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ANALYSIS OF MULTIPLE SCATTERING ITERATIONS FOR HIGH-FREQUENCY
SCATTERING PROBLEMS. II: THE THREE-DIMENSIONAL SCALAR CASE

AKASH ANAND, YASSINE BOUBENDIR, FATIH ECEVIT, AND FERNANDO REITICH

ABSTRACT. In this paper we continue our analysis of the treatment of multiple scattering effects within a
recently proposed methodology, based on integral-equations, for the rigorous numerical solution of scattering
problems at high frequencies. In more detail, here we extend the two-dimensional results in part I of this
work to fully three-dimensional geometries. As in the former case, our concern here is the determination of
the rate of convergence of the multiple-scattering iterations that are inherent in the aforementioned high-
frequency schemes. To this end, we follow a similar strategy to that we devised in part I: first, we recast the
(iterated, Neumann) multiple-scattering series in the form of a sum of periodic orbits (of increasing period)
corresponding to multiple reflections that periodically bounce off a series of scattering sub-structures; then,
we proceed to derive a high-frequency recurrence that relates the “currents” (i.e. the normal derivative of the
fields) induced on these structures as the waves reflect periodically; and, finally, we analyze this recurrence
to provide an explicit rate of convergence associated with each orbit. While the procedure is analogous
to its two-dimensional counterpart, the actual analysis is significantly more involved and, perhaps more
interestingly, it uncovers new phenomena that cannot be distinguished in two-dimensional configurations
(e.g. the further dependence of the convergence rate on the relative orientation of interacting structures).
As in the two-dimensional case, and beyond their intrinsic interest, we also explain here how the results of
our analysis can be used to accelerate the convergence of the multiple-scattering series and, thus, to provide
significant savings in computational times.

1. INTRODUCTION

This paper constitutes the second part in a series that seeks to analyze the convergence characteristics of
multiple-scattering iterations within a recently proposed scheme for the numerical solution of high-frequency
scattering problems [2, 3]. As we explained in part I of this series [6], which dealt with two-dimensional
configurations, the methods in [2, 3] result from a set of ideas that collectively deliver a unique scattering
solver, capable of predicting scattering returns within any prescribed accuracy in frequency-independent
computational times. Here we extend the analysis in [6] to encompass fully three-dimensional configurations
within scalar (e.g. acoustic) scattering models.

For a review on the relevance of these novel schemes for the simulation of high-frequency scattering
scenarios, and for their placement in the context of state-of-the-art numerical procedures for scattering
applications we refer the reader to [2, 3, 6]. As detailed therein, these new schemes overcome the classical
limitations of alternative methods (namely, the need to numerically resolve the fields on the scale of the
wavelength of radiation) while retaining their most important characteristics (e.g. error-controllability). As
such, these novel numerical algorithms have generated significant interest and work in recent years (see
e.g. [4, 8, 7]), which has been mostly confined to two-dimensional, single-scattering geometries (e.g. those
that arise in connection with scattering by cylindrical convex obstacles).

Work on the implementation of the basic ideas in [2] for the treatment of fully three-dimensional configu-
rations, on the other hand, reduces to the (single-scattering) results in [1]. As in the two-dimensional case,
these results can be used to extend the methodology to cases wherein multiple-scattering occurs, following
the prescriptions in [3]. More precisely, as we review in Sect. 2.3, the approach to the account of multiple-
scattering effects relies on the reformulation of the integral-equation representation of the scattering problem
in the form of an iterative series, whose terms can be derived from the sequential solution of single-scattering
problems corresponding to successive geometrical reflections in the limit of infinite frequency. While the
results in [1] provide clear guidelines for the attainment of a prescribed accuracy in the simulation of each of
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these single-scattering events (at arbitrarily high frequencies), the question of convergence of the multiple-
scattering series that they collectively constitute has remained unexplored. Here we provide an analysis of
this convergence that is analogous to that we devised in [6] for the two-dimensional case.

In fact, the procedure we follow here to uncover the convergence characteristics of the multiple-scattering
series in three dimensions is similar to that we introduced in [6]. Specifically, the method is based on (i) a
recasting of the iterated multiple-scattering series in the form of a sum of periodic orbits (of increasing period)
corresponding to multiple reflections that periodically bounce off a series of scattering sub-structures (see
Sect. 2.4); (ii) an analysis of these periodic orbits in the high-frequency regime which delivers a recurrence
that relates the “currents” (i.e. the normal derivative of the fields) induced on the sub-structures as the
waves reflect periodically (Sect. 3); and, (iii) a derivation that relies on (ii) to provide an ezplicit rate of
convergence associated with each orbit (Sect. 4). Numerical results that exemplify the relevance and accuracy
of these analytical developments are presented in Sect. 5.

While the approach we use here to establish our results in three dimensions is analogous that we utilized
to prove their two-dimensional counterparts, the actual analyses are significantly more involved. To facilitate
this comparison and the overall understanding of the results we present here, the rest of this paper is largely
organized as the first part of the series [6], to which we refer throughout to minimize the repetition of
arguments. In particular, for instance, a comparison of our main results (cf. [6, Theorems 3.1, 4.1, 4.2 and
Corollary 4.14] and Theorems 3.1, 4.11, 4.13 and Corollary 4.14 below) clearly demonstrates the significant
additional complexities that the extension to three space dimensions entails. More interestingly, perhaps,
this extension uncovers new phenomena that cannot be distinguished in two-dimensional configurations, such
as the further dependence of the convergence rate on the relative orientation of interacting structures (see,
e.g., Theorem 4.11, Remark 4.12 and Tables 2-3).

Finally, as in the two-dimensional case, and beyond their relevance in providing an error estimate for any
truncation of the multiple-scattering series, the results of our analysis can be further used to accelerate the
convergence of this series and, thus, to provide significant savings in computational times. As explained in [6,
Sect. 5.2], this acceleration can be attained in a number of ways. For instance, knowledge of the asymptotic
behavior of the terms in the series as the number of reflections increases, allows for an extrapolation of
the neglected tail which can be added to a numerically evaluated series, truncated at any given order, to
deliver a more accurate estimate of the overall sum. Clearly, other acceleration strategies are possible (e.g.
based on suitable combinations of the iterates —as done, for example, in classical methodologies based on
Krylov subspaces—). The extension of our analysis to encompass these alternative techniques, as well as
that corresponding to vector scattering models (e.g. the Maxwell system), however, are left for future work.

2. PRELIMINARIES

In this section we collect some preliminary results that will provide the framework for the developments
that follow. We begin with a statement of the scattering problem and recall its integral equation formulation.
We then review some recently introduced methods for its solution at high frequencies that incorporate
multiple scattering effects; finally, we show that these effects can be fully accounted for through consideration
of periodic orbits.

2.1. The scattering problem and integral equations. We consider the problem of evaluating the scat-
tering of an incident acoustic plane wave u'"(x) = ¢**'* |a| = 1, from a smooth impenetrable obstacle K.
Throughout this paper we concentrate on three-dimensional configurations for which the relevant (frequency-
domain) problem is modeled by the scalar Helmholtz equation

(2.1) Au(z) + Ku(z) =0, z€Q=R3\K,

where the scattered field u is required to satisfy the Sommerfeld radiation condition

(2.2) i 2] [(%,Vu(x)) —iku(:v)] = 0.

For definiteness, we assume Dirichlet conditions on the boundary of the scatterer K

(2.3) u(x) = —u(z) = —e**? g OK.
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As will be clear from the derivations that follow, extensions to other boundary conditions are rather straight-
forward.

The problem (2.1)—(2.3) can be recast in the form of an integral equation in a variety of ways (see e.g. [5]).
For our purposes, a most convenient form is that derived from the Green identities

(2.4 ~ulo) = [ (G tw.g) — uin ) asty

and
_ 6uinc(y) inc 8(1)($7 y)
(25) 0= [ (%W - ure) T3 ) sty

valid for all x € 2, where v(y) denotes the vector normal to K and exterior to K, and

1 etklz—yl
P -
(@,y) = .~ P

is the outgoing Green function. Adding (2.4) and (2.5), and using (2.3), it follows that

(2.6) /6 Bz, y)n(y) ds(y), @€,

K
where
9 (uly) +u™(y))
v (y)

represents the total induced current in the electromagnetic case. Using (2.6), (2.7) and the jump relations
for the derivatives of single-layer potentials [5] we obtain the second-kind integral equation

(2.7) n(y) =

0G(x,y) dutne
2.8 - — d =2 oK
(28) o) = | Z W asty) 25w, ae
for the unknown current 7, where we have set G = —2®. The solution of the integral equation (2.8) is not

unique when the wavenumber k is an internal resonance and thus, in practical implementations, a “combined
field” integral equation (CFIE) formulation is traditionally used [5]. However, the ideas that follow clearly
extend to the CFIE formulation and thus, for the sake of simplicity in presentation, we shall assume that
the wave number k is not an internal resonance and work with the integral equation (2.8).

