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THE SPECTRAL GEOMETRY OF THE CANONICAL
RIEMANNIAN SUBMERSION OF A COMPACT LIE GROUP

C. DUNN, P. GILKEY, AND J.H. PARK!

ABSTRACT. Let G be a compact connected Lie group which is equipped with
a bi-invariant Riemannian metric. Let m(z,y) = xy be the multiplication
operator. We show the associated fibration m : G x G — G is a Riemannian
submersion with totally geodesic fibers and we study the spectral geometry
of this submersion. We show the pull back of eigenforms on the base have
finite Fourier series on the total space and we give examples where arbitrarily
many Fourier coefficients can be non-zero. We give necessary and sufficient
conditions that the pull back of a form on the base is harmonic on the total
space.

1. INTRODUCTION

The spectral geometry of Riemannian manifolds has been studied extensively;
compact Lie groups play a central role in this investigation. For example, work of
Schueth [10] shows there are non-trivial isospectral families of left invariant metrics
on compact Lie groups, although any such family which includes a bi-invariant
metric is necessarily trivial; this work has been extended by Proctor [8]. Riemannian
submersions of Lie groups with totally geodesic fibers have been studied by Ranjan
[9]. We refer to [2] for a further discussion of the spectral geometry of Riemannian
submersions.

In this paper, we shall study the spectral geometry of the multiplication map
m : G x G — G where G is a compact Lie group. Adopt the following notational
conventions. Let A%, := (dd + dd) be the Laplace-Beltrami operator acting on
the space of smooth p forms C*(AP(M)) on a compact smooth closed Riemannian
manifold M of dimension m. We summarize briefly the following well known facts
which we shall need, see, for example [1] for further details. Denote the distinct
eigenvalues and associated eigenspaces by:

Spec(Af,) ={0=X < X1 < ... <\, < ..},
Ex(ALy) ={d € C=(AP(M)) : A ¢ = Ap} .

The spectral multiplicities dim{FEy(A%,)} are all finite. Furthermore there is a
complete orthonormal decomposition

L2(AP(M)) = ®xespec(ar,) Ba(Al) .

Let G be a compact connected Lie group which is equipped with a bi-invariant
Riemannian metric ds%. Normalize the product metric on G x G by taking

(1L.a) dst o = 2(ds% @ ds?).

The situation on O-forms is particularly simple; we shall show in Section 2 that
the pull-back of an eigenfunction is again an eigenfunction with the same eigenvalue:
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Theorem 1.1. Let ds% be a bi-invariant metric on a compact Lie group G. Let
dst o = 2(ds% & ds%). Then the multiplication map m : G x G — G is a Rie-
mannian submersion with totally geodesic fibers and m*{E\(A%)} C Ex(AY, o).

Let my be orthogonal projection on Ey (A% ). If ¢ € C°(AP(M)), let u(¢) be the
number of eigenvalues A so that ¢ # 0; this is the number of distinct eigenvalues
which are involved in the Fourier series decomposition of ¢. We shall use the Peter-
Weyl theorem in Section 3 to show that:

Theorem 1.2. Let ds% be a bi-invariant metric on a compact Lie group G. Let
dstq = 2(dsy @ dsg). If ¢ € Ex(AL), then p(m*¢) < (*™1Y) dim{Ex(A%)}.

The geometry of left invariant 1-forms plays a central role in our discussions.
The following result will be established in Section 4:

Theorem 1.3. Let ds% be a bi-invariant metric on a compact Lie group G. Let
dst o = 2(dsi@®ds?). Let ¢ € Ex(AL) be left invariant. Then one may decompose
m*¢p = @1 + @y where 0 # @, € E%)\(Aéxe) and 0 # ®5 € E%A(Aéxc)'

Theorem 1.2 shows that the pull back of an eigenform has a finite Fourier series.
In Section 5, we will use Theorem 1.3 to establish following result which shows that
the number of eigenvalues involved in the Fourier decomposition of m*¢ can be
arbitrarily large:

Theorem 1.4. Let p > 1 and let uy € N be given. There exists a bi-invariant
metric on a compact Lie group G, there exists \, and there exists 0 # ¢ € E\(AL)

so that p(m*¢) = po.

