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1 Introduction

Let Ω ⊂ IRn be a smooth bounded domain. We are interested in finding solutions to
the following weighted eigenvalue problem:

(�p)
mu = λg(x)|u|p−2u in Ω (i)

with the Navier’s boundary conditions

u = �pu = · · · = �
n
2
p u = 0 if n = even

u = �pu = · · · = ∇(�
n−1

2
p u) = 0 if n = odd

where, �pu = div(|∇u|p−2∇u) is the p
Laplace operator and p = n

m
> 2 and g(x) is an indefinite weight function and

λ > 0 is a parameter.
The function space Dm,p

0 (Ω) is defined to be the completion of C∞
0 (Ω) with respect

to the norm
||u||Dm,p

0 (Ω) = ||∇mu||p
where,

∇mu =

{ �m
2 u if m = even;

∇(�m−1
2 u) if m = odd.

When, mp < n, by the Sobolev imbedding theorem,Dm,p
0 (Ω) is continuously em-

bedded into Lr(Ω) for all r ∈ [1, q] where, 1
q

= 1
p
− m

n
.
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Since mp = n, the limit case of sobolev impedding occurs i.e., Dm,p
0 (Ω) is conti-

nously embedded in Lq(Ω) ∀ q ∈ [1,∞) but not in L∞(Ω).
When m = 2, we get our usual 4th order partial differential equation namely{

(�p)
2u = λg(x)|u|p−2u in Ω;

u = �pu = 0 on ∂Ω.

Recently there is a considerable interest on higher order nonlinear problems espe-
cially for Fourth order and polyharmonic operators.Elliptic problems with exponen-
tial nonlinearity has been studied for second order and higher order problem has been
studied by several author in both analytic and geometric setup. We refer some of the
paper as [2],[4],[3],[5],[13].Existence of solution of polyharmonic operators has been
studied recently in the papers [6],[7],[8],[9],[10].. The main difficulty for higher order
problem is to prove the positivity of the solution because of the lack of maximum
principle. Therefore, one is interested to obtain only sign changing solution.

When Ω is a ball say B1 and p = 2 ,it is known that

�2
pu = λ1|u|p−2u in B1

u =
∂u

∂ν
= 0 on ∂B1

has smallest eigen value λ1 > 0, simple and corresponding eigen funcion does not
change sign.

Main results:- Through this section, we will state our main results and discuss
some properties of convex function.

Let H be a convex function on IR and the Legendre transform H∗ is given by,

H∗(q) = sup
p∈R

{p.q − H(p)} (1.1)

Definition:- The function space L1(H∗) is defined by,

L1(H∗) =
{
g ∈ L1(Ω); L∗(|g|) ∈ L1(Ω)

}
(1.2)

Define, the convex function H(t) as

H(t) =

⎧⎪⎨
⎪⎩

et
1

p−1 −
2n−3∑
k=0

t
k

p−1

k!
; t ≥ 0;

0 t ≤ 0.

Then,the derivative H ′(p) is given by

H ′(t) =

⎧⎪⎨
⎪⎩

1
(p−1)

∞∑
k=2n−2

t
k−p+1

p−1

(k − 1)!
; t ≥ 0

0 t ≤ 0
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H ′ is clearly a convex function.
Theorem 2.1:- Suppose,mp < n and g ∈ L

n
mp (Ω);g changes sign.Then there

exists an eigen value λ1 > 0 and the corresponding sign changing eigen function
φλ1 ∈ Dm,p

0 (Ω).
Theorem 2.2:- Suppose mp = n and g satisfies the hypothesis:g ∈ L1(H∗) ∩

L1((H
′
)∗) and g ∈ Lp0(Ω); for some p0 > 1,g changes sign. Then there exists an

eigen value λ1 > 0 and the corresponding signchanging eigen function φλ1belongs to

D
m, n

m
0 (Ω).

Proof of the theorems:- Before going to the proof of the theorems we need
to deduce some useful estimate which we describe as lemmas.

Lemma-1:- Let γ > 0, then for any convex function H ,

(i) (γH)∗(q) = γH∗
(

q
γ

)
, ∀q ∈ IR

(ii) If H(t) = et
1

p−1 −
2n−3∑
k=0

t
k

p−1

k!
; t ≥ 0;

= 0t ≤ 0.

then,

H∗(q) =

{
qρ(q) − H(ρ(q)), q ≥ 0
∞, q < 0

where, ρ is the inverse of H ′.
Proof:-

(i) We have,

(γH)∗(q) = sup
p
{p.q − γH(p)}

= γ. sup
p∈R

{p. q
γ
− H(p)}

= γH∗(
q

γ
).