2.2. High-frequency integral-equation method: single scattering [2]. As recognized in [2, 3], the
advantages of (2.8) over alternative formulations (e.g. such as those based on the “indirect approach” [5])
in the numerical simulation of high-frequency applications stem from the physical nature of the unknown
density 1. Indeed, in the absence of multiple scattering, physical considerations suggest that the actual
current should oscillate in-sync with the incident radiation, which allows for the pre-determination of its
phase. More precisely, in this case, the current admits a factorization

(2.9) n(z) =7 (x) e,

where 7°°% is “slowly oscillatory”, that is, its variations do not accentuate with increasing frequency and,

therefore, its numerical approximation demands a significantly reduced number of degrees of freedom. In
fact, in case K is convex, a very precise form of (2.9) has been shown to hold [10], which provides accurate
descriptions for the behavior of the slow envelope in the illuminated and shadow regions

(2.10) OK't = {2 € 0K : a-v(z) <0}
(2.11) OKSE = {2 € 0K : - v(z) > 0},
and for the transition between these through the shadow boundaries

0K B = {2 € 0K : a-v(z) = 0}.
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Theorem 2.1 ([10]). If K is convex then, for all P,Q >0, the current n'°Y admits the representation

P Q
(212) V(@) = (e ka) = 3SR, (0, 2) 80 (K32 (,2)) + Rp gk, )

p=0 ¢q=0
where the complez-valued functions by, and the real-valued function Z are smooth, and ¥ is entire in the
complex plane. Moreover, Z is positive in the illuminated region, negative in the shadow region, and vanishes
precisely to first order at the shadow boundary. The function U behaves asymptotically as

ZZ:O a, T3P + O(r1=30 ) as 7 — o0,

2.13 W(r) = D8
( ) (T) { coe™ T /3717-&(1_’_0(6711)) as T — —o0,

for some constants ¢ and c1 > 0, where = e~ 2™/38, and 1 is the right-most root of Ai. The remainder
Rp,g satisfies
IDIRpo(k, a,2)] < Cpqpy (14 k)~ mnER/SQESH/A]

for some constants Cp,qg,~-

As was shown in [2], the representations (2.9), (2.12) can be used as the basis for an efficient (spectral)
numerical scheme for the solution of the scattering problem, which can deliver answers within any prescribed
accuracy in frequency-independent computational times. The procedure is based on the determination of
the slow envelope 1*°" which, from (2.8) and (2.9) clearly solves

(2.14) oY (z) — Meiko"(y_w)nsmw(y) ds(y) = 2ika - v(z), © € OK.
ox Ov(z)

The method of [2] relies on the iterative solution of a discretized version of (2.14), which reduces the problem
to 1) the determination of an appropriate finite-dimensional representation of the unknown 7°'°" and 2)
the design of an effective quadrature formula for the integral in the left-hand side. The expansion (2.12)
provides the theoretical grounds to resolve the first problem: the discretization is chosen to be equispaced,
and frequency-independent, in the illuminated region and it is refined in a neighborhood of the shadow
boundaries to capture the corresponding boundary layers. In accordance with (2.12), this neighborhood
covers a region of size proportional to k~/3, where the constant of proportionality is chosen so as to allow
for the neglect, to within a desired accuracy, of the (exponentially small) contributions arising from the
remaining, deep shadow region (cf. 7 — —oo in (2.13)). Moreover, equation (2.13) guarantees that a
fized, frequency-independent number of points can be placed in these transition regions to obtain uniformly
accurate solutions.

The integration scheme, on the other hand, is based on an error-controllable extension of the Method of
Stationary Phase [9]. More precisely, the non-oscillatory nature of n*°" allows for the complete determination
of the phase of the integrand in (2.14), namely

(2.15) eik{o(y—az)+]z—y|}

for each fixed value of the “target point” x. And, as shown in [2], this can be used to suitably localize the
integral around critical points (i.e. singular points of the integrand, and stationary points of the phase),
thereby enabling its evaluation in a fixed number of operations independently of k.

2.3. High-frequency integral-equation method: multiple scattering [3]. As is clear from the pre-
ceding discussion, a factorization of the form (2.9) is crucial in allowing for an efficient numerical solution
of the integral equation (2.8) in the high-frequency regime. Evidently, in the presence of multiple-scattering
the relation (2.9) is no longer valid. However, as suggested in [3], this relation possesses a natural extension
to this case in the form

(2.16) n(z) = 1% (z) etk ()

where ¢ corresponds to the solution of the asymptotic geometrical optics (GO) model, that is, to the solution
of the eikonal equation.

Still, an additional problem arises in this case, as the solution ¢(z) will generally be multi-valued. On
the other hand, these multiple values correspond precisely to successive wave reflections which suggests that
they may be amenable to a sequential treatment. As was shown in [3], this is indeed possible if the integral
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equation (2.8) is suitably reformulated. To review this (with a view to our analysis of the iterations in
Sects. 3 and 4), let us assume that the scatterer K is decomposed into a collection of finitely many disjoint
sets K = |J,c7 K. Then, the integral equation (2.8) can be written as

(2.17) (I—Ryn=f
where 1(z) = (11, (€), .- -, 70,7, ()" and f(x) = (fo, (2), ..., fo,, (x))" with 7, and f, defined on K, and
folx) = 2ike™* ™% - v, (2) c€eT,

and the operator R is defined as

9G(z,y)

2.18 Ryrn:)(x :/ ———n.(y)ds(y) forz e K,.
(2.18) (Roen)(@) = [ 5o (w) st
Inverting the diagonal part of (2.17) yields the equivalent relation
(2.19) (I-Th=g
with
(2.20) 9o = (I = Ryo) *f,, o0€T
and

[ U=Rpo) 'Ryr ifo#T
(2.21) Tor = { 0 otherwise.

As described in [3], the formulation (2.19) provides a convenient mechanism to account for multiple scattering
since the n-th term in its Neumann series solution

(2.22) n=>y n"=>y T"g
m=0 m=0

corresponds exactly to contributions arising as a result of waves that (in the high-frequency regime) have
undergone n geometrical reflections. More precisely, we have

(2'23) nm‘KU = Z Torp i Tr srma TriroGros
TO, Tm—1€ZL
OFTm—1,Tj#Tj—1
where each application of a Ty, entails an evaluation on K, of a field generated by a current on K, (cf. (2.18)),
and its use as an incidence for a subsequent solution of a (single-)scattering problem on K, (corresponding
to the inversion of I — Ry, in (2.21)). In particular, this interpretation guarantees that for every path

(Toy*** s Tm—1, Tm) With 7, = o in (2.23) the geometrical phase is uniquely defined as
a-T iftm=0
_ m—1 . .
(224) (pm(x) - a - Im,O(x) + Z |$m,J+1(I> — pd (ZE)| if m Z 1
=0

for x € K, where the points
(2.25) (™0 (z), ..., 2™ (z)) € Ky X -+ x K.

satisfy
™M (z) =
a-v(@m™O(z)) <0

(72 1(2) () (o) > O 0<j<m
(2.26) [z () — 270 ()| =a - 2(?4 cv(x™0(2)))v(z™0(x))

™It (x) — 2™ (x) _ ™I (z) — ™I (x)

|xm,j+1($) _ l’m’j((E” |:L-m J(x) —m 371‘(

Sy (™ (x))) v(z™I (z)), 0<j<m
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and v(z™(z)) = vy, (2™ (x)). Thus, using (2.24) in (2.16), the numerical approximation of each term in
(2.23) can be effected following the single-scattering prescriptions described in Sect. 2.2.

2.4. Primitive periodic orbits and multiple scattering reformulation. While, as we mentioned, the
formulation (2.22), (2.23) of the multiple-scattering effects can be used to reduce the problem of their
numerical evaluation to that of solving a sequence of single-scattering problems, it is not the one that is
best suited to analyze their asymptotic properties. To this end, it is more convenient to re-arrange the sum
(2.22) in a manner that makes it explicit that the multiple-scattering contributions to the induced currents
can be viewed as arising from a superposition of fields corresponding to infinite, periodic ray paths since, as
we shall see, these are amenable to an analysis that can determine their asymptotic behavior.

The precise definition of these paths, which we shall refer to as “primitive periodic orbits”, is as follows:

Definition 2.2 (Primitive Periodic Orbits). For n > 2, we call an infinite sequence {oy},,~, € I a
“primitive n—periodic orbit” if

O'n71¢0'0

Om # Om_1form=1,... . n—1

#m with | = n € Nand (09,...,0m-1) = (00, --,0n_1)
m

Omtjn = 0m form=0,...,n—1and j > 0;

and denote by P" the collection of all primitive n—periodic orbits. For each ¢ = {o]},},.,~, € P", we define
the corresponding “primitive n—periodic orbit correction”

Non = {nﬂk}mzo

by

. 9oy if m= 0,
(2.27) Moy, = { Tonon Mo, it m >0,
and we let
(228) Ngn = {ﬁgfn}mZn—l = {naﬁ}mZn—l-

With this definition, the next result is now immediate.

Lemma 2.3 (Rearrangement into Primitive Periodic Orbits). If the Neumann series (2.22) converges ab-
solutely, then

(2.29) N=g+>, Y. T

n=2 onepPn

Note that explicitly, from (2.20) and (2.21), the components of ¢ = (goy,---,90,)" in (2.29) are the
solutions of the integral equations

0G(z,y) ou'™(z)
2. S(x) = [ LY ) ds(y) = 2 L 2 K,
(2.30) 9o () /aKU wvim) ! (y) ds(y) o) z€d
while the functions 7,» in (2.28) that contribute to 7,. solve
0G(z,y) / 0G(z,y)
2.31 on (L) — —— Non ds = —— Non ds N x e 6Ko-n .
(2.31) Moy, () /8 ., V() Mo, (y) ds(y) o, Ovlo) Moy, () ds(y) n

Equivalently, the equations for the slow envelopes read

IG(z,y)
Ko ov(x)

et gon ) as(y) = e ko) (227 ) s o,

slow
e3) - [ e
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and
(2.33) nj}gw( )_/BK 9G(z,y) eik(@a%(y)*wo (= ))UE}SW( ) ds(y)

o OV(T)
— 0G(x,Y) ikpon  (v)
= 'Lk%?cr?n (Cl?) T\ I Sggmil y SISW
’ /BK . Ov(x) c Mo, (y) ds(y),

for € 0Kyn , where @ n () is defined as in (2.24) on the path (z™°(z),...,2™™(x)) € Kop X ... X Kon
given by (2.26).

3. ASYMPTOTIC EXPANSIONS OF CURRENTS ON PERIODIC ORBITS

In this section we derive expressions for the asymptotic behavior of the currents 7yn (x) in (2.31) with
arbitrary period n. As we shall show in the following sections these formulas can be used to derive asymptotic
convergence rates as the number of reflections increases and, moreover, they can also serve as the basis for
acceleration strategies that allow for the attainment of accurate solutions with a reduced number of iterations.

For the derivations that follow we shall assume that the obstacles { K, : 0 € T} are conver, and that they
satisfy

(a) the wvisibility condition
Vo,7,peT : K,Neo(K,,K;)# @ = pe{o,}
and

(b) the no-occlusion condition

Vo,r€Z : {r+ta:2€KteRINK, #0 = o=T1.

These conditions guarantee that, for any given 2 € dK,n , the path (2™%(x),...,a™™(x)) € Kop X... X Kon
determined by the conditions (2.26) is well-defined. For brevity, we shall henceforth refer to this path as the
“broken (m +1)-ray terminating at x € 0K, ”. Further, the calculations below on the asymptotic behavior
of the induced currents are independent of the periodicity of the path ¢™ and we shall therefore simply write
Koy My Tmy tins -y for Kon , N, Ton , ton , ..., to simplify the notation.

