k; consequently
any isomorphism of the k-model is an isomorphism of the co-model; this proves
Assertion (1) for 0 < k <p+ 1.

To deal with the remaining cases, we suppose that 1®+3) and ¥4 are always
positive, but drop the restriction that 1®+3) #£ ae?”. Choose a basis B for TpM
satisfying the normalizations of Section 2.1. If g € G(Mpt2(Metap,p+2, P)), then
gB also satisfies the normalizations of Section 2.1. We may then apply Equation
(3.a) to see that g is in fact an isomorphism of the co-model since g preserves V¥R
for any k > p + 2. The first assertion with k¥ = p 4+ 2 and the second assertion of
the Lemma now follow; this also completes the proof of Theorem 3.1. O
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4. ISOMETRY GROUPS OF THE MODELS

Let R3*2 .= Span{X,Y, Zy, ..., Z,,Y Z1, ..., Z,} and let B € @*(R3+2P)* be
the restriction of A* to R3t2P, We introduce the affine models by restricting the
domain and suppressing the metric:

Asiopr := (R, B .. B¥).
Lemma 4.1. dim{G(Meyap )} = Am{G™As12p.x)} + (p + 1)(3 + 2p).

Proof. Let o(s) be Lie algebra of skew-symmetric s x s real matrices. Set

S: = (81,...,8340)) = (X,Y, Z1..., Z,, Y, Z1..., Zp),
S* i = (81, 8500,) = (X" Y™, ZY, ., 25, Y 27, ., Z),
K: = {£€R6+4p : AO(&??17772,773) :Ovnl €R6+4p}

= Span{S},...,95,9,} -
Let g € G(Mp44p,1). The space K is preserved by g. Thus
9S; =32, ;{90,585 + 91,487} and ¢S} =37, {92,557}
By Equation (2.a), (¢9S5i,¢S;) = 0 and (g5;, gS}) = d;;. Thus
> oitg0,ikg1.k + 9100905kt =0 and >, {g0,ikg2,jk} = 0ij -
for all 4,j. Set v := gogi. One then has
(4.2) 90 € GAzqopk), ¥+ =0, and gogh=id.

Conversely, if Equation (4.a) is satisfied then g € G(944p,%). The map g — (go,7)
yields an identification of

G (Mo tap,k) = G(RAzt2p,k) X 0(3 + 2p)

as a twisted product. The Lemma follows as dim{o(3+2p)} = 3(3+2p)(2+2p). O

There is a natural action of G((sy2p %) on R3+2P. We continue our study by
relating G(™As42p.1) and the isotropy subgroup Gx (UAs+2p.k)-

Lemma 4.2.

(1) dim{G(Ql3+2p7k)} = dim{GX(Ql3+2p7k)} + 2p + 3 fO’f’ k S p + 1.
(2) dim{G(Az42ppt2)} = dim{Gx (Az42p pt2)} +2p + 2.

Proof. Lemma 4.2 will follow from Lemma 3.2 and the following relations:

G(Usiop )X = {EER3FP (€ X*) £0} if k< p+1,

O Ggrappia)X = (€ € R¥2 (€, X) = 41}

We first show D holds in Equation (4.b). Let £ € R3t2P. Assume that
a:=(&X")#0.
Set g X = £ and set

€0 = (aQ)fl/(PJr?’), gY :=¢g)Y, gY = a*25611~/~,
g 1= {a256+1}*1, 9Z; :=¢€iZ;, 9z} := z—:;la*2Zi.
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The non-zero components of V'R for 1 < i < p + 2 are then given by
R(gX,gY,gY,gX) = a’cpa 25t =1,
R(9X,97i,9Zi,9X) = a’eie; a2 =1,
VR(9X,gY,971,9X;9Y) = VR(9X,gY,gY,9X;971) = a’cger = 1, ...
VPR(9X,9Y,92p,9X;gY,....gY) = VPR(9X,gY,gY, g X 9Zp, gY, ..., gY) = ...
= VPR(¢9X,qY,9Y,9X;qY,...,qY,9Z,) = a2sg+lep =1,
VP R(9X, gY, Y, g X5V, . gY) = a’ef T = 1,
VPT2R(gX, gY,gY,9X;gY,...,gY) = a®ch™ = ¢ .
Thus g € G(Asz42pp+1). Furthermore, g € G(Ast2p p+2) if a® = 1. Consequently:
(4.c) {Ee R (6, X7) #0} C GUzpapp) - X for k<p+1,
{EeR¥*2: (§,X7) = £1} C G(Asr2ppi2) - X