(ii) H∗(γ) = sup{supt≥0(t.q − et
1

p−1
+

2n−3∑
k=0

t
k

p−1

k!
); sup

t<0
t.q}

Now for q < 0, supt<0 t.q = ∞.

Therefore, H∗(q) = ∞ if q < 0.

For, q ≥ 0, suppose, H∗(q) = t0q−H(t0), then, q = H ′(t0) =

∞∑
k=2n−2

1

(p − 1)
.

t
k−p+1

p−1

(k − 1)!
.
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Let, ρ be the inverse of H ′, then t0 = ρ(q). Hence,

H∗(q) =

{
qρ(q) − H(ρ(q)); q ≥ 0
∞; q < 0

Lemma - II:- Let 0 < γ ≤ 1 and g ∈ L1(H∗) ∩ L1(H ′)∗), then for any set A ⊂ Ω
we have

(i). γH∗( |g|
γ

) ∈ L1(A) and

(ii).
∫

A
γH∗( |g|

γ
) ≤ (1 − γ)||(H ′)∗(|g|)||L1(A) + ( 1

γ
− 1)||g||L1(A) + γ||H∗(|g|)||L1(A).

Proof:- By lemma 1, we have,

∫
A

γH∗
( |g|

γ

)
=

∫
A

[ |g|
γ

.ρ

( |g|
γ

)
− H

(
ρ
|g|
γ

)]
.γdx

=

∫
A

|g|ρ
( |g|

γ

)
− γH

(
ρ

( |g|
γ

))
dx

Since, H is convex so

H

(
ρ

( |g|
γ

))
≥ H (ρ(|g|)) + H ′(ρ(|g|))

(
ρ

( |g|
γ

))
− ρ(|g|)

= H(ρ(|g|) + |g|
(

ρ

( |g|
γ

))
− ρ(|g|)

Hence,

∫
A

γH∗
( |g|

γ

)
≤

∫
A

|g|ρ
( |g|

γ

)
dx − γ

∫
A

H (ρ(|g|) − γ

∫
A

|g|
(

ρ

( |g|
γ

− ρ(|g|
))

dx

= (1 − γ)

∫
A

|g|ρ(
|g|
γ

)dx + γ

∫
A

[|g|ρ(|g|)− H(ρ(|g|)]dx

= (1 − γ)

∫
A

|g|ρ
( |g|

γ

)
+ γ

∫
A

H∗(|g|)dx

Since, H ′ is a convex function, we have

pq ≤ H ′(p) + (H ′)∗(q) ∀ p, q ∈ IR

and so

|g|ρ
( |g|

γ

)
≤ H ′

(
ρ

( |g|
γ

))
+ (H ′)∗(|g|)
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=
|g|
γ

+ (H ′)∗(|g|)

Hence,∫
A

γH∗
( |g|

γ

)
≤
(

1

γ
− 1

)∫
A

(|g|)dx + (1 − γ)

∫
A

(H ′)∗(|g|)dx + γ

∫
A

H∗(|g|)dx

This proves the lemma.
Trudinger - Moser Inequality:- Recall the Moser Trudinger inequality in [11],[12].

Following as in Adams [1] :

Theorem:-
If m is a positive integer less than n, then exists a constant c = c(m, n) such that

∀u ∈ Dm,p
0 (Ω) with the normalisation ||∇mu||p ≤ 1, p = n/m we have,∫

Ω

exp(α|u(x)|q)dx ≤ c

∀ 0 ≤ α ≤ α0 and
1

p
+

1

q
= 1, where

α0 is given by

α0 =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

n

ωn−1

[
πn/22mΓ

(
m+1

2

)
Γ
(

n−m+1
2

)
]q

; m = odd

n

ωn−1

[
πn/22mΓ

(
m
2

)
Γ
(

n−m
2

)
]q

; m = even

Moreover if α > α0; then,

sup
||∇mu||p≤1

∫
Ω

exp(α|u(x)|q)dx = ∞

Proof of theorem 2.1:- If λ1 denote the principal eigenvalue, then λ1 = infu∈M I[u],
where, the total energy I[u] is given by

I[u] =

∫
Ω

|∇mu|pdx

and M =
{
u ∈ Dm,p

0 (Ω);
∫

Ω
g|u|pdx = 1

}
is a C1-mainfold.