To state the main result in this section, we denote by

=y () and Kp(z)
(p = 1,2) the unit vectors directed in principal directions and the principal curvatures, respectively, at

z € OK; and for x € 0K, we define T} (x), Ul (x), &7 (x) € R**?, for j =0,. — 1, by setting

) (B () = (g (), E (@) (z)
(@), = F (2 ) 5 ) _wm,J(x)|)
m _ = (2™ (). 2 (2™ (g ‘Tm’jJrl(I) x"™ ()

(Uj (‘r))pq =F (_‘P( ( ))7‘—‘11( ( ))7 |$m’j+1(17) —ImJ(ZE”)

and ‘
(’i}n(ﬂﬁ))pq = Fip(a"™(2)) Opq

where
(3.1) F:8%x8%%x 8% 5R: (u,v,w) —u-v—u-wv-w

and 0pq is the Kronecker delta. With this notation, the main result in this section is summarized in the
following theorem.
Theorem 3.1. For any m > 0, the iterated current n,, satisfies
2ik - v(x) ifm=0
(32 @ =+0E )] ey o (1 ()

Nm—1 .
T u(x ifm>1
|z — zmm=1(z)| (@) det N (x) fom=
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as k — 00, on any compact subset of the illuminated region OKF. Here NI'(z) € R2*2 are defined by the
TeCUTSIon

(3.3) N (z) =2 [a™H(2) — 2™ (@)] - v(@™ (@) K5 () + UG (2)
and, for j =2,...,m,
N () = 2 [2™ () — 2™ 7 (@)] - w(@™ 7 (@) K74 (2) + US4 (2)
™I (z) — ™Iz -1
) L (g ) — 7 ) [N )] )

jami =1 (@) — ama=2(z)] \7

In §4, our derivation of rate of convergence formulas on periodic orbits will be based on an analysis of the
following version of Theorem 3.1 concerning the actual currents 7,,.

Corollary 3.2. For any m > 1, the iterated current 1, satisfies
N (2) = (L + O(k™1)) 2ik 1y, (2)
on any compact subset of OKIF as k — oo. Here, 7} is defined over the whole boundary 0K, by
(@) = (=)™ e®m ) B (@) ()
where

[ ———  and ) =[]
i U

det Nm( )
N (z) are as given in Theorem 3.1, and

j
™It (1) — 2™ (x)

i)~z V@) #0sism-1

T — xm,m—l (JJ)
o= 21 (a)]

-v(x) ifj=m

Proof. Given x € OK,,, let (z%,...,2™) be the broken (m 4+ 1)-ray terminating at z. As n,(z) =
eik*"m(x)nf#’w(x), and
LI i

a-v(2) = =" (z) and m v(2?) = =75 (@)

(1 <j<m-—1), repeated application of Theorem 3.1 yields

m

; 1
() = (14 O™ 1) 20 (=)™ e () [] ———
j=1/det N7 (27)
Since, for 1 < j <m, Nj*(z) = N;(xj), the result follows. O

The proof of Theorem 3.1 is based on an asymptotic analysis of the integrals in (2.32)—(2.33). The
first result below determines the asymptotic value of the right-hand side of (2.33), which correspond to the
(normal derivative of) the field

(3.4) Uty (2) = / Ga,y) 2y (y)e™ W ds(y) x € RO\K oy
OKm—1

scattered by a current generated on the m — 1st obstacle in the path evaluated on the mth obstacle.

Lemma 3.3 (Asymptotic Expansions of Right-hand Sides). For any m > 1, the asymptotic expansion, as

k — oo, of the right-hand side of (2.83) coincides with the right-hand side of (3.2) on any compact subset of
0K, \OKSB .
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Proof. Given x = 2™ € 0Ky, let (2°,...,2™) € Ky x - - - x 0K, be the broken (m + 1)-ray terminating at
x. We write the right-hand side integral in (2.33) as

8G(£C7 y) slow ik ¢ / 6G(.’IJ y) slow ko @)
m— € m-a( ol e m—1 ds
,/6[(7711 8V($) Y l(y) Z oK, J 8V( ) n l(y) (y)

where A; and As is a smooth partition of unity for the surface 0K,,_1, and the support of A; is chosen
to be a small neighborhood of 2™~ whose size is independent of k. Convexity, visibility and no-occlusion
conditions combined with Lemma A.2 imply that [11] the integral involving As is of order O(k~>°) as k — co.
Concerning the integral involving A;(y), arguing exactly as in Lemma 3.4 in [6], and noting that y = 2™~}
is the only stationary point of the phase function ®(x;y) = | — y| + ¢m—1(y) in the support of A;, gives on
account of the stationary phase lemma [9)

oG Z, slow i 1
/@ An(y) 2889 w3 ik ensw) gy

Km—1 ov(x)
; m—1 m—1 eim[sgn(Hess[®(z; zm1 4 2
. 1-— Zk|fL' - | r—x ( )nslowl(xm—l) eik<1>(ac;wm71) ren o i H |$L' | + (’) )
klo — 212 |z —am—1| m /| det(Hess[®(z; 2~ 1)

where sgn of a matrix is the number of positive eigenvalues minus the number of negative eigenvalues.
The convexity assumption implies that sgn(Hess ®(x; 2™~ 1)) = 2 since, in this case, all the eigenvalues of
Hess ®(z; 2™~ 1) are necessarily expanding. Since
2
det N (2) = |z — 2™ |? det(Hess[®(z; 2™ )]) [ ] larm-i1 72
r=1

we therefore obtain

0G(z,y) g ik x—azm! T (™) i (asem
A : slow (1)) etk em=1(¥) g5(y) = () 2 Rz ) 9
\/%K7n1 1(y) 8V(I) Mim, l(y) (y) |$ — Im_l| ( ) det an”(x) ( )

and hence
0G(z,Y) 4o ko r—zm ! nilow, (gm=1) e
— " 1 (y)e’ mo1W) gg(y) = —— L () I k(e +0
| W) = ey ) )
Since the expression on the right-hand side of this expression is bounded away from zero, utilizing the identity

om(z) = ®(z;2™1) completes the proof. |

Accordingly, to complete the proof of Theorem 3.1, we need to show that, for a target point in the m-th
illuminated region, the corresponding left-hand side integral in (2.32)—(2.33) is negligible. This is the content
of the next Lemma.

Lemma 3.4 (Asymptotic expansions of left-hand side integrals). For any m > 0, we have

(35) | Tt e e ) () = Ok ™ a) + O

on any compact subset of OKIE as k — oc.
Proof. Let S be a compact subset of KL and x € S. As with the right-hand side integrals, we write

0G(z,y) ik (@ (1) —om (@) sl / 3G G (z,y) o (Pm (Y)—pm () sl
m m (T SOW K m m (T slow dS
/@ o o z O T () ds(y)

where A; and As is a smooth partition of unity for the surface 0K,,_1, but this time the support of Ay is
chosen to be a small (polar) neighborhood of 2™ whose size is independent of k. Similar to the right-hand
side integrals, the integral involving As is of order O(k~°) as k — co. To esimate the integral involving Ay,
let (¢,7) be the parametrization of the plane tangent to 0K, at the point z, and suppose that the surface
0K, is, locally, parametrized arond = by (¢, 7, f(¢,7)) so that (0,0, f£(0,0)) = (0,0,0) corresponds to x.
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Therefore, setting A(t,7) = A1(y(t, 7)), ©(t,7) = om(y(t, 7)) and p(t, 7) = 7% (y(t, 7)), the integral on the
support of Ay can be written in parametric form as

(3.6) L F(t,m)p(t,7)dtdr
2T R2
where
Pt 7) = A7) e e R D 1 2y 1 0,0) < 710,001t f2(07) + 7200 7)

and d = \/t2 + 72 + f2(t,7). To complete the proof, arguing as in the proof of Lemma 3.6 in [6], it suffices
to show that

/ F(t,7)dtdr = O(k™1)
R2

and, for a smooth function b vanishing at the origin,
/ F(t,7)b(t,7)dtdr = O(k™?).
R2

These equalities, on the other hand, follow from the invertability of the phase in F (cf. [12]), and the first
order vanishing of F' at the origin. O

4. RATE OF CONVERGENCE ON PERIODIC ORBITS

Here we analyze the asymptotic expansions in Corollary 3.2 to derive high-frequency rate of convergence
formulas for periodic orbits. Throughout this section, we shall suppose that {o.,}m>0 € I is a fized
n—periodic multiple-scattering sequence (i.e. op41 # o for all m >0, and opqgn = o for 0 <r <m —1
and g > 0; as before, we will write Ky, 1), ... instead of K, , 15, , etc.). As is apparent from Corollary 3.2,
the analysis of the currents 7,, on an n—periodic orbit requires the analysis of the ratios n2 n/ nA and of
the jointly illuminated regions 0K L NOKLL.

m-+n

4.1. Properties of broken rays. In this section, we recall two classical results from the theory of dispersing
billiard flows (see [6] and the references therein). The first one depends only on the convexity and the visibility
conditions and is given in the next lemma.

Lemma 4.1. There exist constants C1 = C1(K) and 61 = 61(K) < 1 with the property that, given any
sequence {0K, }j—o,...m of obstacles with o1 # 0 (j = 1,...,m), and any two sequences {&;}j—o,...m and
{¢i}i=0,...m i 0Ky, X ... x OK,,, satisfying the conditions
(a) the segments [§;—1,&;] and [§5,&+1] (resp. [Ci—1,C;] and [(;, (j+1]) satisfy the law of reflection at &;
(resp. (;) (j=1,...,m—1), and
(b) neither of the segments [{j—1,&;] or [(j—1,¢;] have a point in common with the interior of K (j =
2,...,m—1)
we have _ _
& =Gl <Cioi+677)  (0<j<m).
In addition, we have
fo=C = [§-¢Gl<Co’ (0<j<m),
and ‘
fn=Cn = [§-Gl<Co  (0<j<m)

The second one, given in the next lemma, makes use of the no-occlusion condition in addition to convexity
and visibility.