We must establish the reverse inclusions to complete the proof. Let & € R3T2P,
Let Je(ni,m2) == R(&,m,n2, &) be the Jacobi form. Adopt the Einstein convention
and sum over repeated indices to expand

E=aX +bZ,+b'Z;
where a = (£, X*). We have the following cases
(1) If a =0, then J¢ = 0 on Span{Y,Y, Z;, Z;} so Rank(Je) < 1.
(2) If a #0, then J¢(Y,Y) # 0 so Rank(J¢) > 2.
If g € G(As42p,k), then Rank{J:} = Rank{.J,c}. Consequently
(€,X") =0« Rank(J¢) <1< Rank(Jye) <1< (g6, X*) =0
Consequently we have
Gy 42pi) - X C{€ € R&Z (£ X7) #0},
G(Asq2p k) - Span{Y, Z;, Z;} = Span{Y, Z;, Z; } .
Suppose k = p+ 2. Since Rank(Jy) = 0, Rank(J,v) = 0 so (¢, X*) = 0. Expand
gX = aX + agY +aoY +a'Z; +ad' Z;,
gy = VY + 80V + b Z; + b Z; .

(4.d)

Then
1= VP R(gX, gY, gY, gX;gY, ..., gY) = a*(1°)"*?,
1=VPPR(gX,gY,qY,gX;gY,...,gY) = a*(b°)PT*.
This shows that a? =1 and b° = 1 so
oy Csrapa)X CEERM (€ X7) = 41},
G(Astoppr2)Y C{E € R3+2P : (€, X*) =0, and (£,Y*) =1}.
Equations (4.c), (4.d), and (4.e) now imply Equation (4.b); the Lemma follows. [

We now consider the double isotropy group
Gxy(Aszi2pk) = {9 € GRztpx) 1 9X = X and gY =Y} .
Lemma 4.3.
(1) dim{Gx (As42p,0)} = (p+1)(2p+1).
(2) dim{GX (913_,_2],716)} = dim{GX7y(913+2p7k)} +2p+2 for1 <k <p.
(3) dim{Gx (9134_2],71@)} = dim{GX7y(913+2p7k)} +2p+1 fork=p+1,p+2.
(4) Gxy(Rzy2pp) = Gxy (Asroppr1) = Gxy (Azyoppra).
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Proof. As noted above, the Jacobi form Jx(-,-) = R(X,-,-,X) defines a non-
singular bilinear form of signature (p+ 1,p+ 1) on

W := Span{Y, 7, ..., Zp, Y, 7, ..., Zp} = {¢ : Rank(J¢) < 1}.
Let O(W, Jx) be the associated orthogonal group. If g € Gx(™Ust2pk), then we

have gWW = W by Equation (4.d). Since gX = X, we may safely identify g with
glw. Furthermore,

Ix(&n) = Jgx (98, 9n) = Ix(9€,9m) so Gx(™Uzi2pr) COW, Jx).

Conversely, if g is a linear map of W which preserves Jx, we may extend ¢ to
R3T2P by defining gX = X and thereby obtain an element of Gx (s342p,0). Thus
Gx (As+2p,0) = O(W, Jx). Assertion (1) now follows since

dim{O(W, Jx)} = 3 dim W (dim W — 1) = $(1 + 2p)(2 + 2p) .

Assertions (2) and (3) will follow from Lemma 3.2 and from the relations:

GxUsqopr) Y ={£eW: (£, Y*)#0} for 1<Ek<p,
(4.£) Gx(Assoppr1) Y ={E€ Wi (V)P =1},
Gx(Usioppta) Y ={€W: ({Y7) =1},
If € e W, let Se(n) :== VR(X,&, €, X;n). Expand
(4.9) E=0Y +0°Y +0°Z +0°Z; .
We then have that
Se(X) =0, Se(Zi)=0, Se(Y)=20",
Se(Z1) = (°)?, and S¢(Z;))=0 for i>2.
Thus S¢ = 0 if and only if b° = (¢, Y*) = 0. It now follows that for k > 1 we have
Gx(Azrop )Y CLEEW (YT #0),
Gx (Uzy2pk) Span{Z;, Y, Z;} C Span{Z;, Y, Z;} .
Since a = 1, the analysis used to prove Lemma 4.2 shows (0°)P*3 = 1if k=p+1
and b° = 1 if k = p + 2. This establishes the inclusions C in Equation (4.f).

