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1 Introduction

Let €2 C IR™ be a smooth bounded domain. We are interested in finding solutions to
the following weighted eigenvalue problem:

()™ = Ag(@)|ul2u in © (i
with the Navier’s boundary conditions
u:Apu:---:AEu:Oifn:even
u:Apu:---zV(A?u)infn:odd

where, Ayu = div(|Vu[P~?Vu) is the p

Laplace operator and p = & > 2 and g(v) is an indefinite weight function and
A > 0 is a parameter.

The function space D{"" () is defined to be the completion of C§°(Q) with respect
to the norm

[ul|prr iy = [[V™ull,
where,

m .
Az u if m = even;

v “:{ V(A" w) if m = odd.

When, mp < n, by the Sobolev imbedding theorem,D{"" () is continuously em-
bedded into L"(Q2) for all r € [1, g] where, % 1 _m
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Since mp = n, the limit case of sobolev impedding occurs i.e., Dy"’(Q) is conti-
nously embedded in L(2) V ¢ € [1,00) but not in L>(£2).
When m = 2, we get our usual 4th order partial differential equation namely

(D)2 = Ag(a)ul2u in O
u=2~2A,u=0 on 0f).

Recently there is a considerable interest on higher order nonlinear problems espe-
cially for Fourth order and polyharmonic operators.Elliptic problems with exponen-
tial nonlinearity has been studied for second order and higher order problem has been
studied by several author in both analytic and geometric setup. We refer some of the
paper as [2],[4],[3],[5],[13].Existence of solution of polyharmonic operators has been
studied recently in the papers [6],]7],[8],[9],[10].. The main difficulty for higher order
problem is to prove the positivity of the solution because of the lack of maximum
principle. Therefore, one is interested to obtain only sign changing solution.

When €2 is a ball say By and p = 2 ,it is known that

AZu = Mu[P"?uin By

0
UZG_ZZOOHaBI

has smallest eigen value \; > 0, simple and corresponding eigen funcion does not
change sign.

Main results:- Through this section, we will state our main results and discuss
some properties of convex function.

Let H be a convex function on IR and the Legendre transform H* is given by,

H*(q) = sup{p.q — H(p)} (1.1)

pER

Definition:- The function space L'(H*) is defined by,
LNH") = {g€LY(Q):L"(lg]) € L' ()} (1.2)

Define, the convex function H(t) as

e 2n—3 tﬁ
tp—1 >
H={ ¢ "L t20
0 t<0
Then,the derivative H'(p) is given by
0o k—p+1
1 !
H(t)={ &1 > G =Y
k=2n—-2
0 t<0



H' is clearly a convex function.

Theorem 2.1:- Supposemp < n and g € LmLp(Q);g changes sign.Then there
exists an eigen value A\; > 0 and the corresponding sign changing eigen function
¢>\1 S Dgl’p<Q)

Theorem 2.2:- Suppose mp = n and g satisfies the hypothesis:g € L'(H*) N
LY'((H')*) and g € L (Q); for some py > 1,9 changes sign. Then there exists an

eigen value A\; > 0 and the corresponding signchanging eigen function ¢,,belongs to

Dy Q).

Proof of the theorems:- Before going to the proof of the theorems we need
to deduce some useful estimate which we describe as lemmas.

Lemma-1:- Let v > 0, then for any convex function H,

() (vH)"(q) =H" (£) Vg € R

where, p is the inverse of H'.

Proof:-
(i) We have,
(vH)*(q) = sup{p.¢ —vH(p)}
p
q
= v.sup{p.— — H(p)}
peR 7
« 4
= vyH*(=).
(7)
1 2n—3 tp%
(i) H*(v) = sup{sup,sq(t.g — ' + Z W);Stliﬁ)t‘Q}

k=0
Now for ¢ < 0,sup,qt.q = oc.

Therefore, H*(q) = oo if ¢ < 0.

o) k—p+1
1 t r-1
For, ¢ > 0, suppose, H*(q) = tog—H (o), then, ¢ = H'(to) = Z TR

k=2n—2



Let, p be the inverse of H' then ty = p(q). Hence,

H*(q) = { ng((ll)goﬂ(p(q»; q=>0

Lemma - II:- Let 0 <y < 1 and g € L'(H*) N L*(H’)*), then for any set A C Q
we have

(i). yH*(14) € L'(A) and

(i) Lo vH (D) < (1 =NIE) (gDllzcay + 2 = Dllgllscay + AWE (gDl ca

Proof:- By lemma 1, we have,

/AvH* (‘%’) _ /AW (!ﬂ)_H(p%\ ]‘m
o))

Since, H is convex so

i (o(4)) = #ootto) + a0 (o (1)) - ool

= #ollah+1al (» () ) - ola)

Hence,

/AVH* <|%|) < /Iglp(| |>da: 7/H (lgl) = /Igl <p(|g| (|g|>)dl’
= /A!g\p g’)da:+'y/AHg\p(\g!) H(p(|g|)ldz