The Hodge-DeRham theorem identifies the n'" cohomology group H™(M;C)
of M with the space of harmonic n-forms Ey(A%,) if M is a compact Riemannian
manifold. Thus the eigenvalue 0 has a particular significance. Let A(Ey(A})) be the
subring generated over C by the harmonic 1-forms; one has that ¢ € A" (Ey(AL))
if and only if one can express:

¢= Y ar¢™ A...A¢™ where a € C and ¢' € Eo(Ag).
[I|l=n

Theorem 1.5. Let ds% be a bi-invariant metric on a compact Lie group G. Let
dst o = 2(ds% @ ds?). Assume G connected.

(1) A™(Eo(Ag)) C Eo(AR).

(2) ¢ € AM(Eo(AL)) if and only if m*¢ € Eg(AL, ).

(3) Let G be simply connected. If ¢ € Eo(Ag) for n >0, m*¢ ¢ Eo(ALyq)-

One can consider more generally the situation where G and G x G are endowed
with arbitrary left invariant metrics ds?, and ds?, . where there is no a priori
relation assumed between these metrics. The question of when this is a Riemannian
submersion is an interesting one and will be studied in more detail in a subsequent
paper. For the moment, however, we content ourselves in Section 7 by generalizing
Theorem 1.2 to this setting:

Theorem 1.6. Let G and G x G be equipped with left invariant metrics ds?, and
dst - If ¢ € Ex(AL), then

plm*9) < (4 () dim {2y (A7)

We remark that this bound is much worse than the bound given in Theorem 1.2;
at 2 different points in the proof we shall need to pass from a left invariant subspace
to a biinvariant subspace and this greatly increases estimate on the dimension.
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2. THE GEOMETRY OF THE MULTIPLICATION MAP m

Let # : X — Y be a surjective smooth map where X and Y are compact
Riemannian manifolds. We suppose that 7 is a submersion, i.e. that the map
me T X — Tr,Y is surjective for every z € X, and let V (resp. H) be the
associated vertical (resp. horizontal) distribution:

Vi={(ecTX :né=0} and H:=V*.

We say that 7 is a Riemannian submersion if w, : H, — TY,; is an isometry V.

The following example is instructive. Let m(u,v) = u + v define a linear map
from R?" — R". Take the standard Euclidean metric on R". We may identify
T,R?" = R?" and T,R" = R"™. Under this identification,

V= SpanéeRn{(%g, —%5)} and H = SPangeRn{(%fa %f)k

We have m*(%é, %5) = ¢. Thus if £ is a unit vector in Ty R", we need that (%& %5)
is a unit vector in 7,R?”. This motivates the factor of 2 which appears in Equation
(1.a) since the ordinary Euclidean length of (3¢, 1£) would be 3 and not 1. With
this normalization, m becomes a Riemannian submersion.

More generally, let G be a Lie group which is equipped with a bi-invariant
Riemannian metric ds%. Let m(z,y) = xy be the multiplication operator from
G x G — G. Let {el} (resp. {el*}) be an orthonormal frame of left (resp. right)
invariant vector fields on G. We assume eX(1) = e£(1) = e; where 1 € G is the
unit of the group and where {e;} is an orthonormal basis for 71 (G). Let exp be the
exponential map in the group. Then the flows = and = of these vector fields are:

EF:(g,t) — gexp(te;) and ZEF:(g,t) — exp(te;)g.

The multiplication map m defines a smooth surjective map m : G x G — G.
Consider the following curves in G x G with initial position (g1, g2):

Y9192t — (g1 exp(5(te;), exp(—5tei)ga),

Qg1,g2 t— (1 exp(%tei), eXp(%tei)QQ)v
TI09% ot — (exp(tei)gi, g2) -

We may identify T(G x G) = TG & TG. Because m77"% : t — exp(te;)g192,
m. {7792(0)} = e (m(g1, g2)) -

Consequently m, is surjective so m is a submersion. As my/"% : t — g1go is
independent of ¢, one has 4; = (el, —ef) € ker{m,}. It now follows that

V :=ker{m.} = Span{V; := % (ef, —ef)},
H := ker{m, }* = Span{H; := (e, ef})}.

