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Abstract

Sampling inequalities give a precise formulation of the fact that a differentiable func-
tion cannot attain large values, if its derivatives are bounded and if it is small on a
sufficiently dense discrete set. Sampling inequalities can be applied to the difference
of a function and its reconstruction in order to obtain (sometimes optimal) convergence
orders for very general possibly regularized recovery processes. So far, there are only
sampling inequalities for finitely smooth functions, which lead to algebraic conver-
gence orders. In this paper, the case of infinitely smooth functions is investigated, in
order to derive error estimates with exponential convergence orders.

Keywords: Gaussians, inverse multiquadrics, smoothing, approximation, error bounds,
radial basis functions, convergence orders

Classification: 41A05, 41A25, 41A63, 65D10, 68T05

1 Introduction

Sampling inequalities provide a quantitative formulation of the observation that a differen-
tiable function cannot attain large values anywhere if its derivatives are bounded and if it
is small on a sufficiently dense discrete set. Inequalities of this kind can be used to derive
a priori error estimates for various regularized approximation problems as they occur for
instance in many machine learning algorithms or PDE solvers (see, e.g., [11, 10] and the
references therein).

Recently several such sampling inequalities for functions u from certain Sobolev spaces
Wf () with 1 < p < 0o on a bounded domain Q@ C R? were obtained. The Sobolev
space Wf(Q) consists of all functions u with distributional derivatives D%u € L,(€2) for
all o« € N¢ with |a| < k. Associated with these spaces are the (semi-)norms

1/p 1/p

|U|W;(Q) = Z ||Da“Hﬁp(Q) and ”“”W,’f(ﬁ) = Z ”Da“”IL)p(Q)
|| =k || <k
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For a discrete subset X = {x1,...,zn} of 2, we denote the associated fill distance with

h = hx o :=sup min ||z — zj||2.
sup i o — |

If we assume 1 < ¢ < oo, € N¢, k€ N,and 1 < p < oo with k > |a| +d/pifp > 1,
or with k > || + d if p = 1, typical sampling inequalities take the form (see [17, Theorem
2.6])

a k—|a|—d(1-1 —la
10Ul < € (K190 fuly o) + 7N ulx ) )

or for a = 0 (see [6, Theorem 3.5])
el < € (A*lulwgca) + R llulxlle,x))

for all v € Wf (©2) and all discrete sets X C 2 with sufficiently small fill distance
h := hx q, where the constants C' do not depend on u, X or h. In [17, Section 3], these
bounds were used to derive optimal algebraic convergence orders for kernel based smoothed
interpolation methods in a finitely smooth setting.

In this paper, we derive sampling inequalities for infinitely smooth functions where the
convergence orders turn out to depend exponentially on the fill distance h. We are handling
infinitely smooth functions by normed linear function spaces (£2) on domains Q C R¢
that can for some 1 < p < oo be continuously embedded into every classical Sobolev space
Wk (). More precisely, for a fixed p € [1,00) and all k € N we assume that there are

embedding operators | ,gp ) and constants E(k) such that

P H(Q) - WHQ)  with

k
HI,?’) < E(k) forallkeN. (1)

H{H(Q)—>W§(Q)} -

There are various examples for spaces with this property, e.g., Sobolev spaces of infinite
order as they occur in the study of partial differential equations of infinite order [1], or
reproducing kernel Hilbert spaces of Gaussians and inverse multiquadrics (see Section 5).
In the case of infinitely smooth functions the shape of the domain €2 crucially influences our
sampling inequalities. For bounded domains €2 obeying a uniform interior cone condition
we use a polynomial reproduction from [16], which accepts slight oversampling, to bound
the Lebesgue-constants. This results in a good behaviour of the term with the discrete norm.
A typical result in this case is that for o € Ng and 1 < ¢ < oo, there are constants C, C>0
such that for all discrete sets X C €2 with sufficiently small fill distance h the inequality

