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RELATING THE CURVATURE TENSOR AND THE COMPLEX
JACOBI OPERATOR OF AN ALMOST HERMITIAN MANIFOLD

M. BROZOS-VAZQUEZ, E. GARCIA-RIO AND P. GILKEY

ABSTRACT. Let J be a unitary almost complex structure on a Riemannian
manifold (M,g). If x is a unit tangent vector, let m := Span{x, Jz} be the
associated complex line in the tangent bundle of M. The complex Jacobi
operator and the complex curvature operators are defined, respectively, by
J(m) == J(x) + J(Jz) and R(w) := R(x, Jr). We show that if (M,g) is
Hermitian or if (M, g) is nearly Kéhler, then either the complex Jacobi operator
or the complex curvature operator completely determine the full curvature
operator; this generalizes a well known result in the real setting to the complex
setting. We also show this result fails for general almost Hermitian manifolds.

1. INTRODUCTION

We shall let M := (M, g) be a Riemannian manifold of dimension m. Let
R($7y) = vay — Vva - v[r,y]v
R(z,y,2,w) := g(R(z,y)z,w)

be the curvature operator and the curvature tensor, respectively; R has the sym-
metries:

(1&) R(x,yw,w) :R(Zawaxvy):_R(yawa?w)a
R(z,y,z,w) + R(y, 2, z,w) + R(z,z,y,w) = 0.

It is convenient to work in the algebraic setting. Let V' be a vector space of
dimension m. We say that A € ®*(V*) is an algebraic curvature tensor if A has
the symmetries given in Equation (1.a). We consider a model MM = (V,(-,-), A)
where (-,-) is an auxiliary positive definite inner product on V. Every model is
geometrically realizable; given a model 9)t, one can construct a Riemannian manifold
M so that 9 is isomorphic to (Tp M, gp, Rp) for some point P € M.

Given a model 91, one uses the inner product (-,-) to raise indices and define
an associated curvature operator A. The Jacobi operator J : y — Aly,x)z is
characterized by the identity

(T (2)y,2) = Ay, x, 2, 2) .
The Jacobi operator determines the full curvature tensor. The following theorem

is well known; Assertion (2) in the geometric setting is an immediate consequence
of the corresponding Assertion (1) in the algebraic setting:
Theorem 1.1.
(1) Let M; = (Vi, (-,-)i, Ai) be models for i = 1,2. Suppose there exists an
isometry 0 : (V1, (-, )1) — (Va, {-,")2) so that Jom,(02)0 = 0Jom, (z) for all
x € Vi. Then 0% Ay = A;.
(2) Let M; = (M;,g;) be Riemannian manifolds for i = 1,2. Suppose there is
an isometry 0 : (TpMi, g1) — (ToMa, g2) so that Tam,.q(02)8 = 0Tam, p(2)
for all x € TpMy. Then 0*Ro(Q) = Ry (P).

Key words and phrases. complex curvature operator, complex Jacobi operator, almost Hermit-
ian manifold, Hermitian manifold, nearly K&hler manifold.
2000 Mathematics Subject Classification. 53C15, 53CH5.
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If J is a unitary almost complex structure on a Riemannian manifold (M, g), then
C:=(M,g,J) is said to be an almost Hermitian manifold. In the algebraic setting,
¢:=(V, (), J, A) is said to be a complex model if J is a unitary complex structure
and if A is an algebraic curvature tensor. Any point P of an almost Hermitian man-
ifold C determines a corresponding complex model €(C, P) := (TpM, gp, Jp, Rp) in
a natural fashion.

Let € be a complex model. The Ricci tensor p and the x-Ricci tensor p* are
defined by contracting indices. If {eq, ..., e, } is an orthonormal basis for V', then

m m
p(xhy) = ZR(ei7x7yvei) and p*(x7y) = ZR(x7 Jei7Jy7ei)'
i=1 =1
We note that p* is not in general a symmetric 2-tensor; however one does have
that p*(z,y) = p*(y, ) if the compatibility condition given below in Lemma 1.4
is satisfied. The scalar curvature 7 and the x-scalar curvature 7* are defined by a
final contraction:

m m
T= Zp(ei, e;) and 7" = Zp*(ei, €;) .
i=1 i=1
We say a 2-dimensional subspace 7 of V is a complex line if Jm = w. Let

CP(V, J) be the complex projective space of complex lines in V. If 7 € CP(V, J),
let S(m) be the set of unit vectors in 7. Let x € S(7) for 7 € CP(V, J). Then one
has m = m, := Span{x, Jx}. The holomorphic sectional curvature Q(m), complex
Jacobi operator J(m), and complex skew-symmetric curvature operator R(mw) are
then defined for m € CP(V, J), respectively, by setting

Q(r) = Az, Jo, Jx,x), J(r):=T(x)+ T(Jz),

(1.b) R(r) := R(x, Jz) for any x € S(m).