AR

(2.a)

Let L, and R, denote left and right multiplication in the group. As ¢; = H;

(2b) m*(g1,g2){Hi(glagQ)} = (Lgl)*(Rgz)*ei'

Since Ly, and R, are isometries, it follows that {m.H;(g1, g2)} is an orthonormal
basis for T,,,,G. We have defined ds%, o = 2(ds% @ ds?). We show that m is a
Riemannian submersion by computing:

(Hi, Hy)axa = 25{(ef ef)a + (eff, ef)a} = 64,
(Hi, Vi)axa = 23{(efef)a — (eff ef)a} =0,
(Vis Vidaxa = 23{(ef, ef)a + (eff el e} = i -
Fix h € G. The map T}, : (g1, 92) — (hgy ', g7 'h) is an isometry G x G. Clearly
Th(g1,92) = (91,92) if and only if g; = hg;1 and go = gflh or equivalently if

g1g2 = h. Thus the fixed point set of T is m~*(h). Since the fixed point set of an
isometry consists of the disjoint union of totally geodesic submanifolds, the fibers
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of m, which are connected submanifolds diffeomorphic to G, are totally geodesic. It
now follows that the mean curvature covector vanishes. Theorem 4.3.1 of [2] shows
m*A% = A .m*. This completes the proof of Theorem 1.1.

3. THE PETER-WEYL THEOREM

We recall the classical Peter-Weyl theorem; for further details see, for example,
[4, 5]. Let G be a compact Lie group which is equipped with a bi-invariant metric;
assume the metric is normalized so G has unit volume. If p is a smooth left repre-
sentation of G on a finite dimensional complex vector space V', then by averaging an
arbitrary innerproduct on V over the group we can always choose an innerproduct
on V which is preserved by p. Thus any such representation is unitarizable. Let
Irr(G) be the set of isomorphism classes of finite dimensional irreducible unitary left
representations of G. We can decompose any finite dimensional left representation
space V as a direct sum of irreducibles:

V= ®p€Irr(G)anp ;

the multiplicities n, are independent of the particular decomposition chosen and
are non-zero for only finitely many p.

Let {e;} be an orthonormal basis for V,, where p € Irr(G). We may expand
p(g9)ei = 32, pij(g)e;; the functions p;; € C°°(G) are said to be the matrix coeffi-
cients of p. We let

H, = Spanlgi,jgdim(p){pij} c L*(G).

It is easily verified that H, is invariant under both the left and right group action and
that H, is independent of the particular orthonormal basis chosen for V,,; isomorphic
representations determine the same space. Furthermore, as a left representation
space for G, H, is isomorphic to dim(p) copies of the original representation p.

If V is any finite dimensional subspace of L?(G) which is left-invariant under
G and which is abstractly isomorphic to V, as a representation space, then one
has V' C H,; to put it another way, H, contains all the left submodules of L*(G)
which are isomorphic to V,. Furthermore, we have a complete orthogonal direct
sum decomposition

LQ(G) = EBpu’:'Irr(G)];—rp = EBpGIrr(G) dlm(p) . ‘/;)

This means that {pi; }1<i j<dim(p),peirr(@) 15 @ complete orthonormal basis for L%(G).
More generally, let {¢% } be an orthonormal basis for the space of left invariant
1-forms. If one has that I = {1 <4 < ... < i, < dim(G)} is a multi-index, let

& .= ¢t A A the B are an orthonormal basis for the space of left invariant
p-forms and as a left representation space for G one has:

(Ba)  L*(AP(G)) = ®petn(a), 11=pHp ® PL = S pernn(a) (dimp{G}) dim(V,)V,, .

The subspace H? := @ -, H, - ®] is a bi-invariant G' submodule of L?(A?(G))
which contain every left subrepresentation of G on L?(AP(G)) isomorphic to V.

Let 7y be orthogonal projection from L?(A?(G)) to Ex(AF,) and let u(¢) be the
number of eigenvalues A so mx(¢) # 0. We prepare for the proof of Theorem 1.2 by
establishing;:

Lemma 3.1. Let H C L*(AP(G)) be invariant under the action of Ly for all g € G.
If g € H, then p(¢) < ("™{9) dim{H}.

Proof. Clearly myH is non-trivial if and only if there exists p € Irr(G) so that the
multiplicities satisfy:

np(p) >0 and ng(az(p) > 0.
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Note that only a finite number of representations appear in H and only a finite
number of eigenspaces involve any given representation. By Equation (3.a),

LR { 3 1}
pEIrr(G)in, (H)#0 ~ Xin,(Ex(AR))#0
dim{G dim{G
< 3 {( im{ }> dim{Vp}} < ( im{ }> dim{H}. O
p€lrr(G):n, (H)#0 p p
We can now establish Theorem 1.2. It is convenient to introduce m(g, h) = gh~!.
Let H = E\(AY). Since the metric is bi-invariant, the Laplacian and hence the

eigenspaces are preserved by both left and right multiplication. Let H := m*H.
We compute:

ﬁL{Lg:G(al, az)} = m(gay, has) = garay "h™' = LY Ry 1m(ay, az),
LGy = m (R ) (L)
Since H is invariant under both the left and right actions of G, H is invariant
under the left action of G x G. We replace the group in question by G x G and

apply Lemma 3.1 to estimate u(m*¢). Since the metric on G x G is bi-invariant,
P(z,y) := (x,y~1) is an isometry of G x G. We have

araz = m(ay,az) = ai(ay ')t = m(Y(ar, az))
and thus m* = ¥*m*. Consequently u(m*¢) = u(v*m*¢) = u(m*e). O
4. LEFT INVARIANT 1-FORMS

Let A7 (G) be the finite dimensional vector space of left invariant p-forms on G.
Define the left and right actions of G on G x G by:
Ll7g . (%y) - (99573/), L2,g : (x7y) - (xvgy)a
Rig:(z,y) = (z9,y), Rag:(z,y) — (2,y9)
Consider the following subspaces:

AP(GxG)={0€ C¥(A(GxG): L} 0=0,R; L; 0 =0V g€ G}.

(4.a)

Lemma 4.1. Adopt the notation established above. Then:
(1) daxa{AP(G x G)} C AP*H (G xG),  daxc{AP (G xG)} C AP(G x @),
AL AAP(GXG)} € AP(GxG), and AP(GxG)ANI(GxG) C APH(GX@).
(2) The map 6 — 6(1) is an isomorphism from AP(G x G) to AP(G x G)(1).
(3) m*{A2(G)} C AP(G x G).
Proof. Assertion (1) follows since the maps of Equation (4.a) are isometries and

thus the pullbacks defined by these maps commute with d, §, A, and A. To prove
Assertion (2), define an action A of G x G on G x G by setting:

Agp : (a,b) — (gah™", hb)
this is a fixed point free transitive isometric group action since
Agi niAgs s = Agigs hihs -

This exhibits G x G as a homogeneous space. We have furthermore that:
m(ga,b) = gm(a,b), moLyg=Lgom, —m*Ly=Lj m",
m(ag=!, gb) = m(a,b), mo Ly yRy g1 =m, R*l‘,g_lL;gm* =m*.

Suppose that ¢ € A} (G). Then L}¢ = ¢ for all g. Consequently

Liym*¢=m"Lop=m"¢ and Rj,.L; ,m"¢p=m"¢p.
Assertion (3) follows. U
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Fix an orthonormal frame {¢% } for A} (G) so that
(4.b) AG{dL} = NigL -
Since right and left multiplication commute, right multiplication preserves A} (G).
Thus we may decompose

(4.) Ryot = &ii(9)®
J
Since RyR) = Rpy and since Ry = id, we have
§ij(9)Eik(h) = &ik(hg) and  &;(1) = 04 .
We may decompose A'(G x G) = AY(G) & AY(G). Define
®i(u,0) =Y &j(0)¢L(u) B0 and  Bh(u,v) = 0@ ¢ (v).
J

Lemma 4.2. Adopt the notation established above.

(1) {@ﬁ,fbé} is a basis for AY(G x G).

(2) m* ¢, = P} + @b | |

(3) ALy o®i = 3NP% and AL, Db = I 5.
Proof. Tt is immediate from the definition that L} ®] = ®f, L} ®) = ®j, and
R’l"g_lLE’gfI)é = ®%. We use Equation (4.c) to see:

{R} , L3 @1} (u,0) = megvégk Dok (u) 0

—Zfil flJ fjk( _1)¢L() 0

Jkl

—Z@k u) @0 = P (u,v).

Thus ®} € A(G x @) and @4 € A(G x G). Because ®i(1,1) = ¢% (1) © 0 and
because ®4(1,1) = 0¢% (1), Assertion (1) now follows from Assertion (2) of Lemma
4.1. We dualize Equations (2.a) and (2.b) to see that

{m*o1}(1,1) = 1(1) @ 9L (1) = {®1 + P3}(1,1).
The identity of Assertion (2) of Lemma 4.2 now follows from Assertion (1) of Lemma
4.2 and from Assertion (3) of Lemma 4.1.