1D%ull, iy < €€ PPl + Chulx [ x)

holds for all u € H(£2). Here and throughout the paper, e denotes Euler’s constant. The
best approximation orders for the first term can be obtained on compact cubes since we can
then use a polynomial reproduction based on [5, Lemma 1]. Unfortunately, this approach
is limited to cubes and cannot cope with derivatives on the left-hand sides of our sampling
inequalities. Nevertheless, we obtain as a typical result, which applies, e.g., to functions



from the native spaces of Gaussian kernels, that there are constants C, C' > 0, such that the
inequality

< Clog(h)/h

lullp, 0 [l +eCh lulx e (x)

holds for all u € H(£2), and for all sets X C 2 with sufficiently small fill distance h.

Our main applications deal with reconstruction problems in Hilbert spaces. Therefore, in
the second part we will focus on the native Hilbert spaces of Gaussian and inverse multi-
quadric kernels. In this case, we suppose u to be an error function v = f — Rf, where f
denotes the function to be reconstructed and R f is the reconstruction. To obtain optimal
order error bounds, one needs two properties of the reconstruction, namely some kind of
stability and consistency, that is,

[Bf 1) < Cllfllne and [[(Rf = flxlle,x) < 9(f,h);

where g determines the expected approximation order. These conditions are satisfied in
most of the commonly used kernel-based reconstruction methods. The theory presented
here in particular reproduces the well-known error estimates for the standard interpolation
problem in the native Hilbert spaces of the inverse multiquadrics and Gaussian kernels
on cubes [16, Theorem 11.22], and generalizes them to a wider class of domains and to
derivatives. One advantage of our estimates in the case of Gaussian kernels on general
Lipschitz domains is, that the constant C, crucially influencing the speed of convergence of

exp (C’ log (h) / \/E) for h — 0, does not depend on the space dimension d in contrast to

the exponential dependence in the well-known estimates exp (Cylog (k) /h) on cubes [16].

2 Estimates on Domains Star-Shaped with Respect to a Ball

Following [7], we first derive algebraic sampling inequalities on bounded domains D C
R that are star shaped with respect to a ball. We shall obtain exponential approximation
orders by appropriately relating the smoothness & to the fill distance h. Therefore, we
repeat some arguments from [7, Section 2] taking special care of the k-dependence of the
various constants involved. We assume a domain D that is star shaped with respect to a ball
B(z¢,r) = {z €R? : |z — x| < r} and that is contained in a ball B (2., R). Then by
[7, Proposition 2.1], D satisfies an interior cone condition with radius r and angle
0 = 2arcsin ( — 2
= 2 arcsin (ﬁ) . )
We shall make use of this property throughout this section. We denote the associated chun-
kiness parameter with v = %, where ppax is the radius of the largest ball relative to
which D is star shaped, and ép denotes the diameter of D.

Let {aga) j=1...,N } be a polynomial reproduction of degree k£ with respect to a
discrete set X = {z1,...,any} C D, ie.,



for all « € Ng with || < k, all z € D and all polynomials p € P¢(D), where P¢ denotes
the space of all d-variate polynomials of degree not exceeding k. Then we have

|D%u(z)| < [D%u(x) — Dp(x)| + |Dp(z)]

N
< D%~ Dl py + Y |0l ()| Ip())|
j=1
N

< D%~ Dl iy + 3 s (@)] Iplx o )
j=1

N
< 10w = Dl oy + I i @)| (Ilu = Plly o) + lulx o)) B
j=1

for all u € W¥(D), all # € D, and all polynomials p € P¢(D).
As a polynomial approximation we use averaged Taylor polynomials Q*u € Pj_; (Rd)
(see [2, Chapter 4] for a detailed overview). They are defined as

Q'u@) = 3 ~ [ Duly)( - y)*é(y)dy

(6%
loj<k 7 Bp

Here, B, is a ball relative to which D is star shaped and having radius p > %pmax, the
largest radius of a ball relative to which D is star shaped. Further, ¢ > 0is a C* “bump*
function supported on B, satisfying both [ 5 ®(y)dy = 1 and max¢p < Cy diam(B)~<.
For the remainder RF := u — Qku we use a bound from [2, Proposition 4.3.2], where
the explicit constants can be found in [7, Proposition 2.5]. As pointed out earlier, we are
particularly interested in the k-dependence of the constants. Further, we have to be careful
about how the constants depend on the domain, because in the next section, we will prove
estimates on a bounded Lipschitz domain €2 by decomposing €2 into domains D; star shaped

with respect to a ball.