We shall be considering several important families of almost Hermitian manifolds.
C is said to be Hermitian if the Nijenhuis tensor vanishes, i.e. if

(X, Y]+ JJX, Y]+ J[X,JY] = [JX,JY] =0 forall X,Y.

Equivalently, see [10], this means that we can find local holomorphic coordinates
2y =, + /=1y, for 1 < v < %m so that JO,, = 0,, and JO,, = —0,,; the
transition functions relating two such coordinate systems are then complex analytic.
There are other natural assumptions that may be imposed and which define other
important families. For example, one says that C is nearly Kdhler if (V,J)x = 0 for
all tangent vectors x; we refer to [9] for further information concerning this class
of manifolds. We say that C is almost Kdahler if the two form Q(z,y) := (Jz,y) is
closed; we refer to [3] for a survey and to [2], [8] and [11] for some recent results
concerning this class of manifolds.

The following result, which generalizes Theorem 1.1 to the complex setting, is the
central result of this paper. It shows that the full curvature tensor is determined
either by the complex Jacobi operator or by the complex curvature operator in
certain natural geometric contexts:

Theorem 1.2. For i = 1,2, let C; = (M;,g;,J;) be either Hermitian or nearly
Kéhler manifolds. Let 6 : (TpMi, g1, J1) — (ToMa, g2, J2) be a complex isometry.
The following assertions are equivalent:

(1) 6Fc, p(m) = Te,,0(0m)0 for all m € CP(TpM, J1 p).

(2) aRcl,p(ﬂ') = RCQ7Q(97T)9 fO’I“ all m € (C]P)(Tle, Jl,p).

(3) 6*Re,.0 = Re, p -

Our result for almost Kéahler setting manifolds is a bit weaker:
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Theorem 1.3. Let C = (M,g,J) be an almost Kahler manifold. Assume either
that J(m) = 0 for all m € CP(T'M,J) or that R(w) = 0 for all 7 € CP(T'M, J).
Then M 1is flat.

Let € be a complex model. There is a basic compatibility condition we work
with that relates the structures J and A:

Lemma 1.4. Let € = (V,(-,-), J, A) be a complex model. The following conditions
are equivalent and if any is satisfied, we shall say that € is a compatible complex
model.

(1) JFA= A, i.e. A(x,y,z2,t)=A(Jx,Jy, Jz, Jt) for all z,y,z,t € V.

(2) J(m)J = JT(m) for all m € CP(V, J).

(3) A(m)J = JA(x) for all m € CP(V, J).

We note, see Lemma 3.1, that if C = (M,g,J) is a nearly Kéhler manifold,
then €(C,P) = (TpM,gp,Jp, Rp) is a compatible complex model for any point
P € M. In general, a manifold satisfying this condition at every point is known in
the literature as a RK-manifold.

What is perhaps rather surprising is that Theorem 1.2 does not have a purely
algebraic analogue even if we impose the compatibility condition of Lemma 1.4:

Theorem 1.5. If m = 0 mod 4, there exists a complex model € = (V,(-,-), J, A)
with A # 0 so that J(w) =0 and so that A(mw) =0 for every m € CP(V, J).

Let C = (M, g,J) be an almost Hermitian manifold. We let Uc be the bundle
of complex isometries of T'M; the fibers of this bundle are the associated unitary
group of the fibers. If ©® € C°{Uc} and if P € M, then 0p := O(P) is a complex
isometry of (TpM, gp, Jp) for any P € M. We show that Theorem 1.2 fails in the
almost Hermitian context by establishing the following result:

Theorem 1.6. Let m = 0 mod 4. There exists an almost Hermitian manifold C
and there exists © € C°{Uc} so that for any point P in M we have:

(1) OpTc(m) = Te(0pm)0p for all m € CP(TpM,J).

(2) HPRc(ﬂ') = Rc(@pﬂ')@p for all m e (C]P)(TPM, J).

(3) 0, Rp # Rp.

Here is a brief outline to this paper. Section 2 is algebraic in nature. We begin
by establishing Lemma 1.4. Next, in Lemma 2.1, we prove a result of Vanhecke
[17] which expresses R(x,y,y,z) for a compatible complex model in terms of the
holomorphic sectional curvature @ defined in Equation (1.b) and in terms of an
additional tensor

(1C) )\(xvy) ZR(m,y,y,a:) _R(xvya‘]yv JJ?)

The identity of Lemma 2.1 is polarized to establish a result of Sato [12] in Lemma
2.2. We then turn to a study of the complex Jacobi operator by studying the
condition J(7) = 0 for all 7 € CP(V, J) in Lemma 2.3 and show this implies that p
and p* both vanish. We then prove Theorem 1.5. We conclude Section 2 by relating
Lemma 2.3 to the curvature decompositions of Gray [7] in Lemma 2.4.