Suppose ¢ € AL(G). Then ¢ € A} (G) is left-invariant and hence dg¢ = c is
constant. Since dc = 0,

¢ vol(G) = (8¢9, 0c)r2(q) = (¢, dadcd)r2(nigy = 0.
Similarly if ® € AY(G x @), then dgxg® € A%(G x G) is invariant under the
transitive group action A defined above. Consequently dgxc® = C' constant and
again
C?*vol(G x G) = (6axa®, 0axa®)r2(axa) = (P, daxadaxa®)r2a@xa) = 0.
Consequently one may express:
(4.d) AL{dL} =dcda{dy} and AL, o{®.} = doxcdaxc{®.} for a=1,2.
Decompose
do{0)} = jcx Cigndy N 0F and da{), AL} =3, Dijndy
We compute:
Dijivol(G) = (Sa{d), A5}, 1) 2 (are) = (81 A 05, AL )2 (a2
= CijkVOI(G).
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Consequently D, = Cji. Equations (4.b) and (4.d) yield:
> ClrCijdh, = 5G{ > Cigrdl A ¢§} = dada{dL} = A&{oL} = \idl,
<kl i<k
and consequently
(4.6) Z CljkCijk = )\i(sil .
i<k

Let 02(g1,92) = g2 denote projection on the second factor. Since <I>§ = U;¢iL and
since ®¢ + &y = m* i |
doxa{®%} =3, Ciju®) A S,
daxc{®] + @5} = 30, Cij (P + @3) A (D + D5),
daxa{®i} = daxa{®] + P4} — daxa{Ps}

=Y cijk{qq A ®F + @ A D5 + @) A cb’f} :

(4.)

We expand §Gxg{<1>% AOEY = > i{D1,ije®i 4 Do ijx®5}. Then, taking into account
the normalizing factor of 2 in Equation (1.a) which dually yields a factor of % on the
inner product for A'(G x G) and a factor of 1 on the inner product for A*(G x G),
one has:

1D1.ikvol(G X G) = (Saxa{ P A ®E}, 1) L2 (a1 (@)
= (B3 A 5, doxc{®1}) L2(a2(exay) = 0,
1D2.ixvol(G X G) = (Saxa{ P A ®E}, @4) 1241 (<))
= (P A B5, daxc{Ph}) r2(a2(axay) = 2Cipvol(G x G).
This shows that
(4.g) Diijk =0 and Dojp = %Cijk.
Equations (4.d), (4.e), (4.f), and (4.g) yield:
Acxa(Ph) = daxadaxa{®h} = 3 Z CijrCiju®h = 200} .
Lj<k
Similarly
Saxa{®] A BT} = axa{P) A BT} = baxa{P] AR5} = 13, Cijp®!
and thus AL, o{®1} = 3\, 91. O
5. EIGEN FORMS WHOSE PULL-BACK HAS MANY NON-ZERO FOURIER
COEFFICIENTS

Let S3 be the unit sphere in the quaternions H = R*; this is a compact connected
Lie group and the standard round metric is the only bi-invariant metric on S3
modulo rescaling. Fix

0# f € Ex(A2:)
with A\g # 0. Since the first cohomology group of S3 is trivial, there are no non-
trivial harmonic 1-forms on S3. Thus we may choose
0# ¢ € AL(S%) N Ex, (Ags)

for some A1 > 0; we refer to [3, 7] for additional details concerning the spectral
geometry of S3; S3 could be replaced by any non-Abelian compact connected Lie
group in this construction.
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We first prove Theorem 1.4 in the special case that p = 1. Suppose that pg = 2k.
Choose real numbers 0 < t; < ... <t < 1. Choose s1 > ... > s > 1 so

Sadg +tadi =X+ A1 for 1<a<k.
Let G, be 53 with the rescaled metric dsg, :=t,'ds3s and let ¢* = ¢ € A} (Ga).
Let G be S® with the rescaled metric ds?, = s;'ds%s and let f, = f € C™(Go).
After taking into account the effect of the rescaling, we have
fo € Beno(AG),  dfa € Eox(AL ), and ¢* € By, (AG).