Lemma 2.1 Suppose that D C R? is bounded, that is, D C B (x., R), and star shaped
with respect to a ball B (x.,r), which implies that D satisfies an interior cone condition
with radius r and angle 0 as given in equation (2). Suppose o € Ng and1 < p < oo. Then
forall k € Nwith k > \a\+%+1ifp> Lorwithk > |a| +difp=1,

Ck
a, _ pank d,p,0 k—|a|-d/p
[pru= D@, o < Gt [l o)
forallu € W]f (D), where the constant Cq, g depends only on the space dimension d, the
angle 0, and on p, but not on k, u, o, ép orr.

Proof: For |3] < k — 1, we use the identity D?Q*u = Q*~1° D, from [2, Proposition
4.1.17]. Then [7, Proposition 2.5] gives with the convention 0% = 1 in the case p = 1,

D% — D% k H :HDa - k—\a|D0¢ )
H “ @ Loo(D) u-Q " Loo (D)
dk—lel-1 d 1_q k—laj-%
< cap(l +7)dm(k = lof = ];)” Op "D U|W§f\a|(p) )



where the constant cg ;, depends only on d and p. Using i k7|a1\71)! < 0 kflkal)! with Euler’s
constant e, we finally obtain

ek dk

k
e T

Loo(D
Here we used the bound 1 < v < csc (g) from [7, Section 2.1.4], which implies that
we can find a constant cq ¢ that depends on the domain D only via the angle 6. Setting
Cap, := ed(cqpp + 1) finishes the proof. O

Note that here and in the following we suppose k& > |a| + % + 1for1 < p < oo only for

technical reasons to simplify the k-dependence of the constants. The condition k& > |a| + %
is sufficient to derive a constant C' depending on k, p, d, 6 and « such that

HDau — DO‘QkuH ) < C’(S%_‘al_d/p MW{;(D) .

e}

We shall use a local polynomial reproduction from [15] (see also [16, Theorem 3.8]).

Theorem 2.2 Suppose D C R? is bounded and satisfies an interior cone condition with
angle § € (0,7/2) and radius r. Let { € Ny and o € N¢ with |a| < L. Suppose the set
X ={x1,...,xzn} C Dand h > 0 with

rsin 6
h< —m—— 4
T 4(1+5sind) L2 @
satisfy the condition that every ball B (x,h) C D contains at least one point in X. Then,

for every x € D there exist numbers dga) (x),... ,&5\?) () with

1SN play)al ) ) = DPp() for all p B (D),

2 S @) <2 ()" <2 (k) A <20k
Remark 2.3 In the proof of the result in [15], h is only required to satisfy the condition
that every closed ball B (x,h) C D contains at least one point in X. This condition is
certainly satisfied if h is the fill distance hx p. However, when we later cover a domain
2 by local regions D, we may use the global fill distance hx q instead of the local fill
distances hxnp p.

Inserting the bounds of Lemma 2.1 and Theorem 2.2 into the estimate (3) leads to the
following result.

Theorem 2.4 Suppose D is bounded, and star shaped with respect to a ball, which implies
that D satisfies an interior cone condition with angle 0 and radius r. Then, for all sets
X C Qand all h > 0 satisfying the conditions of Theorem 2.2 with k € N, and for all
ue Wk (D),

C&  hedfp (ol , ;- -
”DC"uHLOO(D)S mép /p <5D‘ | +h |a\) ‘U|WZ§(D) +2h || ||U|X||ZOO(X) (&)

provided that o € N¢ satisfies k > |a| + % +1lifl<p<oo,ork>|al+difp=1. The
constant Cg depends only on d, p and 0, but not on k, h, u, o, dp orr.