Lemma 4.2. If a € S = {a € R? : |a| = 1} is such that the no-occlusion condition is satisfied, then
there exist constants Cy = Co(K,«) and d = §2(K,a) < 1 with the property that, for any two sequences
{&}i=o,....m and {;}i=o0,...m satisfying the conditions in Lemma 4.1, the additional condition that these
sequences correspond to broken rays with initial direction o implies

& — ¢l < Cody ™ (0<j<m).
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4.2. Asymptotics of phase differences ¢,,+, — ¢, on n—periodic orbits. To characterize the asymp-
totic behavior of the phase differences v.,+n — ©m, wWe consider the “n-periodic distance function”

n—2
(4.1) ‘I)n($0,...7$n_l)= |$n—1 —x0|+Z|CL‘T+1 — a7
r=0

As the next lemma shows, the minimum of ®,, has a very important geometric characterization.

Lemma 4.3. ®,, attains its minimum at a uniquely determined point (a°,...,a" ) € 0Ky x ... x 0K, _1.
Moreover, with the extended definition
a"tim = q" for 0<r<n-1 and q€Z],
the points {a’} ez satisy
RS W S B R < @ — i1

W —al|  Jal —ai-t \J& —ai 1|

V(aj)) v(a’) .

That is, a ray starting from o/ and arriving at o’ transverses the path formed by the points {a’};ez
indefinitely.

Proof. Straightforward making use of convexity and visibility. O

nfl)

The next result depicts the relationship between the constant ®,,(a, ..., a and the phase differences

(pm-i-n - Spm
Lemma 4.4. For any m > 2n and any x € 0K,,, we have
(4.2) |mn (%) = @m(x) = Bn(a’,...,a" )| < C 6™/

where the constants C = C(K, ) and § = §(K,«) € (0,1) are independent of the given periodic orbit.

Proof. Identical with its two dimensional version in [6]. O

4.3. Asymptotics of the ratios (3,,1,/8» on n—periodic orbits. In this section, we derive explicit
expressions for the limiting behavior of the ratios By, /Bm on n-periodic orbits as m — oo. To this end,
with p = [m/2], we write

1/2
-1 m m m pt+n—1
Brin(z) |5y det N™(x) det N (x) 1
(4.3) 6+(x) =113 tN"i*”( )Hd tN"i*”( ) 115 CNTF ()|
m j=1 4t T j=p At N gn W) jop GV *

as we shall explain, the first two products on the right hand side of (4.3) can be approximated by 1, and the
behavior of the last product is characterized by a sequence {N;}, given in the next definition, determined
by the geometry of the periodic orbit Kg x ... x 9K,_1 at the points (a°,...,a""1).

Definition 4.5. The sequence {N,};>1 C R?*? is defined by
(4.4) Ny =2[a" —a°] - v(a®) ko + Up
and, for j > 2,

@ — 7]

(45) Nj =2 [aj - ajil] . V(ajil) Rj—1 + Uj71 + m

(Uj,l —Tj—2 [Nja] ™" Tf_z)

where, utilizing the definition (3.1), T}, Uj, ; € R?*? are given by

—_ . —_ . ajJrl — a‘j .
(4.6) (T)pg =F <:p(aj+l)a Eq(d’), m) lj € Z

_ N R, i ]
(4.7 W= (220 S ) e
and

(4.8) (“j)pq = “p(aj) Opq VESYAR
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Remark 4.6. The matrices N)}(z) and N; are symmetric and positive definite. Indeed, for m > 1 and
x € OK,y,, the matrix N (z) € R?*2 corresponds (through equations (A.8) and (A.9)) to the Hessian of the
phase function ® given by (A.1) at a point of (global) minimum of ®, and is therefore symmetric and positive
definite. This, in turn, implies through the identities N"(z) = N; (™3 (x)) (1 < j < m) that the matrices
N7*(x) are symmetric and positive definite. On the other hand, the matrices N; (j > 1) correspond in a
similar way to the Hessian (evaluated at a;_1) of the phase function determined by a point source located
at ap and has undergone j-bounces, and is therefore symmetric and positive definite.

The fact that the matrices N7(z) and N; are symmetric and positive definite is essential since, in this
case, their analysis is amenable to a treatment similar to their two dimensional versions in [6]. More precisely,

using ||-|| to denote the operator norm, it can be readily verified that
(4.9) |det A] < (1 + [|A —I]))?
whenever A € R9%4. Accordingly, utilizing the identities

det A -1

e =det (AB!) = (det (BA™Y))

for invertible matrices, and using positive definiteness, we obtain

. ™ — i <
i\ - detN}-”"’"(m) - i\ =J P
and
' i detN;’}rJ{l”() sLTE W psysm
and
det NV 12
-1 et N;_
4.12 1+Ccm" < | ——1In <140mm < i< p+
( ) ( j (I)) > <det N;n+n($)> = j (x) p<jyi<p+n
where we have set
AP = [N @) -1, A = NP @A) 1) S <p- 1)
@13 B = [N @Np @ 1 B = Ny Nm 1l pei<m
Cmn _HNm—i-n )szln_l 7 Cmn _HNJ nNm-l-n( IH [p§]<p—|—n]
Utilizing the inequality
142 = e"ePta)—o < oo for x € [0, 0] ,
we therefore obtain
p—1 p—1 1/2 p—1
o detNm( ) o
(4.14) exp —;Aj ()| < ];[detNm+n(I) < exp ;Aj ()
and
1/2
Z " det NJ*(x) L
(4.15) exp(— Y B""(z)| < HW <exp| Y B ()
— - det N7 (x) —
j=p j+n j=p
and
1/2
ptn—1 ptn—1 det N ptn—1
(4.16) o[- S @) < [ ] S ) <o 3D )

‘ ! det NTVTT ‘
Jj=p Jj=p J Jj=p
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Comparing the expressions in (4.13) with their two dimensional versions in [6] (cf. Lemmas B.7 and B.8), it
can be conjectured that

AT (@) < Comi A" (z) < Cm l<j<p-1]
(4.17) B (z) < C¢ B (x) < O [p<ij<m]
CP(a) < C (B +om-G-m)  C() < C (4 5mU) [p<j<ptal

J J

for some constants C' and ¢ € (0,1) depending only on K and « provided that n < m/2; we note that the
only technicality in deriving (4.17) is the proof of equivalent versions of Lemmas B.2 and B.3 in [6] since
then (4.17) follows exactly as in the proof of Lemmas B.7 and B.8 in [6] with only minor modifications; this
technical analysis requires a study of the spectrum of the matrices N (z) and will not be carried over in this

paper. Inspired by the developments in [6], however, we shall assume that there exist constants ¢ = 9(K, )
and 6 = (K) > 1 such that

(4.18) spec(R}"(x)) C [0,9] 1<j<m], and spec(L;) C [0, 9] [j>1].

Following the same techniques in [6], and using (4.17) in (4.14), (4.15) and (4.16), one can then show that:
Lemma 4.7. If (4.17) and (4.18) hold, then the limits

(4.19) N, = thﬁlo Niign 0D<r<n-1]

exist and, with the extended definition
(4.20) Noggn =N, 0<r<n-1 and qe€Z,
they satisfy

|ar - ar—1|

(4.21) N, =2a, — ar—1] - v(ar_1) bip—1 + Up_1 + (Ur_l —Ty_o [Nr_l]_l T,’f_2> [reZ].

|ar71 - ar72|

Moreover, for any x € 0K,

5m+n(x

Oenle) Tp L
B () oy Vdet Ny
provided n < m/2 where the constants C and ¢ € (0,1) depend only on K and «, and are independent of the
particular periodic orbit in consideration.

<C (ecgmmw - 1)

Closed form expressions for N, (r = 0,...,n — 1) can be obtained based on equations (4.5), (4.19) and
(4.20). In fact, these equations show that Ny determines {N;}o<r<n—1 uniquely through equation (4.21)
which can also be used to obtain a (quadratic type matrix) equation for Njp.

For instance, when the period is n = 2, it can be readily verified that

U=Uy=1 and T:=To=T}
so that equation (4.21) gives
(4.22) No=2(I +dki) - TN ' T
(4.23) Ny =2(I +dro) —T NG ' T

Moreover, in this case, it is easy to show that T is a (real) unitary matrix. Therefore, multiplying (4.22)
from the left by TN1T? yields

(4.24) TNT'No = 2TNAT! (I + dkq) — I ;
on the other hand, multiplying (4.23) from the left by T and from the right by T*Ny gives
(4.25) TMT'Ny = 2T (I +dro) TNy — I.

Equations (4.24) and (4.25), in turn, yield
Nth (I + dlil) = (I + dlio) TtNo
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so that

(4.26) Ny = (I +dro)T'No (I +dry)™ ' T

and

(4.27) MUY =T (I + disy) [No) 7T (I + disg) ™
Using (4.27) in (4.22), we obtain

(4.28) No =2(I +drky) — (I +drk1) [No] ' T (I + dro) ' T
so that multiplying (4.28) from the left by (I + dry)” " Np (I + dry)~ " gives for
(4.29) V= +dr1) " No

the equation
V22V 4+ (I+dry) ' T(I+dro) ' T =0.
Formally, then

(4.30) V=I+ \/I—(I—i—dm)_lT(I—i—dno)_th.
Combining (4.26), (4.29) and (4.30), we therefore obtain
(4.31) NoNi = (I 4 dry) V (I + dro) T (I 4 diy) V (I 4 dry) " T .

Since My is positive definite, it can be readily verified through (4.31) that ¥V must be taken with the plus
sign in (4.30). Accordingly, combining (4.30) and (4.31), we obtain

Vdet(MoN1) = /det (I + dro) (I + drky)) x det (I-i— \/I — (I +dry) " T (I +dro) " Tt> :

We note that this formula reduces to its two-dimensional version in [6] when scattering from two parallel
infinite cylinders is considered.

4.4. Asymptotics of the differences ~,,,, — vm on n—periodic orbits. To begin with, we note two
simple geometrical facts.

Remark 4.8. The visibility condition holds if and anly if there exists an angle ¢, € (0, 7/2) with the property
that given any three points &1,&a, &3 € 0K such that the segments [£1,&2] and [€2, &3] (a) have no point in
common with the interior of the connected component of K containing &2, and (b) satisfy the law of reflection
at &, we have

& —& V(&) = §3—&

& — & &3 — &
Similarly, the no-occlusion condition holds if and only if there exists an angle ¢,, € (0,7/2) with the
property that given any two points &1, & € 0K such that the segment [£7, €3] have no point in common with
the interior of the connected component of K containing &;, we have

a-v6) = |§ - Z| V&) = éi :Z| |

In what follows, we shall let ¢g = min{¢,, dno}-

v(&) > cos gy, .