- -0 |g|p('§#') s [ #(gis

Since, H' is a convex function, we have
pq < H'(p) + (H')(q) Vp,g € R

and so



Hence,

[ome () < (5 -1) [ oo+ 0= [ @y tapas [ #ghas

This proves the lemma.
Trudinger - Moser Inequality:- Recall the Moser Trudinger inequality in [11],[12].
Following as in Adams [1] :

Theorem:-
If m is a positive integer less than n, then exists a constant ¢ = ¢(m,n) such that
Vu € D{"P(Q) with the normalisation ||V™ul|p < 1,p = n/m we have,

/ exp(a|u(z)|)dx < c
Q

1 1
VO<a<aand — 4+ — =1, where
p q
Qy is given by

0 [ ()
Wit | T (=5

no w22 (2
W1 i P (nfm)

q
] ;m = odd

Qg =

2

)] ;m = even

Moreover if a > ag; then,

sup /Qexp(oz|u(x)|q)dx =00

[V ullp<a

Proof of theorem 2.1:-If \; denote the principal eigenvalue, then A\ = inf ¢ []ul,
where, the total energy I[u] is given by

I = / V"l da
Q
and M = {u € D""(Q); [, glulPdz = 1} is a C'-mainfold.
We claim that

(i) Ay > 0 and

(ii) M is weakly closed.



Suppose,\; = 0 and u; be a minimising sequence.Then,

1 = /g|uk|pdx
Q

HQHUWLP)(Q)HWH?( np_) Q)
n—mp

< CvaukHip(Q)

0

IN

il

which is a contradiction. So A; > 0.

—_

~—~~ —~~
—_ = =

S Ot s W
~— ~— ~— ~—

Suppose, u,, converges weakly to u in M.Then w,, is bounded in Dg"*(2)..Since
oy > Land g € L™ (Q),s0 for any ball B(R) of radius R arround origin, we have,

/ gluPda e/ glupdz
B(R)NQ B(R)NQ

as k — oco. Let Qf = QN B(R)¢.Then

p
/Qnguk\Pda: < !!9\\L<mlp)<szR)H“kHL<nf—gw)<ﬂR)

Given € > 0 small choose R > 0 large enough such that ||g[|;(n )qr) < €.
mp

Then, [,r glupPdz < Ce.
Similarly, [,r glufPdz < Ce
Therefore,

[ supds [ gluras
Q Q

= 1

(1.7)

(1.8)

(1.9)
(1.10)

Now M is weakly closed and I being weakly lower semi continous the infimum is

achieved by some function ¢;.
Proof of theorem 2.2:-
We claim that

(1) A1 > 0 and

(ii) M is weakly closed.

(i) Suppose A; = 0 and (u,,) be a minimizing sequence for A\;. Then as

1 2m—3 ,_k_
- t -t =1
H*<Q) = sup {SUP (t.q — €tp ! + E %) ;Supt.q} 2 (t.q o etp 1)

t>0



_1
so, t.q < et + H*(q) Vt,q € IR.

Therefore,
1 = /g]um\pda: (1.11)
Q
Hume/ Um o
g ap)'p — 1)dx 1.12
[ 7 / Um /
—— | expla = 1 H*(|g]) 1.13
||um|| oo [
[C1Q] + H (lg)] (1.14)
(1.15)

where, C' = SUD)||gmul|,<1 fQ exp(ao|u(x)|?)dx

Therefore, 1 < K|[V™ul[], ) — 0 asm — oo,which leads to a contradiction.
So, A1 > 0 which proves our first claim.

(ii). To prove that M is weakly closed i.e., if u,, — w in M then [, g|u|Pdz = 1.

Let Br be the ball of radius R centered at origin. Let, (uz) be a minimizing
sequence in M.

Then, as (ux) is bounded in D{"P(€), let uy, converges weakly tou in D{"* ().

Since, g € L and u,, — u in LY(BR) for any ¢ € [1, 00) so,

loc
/ glugPdz — / glupdz
B(R)NQ B(R)NQ

Let, Qf = QN B(R)*.Then as eH is a convex function whenever H is convex, we
have

tg < eH(t)+ (eH) (q) (1.16)

< et —|—€H*(%) (1.17)

By theorem A and lemma (2) we have,

[y
gluglPdz < ———— [ g(—r)"dx
/mz aolp = 1) Jo ™ |[ul]m

1] s 91
s a0<p_1>[6/9“p(“°(u T o )
||t .9l
< ozo(p—l)[ O|Q|+/QeH ()]
< el idalc + (1= O (Dl + ¢ = Dllgllzsan

+ ellH*(lg)| 1 m)-



First choose ¢ > 0 small to make the 1st term small and then let R — oo to make
the other term small.
Hence, [, glug|Pdz = O(€) as R — oo.Similarly, [,x glu[Pdz = O(e) as R — oo.
50, limy_.o0 [, gluPdz = [, glufPde =1

This proves Mis weakly closed.l being weakly lower semicontinous the inf is
achieved and by Lagrange multiplier is an eigen function.
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