Corollary 2.5 Under the assumptions from Theorem 2.4 we get for 1 < q < 00
d
1D%ul ) < volD)V4 | Dull, _ ) < 05 IDull )

Ctk  k=d(3-3) [l lal d/q} —|al
< o @
>~ (k— |OJ|)5 ((5 +h™ > |u] +2(5 h™ Hu]XH

For infinitely smooth functions f € H (D), ie., f € sz (D) for all k£ € N, we obtain
sampling inequalities as in Theorem 2.4 and Corollary 2.5 for almost all k¥ € N. For such
infinitely smooth functions, we shall now derive sampling inequalities with exponential
approximation orders by appropriately relating the smoothness & to the fill distance h.

Theorem 2.6 Suppose that D C R? is bounded, and star-shaped with respect to a ball,
which implies that D satisfies an interior cone condition with radius r and angle 6. Suppose
further that H (D) consists of smooth functions f : D — R, i.e., for some 1 < p < oo and
all k € N there exist numbers E (k) that may depend on k, D, p and d such that for all
u € H (D),

[ullwrpy < E (k) [lullyp)

If there are constants €,Cg > 0 such that E(k) < C’El{:(l_e)k forall k € N, then, for all
1 < q < oo, there are constants C' and hg > 0 such that for all data sets X C D with fill
distance h < hg the inequality

1D%ull 1, py < €V A gy + 207 BT [lul ]l x)

holds for all w € H(D). The constant C = €,/co/4, with cg = min{l,zl({fi;fe)},

depends only on €, r and 0, but in particular not on d, o, X, h or u, while hg may depend
ond, p,q, 1 0, a dp, € and Cg, but not on h, X or u.

Proof: We use Stirling’s formula to estimate
1 kol gloleh
— < — < .
(k—la))! — k! — Kk
If HuHW’E(Q < CpkU—e kHuHH holds for all £ € N, Corollary 2.5 gives with ¢y :=

min{l,zl(fili;fe)} for h < 7% with k > [a| + 1+ d/p,

(6)

N k et e d o
D%l < ¢ (3) 5 By + 20871 sl ™

11

—dfi-1%
where ¢ := CgsCgedp | 0p ( q) +1 (55'0“ + 1) depends only on d, r, 0, dp, p, q,

Cg and «, but not on k, h or w. If the fill distance A is sufficiently small, i.e.,

h<co(le|+1+d/p) 2,



we can choose k£ € N with & > |a| 4+ 1 + d/p such that

Using h—31el/2 < ¢3lel/ \/E, the first term of the right-hand side of (7) can be bounded by

K\ e

h |U||H(D)

/2
with B := (c + 1)V ¢3le < )Eﬁ . If we set

2
co
ho = min { BY(VOUV2) ¢ (o] + 1+ d/p) 2}
we finally obtain for all h < hg,
1Dl 1,y < €S EMYE ullyy oy + 205 BT ful x )

where the constant C' := €,/cq/4 does not depend on d, X, h, u or c. o

3 [Estimates on Lipschitz Domains Obeying a Cone Condition

We now consider a domain © C R? that is bounded, has a Lipschitz boundary and satisfies
a uniform interior cone condition with maximum radius Ry,.x and angle ¢ € (0,7/2).
To decompose {2 into domains {D;} that are star shaped with respect to a ball we use a
construction due to Duchon [3], described in detail in [7, Section 2.2]. We define

sin ¢
4(1+sin¢)

Note, that 6 = 6(¢) implies that Q)(¢) depends only on ¢. If £ € N and h > 0 satisfy

sin # sin ¢
8 (1 +sing) (1 +sinh)

0 := 0 (¢) = 2arcsin ( > and  Q(¢) :=

h < Q(¢) Rmaxk >

we can further define

2 . 1 .
k“h and o sin ¢ _4 +Sm9k2h.