V(gl) Z COS ¢no .

We shall also make use of the following result.

Lemma 4.9 ([6]). Let {A;};jes, and {B;}jcs, be two sets of complex numbers. Then

(4.32) IT 4 TI Bi — 1] < Texp(Y)

JESa JjE€SB

Y=Y 14;-1/+ > |B—1].

JESa JjESB

where
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Lemma 4.10. There exist constants C = C(K,a) and § = 6(K, «) such that, for anym > 2n and x € 0K,
we have

imtn (@) = Yym(2)] < CEmM/2 Ynmi(x) < cglm=mr2

(@)
h
where L
y=1[~
7=0
and - )
. a’ —al . .
yﬂzm-y((ﬂ) for jE€Z.

Proof. For 0 < j <m — 1, we have

YT () — 4™ () =

mg+1(x) ( ) (v mern,j z)) — v xm,j T
|Im3+1(:p) me( )| ( ( ( )) ( ( )))
£ &) — 27 )] — |7 ) — )]

e 2) — (@) K

It () — ™It (z) + 2™ (z) — 2™ (2)

a1t (x) — amd ()]

+

+ cp(z™TI (1)

so that
[y () = ™ ()] < (@ @) — v (2))]

+

(lzm*mat (@) — 2™ (@) + |2 (2) — 2™ (2)]) 5

dmin

therefore

CH ™™ (@) — ™ ()] < eI (@) — 2™ (@) + |2 () - 2™ ()]
for some constant C' = C(K). Accordingly, by Lemma 4.2, we obtain

[y (1) — 4™ (2)] < CCo (6™ UHD 4 §m=3) = CCy(1 + §)6™m~G+D)
for 0 < 5 < m — 1. Following the same steps, and applying Lemma 4.1, we get
[y (@) — 4™ (2)] S CC1(L+0)87 [0< G <ml;
and by a similarly procedure and using Lemmas 4.1 and 4.3, we obtain
() =T < COA+ )TV +8) o< j<m—1].

Now, choosing p = [(m —n)/2]

m+n,j
I (x)
Aj; =
m+n,j+n
Wmi_@) forp<j<m-—1
I (x)
and i
m+n,j
B, =@ < i<pan—t

~I
we therefore obtain by Lemma 4.9 and Remark 4.8
mAn—1_mtn,j(,
HJ 0 7 ( ) _1 STCXP(T)

YIS i ()
where, with C5 = C(1 4 ¢) max{C1, Cg}/ cos(¢o),

p+n—1

C3lY = ng (G+1) 4 Z 5+ Z —U+) 457y

Jj=p
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Since
(1—=8)Cq T < 6™7P 4 6P 4 5™~ PF7) 4 6P < 9(§P 4 6™~ PF1)) < 447
we therefore get, with Cy = 4(1/6 — 1)C5 exp(4(1/6 — 1)Cs),

m+n—1 m—1 m—1
II v @ =~ T[] 7™ ()] < Cas™ ™2y T 4™ (@)
=0 =0 7=0
Equivalently
- <046 VT
‘W*"”"* Mx) oy (x) ()
Now, with j; =m — 1 and jo = m +n — 1, we have
m4n,m+n _ amm _ xm,j1 (:E) B Im+n1j2 (I) .
0 (JJ) Y (‘T) - |I _ mel ({E)| V(‘T)
S @)l @) @ et
|z — 2 (z)] |z — itz ()

so that

[y T (z) — 4™ ()| < a2 (2) — 2™ (2)] < C5 6™

min

where we have applied Lemma 4.1, and set C5 = 2C1/(0dmin). Since

) — ) = m-+n,m+n ) — ™M 'Ym(x) m-+n,m+n T Fmern(x) _ Fym(x)
i) = Y0m() = (7 (@) =A™ @) 7 (@) (s - 2

we therefore obtain the result with C' = 2max{Cy, Cs}. O

4.5. Rate of convergence formulas on n—periodic orbits. In this section, we combine the above
analysis concerning the asymptotic behaviors of iterated currents only on the jointly illuminated regions, to
derive high-frequency rate of convergence formulas on periodic orbits that are valid not only on the jointly
illuminated regions but over the entire surfaces 0K,,. To this end, first we state our main result concerning
the asymptotic behavior of the approximate currents 7, that follows from a combination of Lemmas 4.4,
4.7 and 4.10 utilizing the techniques in [6].

Theorem 4.11. Provided that conditions (4.17) and (4.18) hold, the n-periodic limits
N, = lim Nyygn 0<r<n-1]
q—00

of the sequence {N;};>1 introduced in Definition 4.5 exist and
spec(N;.) C [0, 7] 0<r<n-1]
where ¥ and 6 > 1 are as in (4.18); with the extended definition
Noggn =N, 0<r<n-—-1 and q€7Z,
they satisfy the recursion

Nr =2 [ar - arfl] ' V(arfl) Kr—1+ Urfl + |ar — ar71| (Urfl - Tr72 [Nrfl]il T7E72) [T € Z] .

|a7‘—1 - ar—2|
Moreover, for any m > 2n and x € 0K,,, we have

A
i (x
10 10 () — Rusemip (z)] < ‘7( )

F<§m2F
()

where

n—1 n—1
; - 1 a™tt —a"
R — (—1)" ik®, (a’,...,a™ 1) | | I I . r
n,k ( ) € o /det ﬂ?r i |ar+1 — arl V(a )a

m m —_-n 2
F = F(C,k,6,m,n) = min {2, "= 1} §7/2 4 ¢ [n=m/2 4 (05777 1)]
and the constants C = C(K,a) and 6 = §(K, ) € (0,1) are independent of the given periodic orbit.
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Remark 4.12. Tt is important to note that the dependency of the rate of convergence formulas (namely R, 1)
on the relative rotations of the structures are embedded within the matrices \V,.. For instance, this is clearly
visible from the two-periodic rate of convergence formulas

(4.33) Rogy = e (\/det [(I + dk1) (I + dka)] x det {I + \/I —[T(I+dry) T2 (I + drs)] ™" } ) )

where d = dist(K1, K2) = |a1 — az] is the distance, k; are the matrices of principal curvatures at the points
a;, and T is a unitary matrix that depends on the rotation between the principal axis at these points.

Next we present a purely geometric result that guarantees the existence of fized compact subsets 7;. and
Sr of 0K, (r=0,...,n — 1) with the property that, for all sufficiently large m,

T, cc S, c KL N 8KfnL provided m =r mod n

m-+n
and the obstacle K, 1 falls into the region spanned by the rays reflecting from 7;. at the m and (m + n)-th
reflections. The proof, being essentially the same as that of Theorem 4.2 in [6], is omitted.

Theorem 4.13. For 0 <r < n—1, there exist compact connected subsets S, and T, of 0K, with the property
that
Ime>1:Ym>me [m=7r modn]= Jyu1(0Knys1) C T, Cint(S,) C S, C OKE

where, form > 1, Jp : 0Ky, — 0Kpe1 1@ — x4 ().

Finally, we combine Theorems 4.11 and 4.13 to obtain high-frequency rate of convergence formulas.
Indeed, appealing to Corollary 3.2, we have

N (@) = (1 + k7 Py (x, k) 2ik n/t (z)  as k — oo

on any compact subset of dK!L where P,,(k,x) = O(k®). Accordingly

Prin(z, k) — P (x, k)

Mmn (@) = R ki (2) = PR eNS Rk hn ()
k+ Pran(2,k) o Pr(2,k)\ 4 A
S mAn D 9k (1 4 R,
P h) 2T T ) (@) = R (2)

holds, as kK — oo, on any compact subset of the jointly illuminated regions 8K,InL+n NOKIE; Theorem 4.11,
in turn, yields

m+n($ k)

s 10() = R ()] < |22 BB 1y )
k+ Ppgn(z, k)| ],. Po(z,k)\ 4 F
—_—— |2tk |1 + ——— —_—
' B h) ||\ ) )
so that, since [y™™(z)| < 1, we get
m+n - n m = Rn F
1) = R ()] < (| Z22 2 Pul8 oy | LB ) | o),
M (2)
= (Smon(x, k) | R k| + Tonn(z, k) F }7
(Smn (2, k) [Ron k| n(@, k) F) S ()
on any compact subset of IKLE  NOKIL as k — co. As [R,, x| < 6™/2, and [y™™| is bounded away from

zero on any compact subset of 9K, replacing ¢ in Theorem 4.11 with 6'/2, we obtain the following result.

Corollary 4.14. Under the assumptions of Theorem 4.11, on any compact subset of the jointly illuminated
regions OKLL  NOKIL if Sy n(x, k) = O(k™Y) and Tpyn(x, k) = O(K®) as k — oo independently of m, then

m—+n m

(4.34)  [mgn(@) = R i (2)| = (O(K16™) + O(K°F)) [ ()]
= (O(k™16") + O(ks™ ™) + O(K°6™ ™)) | (z)]

provided m > 2n where all the order terms depend only on the compact subset in consideration.
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We finally note that, as we have shown in [6], Theorem 4.13 ensures the validity of rate of convergence
formulas implied by the approximation (4.34) over the entire boundaries dK,,.

5. NUMERICAL RESULTS

In this section, we present numerical examples testing our rate of convergence formula

= O(k™10™) + O(kS™ ™) + O(K%5™—2") |

(5.1) HM — R
Lo (0K )

N (2)

that follows from (4.34), on two—periodic orbits. As is apparent from (5.1), for a two-periodic orbit, one
should observe the following numerical behavior:

TIm+-2 (I)

(5:2) o (@)

= O(k™") + O(ks™) .
Lo (0K )

—Rok

As a first step in testing the validity of (5.2), in Tables 1-2, we display a comparison of

. sl

[l
and |Rg | for a variety of configurations. Specifically, Table 1 depicts this comparison for two different
configurations; Table 2, on the other hand, displays the dependencies with respect to rotation. As is apparent
from these Tables, | Rz x| provides a good approximation to (5.3), and in fact, the quality of the approximation
improves with increasing frequency.