In Section 3 we apply the results of Section 2 to the geometric context. We begin
by recalling certain results of Gray and Yano concerning Hermitian, nearly Kéhler
and almost Kéhler manifolds. These results are then applied to prove Theorems 1.2
and 1.3. The construction used to establish Theorem 1.5 in the algebraic setting is
then used to prove Theorem 1.6 in the geometric setting.

There are many example in the literature of almost Kéahler manifolds which are
not Kéahler [1, 5, 18]. Also, a great interest has been shown in finding conditions
for an almost Kahler manifold to be Kéhler. For example, the Goldberg conjecture
states: A compact Finstein almost Kdhler manifold is Kdhler. This conjecture has
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generated extensive literature, see for example [14, 15]. Many other conditions have
been studied which might imply that an almost Kéhler manifold is K&hler, see [2, 4]
for example. We conclude the paper in Section 4 with two related results.

We shall adopt the following notational conventions. The curvature tensor and
curvature operator of a Riemannian manifold will be denoted by R and R, re-
spectively; an algebraic curvature tensor and the corresponding algebraic curvature
operator will be denoted by A and A, respectively. A real Riemannian manifold and
a real model will be denoted by M = (M, g) and M = (V, (-, ), A), respectively. An
almost Hermitian manifold and a complex model will be denoted by C = (M, g, J)
and € = (V,(-,-), J, A), respectively. The Jacobi operator will be denoted by J;
we will subscript as appropriate when more than one curvature operator is under
consideration.

2. ALGEBRAIC RESULTS

Proof. We first establish Lemma 1.4. Suppose first that Assertion (1) holds, i.e.
that A(z,y,z,t) = A(Jzx, Jy, Jz, Jt) for all z, y, z, t. Then

(2.a) Ay, z,x, J2) + Ay, Jo, Jx, Jz) = —A(Jy, x,x, 2) — A(Jy, Jx, Jx, 2)

which implies (J (73)y, Jz) = —(J (7z)Jy, 2z) and, hence, J(7;)J = JT (7z). As-
sume conversely that J(m,)J = JJ(7;) or equivalently that Equation (2.a) holds
for all x. Polarizing this identity and replacing z by —Jz yields

Ay, z,w, z) + A(y, w, z, 2) + Ay, Jz, Jw, z) + Ay, Jw, Jx, z)
(2.b) = A(Jy,z,w,Jz)+ A(Jy,w,x,Jz) + A(Jy, Jx, Jw, Jz)
+ A(Jy, Jw,Jz, Jz).
Interchanging arguments 1 < 2 and 3 < 4 in the curvature tensors then yields:
Az, y, 2z, w) + Aw,y, z,x) + A(Jx,y, 2, Jw) + A(Jw,y, z, Jx)
= Az, Jy,Jz,w) + Alw, Jy, Jz,2) + A(Jz, Jy, Jz, Jw)
+ A(Jw,Jy,Jz,Jx).
If we interchange x and y and we interchange z and w in this identity, we get
Ay, z,w,2) + Az, z,w,y) + A(Jy, x,w, J2) + A(Jz, 2, w, Jy)
(2.¢) = Ay, Jz,Jw, z) + Az, Jz, Jw,y) + A(Jy, Jz, Jw, Jz)
+ A(Jz, Jz,Jw, Jy).
Adding (2.b) and (2.c) and simplifying yields:
(2.d) Ay, z,w, 2) + Aly, w, z, 2) = A(Jy, Jx, Jw, Jz) + A(Jy, Jw, Jz, Jz)
We permute the indices in Equation (2.d) to change y — © — w — y. This yields:
(2.€) Az, w,y,2) + Alz,y,w, z) = A(Jzx, Jw, Jy, Jz) + A(Jzx, Jy, Jw, Jz) .
We add 2(2.d) and (2.e) and use the Bianchi identity to see
3A(y,w,xz,2) = Ay, z,w, z) + 2A(y, w, z, 2) + A(x,w,y, z)
= A(Jy,Jz,Jw,Jz) + 2A(Jy, Jw, Jz, Jz) + A(Jzx, Jw, Jy, J2)
= 3A(Jy, Jw,Jz,Jz).