=0 2(1 + sin o) sin 0

Finally, we set

2r
T, :=te —=7Z% : B(t,r CQ},
{ Vd (&)

and fort € T,

Dy:={xe€Q : co({x}NB(t,r)) is containedin QN B (t,R)} ,

where co (A) denotes the convex hull of a set A. Then {D;}, ., is a covering of Q with
several useful properties, which are summarized in the following theorem.



Theorem 3.1 [7] With the notation introduced above, {Dt}teTT is a covering of €, i.e.,
Q C UseT, Dy, with the following properties:

e Each set Dy is star shaped with respect to a ball B (t,r) with B (t,r) C Dy C
B (t,R) N

o Each set Dy satisfies an interior cone condition with radius r and angle 6.

o Ifwe set Ay := 4%, and /Lﬁ = % > 1, we have

Ay hk* =1 <ép, <2R= Ay hk*.

e Let x s denote the characteristic function of a set S. Then there is a constant M1 > 0
that depends only on ¢ and d such that

Z xp, < M .
teT,

e There is a constant My > 0 that depends only on d, ¢ and vol () such that the
cardinality of T) is bounded by

vol ()

#r < B )

< My(hk*) =4 .

We use this covering to derive sampling inequalities on the global domain 2. From now on,
we need a constant Cy,;,, depending only on Ry,.« and ¢, but in particular not on d,

C(min = 1’11111{1 s Qd)Rmax} . ®)

Theorem 3.2 Suppose Q@ C R? is bounded with Lipschitz boundary and satisfies an inte-
rior cone condition with maximum radius Ry,.x and angle ¢. Let o € Ng, 1 <q < oo
and 1 < p < oo. Then there are constants Cg and €y > 0 such that for all k € N with
kE>|al+d/p+1ifp>1,ork > |a|+difp =1, for all discrete sets X C § with fill
distance h < Cyin /K>, and for all u € Wf(ﬂ),

a gh_w oyk=d(5-1) —lal (5 1.2\ 4
[D%ul|f,, () < m(hk )N ulwr ) + €oh TN (RET) 4 ([ulx e, (x) s (9)

where Cq and &g depend only on d, ¢, vol (Q), p, q and o, but not on k, h, or u.

Proof: As pointed out in [7, Section 2.2.1], by construction every ball B (z, h) C 2 con-
tains at least one point in X. Thus, since h = hx q satisfies (4), the results of Theorem 2.4

and Corollary 2.5 hold with this h. Hence, Corollary 2.5 and the estimate 6&‘ < A;‘al hled



give with the notation introduced above for u € W]f (Q)

1/q 1/q
1Dl o = ( / |Dau<x>|qda:) < (Z |Dau||‘zq(pt)>

teT),

Ck ~ k—d(l_1 e 1/q
G o (4eh) ) (45" +1) <Z|“'W’“D>> "

teT

1/q
- dla
+ 2 <A¢hk2> hlel (Z ’U|XﬁDtHZOO(Xth)>

teT.
V(4 (i-3)
(Codo) (A +1) 0" " i
(5 Jal)! el )2 (Zlurmt

teTy

IN

IN

l/q
~d — | d X ND. XND.
2A¢/qh | |(hk2) o (Z el tHZ:( " t)>

teTy
k

1_1
a —|o d
T ()=, [l ) + €l PR [lulx g, )
~d/q+ 1/ ~ —lo (3-3) 1/
where &g = 24, IM;""and Cg = CsAy (A¢ + 1) (M, *4+1)(M,""+1) do not
depend on , h, u or Dy. In the last step, we used the identity (a — b)+(b —a) = (a —b)
fora, b € R. O

IN

Remark 3.3 With the remark following Lemma 2.1, the estimate of Theorem 3.2 generali-
zes results of [6] to derivatives.