As we anticipated, a distinctive property of our three-dimensional rate of convergence formulas (compared
to their two-dimensional counterparts in [6]) is that in three-dimensional configurations these formulas depend

on the relative rotation of principal axis at the points (a’,...,a" ). We have therefore displayed
(5.4) HM Rax
Nm () Loo (8K m)
for the two ellipsoids
2 1/4)2 2 2 _1)2 2
(5.5) 51:£+(y+/)+ -1 and S’g:x——i—(y )-i- s -1

12 /22 (122 120 (1/2)2 0 (1/2)2
in Table 3. More specifically, Table 3 depicts (5.4) for the rotations of Sy by 0,7/6,7/4,7/3 and /2 with
respect to the y-axis (in the counter-clockwise direction) keeping the ellipsoid S; fixed. As is apparent from
Table 3, our rate of convergence formula (5.4) provides a good approximation, whose accuracy increases
with increasing frequency, for the convergence of multiple scattering iterates on periodic orbits. Moreover,
as implied by our formulas, this table show that the rate does not depend on the particular direction of
incidence.
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Ko =51 |n2mll/lIn2m—2| Ko =51 |n2m+1ll/lImem—1l
m| k=4 k=8 |k=16k=32||m| k=4 | k=8 |k=16| k=32
1 | 0.1043 | 0.0886 | 0.0814 | 0.0782 1 | 0.0846 | 0.0789 | 0.0766 | 0.0758
2 10.0793 | 0.0747 | 0.0729 | 0.0724 2 10.0785 | 0.0741 | 0.0741 | 0.0720
3 1 0.0785 | 0.0740 | 0.0724 | 0.0720 3 1 0.0785 | 0.0740 | 0.0724 | 0.0720
4 1 0.0785 | 0.0740 | 0.0724 | 0.0720 4 1 0.0785 | 0.0740 | 0.0724 | 0.0720
5 10.0785 | 0.0740 | 0.0724 | 0.0720 5 10.0785 | 0.0740 | 0.0724 | 0.0720

Ko =52 [|n2mll/lIm2m—2| Ko =52 |[n2m+1ll/lImem—1l
m| k=4 k=8|k=16k=32||m| k=4 | k=8 |k=16| k=32
1 ] 0.1043 | 0.0886 | 0.0814 | 0.0782 1 | 0.0846 | 0.0789 | 0.0766 | 0.0758
2 10.0793 | 0.0748 | 0.0729 | 0.0724 || 2 | 0.0785 | 0.0741 | 0.0741 | 0.0720
3 10.0785 | 0.0740 | 0.0724 | 0.0720 3 10.0785 | 0.0740 | 0.0724 | 0.0720
4 1 0.0785 | 0.0740 | 0.0724 | 0.0720 4 1 0.0785 | 0.0740 | 0.0724 | 0.0720
5 10.0785 | 0.0740 | 0.0724 | 0.0720 5 1 0.0785 | 0.0740 | 0.0724 | 0.0720

Two unit spheres S; and S, with centers C; = (—%, 0,0) and Cy = (%, 0,0);
a=(0,0,-1) and |Rz x| ~ 0.0718.

Ko =51 |n2mll/lIn2m—2| Ko =51 |n2m+1ll/lImem—1l
m| k=4 k=8 |k=16 | k=32 k=64 m| k=4 k=8 |k=16 | k=32 k=64
1 | 0.3867 | 0.2625 | 0.2041 | 0.1754 | 0.1632 110.2071 1] 0.1719 | 0.1506 | 0.1400 | 0.1353
2 10.1730 | 0.1488 | 0.1334 | 0.1268 | 0.1245 2 10.1664 | 0.1440 | 0.1308 | 0.1246 | 0.1226
3 10.1652 | 0.1431 | 0.1300 | 0.1242 | 0.1222 3 10.1651 | 0.1430 | 0.1299 | 0.1241 | 0.1222
4 10.1651 | 0.1430 | 0.1299 | 0.1241 | 0.1221 4 10.1651 | 0.1430 | 0.1299 | 0.1241 | 0.1221
5 10.1651 | 0.1430 | 0.1299 | 0.1241 | 0.1221 5 10.1651 | 0.1430 | 0.1299 | 0.1241 | 0.1221
6 | 0.1651 | 0.1430 | 0.1299 | 0.1241 | 0.1221 6 | 0.1651 | 0.1430 | 0.1299 | 0.1241 | 0.1221
7 1 0.1651 | 0.1430 | 0.1299 | 0.1241 | 0.1221 7 1 0.1651 | 0.1430 | 0.1299 | 0.1241 | 0.1221
8 10.1651 | 0.1430 | 0.1299 | 0.1241 | 0.1221 8 10.1651 | 0.1430 | 0.1299 | 0.1241 | 0.1221
Ko =52 [|n2mll/lIn2m—2| Ko =52 [|n2m+1ll/lIm2m—1l
m| k=4 k=8 |k=16|k=32]| k=64 m| k=4|k=8 |k=16|k=32]| k=64
1103174 0.2227 | 0.1791 | 0.1560 | 0.1459 1] 0.2048 | 0.1678 | 0.1488 | 0.1389 | 0.1347
2 10.1724 | 0.1487 | 0.1337 | 0.1270 | 0.1247 || 2 | 0.1661 | 0.1437 | 0.1306 | 0.1245 | 0.1225
3 10.1652 | 0.1431 | 0.1300 | 0.1232 | 0.1222 3 10.1651 | 0.1430 | 0.1299 | 0.1241 | 0.1221
4 1 0.1651 | 0.1430 | 0.1299 | 0.1241 | 0.1221 4 1 0.1651 | 0.1430 | 0.1299 | 0.1241 | 0.1221
5 1 0.1651 | 0.1430 | 0.1299 | 0.1241 | 0.1221 5 1 0.1651 | 0.1430 | 0.1299 | 0.1241 | 0.1221
6 | 0.1651 | 0.1430 | 0.1299 | 0.1241 | 0.1221 6 | 0.1651 | 0.1430 | 0.1299 | 0.1241 | 0.1221
7 10.1651 | 0.1430 | 0.1299 | 0.1241 | 0.1221 7 10.1651 | 0.1430 | 0.1299 | 0.1241 | 0.1221
8 [ 0.1651 | 0.1430 | 0.1299 | 0.1241 | 0.1221 8 [ 0.1651 | 0.1430 | 0.1299 | 0.1241 | 0.1221

Two ellipsoids Sy and Se with radii Ry = (1/2,1,1/2), Rz = (1,1/2,1/2)

and centers Cy = (0,-3/4,0), C, = (0,1,0); « = (0,0,—1) and |Ro x| ~ 0.1214.

TABLE 1. Comparison of (5.3) and |R2 x| for two different configurations.
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Ko =51 |n2mll/lIn2m—2| Ko =51 |n2m+1ll/lImem—1l
m| k=4 k=8 |k=16 k=32 k=64 ||m| k=4 | k=8 | k=16 | k=32 | k=64
1 {0.4251 | 0.3393 | 0.2922 | 0.2665 | 0.2542 1 {0.3353 | 0.2992 | 0.2819 | 0.2724 | 0.2682
2 1 0.2918 | 0.2665 | 0.2548 | 0.2502 | 0.2488 2 10.2754 | 0.2551 | 0.2443 | 0.2404 | 0.2393
3 10.2691 | 0.2499 | 0.2403 | 0.2366 | 0.2357 || 3 | 0.2669 | 0.2481 | 0.2387 | 0.2351 | 0.2343
4 10.2661 | 0.2475 | 0.2381 | 0.2346 | 0.2337 || 4 | 0.2658 | 0.2472 | 0.2378 | 0.2344 | 0.2336
5 10.2657 | 0.2472 | 0.2378 | 0.2343 | 0.2335 || 5 | 0.2657 | 0.2471 | 0.2377 | 0.2343 | 0.2335
6 | 0.2657 | 0.2471 | 0.2377 | 0.2343 | 0.2335 || 6 | 0.2657 | 0.2471 | 0.2377 | 0.2343 | 0.2335
7 10.2657 | 0.2471 | 0.2377 | 0.2343 | 0.2335 7 10.2657 | 0.2471 | 0.2377 | 0.2343 | 0.2335
8 1 0.2657 | 0.2471 | 0.2377 | 0.2343 | 0.2335 8 1 0.2657 | 0.2471 | 0.2377 | 0.2343 | 0.2335

Ko =S |namll/lIn2m—2ll Ko =52 [nam+all/lm2m-1l
m| k=4|k=8 |k=16|k=32]| k=64 m| k=4|k=8 |k=16|k=32]| k=64
1 | 0.4251 | 0.3393 | 0.2922 | 0.2665 | 0.2542 1 | 0.3353 | 0.2992 | 0.2819 | 0.2724 | 0.2682
2 10.2918 | 0.2665 | 0.2548 | 0.2502 | 0.2488 2 10.2754 | 0.2551 | 0.2443 | 0.2404 | 0.2393
3 10.2691 | 0.2499 | 0.2403 | 0.2366 | 0.2357 || 3 | 0.2669 | 0.2481 | 0.2387 | 0.2351 | 0.2343
4 1 0.2661 | 0.2475 | 0.2381 | 0.2346 | 0.2337 || 4 | 0.2658 | 0.2472 | 0.2378 | 0.2344 | 0.2336
5 10.2657 | 0.2472 | 0.2378 | 0.2343 | 0.2335 5 10.2657 | 0.2471 | 0.2377 | 0.2343 | 0.2335
6 | 0.2657 | 0.2471 | 0.2377 | 0.2343 | 0.2335 6 | 0.2657 | 0.2471 | 0.2377 | 0.2343 | 0.2335
7 10.2657 | 0.2471 | 0.2377 | 0.2343 | 0.2335 7 10.2657 | 0.2471 | 0.2377 | 0.2343 | 0.2335
8 10.2657 | 0.2471 | 0.2377 | 0.2343 | 0.2335 || 8 | 0.2657 | 0.2471 | 0.2377 | 0.2343 | 0.2335