We claim that

(i) λ1 > 0 and

(ii) M is weakly closed.
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Suppose,λ1 = 0 and uk be a minimising sequence.Then,

1 =

∫
Ω

g|uk|pdx (1.3)

≤ ||g||L( n
mp

)(Ω)||uk||pL( np
n−mp

)(Ω)
(1.4)

≤ C||∇muk||pLp(Ω) (1.5)

→ 0 (1.6)

which is a contradiction. So λ1 > 0.
Suppose, um converges weakly to u in M .Then um is bounded in Dm,p

0 (Ω)..Since
n

mp
> 1 and g ∈ L

n
mp (Ω),so for any ball B(R) of radius R arround origin, we have,

∫
B(R)∩Ω

g|uk|pdx →
∫

B(R)∩Ω

g|u|pdx (1.7)

as k → ∞. Let ΩR = Ω ∩ B(R)c.Then∫
ΩR

g|uk|pdx ≤ ||g||L( n
mp

)(ΩR)||uk||pL( np
n−mp

)(ΩR)
(1.8)

Given ε > 0 small choose R > 0 large enough such that ||g||L( n
mp

)(ΩR) < ε.

Then,
∫

ΩR g|uk|pdx ≤ Cε.
Similarly,

∫
ΩR g|u|pdx ≤ Cε

Therefore, ∫
Ω

g|uk|pdx →
∫

Ω

g|u|pdx (1.9)

= 1 (1.10)

Now M is weakly closed and I being weakly lower semi continous the infimum is
achieved by some function φ1.

Proof of theorem 2.2:-
We claim that

(i) λ1 > 0 and

(ii) M is weakly closed.

(i) Suppose λ1 = 0 and (um) be a minimizing sequence for λ1. Then as

H∗(q) = sup

{
sup
t≥0

(
t.q − et

1
p−1

+
2m−3∑
k=0

t
k

p−1

k!

)
; sup

t<0
t.q

}
≥ (t.q − et

1
p−1

)
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so, t.q ≤ et
1

p−1
+ H∗(q) ∀t, q ∈ IR.

Therefore,

1 =

∫
Ω

g|um|pdx (1.11)

≤ ||um||p
α0

(p − 1)

∫
Ω

g(
um

||u||m )p(α0)
(p − 1)dx (1.12)

≤ ||um||p
α0

(p − 1)
[

∫
Ω

exp(α0(
um

||um||)
p

p−1 ) +

∫
Ω

H∗(|g|)] (1.13)

≤ ||um||p
α0

(p − 1)
[C|Ω| +

∫
Ω

H∗(|g|)] (1.14)

(1.15)

where, C = sup||∇mu||p≤1

∫
Ω

exp(α0|u(x)|q)dx

Therefore, 1 ≤ K||∇mu||pLp(Ω) → 0 as m → ∞,which leads to a contradiction.
So, λ1 > 0 which proves our first claim.

(ii). To prove that M is weakly closed i.e., if un → u in M then
∫

Ω
g|u|pdx = 1.

Let BR be the ball of radius R centered at origin. Let, (uk) be a minimizing
sequence in M .

Then, as (uk) is bounded in Dm,p
0 (Ω), let uk converges weakly tou in Dm,p

0 (Ω).
Since, g ∈ Lp0

loc and um → u in Lq(BR) for any q ∈ [1,∞) so,∫
B(R)∩Ω

g|uk|pdx →
∫

B(R)∩Ω

g|u|pdx

Let, ΩR = Ω ∩ B(R)c.Then as εH is a convex function whenever H is convex, we
have

tq ≤ εH(t) + (εH)∗(q) (1.16)

≤ εet
1

p−1
+ εH∗(

q

ε
) (1.17)

By theorem A and lemma (2) we have,∫
ΩR

g|uk|pdx ≤ ||um||p
α0

(p − 1)

∫
Ω

g(
um

||u||m )pdx

≤ ||um||p
α0

(p − 1)
[ε

∫
Ω

exp(α0(
um

||um||)
p

p−1 ) +

∫
ΩR

εH∗(
|g|
ε

)]

≤ ||um||p
α0

(p − 1)
[εC|Ω| +

∫
Ω

εH∗(
|g|
ε

)]

≤ ||um||p
α0

(p − 1)
[ε|Ω|C + (1 − ε)||(H ′)∗(|g|)||L1(ΩR) + (

1

ε
− 1)||g||L1(ΩR)

+ ε||H∗(|g|)||L1(ΩR)].
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First choose ε > 0 small to make the 1st term small and then let R → ∞ to make
the other term small.
Hence,

∫
ΩR g|uk|pdx = O(ε) as R → ∞.Similarly,

∫
ΩR g|u|pdx = O(ε) as R → ∞.

so, limk→∞
∫

Ω
g|uk|pdx =

∫
Ω

g|u|pdx = 1

This proves M is weakly closed.I being weakly lower semicontinous the inf is
achieved and by Lagrange multiplier is an eigen function.
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