Corollary 3.4 Under the assumptions from Theorem 3.2, simply changing the last step of
the proof,

p° < O el gyiGoi), Cohlel 10
I1D%ull, ) < & |a])! (hk%) lulwr ) + C2 lulx llewx) > (10)

where C1 = Cg and Coy = 2[11/ qM21 /a do not depend on k, h, or u.

We shall now again relate h and k to derive exponential estimates. The actual orders depend
on the asymptotic behaviour of the embedding constants F (k) from (1) for &k — oo.

Theorem 3.5 Suppose that Q@ C R is bounded, has a Lipschitz boundary, and satisfies an
interior cone condition with a maximum radius Ry,.x and angle ¢ € (0,7/2). Suppose
further, that H (QQ) consists of smooth functions f : Q@ — R, ie, foral < p < oo and
all k € N there exist numbers E (k) that may depend on k, Q, p and d such that for all
u € H(Q),

[ellwoy < B (F) [[ullyo

)

LS



If there are constants 0 < € < 1 and Cg > 0 such that E(k) < Cgk(lfe)k forallk € N,
then, for all 1 < q < oo, there are constants C' and hg > 0 such that for all data sets
X C Qwith fill distance h < hg the inequality

1D%ull 1, () < eC1EM VR lullyyqy + Cah 71 flulxl,_

holds for all uw € H(S2). The constant C = €\/Cipin /4 depends only on €, ¢ und Ry ax, but
in particular not on d, o, h or u, while hg may depend on d, p, q, Rmax, ¢, vol (), a, €
and Cg, but not on h or u. The constant Cy comes from Corollary 3.4.

If there are constants Cy > 0 and s > 1 such that E(k) < Cngk forall k € N, then,
forall 1 < q < o0, there are constants C' and hg > 0 depending only on d, p, q, Rmax,
¢, vol (), o, s and Cg such that for all data sets X C Q with fill distance h < hy the
inequality

o B
1Dl ) < € 270 [fullzyay + Cah ™ ulx |, (x)
holds for all u € H(QY) with the constant Cy from Corollary 3.4.

Proof: If HuHWk < Ckgl—c kHuHH for all k € N, we use estimate (6) for k € N

provided that & > |a| +1+d/pandh S Chmin/k? with the constant Cyy,, from (8), to
bound the right-hand side of (10) by

k |ex] _ 1
(chk2€>k<h> 2y Gl + O sl . D

where the constant ¢ = C1Cge depends only on d, R, ¢, p, ¢ and «, but not on k, h or wu.
We choose k € N, k > || + 1 4 d/p, such that % <h< % That is always possible
if h < Chnin (|| + 1+ d/p) 2. Then, using h < 1 and h3l21/2 < e3lel/Vh e can bound
the first term of (11) by

- dfi-1
(L4 o) R Qb2 k2 5o /2 (2 ) G0 _ gyt o)

— 11
where the constant B := (¢ + 1)V %in ¢3lol (2/Ci) (p q)+ depends only on d, p, g,
Ruax, ¢, a, and C'g, but not on k, h or u. If we now set

— min Cmin B4/ [evCain(v2-1)]
o {1’ (ol + 1+ d/p)?’ }

we find for all h < hy,
HDauHLq(Q) < eE\/CminlOgh/(4\/E) HUHH +02h || ”U|X”g

Setting C' := €1/Cinin /4 finishes the proof of the first part.