The desired identity now follows.
We now prove that Assertion (1) implies Assertion (3). We have:

(JA(m )y, z) = —(A(mp )y, J2) = —A(z, Jx,y, Jz)
= —A(Jz,JJz,Jy,JJz) = Az, Jz, Jy, z) = (A(m,)Jy, z) .
Thus JA(m,) = A(my,)J as desired.
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We finally show that Assertion (3) implies Assertion (1). We have
JA(x, Jz) = Az, Jx)J,
= (JA(z,Jx)z,w) — (A(z, Jx)Jz,w) = 0,
= Az, Jz,z, Jw) + Az, Jz, Jz,w) =0.
Polarizing yields an identity for all z,y, z, w:
0 = Ay, Jz,z,Jw)+ Az, Jy, z, Jw) + Ay, Jx, Jz,w)
+ Az, Jy,Jz,w).
Interchange the first two arguments in the first and third term to see:
0 = —A(Jz,y,z,Jw)+ Az, Jy, z, Jw) — A(Jx,y, Jz,w)
+ Az, Jy,Jz,w).
Replace (z,w) by (Jz, Jw) to show:
0 —

- _A(xvyaz7w)_A(']xv‘]yVZ)w)+A(x7ya‘]z7‘]w)
+ A(Jx,Jy,Jz, Jw).

Interchange the first two arguments with the final two arguments:
0 = —A(z,w,z,y)— Alz,w,Jz, Jy) + A(Jz, Jw, x,y)
+ A(Jz, Jw,Jx, Jy).
Change notation to interchange = and z, and y and w, to see:

(2.0) 0 = —Az,y,z,w) — Alz,y, Jz, Jw) + A(Jz, Jy, z,w)
® + A(Jz,Jy,Jz, Jw).

We add Equations (2.f) and (2.g) to conclude
—Az,y, z,w) + A(Jzx, Jy, Jz, Jw) =0
and complete the proof that Assertion (3) implies Assertion (1). O

(2.)

The following result is due to Vanhecke [17]; it was originally stated in a purely
geometrical setting. Let @ and A be defined by Equations (1.b) and (1.c), respec-
tively.

Lemma 2.1. Let € = (V,(-,-), A, J) be a compatible complex model. Then
324(z,y,y,2) = 3Q(z+Jy)+3Q(x — Jy) - Qz+y) — Qz —y)
— 4Q(x) — 4Q(y) + 4{5\(z, y) + Az, Jy)} .
Proof. First note that
Qz+y) = Alx+y,Jr+Jy,Jz+ Jy,z+y)
= Az, Jz,Jz,z) + Az, Jy, Jy, x)
+A(y, Jx, Jx,y) + Aly, Jy, Jy,y)
+2A(z, Jx, Jx,y) + 2A(x, Jy, Jy,y) + 2A(z, Jz, Jy, )
+2A(y, Jx, Jy,y) + 2A(x, Jz, Jy,y) + 2A(z, Jy, Jx,y).
Hence
3Q(x+ Jy) +3Q(x — Jy) — Qz +y) — Qz —y) — 4Q(z) — 4Q(y)
=3{A(z, Jx, Jx,x) + Az, y,y,x) + A(Jy, Jx, Jz, Jy) + A(Jy,y,y, Jy)
F2A(z, Jz, Jz, Jy) + 2A(z,y,y, Jy) — 2A(z, Jz,y, x)
—2AJy, Jz,y, Jy) — 2A(x, Jx,y, Jy) — 2A(z,y, Jx, Jy)}
+3{A(x, Jz, Jx,x) + Alx,y,y,z) + A(Jy, Jz, Jx, Jy) + A(Jy, y,y, Jy)
—2A(z, Jz, Jx, Jy) — 2A(x,y,y, Jy) + 2A(z, Jx,y, x)
+2A(Jy, Jx,y, Jy) — 2A(z, Jx,y, Jy) — 2A(x,y, Jx, Jy)}
—{A(z, Jz, Jx,x) + Az, Jy, Jy, z) + Ay, Jz, Jz,y) + Ay, Jy, Jy, y)
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+2A(x, Jx, Jx,y

( + 2A(z, Jy, Jy,y) + 2A(x, Jx, Jy, x)
+2A(y, Jx, Jy,y

(

(

+2A(x, Jz, Jy,y) + 2A(z, Jy, Jz,y)}

—{A(z, Jz, Jx,x) + Az, Jy, Jy, z) + Ay, Jz, Jz,y) + Ay, Jy, Jy, y)
—2A(x, Jx, Jx,y) — 2A(z, Jy, Jy,y) — 2A(z, Jz, Jy, x)

—2A(y, Jx, Jy,y) + 2A(z, Jx, Jy,y) + 2A(x, Jy, Jz,y)}

—4{ Az, Jx, Jx,x) + Ay, Jy, Jy,v)}

=6A(x,y,y,z) + 6A(Jx, Jy, Jy, Jx) — 2A(x, Jy, Jy, x) — 2A(y, Jx, Jx, y)
—12A(z,y, Jx, Jy) — 12A(z, Jz,y, Jy) — 4A(z, Jz, Jy,y) — 4A(z, Jy, Jx,y)
= 12A(z,y,y,x) — 4A(x, Jy, Jy, x)

—12A(z,y, Jx, Jy) — 8A(x, Jx,y, Jy) — 4A(x, Jy, Jx,y).