Let G = Gy X ... x G x G1 % ... x Gf. Decompose m*(¢®) = ®¢ + ®F. Let
=Y., fa®®. As the structures decouple, one has:

ALY =D (500 + tadi) fad® = (Ao + A1)t

(e

We can apply Theorem 1.3 to see
Abem™ = {(sado+ Stad1)m* fo - BF + (sado + Star1)m* fo - B}

= {0+ M+ Stad)m* fo - B¢+ (o + M — Stad)m* fo - PG}

The computations performed above then yield ¢ € Ej 4, (AL). Furthermore:
m*(fa)®Y € E)\o+>\1+%ta>\1(Aé¥><G)a
m*(fa)®3 € E)\o—i-Al—%ta)\l(Aé‘xG)'
Since 0 < t1 < ... < tg, m*y has a Fourier decomposition which involves 2k = pyg
distinct eigenvalues. This establishes Theorem 1.4 if p = 1 and if ug is even.

If g = 2k + 1 is odd, we choose sg 50 soAg = Mg + A1. Then fy € E,\1+A2(A%O).
We apply the construction described above to G = G x ... x G x G X ... x G}, and
to 1 = dfy + fip' + ... + frd®; the latter factors are not present if g = 1. Since
m*dfy € Exg4a, (AL ), there are 2k + 1 distinct eigenvalues which are involved in
the Fourier decomposition of 1. This completes the proof of Theorem 1.4 if p = 1.
We take the product of G with circles S and replace ¢ by ¢ A df A ... Adf,, where
03 is the usual periodic parameter on S*, to complete the proof if p > 1. a

6. HARMONIC FORMS

Before beginning the proof of Theorem 1.5, we must establish some technical
results. Let g; be the Lie algebra of left invariant vector fields on G. The following
results are well known; we sketch the proofs briefly:

Lemma 6.1. Let ds% be a bi-invariant metric on a compact connected Lie group

G

(1) If 6 € Ex(AY), then 8 is bi-invariant.

(2) If n is a bi-invariant vector field, then Vi = 0.

(3) Let 0 € AL(G). If d0 = 0, then VO = 0.

(4) If © € A"(Eo(AL)), then VO =0 and © € Eg(A%).

Proof. The Hodge-DeRham theorem provides a natural identification of Ey(Ag)
with the cohomology group H™(G; C). In particular, this identification is compatible
with the action of L7 and Rj. Since G is connected, Ly and R} act trivially on
H"(G;C) and hence on Ey(Ag). Assertion (1) follows.

To prove Assertion (2), we use well known facts concerning bi-invariant metrics
on Lie groups; see, for example, [6]. Let exp(t£) be the integral curve through the
identity for £ € g; (G). Let n be bi-invariant. Assertion (2) follows as:

Ven = 56,1 = 50 {(Lexp(ie))«(Rexp(—t6)) 11} lt=0 = ettt = 0.
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Let 6 € AL(G) with df = 0. Since 6 is left invariant, 66 = c is constant. Since
AOGC =0, 66 = 0. Thus 6 is harmonic and hence bi-invariant. We use the metric to
raise and lower indices and identify the tangent and cotangent spaces. Let 1 be the
corresponding dual bi-invariant vector field. By Assertion (2), n is parallel. Thus,
dually, 0 is parallel. This proves Assertion (3).

Let © € A"(Ey(A})). Then there are constants a; and harmonic 1-forms 6% so

O= > af} A.. A0
[ I|=n

By assertion (3), V6% = 0. Consequently VO = 0. On the other hand, one has

d+ 6= Z{ext(ei) —int(e")} Ve,

where {e;} and {e'} are dual orthonormal frames for TG and T*G and where
ext(-) and int(-) denote exterior and interior multiplication. Thus parallel forms are
necessarily harmonic. Assertion (4) follows. O

We distinguish the two factors in the product to decompose
A™M(G X G) = BpagnlP(G1) © AY(Ga).

We let 7, , denote orthogonal projection on the various components. The Kiinneth
formula shows

H™(G x G;C) = &prqun HP(G1:C) ® HY(G3;C)

and, as we have taken a product metric on G x G, we have a corresponding decom-
position in the geometric context:

C=(A"(G X Q) = Dprg=nCT{A(G1) ® A1(G2)},
AGxa = ®p+q:n{A[c):1 ®id +id ®Aé2}a
EO( TCLJXG) = @P-‘rq:n{EO(A%l) ® EO(A%z)}

Assertion (1) of Theorem 1.5 follows from Lemma 6.1. To prove Assertion (2) of
Theorem 1.5, suppose

=Y af A NI € AM(Eo(AL)) for 07 € Ey(Ag).
[ I|=n

As 07 is bi-invariant, 67 @ 67 € A'(G x G). Since m*A(1,1) = 69(1,1) & 67(1,1),
m*07 = 607 @07, As dfV =0, dm*07 = m*df? = 0. Thus m*¢? € Ey(AL, ) so
m*¢ € A"(Eo(Ak o)) is harmonic.