10



If E(k) < C%k** we can proceed along the lines of the first part and bound the first term
of the right-hand side (10) for k € N with A < Cpyin/k? and k > |a| + 1 + d/p, by

(Eh#“)k(h—lk)'“'(hk%‘d(%‘éﬁ||uHH<m , (12)

where the constant ¢ := CieCE depends only on d, R, ¢, p, ¢ and «, but not on k, h

or u. We set T = min {Cpin, =}, and choose k¥ € N, k > |a| + 1 + d/p such that

WT“ <h< # holds. That is always possible if & < T (|a| + 1 + d/p)~>. We point

out that the condition A < % is satisfied since s > 1. Then £k'=% < hk? < T, and
dfi-1

o+ (p q)+, and F:=|a|(2+s)+(s—1)d (% — %) we have for

thus with G := (%) .

sufficiently small i < hy, that is, for sufficiently large k£ € N,

1

< a4syk (K . 2 *d<”l> kg F — —k/2 — —(T/h)TFS
(chk™T%) 7 (hk*) \P /+ < e "Gk <e <e .
0

Remark 3.6 Suppose H (Q2) is a space of smooth functions with E (k) < Ckk* for all
k € Nwith some s > 1. Under the assumptions of Theorem 3.5 we can achieve convergence
rates with a constant independent of the space dimension d if we accept slightly worse
approximation orders than the ones given in Theorem 3.5, e.g., for all § > 0 there is a
constant Cy that depends only on 6, v, 0 and s, but not on d, such that

o Cslogh o
ID%ul10) < exp { SRR Hlulbaoy + Cab ™ ulxl

holds for all u € H(SY), all o € NZ and all sets X with fill distance h < hy.

Proof: We follow the proof of Theorem 3.5, but choose k& € N for sufficiently small & such

C1min C1min
that Skltsto § h § Tltstd - We set

oo ) 1/(1+5+5)

oy
T T (1 4s+0)

which depends only on 9, s, Ryuax, and ¢ but not on the space dimension d. Then, analo-
gously to the proof of the first part of Theorem 3.5, we find a constant V' > 0 that depends
only ond, R, ¢, p, q, s, 6 and «, but not on k, h or u such that (12) can be bounded by

|4 205 log h 05 log h
ex + Ilu|l <expl ——— ¢ |lul
p B1/(1+s+8) * p1/(1+s+0) H(Q) = CXP K1/ (1+s+0) H(Q)

for sufficiently small h. O

9

Since [Julx |, (x) < HU‘XHEQ(X) forall 1 < @ < oo, we can replace the /o, (X )-norm by
any /¢ (X)-norm in all sampling inequalities derived so far. However, using Theorem 3.2
in terms of the ¢, (X )-norm, we can gain a positive power of % in the discrete term from the
term (hkz2)d/ by choosing k smaller than required by the condition i < Cyyin / k%. The
general guideline is that the worse the exponential rates of the first term, the better is the
behaviour of the discrete term for A — 0. Examplarily, we state the following result.
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Corollary 3.7 Under the assumptions of Theorem 3.5, if E(k) < CEESk for all k € N with
some s > 1, then for all 1 < q < oo, there are constants C, C and hg > 0 such that for all
sets X C Q with fill distance h < hg and for all u € H(S2)

Do < o Ty Op-lelpa(1-)
D%l L ) <€ » Jullro) + a lulxlle,x) >

where C, C and hy may depend on d, q, R, ¢, a, s and Cg, but not on h or u.

Proof: With the notations of the proof of Theorem 3.5, the first term of ther right-hand
side of (9) can be treated as before by simply replacing C by C¢. For the second term we
estimate

24/[q(1-+9)
T> _ ol t-1)

Cohlelpdlag2d/a < ¢oplelpd/a <h
with C' := ¢oT2d/[a1+s)] O

4 Estimates on Compact Cubes

In this section, we shall prove estimates on compact cubes. Since the orientation can be
adjusted by rotation, we restrict ourselves to axial parallel cubes and use the notation

W (20, R) := {:1: eR? ¢ o — o, < R}

for a compact cube with center g € R? and side length 2R > 0. To derive estimates for
function values on compact cubes, we follow the paths of the previous sections. Here, we
can use a polynomial reproduction from [16, Theorem 11.21], which is based on [5, Lemma
1]. The result derived in [16, Theorem 11.21] is stated with A taken to be the fill distance of
X in €. In the proof, however, h is again only required to satisfy the condition that every
closed ball B (z,h) C € contains at least one point in X. Following the proof, we can
choose the constant Cy = %. That said, we have the following result.