~— o — ~—

We may now compute:

3Q(x+ Jy) +3Q(x — Jy) = Qz +y) — Qz —y)
—4Q(z) — 4Q(y) + 4{5A(z,y) + Az, Jy)}

= 12A(z,y,y,x) — 4A(z, Jy, Jy, )
—12A(z,y, Jx, Jy) — 8A(x, Jx,y, Jy) — 4A(z, Jy, Jx,y)
+20(A(z,y,y,z) — Az, y, Jy, Jz))
+4(A(z, Jy, Jy, x) + Az, Jy,y, Jx))

= 32A(x,y,y,x) — 8A(x,y, Jy, Jr) — 8A(x, Jx,y, Jy) — 8A(x, Jy, Jx,y).

The desired identity now follows from the Bianchi identity. O

The following tensors arise naturally and play a fundamental role in studying
complex models. The tensor Ay has constant sectional curvature +1 and the cur-
vature tensor of complex projective space with the Fubini-Study metric is given by
Ap + A where we define:

Ao(l‘, Y, z, ’LU) = <Z‘, w><ya Z> - <Z‘, Z><ya U)> )
AJ(xvwavw) = <x7 Jw><y7 JZ> - <x7 JZ><y7 JU}> - 2<x7Jy><z,Jw) :

The following result is due to Sato [12]; again, it was stated in a geometrical
context.

(2.h)

Lemma 2.2. Let € = (V,(-,-), A, J) be a compatible complex model.
(1) If € has constant holomorphic sectional curvature c, then
A(z,y,z,w) = ${Ao(z,y,2z,w) + As(z,y, 2z, w)}
+3{5A(z,y, z,w) — 3A(z,y, Jz, Jw) + A(z, z, Jw, Jy)
—A(z,w, Jz, Jy) — Az, Jz,w, Jy) + Az, Jw, z, Jy)}.
(2) If € has constant zero holomorphic sectional curvature, then
3A(z,y, z,w) + 3A(x,y, Jz, Jw)
= Az, z, Jw, Jy) — A(z,w, Jz, Jy) — Az, Jz,w, Jy) + Az, Jw, z, Jy) .
Proof. As the holomorphic sectional curvature is constant, Q(z) = c(z, x)2. We use
the identity of Lemma 2.1 to see:
32A(z,y,y, x)
= 3c{(z, ) + (y,y) + 2(z, Jy)}* + 3c{(z, 2) + (y,y) — 2(z, Jy)}?
—c{(@,2) + (y.y) + 2(2,y)}? = c{{z,2) + (. 9) — 2z, y)}*
—dc(z, 2)? — 4e(y, y)? + 45\ @, y) + Mz, Jy)}
= 8c{(w, 2)(y,y) — (x,9)* + 3(z, Jy)*} + 4{5X(z, y) + Nz, Jy)}.
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We now polarize this identity to see:
8(A(z,y, z,w) + A(x, z,y,w))
= 2c{2(z,w)(y, 2) — (z,y)(z,w) — (z,2){(w,y)
(21) 4+ 3z, Jy)(w, Jz) + 3{z, Jz){w, Jy)}
+ 5{A(z,y,z,w) + Az, z,y,w) — Az, y, Jz, Jw) — Az, z, Jy, Jw) }
+ Az, Jy, z, Jw) + Az, Jz,y, Jw) + Az, Jy, Jz,w) + Az, Jz, Jy, w) .
Interchanging = and y in Equation (2.i) yields:
8(A(y, z, z,w) + Ay, z, z,w))
= 2c{2(y,w)(z,2) — (y, ) (z,w) — (y, 2)(w, )
3(y, Jx)(w, Jz) + 3(y, Jz)(w, Jzx)}
5{A(y, z, z,w) + Ay, z,z,w) — Ay, x, Jz, Jw) — Ay, z, Jx, Jw)}
+ Ay, Jx, z, Jw) + Ay, Jz,z, Jw) + Ay, Jz, Jz,w) + Ay, Jz, Jz, w) .
We now subtract Equation (2.j) from Equation (2.i) and simplify to obtain:
8(A(z,y, z,w) + Az, z,y,w) — Ay, z, z,w) — Ay, z, z, w))
= 24A(z,y, z,w)
=2c{3(z, w)(y, 2) — 3(z, 2)(w,y)
+3(x, Jw){y, Jz) — 3{x, Jz){y, Jw) — 6{x, Jy)(z, Jw)}
+10A(z,y, z,w) + 5A(z,w, z,y) — bA(x, z,w, y)
—10A(z,y, Jz, Jw) + A(z, Jw, Jz,y) — Az, Jz, Jw, y)
—b5A(x,w, Jz, Jy) + Az, Jy, Jz,w) — A(z, Jz,w, Jy) + Az, Jy, Jz, w)
+5A(x, z, Jw, Jy) + Az, Jy, z, Jw) + A(z, Jw, z, Jy) + Az, Jy, z, Jw)
= 2¢{3Ro(z,y, z,w) + 3R (x,y, z,w)} + 15A(x,y, z,w) — 9A(x,y, Jz, Jw)
—3A(z,w, Jz, Jy) — 3A(x, Jz,w, Jy) + 3A(z, Jw, z, Jy) + 3A(x, z, Jw, Jy).