We complete the proof by establishing the reverse inclusions in Equation (4.f).
Expand ¢ in the form given in Equation (4.g). Assume b° # 0. Let gX = X,
gy =¢& gY = (1),

9Z;i = e{Z; — (W°)7Y} and gZ; = Z; — (B°) Y}
The possibly non-zero components of R are then given by
R(gX,gY,gY,gX) =1,
R(9X,gY,9Zi,gX) = e{b" — (0°) ()"0} =0,
R(9X,gY,92;,9X) = e {b' = (") (") "'b'} = 0,
R(gX, gZi,gZi,gX) = e;lei =1.

(4.h)

The non-zero components of VR for 1 < i < p are given by
V'R(9X,qY,9Zi,gX;gY,....qY) = ...
= V'R(9X,gY,9Y,9X;gY,....g7Z:) = (b°)F'e;.
We therefore set g; = (b) =471 for 1 <i <p to ensure g € G(Asy2pp)-
The non-zero components of V'R for i =p+ 1,p+ 2 are
V'R(gX,qY,qY,9X;gY,...,gY) = (b°)"2.
If (b°)PT3 =1, then g € G(As42pp+1); if b° = 1, then g € G(As42p p+2). This estab-

lishes the reverse inclusions in Equation (4.f) and completes the proof of Assertions
(2) and (3); Assertion (4) is immediate. O
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Let W(p) := Span{Zl,...,Zp,Zl,...,Zp}. Let {ﬁl,...,ﬂp,ﬁl,...,ﬁp} be the cor-
responding dual basis for the dual space W(p) := W(p)*. The curvature tensor
R(X,-,-,X) defines a non-degenerate form (-, -y on W(p); dually on W(p) we have:

(Bi,Bj) = (Bi, Bj) =0, (Bi, ;) = bij -
Let O(p) be the associated orthogonal group on W(p). Let
Op, k) ={he€Op):hp;=p; for 1<i<k}

be the simultaneous isotropy group. We set O(p,0) = O(p). Theorem 1.5 will now
follow from the following result:

Lemma 4.4. Let 1 < k <p.

(1) Gxy(Rzi2pk) = O(p, k).

(2) Op,(p k) =0 —1,k—1).

(3) dlm{(’)(p, k)} =dim{O(p-1,k—1)}+2p—k—1.

(4) dim{O(p, k)} = L(2p— k)(2p — b — 1).
Proof. Let g € Gxy (Uszyopi). Let & € Span{Zy, ..., Zp,f/, Zi, .. Zp}. We may use
Equation (4.h) and the relation R(X,Y,¢¢, X) = R(X,Y,{, X), to see

gy =Y +4d'Z; —|—azZi, 9Z; = a; Z —|—a2ZJ7 gZ; = ang —|—a§Z§ .
Consequently Spanlgigp{gZi,gZ;} = Span; <, 1%, Z:} and the relation
R(X,9Zi,9Y.X) = R(X,9Z;,9Y,X) =0
implies a' = a’ = 0. Thus g¥ = Y and g : W(p) — W (p); this shows that g is
determined by its restriction to W (p). Let h := *g denote the dual action of g on
W(p). The isomorphism of Assertion (1) now follows as:

R(Xa 9517952,1%) = R(X7 517527){) v£17£2 < he O(p)a
VIR(X,Y, 96, X;Y,...Y) = V'R(X,Y, £, X;Y,...Y) VE & b = G5
If h(B1) = B1 and h(&) = (31, then h preserves
Span{ﬁl?BI}L = Span{162v "'7ﬁp7/é27 "’7517} .

The isomorphism of Assertion (2) now follows by restricting & to this subspace and
by renumbering the variables appropriately.
We set

It h € O(p, k), then h preserves (-,-) and h preserves {31, ..., Br}. Consequently
hB1 € W(p, k) as (31 satisfies these relations. Conversely, & € W(p, k) if and only if

=06+ VBi+fi+ > b where b 4> b =0
1<z k<i k<i
Since the variables {b2,...,b?, b¥*1 .. b} can be chosen arbitrarily,
W(p, k) = RP71HP=F 5o dimW(p, k) =2p—k —1.
We show that & € O(p, k)B1 by finding h € O(p, k) so hf; = &. Set:
hBi=0; for1<i<k, hfB;=0—bp fork<i,
h5~1=§, h,@iz,éi—biﬁ1 forl<i.

This shows O(p, k) - 31 = W(p, k). Assertion (3) now follows from Assertion (2) and
from Lemma 3.2.
As dim{O(p—k)} = (2p—2k)(2p—2k—1), Assertion (4) follows by induction. [
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