Conversely suppose that m*¢ € Eo(A%, ). We then have my ,m*¢ is harmonic.
Since my ,m*¢ = 05¢ = 0P ¢, ¢ is harmonic and hence bi-invariant. Decompose
¢ = ZI I|=n ardl as a sum of left invariant n-forms where the coefficients a; are
constant. As m*¢ is harmonic, m*¢ is left invariant and decomposes in the form:

m* = 3 iy, (B BO+0B ) A A (S BO+0 Gir) .
0<i1 <...<in<dim(G)
Choose the indexing convention so {¢!, ..., #*} is an orthonormal basis for Eq(A})
and so {¢*+1, ..., pM()} completes the set to an orthonormal basis for A} (G). We
suppose that ¢ ¢ A™(¢!,...,¢%) and argue for a contradiction. Choose a minimal

SO Giy,...ia,j1,..5s 7= 0 Where i < k and k < ji < j2 < ... < jp. By hypothesis a <n
sob>1. Let

B0 = A ABE NG A LAY,
¢ := ¢ A ¢o + other terms
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where the other terms do not involve the monomial ¢y and where 0 # ¢ ¢ Eo(AL);

¢ = int(¢)¢ € AL (G). We may then expand

Tin_1m*¢ = (¢ ®0) A (0@ ¢o) + other terms,
Ay n_1m*¢ = (dd @ 0) A (0 ® o) + other terms.

Consequently dq~5 = 0 since this is the only term of bi-degree (2, — 1) multiplied by
0 & ¢o; one then has d¢ &0 = int(0 ® ¢p)dm*¢. By Lemma 6.1, o€ Eo(AL). The
contradiction completes the proof of Assertion (2). Assertion (3) is an immediate
consequence of Assertion (2) since Eo(AL) = {0} if G is simply connected. O

7. FINITE FOURIER SERIES FOR GENERAL LEFT INVARIANT METRICS

Let dsé be a left invariant metric on a compact Lie group G and let dséX ¢ bea
left invariant metric on G x G. We impose no relationship between the two metrics;
in particular, we do not assume that the multiplication map m is a Riemannian
submersion any more; it is an interesting question in its own right when this is
possible and we shall investigate this question in more detail in a subsequent paper.

We begin the proof of Theorem 1.6 with a technical result:

Lemma 7.1. Let G be a compact Lie group. Let H be left invariant subspace of
L2(AP(G)). Then there is a bi-invariant subspace Hy C L*(AP(G)) which contains
H so that dim(H;) < (d‘mz;{G}) dim(H)2.

Proof. The Lemma is immediate if dim(H) = oo so we may suppose H is finite
dimensional. By decomposing H = ®;n;V,, into irreducible representations, we
may assume without loss of generality that H = V,, where V,, is an irreducible left
representation space for G in the proof of Lemma 7.1. We apply the Peter-Weyl
theorem and use Equation (3.a). Let

HY = @1=pH, - ] = (") dim(V,,)V,,.

Then H C HP. Since left and right multiplication commute, HY - Ry is isomorphic
to HY for any g € G. Since HY contains all representations isomorphic to V),

HY - R, = H} is right invariant as well. O

Let ¢ € Ex(A%) be an eigen p-form. Apply Lemma 7.1 to choose a subspace
Hy C L*(AP(G)) which is left and right invariant under the action of G, which
contains Ey(AF,), and which satisfies:

dim(Hy) < (") dim{ B (A%)}?

Let m(a,b) = ab=!. Then mL,, 4, = Lg, R —1m. Consequently m*H, is a finite
dimensional subspace of L2(AP(G x G)) which invariant under left multiplication in
the group. Apply Lemma 7.1 to choose a subspace Hy C L?(G x G) which is left
and right under the action of G x GG, which contains m* Hy, and which satisfies:

dlm(HQ) < (2 dil’;{G}) (dim};{G})2 dlm{E)\(A:Z;)}LL ]

Set ¥(x,y) = (x,y~'). Then 9*Hs is still bi-invariant and in particular is left
invariant. Since m*¢ € ¥*Hy, Lemma 3.1 can now be applied to show that

plm*) < (4O dim{BA(AG)}

Theorem 1.6 now follows. O
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