The desired results now follow. O

(2.j) +
+

We begin the proper study of the complex Jacobi operator by examining the
condition J(-) = 0.
Lemma 2.3. Let € = (V,(-,),J, A) be a complex model.
(1) The following conditions are equivalent:
(a) J(w) =0 for all m € CP(V, J).
(b) A(z,y) = —A(Jz, Jy) for all z,y.
(¢) A(m) =0 for all m € CP(V, J).
(d) A(Jz,y)z = Az, Jy)z = Alx,y)Jz for all x,y, z.
(2) If any of the conditions in (1) are satisfied, then:
(a) € is compatible.
(b) € is Ricci flat and *-Ricci flat.
Proof. Suppose Condition (1a) holds. Then € is compatible. Furthermore,
Q(z) = R(x, Jz, Jx,x) = R(z, Jz, Jr,x) + R(z,z,z,2) = (T (72 )z, 2) = 0,
so € has constant holomorphic sectional curvature 0. Thus Lemma 2.2 (2) applies
and we show that Condition (1b) holds by computing:
3A(z,y, z,w) + 3A(x,y, Jz, Jw)
= Az, z,Jw,Jy) — Alx,w, Jz, Jy) — A(x, Jz,w, Jy) + Az, Jw, 2z, Jy)
= ({I(msgw) = T(m2) = T(mgw)ta, Jy) = 0.
Suppose Condition (1b) holds. We establish Condition (1c) by computing:

A(ry) = Az, Jx) = —A(Jz, JJx) = A(Jz,x) = —A(z, Jx) = —A(ny) .
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Suppose Condition (1c) holds. Then € is compatible. Again Lemma 2.2 is
applicable. We set w = Jz in Lemma 2.2 (2) to show Condition (1a) holds by
computing:

0 = 6(A(m:)z,y) = 6A(z,y, 2, Jz)
—2A(x, 2z, 2, Jy) — 2A(x, Jz, Tz, Jy) = —2(T (7.)z, Jy) .

We have shown that Conditions (1a), (1b), and (1c) are equivalent. Suppose that
Condition (1d) holds. We show that Condition (1c) holds by computing:

A(ry) = Az, Jx) = A(Jz,x) = —A(z, Jx) = —A(my) .

Finally suppose that Condition (1a) holds. We must show Condition (1d) holds.
Since Condition (1a) implies Condition (1b), we have A(z,y) = —A(Jx, Jy). Thus

A(Jz,y)z = —A(JJxz, Jy)z = Az, Jy)z .
Since J(my) = 0 and since € is compatible,
0=Az,y,y,w) + Az, Jy, Jy,w) = A(z,y,y,w) + A(Jzx,y,y, Jw) .
Polarize this identity to see
(2.k) 0=A(x,y,z,w) + Az, z,y,w) + A(Jz,y, z, Jw) + A(Jx, z,y, Jw) .

Since A(z,w) = —A(Jz, Jw), A(Jz,Jw,y, z) = —A(z,w,y, z). We may therefore
use the First Bianchi identity to see:

0 = A(Jz,y,z,Jw)+ A(Jzx, Jw,y, z) + A(Jz, z, Jw,y)
(2.1) + Alz,y,z,w) + A(z,w,y,2) + Az, z,w,y)
A(Jz,y, z, Jw) — A(Jx, z,y, Jw) + Az, y, z,w) — Az, z,y,w) .
Adding (2.k) and (2.1) we get
0=2A(z,y,z,w) + 2A(Jz,y, z, Jw) .