0=0 |Ra2.k| =~ 0.2329

Ko =51 |namll/lIn2m—2ll Ko=51 [nam+all/lm2m—1l
m| k= k=8 | k=16 | k=32 | k=64 m| k=4|k=8 |k=16|k=32]| k=64
1 ] 0.2945 | 0.2570 | 0.2287 | 0.2087 | 0.1970 1| 0.3139 | 0.2748 | 0.2585 | 0.2488 | 0.2445
2 10.2777 |1 0.2533 | 0.2417 | 0.2378 | 0.2357 || 2 | 0.2568 | 0.2387 | 0.2281 | 0.2245 | 0.2234
3 1 0.2536 | 0.2357 | 0.2270 | 0.2232 | 0.2221 3 1 0.2521 | 0.2343 | 0.2255 | 0.2223 | 0.2213
4 1 0.2519 | 0.2341 | 0.2253 | 0.2222 | 0.2211 4 1 0.2518 | 0.2340 | 0.2252 | 0.2221 | 0.2210
5 10.2518 | 0.2340 | 0.2252 | 0.2221 | 0.2210 5 10.2518 | 0.2340 | 0.2252 | 0.2220 | 0.2210
6 | 0.2518 | 0.2340 | 0.2252 | 0.2220 | 0.2210 6 | 0.2518 | 0.2340 | 0.2252 | 0.2220 | 0.2210
7 1 0.2518 | 0.2340 | 0.2252 | 0.2220 | 0.2210 7 1 0.2518 | 0.2340 | 0.2252 | 0.2220 | 0.2210
8 1 0.2518 | 0.2340 | 0.2252 | 0.2220 | 0.2210 8 1 0.2518 | 0.2340 | 0.2252 | 0.2220 | 0.2210

Ko =52 [|n2mll/lIn2m—2| Ko =52 [[n2m+1ll/lImem—1l
m| k=4|k=8|k=16k=32| k=64 ||m| k=4 | k=8 | k=16 | k=32 | k=064
1 | 0.4100 | 0.3204 | 0.2778 | 0.2562 | 0.2467 || 1 | 0.3307 | 0.2994 | 0.2864 | 0.2776 | 0.2725
2 10.2672 | 0.2454 | 0.2358 | 0.2313 | 0.2296 2 1 0.2587 | 0.2498 | 0.2302 | 0.2266 | 0.2252
3 10.2530 | 0.2352 | 0.2261 | 0.2228 | 0.2217 || 3 | 0.2522 | 0.2344 | 0.2257 | 0.2224 | 0.2213
4 1 0.2519 | 0.2341 | 0.2253 | 0.2221 | 0.2211 4 1 0.2518 | 0.2340 | 0.2252 | 0.2221 | 0.2210
5 1 0.2518 | 0.2340 | 0.2252 | 0.2221 | 0.2210 5 1 0.2518 | 0.2340 | 0.2252 | 0.2220 | 0.2210
6 | 0.2518 | 0.2340 | 0.2252 | 0.2220 | 0.2210 6 | 0.2518 | 0.2340 | 0.2252 | 0.2220 | 0.2210
7 1 0.2518 | 0.2340 | 0.2252 | 0.2220 | 0.2210 7 1 0.2518 | 0.2340 | 0.2252 | 0.2220 | 0.2210
8 [ 0.2518 | 0.2340 | 0.2252 | 0.2220 | 0.2210 8 [ 0.2518 | 0.2340 | 0.2252 | 0.2220 | 0.2210

0=m/2

|Ra.k| ~ 0.2208

TABLE 2. Top: Two ellipsoids S and Sz with radii Ry = Rp = (1,1/2,1/2) and centers
C; = (0,—1/4,0) and Co = (0,1,0); Bottom: S; is kept fixed and Ss is rotated in the
counter-clockwise direction by 7/2; a = (0,0, —1).
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[m2m2(2)/12m (x) — > Ryl ,__ (55,

R2,k — e2ide0

0=0

Ry ~ 0.23285

0=m/6

Ry ~ 0.22949

0=mn/4

Ry ~ 0.22639

0=m/3

Rg ~ 0.22349

0=m/2

Rg ~ 0.22349

TABLE 3. Two ellipsoids S; and Sy given by (5.5): S; is kept fixed, and Sy is rotated about

Koy=5; Koy= 5
m| k=4 k=8 | k=16 m| k=4|k=8 | k=16
1 ] 0.2063 | 0.3430 | 1.1484 1 ]0.2104 | 0.3436 | 1.1484
2 10.0730 | 0.0826 | 0.2308 2 10.0730 | 0.0826 | 0.2309
3 1 0.0537 | 0.0389 | 0.0413 3 1 0.0537 | 0.0389 | 0.0413
4 1 0.0504 | 0.0320 | 0.0208 4 1 0.0504 | 0.0320 | 0.0208
5 10.0499 | 0.0309 | 0.0177 5 10.0499 | 0.0309 | 0.0177
6 | 0.0498 | 0.0308 | 0.0172 6 | 0.0498 | 0.0308 | 0.0172
7 10.0498 | 0.0307 | 0.0172 7 10.0497 | 0.0307 | 0.0172
8 1 0.0498 | 0.0307 | 0.0171 8 10.0498 | 0.0307 | 0.0171
m| k=4| k=8 | k=16 m| k=4|k=8 | k=16
1 {0.1929 | 0.3250 | 1.5229 1 |0.2571 | 0.4403 | 2.3092
2 1 0.0829 | 0.0946 | 0.2172 2 1 0.0864 | 0.1136 | 0.4158
3 | 0.0857 | 0.0479 | 0.0503 3 1 0.0578 | 0.0477 | 0.1051
4 1 0.0524 | 0.0359 | 0.0344 4 1 0.0516 | 0.0349 | 0.0385
5 10.0504 | 0.0323 | 0.0241 5 10.0501 | 0.0317 | 0.0231
6 | 0.0497 | 0.0311 | 0.0195 6 | 0.0496 | 0.0310 | 0.0188
7 10.0494 | 0.0312 | 0.0178 7 10.0494 | 0.0310 | 0.0175
8 10.0494 | 0.0306 | 0.0172 8 10.0493 | 0.0307 | 0.0171
m| k=4| k=8 | k=16 m| k=4|k=8 | k=16
1 ] 0.2047 | 0.2870 | 0.9550 1 | 0.2823 | 0.4864 | 2.1022
2 1 0.0861 | 0.1005 | 0.1450 2 10.0945 | 0.1260 | 0.3676
3 1 0.0591 | 0.0489 | 0.0565 3 1 0.0597 | 0.0521 | 0.0935
4 1 0.0521 | 0.0357 | 0.0345 4 10.0517 | 0.0356 | 0.0371
5 1 0.0500 | 0.0320 | 0.0237 5 10.0497 | 0.0317 | 0.0227
6 | 0.0493 | 0.0307 | 0.0191 6 | 0.0492 | 0.0309 | 0.0185
7 10.0491 | 0.0309 | 0.0175 7 10.0490 | 0.0306 | 0.0173
8 10.0490 | 0.0303 | 0.0170 8 10.0490 | 0.0303 | 0.0169
m| k=4 | k=8 | k=16 m| k=4 k=8 | k=16
1 | 0.2084 | 0.2898 | 0.4905 1 | 0.3087 | 0.5206 | 1.7528
2 1 0.0857 | 0.0990 | 0.1423 2 10.0991 | 0.1343 | 0.3887
3 | 0.0581 | 0.0469 | 0.0555 3 1 0.0604 | 0.0534 | 0.0979
4 1 0.0513 | 0.0344 | 0.0307 4 1 0.0515 | 0.0355 | 0.0363
5 10.0494 | 0.0313 | 0.0214 5 10.0493 | 0.0313 | 0.0215
6 | 0.0488 | 0.0309 | 0.0181 6 | 0.0488 | 0.0304 | 0.0178
7 10.0487 | 0.0302 | 0.0170 7 10.0487 | 0.0301 | 0.0169
8 1 0.0486 | 0.0299 | 0.0167 8 1 0.0486 | 0.0299 | 0.0166
m| k=4 | k=8 | k=16 m| k=4 k=8 | k=16
1 ] 0.2062 | 0.2851 | 0.3723 1 | 0.3087 | 0.4921 | 0.9854
2 10.0830 | 0.0931 | 0.1316 2 10.1016 | 0.1390 | 0.3005
3 1 0.0562 | 0.0434 | 0.0419 3 1 0.0601 | 0.0534 | 0.0830
4 1 0.0502 | 0.0326 | 0.0219 4 10.0510 | 0.0349 | 0.0311
5 10.0487 | 0.0303 | 0.0176 5 10.0490 | 0.0308 | 0.0196
6 | 0.0484 | 0.0302 | 0.0166 6 | 0.0485 | 0.0298 | 0.0171
7 10.0483 | 0.0298 | 0.0164 7 10.0483 | 0.0296 | 0.0165
8 10.0483 | 0.0296 | 0.0164 8 10.0484 | 0.0295 | 0.0164

the y-axis by 0,7/6,7/4,7/3,7/2 in the counter-clockwise direction; o = (0,0, —1).
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APPENDIX A. DERIVATIVES OF PHASE FUNCTIONS

In this appendix we collect some detailed properties of the phase functions (2.24), particularly on their
derivatives, that are used in Sect. 3 to derive the asymptotic expression (3.2). More precisely, these deriva-
tions necessitate expressions for the first and second derivatives of the phase function

(A.1) S(x™ T 2™) = 2™ — 2™ + 9 (2™) = - 20 + Z |z Tt — 27, 2™ € 0K,
=0
where 2 *! is an arbitrary but fized point on 9K, 11, @m is given by (2.24), and (z,...,2™) € 0Kq x

- X OK,, denotes the broken (m + 1)-ray terminating at 2™ € 0K,,. To this end, we consider the local
parametrizations ™ = 2™ (7", ¢5") of the surfaces 0K, where

0
m m/pm gm
xt;n——at;nx 7,5y for p=1,2

are the principal directions at 2. Note that, in local coordinates, we have ®(z™T1; x™) = & (x™ ;¢ 11v)
and the next lemma provides explicit expressions for the first order partial derivatives.