Replacing w by Jw and changing the order then shows Condition (la) implies
Condition (1d) since:

Alz,y, Jw, z) = A(Jz,y,w, z) .
This completes the proof of Assertion (1). It is clear that (la) implies € is
compatible, as we said before. Assume the conditions of Assertion (1) hold. We
may then compute:

m

2p(x7y) = Z{A(ei7x7yvei) + A(Jei7x7yvjei)} = Z<\7(7T€i)x7y>) = 07

i=1 i=1

p*(xvy) = ZA(m7JeiaJy7€i) = ZA(m7eiaJJyvei) = p(xvy) =0.

i=1 i=1
where {e1,..., e} forms an orthonormal basis. This completes the proof of the
Lemma. O

Proof. We now establish Theorem 1.5. Since the dimension of V' is a multiple of 4,
we may choose almost complex structures J, K such that JK + KJ = 0. Consider
the algebraic curvature tensor A := Ax — A k. Note that the Jacobi operator is
given by

J(x)y =3y, Ke)Kx — 3{y, JKx)JKx ,
and, since J(x)Kx = Kz for any unit vector x, A # 0. However, the complex
Jacobi operator vanishes identically:

J(mz) = 3(y,Kax)Kx —3(y, JKz)JKx
+3(y, KJx)KJx — 3{y, JK Jx) JK Jx
= 0.
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We may now apply Lemma 2.3 to see that A(7) also vanishes identically as well. [

We conclude this section by putting things in a slightly different invariant frame-
work. Let (V') be the vector space of all algebraic curvature tensors on V. We use
(-,+) to define a natural inner product on (V) by setting:

(A1, Ag) = Z Ai(ei,ej,en,er)Az(es, ej,ex,€r);
,5,k0
this is independent of the particular orthonormal basis {e;} chosen. Consider the
following subspaces [7]:

WV, J) = {AeUV): A(z,y,z,w) = A(Jz, Jy, z,w)},
WA (V,J) = {AeAV): Az,y, z,w) = A(Jz, Jy, z,w)

+A(Jz,y, Jz,w) + A(Jz,y, z, Jw)},
As(V,J) = {AeUV): Az,y, z,w) = A(Jz, Jy, Jz, Jw)} .

Note that 24 (V,J) is the space of algebraic curvature tensors which verify the
Kiébhler identity and 2(3(V, J) is the space of compatible curvature tensors. We have

Qll(V, J) C Q[Q(V, J) C ng(V, J) .
Denote by 23 (V, (-,-), J) the orthogonal complement of 23(V, J) in A3(V, J).

Lemma 2.4. Let € = (V,(-,-), A) be a complex model. The following assertions
are equivalent:

(1) J(x) =0 for all m € CP(V, J).
Proof. Projection in 2A5(V, J) restricted to A3(V, J) is given by
Po(A)(@,y,z,0) = 3{Alw,y,z,0) + A(Jz, Jy, 2, w)
+A(Jz,y, Jz,w) + A(Jz,y, z, Jw)}.

Py is an involutive isometry and 213 (V, (-, -), J) is the (—1)-eigenspace of Py by [16].
For A € A3(V,J) compute

Pao(A)(z,y, z,w) + Po(A)(Jz, Jy, z,w) = A(z,y,z,w) + A(Jz, Jy, 2, w) .
From here, it is easy to verify that
QLQL(‘/? <'7 '>7 J) = {A € QL(V) : A(QZ, Y, va) = _A(Ja:7 Jya Z,IU)} .

The desired result now follows from Lemma 2.3. O

3. GEOMETRICAL RESULTS

We begin our study of the geometrical context by recalling several well known
results. We refer to Gray [7] for the proof of Assertions (1) and (2), see also [6],
and to Yano [19] for the proof of Assertion (3) in the following Lemma:

Lemma 3.1. Let C = (M, g,J) be an Hermitian manifold and let € = €(C, P) be
the almost complex model determined by C at a point P € M. Then:

(1) If C is Hermitian, then
R(z,y,z,w) + R(Jz, Jy, Jz, Jw) = R(Jz, Jy, z,w) + R(z,y, Jz, Jw)
+R(Jx,y,Jz,w) + R(x, Jy, z, Jw) + R(Jx,y, z, Jw) + R(x, Jy, Jz,w) .
(2) If C is nearly Kdhler, then C is compatible and
R(z,y,z,w) + R(Jx, Jy, Jz, Jw) = R(Jzx, Jy, z,w) + R(z,y, Jz, Jw)
+R(Jzx,y, Jz,w) + R(z, Jy, z, Jw) + R(Jz,y, z, Jw) + R(z, Jy, Jz,w) .
(3) IfC=(M,g,J) is an almost Kihler manifold, then ||VJ||? = 2(* — 7).
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Let C; be almost Hermitian manifolds. We suppose given a complex isometry
0: (TpMi, g1, 1) — (TgMa, g2, J2). Welet V. =TpMy, (-,-) = g1, J = Ji, and
A= Rl - 9*R2 Let

¢ =0C(C,P,Ce,Q,0):=(V,{-,), ], A).
Theorem 1.2 will follow from the following Lemma:

Lemma 3.2. Adopt the notation established above. Assume that C; are Hermitian
or nearly Kdhler manifolds. The following assertions are equivalent:

(1) J(x) =0 for all m € CP(V, J).