Lemma A.1 (Partial derivatives). In local coordinates, the partial derivatives of the phase functions (A.1)
are given by

0P (zt; 2°) axt — 29
A2 D S R A o A
(4.2) ot T =0 ) T
and
aq)(merl. Im) xm _ xmfl Ierl _ Im
A3 : = - ST > 1.
(A-3) ot |[am —gm=1] et — gm| Tt =

Proof. The proof of (A.2) is straightforward. For m > 1, we differentiate (A.1) with respect to 7 to obtain

2 —2 - - - -
OP(x™TL ™) ! — 20 o0 g It — i I 2 — gitl i1 Ot
— 1 =|a-— E s E 4 ey 4 E x
ot |zt — a0 & otm (’%m |[wdtl —2d|  |adt2 — I+l o (’%m
7=0

rm — xm—l xm-{-l 2 " atm
+ (|xm — | - |zt — Im|) thr 8tm

which reduces to (A.3) since (2°,...,2™) is the broken (m + 1)—ray terminating at z™. O

The next result states that ®(z™T1; ™) is stationary at a point ™ if and only if the tuple (z°
is the broken (m + 2)-ray terminating at 2™*1.

Lemma A.2. i) Stationary points in first reflections: For m = 0, the phase (A.1) is stationary at a
point z° if and only if

II—IO .Il—IO
(A4) m:a‘Fzm'VoVo
or
1 0
r —x
A5 =
( ) |$1—I0| a

ii) Stationary points in further reflections: For m > 1, the phase (A.1) is stationary at a point ™ if
and only if

Ierl _xm M — xmfl Ierl _xm
(A.6) gl —gm|  Jgm — gm—1| +2 jgmAT — gm] " Ym Pm
or
xm-{-l —m rm — xm—l
(A7)

|zt — g = |z — g1
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Proof. Lemma A.1 implies that ®(z';2%) has a vanishing gradient at x° if and only if

ZCI —(EO
o — 7|(E1 — ,’Eol = A()VO

for some \g. Also, since |a| = 1, we have

9 .’L'l— 0
l=a-a= X\ 20— - 1
oo ot O|x1—x0| vy +
so that
xl—xo
A0:—2W'VO or )\OZO

Similarly, for m > 1, ®(z™*!;2™) has a vanishing gradient at ™ if and only if

rm — xm—l xm-{-l —xm
[zm — gm=1| ~ JgmHl —gm| AmVm
for some \,,,. Since
- rm — Imfl rm — Imfl B )\2 2A Ierl _ em .
T Jem — 1] Jgm —gm1| m T mm'u’”+
we get
xm-{-l —zm

A, = “VUm OF Ap=0

- |zl — g

completing the proof.
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The derivations in Sect 3 further demand the evaluation of the Hessians of the phase (A.1) at the stationary
points as derived in Lemma A.2. We note, however, that the conditions (A.5) and (A.7) cannot hold under
the no-occlusion and visibility assumptions. Our next result then provides an expression for the Hessians at

the points characterized by (A.4) and (A.6). It shows, in particular, that
(A.8) NI = |z™ — 2™ Hp,

m

where H,, € R?*? ig defined for m > 1 by

1 O?P(x™; ™)

m—1 m—1a9,m—1 )
et oty Tor;

(A.9) (Hpm)

m—1

|It;n71

equations (A.8)—(A.9), in turn, yield for m > 1
2
det NJ» = |2 — 21| det(Hess[®(z™; 2™ 1)]) [ ] la7hi 72

tmfl
r
r=1

Remark A.3. Since {z1%, —1,2 are the principal directions, we have
t p=1, )
m
m m m
Timpm * Vm = — (/{m)pq |a:tpm| |xtmq |

Theorem A.4. (i) (Hessians in first reflections) For m =0, if (4.4) holds, then

xl — 20 1

'Volio-i-m[]o.

(ii) (Hessians in further reflections) For m > 1, if (A.6) holds, then

(A.10) Hy =2

m—+1 m

x — X

(A.11) Hypi1 =2

|:L-m+l _ xml |:L-m+l _ xml |:L-m _ xm—1|

1 1
U Fom + ( + > Up = Trn H'TE
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1 0
T —x 0o _
(o= =) o =0
with respect to tg yields

P (xt; %) om0 o, o lgo BT S |z g0
oYY thta 0] M0 Fepeg o

Therefore (A.10) follows from Remark A.3.
To prove the result for further reflections we need several additional lemmas. To this end, we introduce
D,,, € R?X2 by setting

Proof. Differentiating the identity

B |z1 — o] |z1 — o] Opq — |21 — |x1 — o] 0/pq

ngnill | ot

D = , m>1.

Lemma A.5. Form > 1, if (A.6) holds, then

B gmtl _ gm 1 1 1
Hm+1—27|xm+l_$m| cVUm Km + |$m+1_$m| + |(Em—(Em_1| Um_ |(E7—(Em 1|Tm 1Dm.
Proof. Differentiating the identity
M — xm—l xm—i—l —zm
mo
<|xm — gL gt = :L.m|> " Zym =0
with respect to ¢ yields
*®(am g™y g™ — gt B amtt — gm e |x$}||x$}| Tim  Tgm g gl
6tmatm - |xm _ xm—l| |:L-m+l _ xm| t;ntm |xm _ xm—l| |xm |’ |xm |’ |xm _ xm—l|
p q t;n t;”
| A A R R Z | A R L
sy B e )~ S e\ W T =] ) o
P q
Using (A.6), we therefore obtain
O?®(zm Tt 2™) L EAAIEAY Tim  Tim o gl gm
otmotm B |gmtl — gm| TG T pm g 1| |2 |7 |2 | et — am|
p q t tg

N |I?£n||xgzn| . I?in x?gn g+l Z |xtm||x - L - x;’}n x:fn_ll g™ — gm=1\ ggm-1
e T B ) e e e o) o
p q

Thus, we get by Remark A.3

gm L — gm 1 1 Tim  Tym gl gm
(Hm"l‘l)pq =2 |Im+l _ xm| Vm (sz)pq—’— (|xm+1 _ xm| + |xm _ xml|) F<|Iz]ﬁ ’ |$?77h ! |Im+1 _ iZ?m|
P q
1 i'b IQZH :v;?n_,ll ™ — gl |x m— il otm—1
|z — gm—1] 1 |:C?£n ’ |x:;,;11|’ |z — gm—1] |:Etgl| oty
or equivalently
xm+1 ™ 1 1
(Hm-‘rl) |Im+l ™| "Vm (’im)pq + (|Im+1 — x| + lzm — Im1|) (Um)pq
1 2
e — 1| ; (Trn=1)pr (Dim),q
completing the proof. O

In light of Lemma A.5, to complete the proof of (A.11) and therefore of Theorem A.4 it suffices to show:
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Lemma A.6. For m > 1, we have

t
T |am — aml T

A 0
(o= =) 4 =0
with respect to té yields
0 ( o ) Z Z t0||xto| Ty ol a0\ o
=|a- x —_
|zt — 29| 51 el Btl |zt — x0| |:v?2|’ |:1c§2|7 |zt — 20| | Ot}

~ |xt}1||xt2| . I%; xgg R R
[t =20 "\ Jap | o] |2t — 2]
q p
1

—233_3: Z:c - Z tOthol Ty a2 ) ot
|zl — 20| f°f°at1 wt— 20 "\ 0] a0

Proof. Differentiating the identity

so that

|xt2| |a:t9 ot — 29 8%

—|xt‘17||xt2|,b x%}z xg’g pl—a® )
o =0 \ k] Tl e =] )

therefore, Remark A.3 gives

2l _ 20 2 1 .
2 ——— v D Z (Uo)..,. (Dy) T,
|;[;1 — ;[;0| 1%0) s (K/O)pr ( 1)7‘ — JIO| 0 pT 1 | _ (EO| ( O)pq
proving the lemma for m = 1. For m > 1, first we differentiate the identity
‘,L.mfl _ xm72 rm — ‘,L.mfl 1
(|xm1 —am=2  zm — xml|> TLymo1 = 0
with respect to 7" to get
0 xm—l _ xm—2 _ - 1 6t;n_1
|xm71 _ Im72| — pm— 1| 1ygm—1 815:1”
+Z T’Z;‘L 11 m- 11 :Ct 11 :C:Zn 11 m— 1 CL‘m_2 at:p—l
|xm I_Im 2| |£C 11| |x:; 11| |Im 1_xm 2| 8t2n
Z 77731 11 m— 1 F ZCZLn 11 (Et;n,ll rm — xm—l 6t:ﬂn_1
|xm — xm 1| |:v:; vy |:v:},;11|’ |z — gm—1] otm
Z 771 1||‘T F xt ]i x?n 22 xm—l _ xm—? at:,n—2
|:L-m 1 xm 2| |£C 11| |x:; 22| |xm—l _ xm—2| 6t;n
B |x 7pn 1||$tm| Ign xt;nf]i Im _ Im—l '
=\ T e e a1 )
P

to simplify this equation, we apply the identity

rm — Imfl Imfl _ xm72 M — xmfl
(A12) m _ pm—1 = m—1 _ ,m—2 +2

|£L'm — .’L'm_l *VUm—1 Vm—1
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in conjunction with Remark A.3 to the first term on the right-hand side; use (A.12) to combine the second and
third terms; divide the equation by the product |33 2 |a:tm| and finally apply the chain rule to 9;"~2/9t}"

in the fourth term. These deliver the alternate equatlon

m

™ — ™
2|CC —xmT 1| lezﬁmlpr m)r
( 1 1 > 2 I:;ill x:; 11 M — pm—1 |x:73;11| orm—1
+ + XY F| == - - :
|$m _ xm71| |Im71 _ xm72| — |x;r£n711 ’ | Zln 11| |Im —xm 1| |I;Z"| 8t:1n
1 _ _ _
ZZ ”L B i A W L= 1 Y Al
S e e  Jap T e L e e L AN
1 ;C;Zn .I;Zn_,ll M pm—l
- |xm_$mfl| |x% ) |x?;11|’ |xm_xmfl ’
P
or equivalently
™ — ™ 1 1 2
R T} Jam — zm1] " Vm—1 Z fm=1)pr (Dm)rg + |z — zm—T]| + [am—T — g2 Z(Umfl)pr (Dim)rg
r=1
2 2
1 t
|xm 1 _ xm—2| ;Tz; m—2) pr (Din—1),.4 (Dm)sq = |z — am=T1| (T 1)
which completes the proof of the lemma and of Theorem A .4. O
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