(2) R(m) =0 for all m € CP(V, J).

(3) A=0.

Proof. Assume that either Condition (1) or Condition (2) holds; these are equivalent
by Lemma 2.3. Since the curvature tensors Ac, satisfy the identity of Lemma 3.1,
so does their difference. We use the relations provided by Lemma 2.3 to show that
A = 0 by computing:

0 = R(z,y,z,w)+ R(Jx,Jy, Jz, Jw) — R(Jz, Jy, z,w) — R(x,y, Jz, Jw)
— R(Jz,y,Jz,w) — R(x, Jy, z, Jw) — R(Jz,y, z, Jw) — R(z, Jy, Jz,w)
= R(z,y,z,w)+ R(z,y,z,w) — R(JJz,y,z,w) — R(JJx,y, z,w)
— R(JJz,y,z,w) — R(JJz,y,z,w) — R(JJzx,y, z,w) — R(JJz,y, z, w)
= 8R(z,y,z,w).
Conversely, of course, if A =0, then J(7) = R(w) = 0 for all # € CP(V, J). O

Proof. We now prove Theorem 1.3. We use Lemma 2.3 to see that M is both Ricci
flat and *-Ricci flat. Hence 7 = 7* = 0. Therefore, by Lemma 3.1 (3), VJ = 0
and the manifold is Kéhler. This implies the almost complex structure is in fact
integrable so C is Hermitian. The desired conclusion now follows from Theorem
1.2. |

Proof. We now prove Theorem 1.6. Our construction is motivated by the construc-
tion of Theorem 1.5 and is based on work of Sato [13]. Let m = 4n. Let (CP*", g, .J)
be complex projective space with the Fubini-Study metric ¢ and usual complex
structure Jy; this is a Kéihler manifold. The canonical embedding of C?* ¢ C?"+!
defines an isometric embedding of CP*"~! in CP?". Let M := CP?" — CP?*"~ !
Let H be the fiber bundle of all unitary quaternion structures {.J, Ja, J3} on the
tangent bundle of M which satisfy J; = J. Since M is contractable, H is a trivial
fiber bundle so we can define a global quaternion structure {.Jy, Ja, Js} on TM so
that J = Jy. This is, of course, just the usual twistor construction.
Let C := (M, g, J2). Let

O:z— (1+J)/V2.
This defines an isometry of Tp M with ©.Jy = J50. Furthermore
@Jl = —Jg@ and @Jg = J1@

The curvature tensor of the Fubini-Study metric is given by Ry + Rj,. Let = be a
unit tangent vector. We use the defining relations of Equation (2.h) to see that:

0 if y € Span{z},
Jr(z)y =14 4y if ye Span{Jiz},
y if y L Span{x, Jix}.
As ©*R = Ry+ Ry, and as Jix L Jsz, ©*R # R. Since Jr(m,) = Jr(z)+Tr(J2z),
4y if y € Span{x, Jox},
JIr(me)y =4 by if y € Span{Jix, i ox = Jaa},
2y if y L Span{x, Jix, Jox, J3z}.
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Since J; and J3 play symmetric roles in this identity, Jo+ r(7:) = Jr(7w,) as desired.
Lemma 2.3 now shows Re«gr(m:) = Rr(m,) as well. O

4. CONFORMAL AND ALMOST KAHLER GEOMETRY

Theorem 4.1. Let C = (M,g,J) be an almost Kahler manifold such that there
exists a Kdhler metric g on (M, J) such that R(w) = R(n) for all m € CP(TM,J)
(equivalently, Jr(m) = Jg(w) for all 1 € CP(T'M,J)). Then C is Kdhler and
R=R.

Proof. Suppose R(z,Jx) = R(x,Jx). Set R :== R — R. Then R(n) = 0 for all
7. Since 7% = 7 for any Kihler manifold and R is Ricci flat and x-Ricci flat by
Lemma 2.3 (2), one has [|[VJ||? = 0 by Lemma 3.1 (3); hence VJ = 0 and the
original manifold C is indeed Kéhler. That the curvature tensors are equal follows
from Theorem 1.2. O

Theorem 4.2. Let C := (M, g,J) and C* := (M, e%g, J) be conformally equivalent
almost Hermitian manifolds. If Je(my) = Jeo(n) for all 1 € CP(T'M,J), then
R = R".

Proof. Let o(g,J) be projection on A3 (g,.J). A priori this projection depends on
the choice of g. It is, however conformally invariant, i.e. A3 (g,J) = 23 (e%g,J)
and o(g,J) = o(e®g,J). Set o := o(g,J). Furthermore, see [16], o(R) = o(R%);
thus o(R — R*) = 0. Since by hypothesis (Jz — Jeo)(7,) = 0 for all z, we have as
desired that R = R, using Theorem 1.2. (]
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