Theorem 4.1 Let Q be a compact cube in R with side length 2R > 0 and center x € R,
and let ¢ € N. Suppose X = {z1,...,zxy} and 0 < h < W}Zf satisfy the condition that

every closed ball B (z,h) C € contains at least one point in X. Then there are functions
a; : Q — R satisfying

. Zjvzl a;(z)p(z;) = p(x) for all v € Q and all p € Py(RY),
o N Jaj(x)| < e forallx € Q.
The numbers ~q are defined recursively by v1 = 2 and vq = 2d(1 4+ v4—1).

For any cube D with diameter Jp, Lemma 2.1 gives in the special case & = 0 the bound

Ck
k d.p ck—d/p
Hu -Q uHLOO(D) < T 00 ltlwpo)

12



where Cg, now depends only on d and p, since cubes satisfy cone conditions with a fixed
angle. If we insert this estimate and the bound from Theorem 4.1 into the estimate (3) we
find
Ck 5k—d/ p .
[l po (D) < %’U\Wz&(p) + " lulxlle (xopy

and similarly to Corollary 2.5

Ck:(;k_d(%_%> K cd/g
ullL, ) < TW’WI?(D) +c*p " lulx o (xnp) -

The constants C' = Cd,pe‘*dwd and ¢ = %@ depend now only on d and p. To derive
estimates for arbitrary embedding constants F (k), we use a covering of the big cube (2
with axially parallel small cubes D;. A similar approach can be found in [6]. We start with
a compact cube {2 in R! with center z and side length 2R, i.e., 2 = [xg — R, xo + R). For

h < 67%, k € N, we set r := 6v4hk < R, and define the set of centers

TW ={te2Z : W(t,r)cQ} U{eg—R+r, zo+R—r} .

For t € T\" we set Dgl) = W (t,r) C R. Then {Dgl)}tey;, is a covering of €, i.e.,
UteTr Dﬁl) = (2, where the diameters are given by 5D§1) = 2r, no point in  lies in

more than two small cubes, i.e., ZteTr XDi” < 2, and the number of cubes is bounded

by #Tr(l) <3 (%) < % (hk)fl. Inductively, we find by a tensorization argument the

following result for compact cubes in R¢.

Theorem 4.2 Suppose Q = W (zg, R) C R? is a compact cube with side length 2R. For
h < 67% we set v := 6yghk. Then there is a covering {ng)}teT(@ with a index set

T,Sd) C R? of Q with the following properties.

o #11Y < (%)d (hk) ™

e forallt € Tr(d), the set Dt(d) is a compact cube with center t € Tﬁd)

2r, ie, 0w = 2/ dr = 12v4v/dhk.

and side length

d
® D ier@ Xp@ < 27

As in the previous section we find the following estimate on the compact cube {2 covered
by the cubes { D;} from Theorem 4.2. We shall skip the super-index (d) from now on.

Theorem 4.3 Suppose Q C R? is a compact cube with side length R. Then, for all 1 <
q < oo, and all 1 < p < oq, there are constants Cyy, €y > 0 depending only on d, p, q

and R such that

Cly

k—d(1-1
e < S oy~

), [ulyi o) + € (WR) Y Julx |1y, x) (13)
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forallu € W]ﬂ“ (Q), provided that k > % +1ifp>1,ork >difp =1, and all data sets
X C Qwith fill distance h := hx g < 67%. The constants can be chosen as

1

Cw = 2d/pCd7p68d7d (12%1\/&(1% + 1))1+d(q p>+ and Cyy = et (24%1\[)

As in the case of domains obeying a cone condition we get the following corollary.
Corollary 4.4 Under the assumptions from Theorem 4.3 we obtain

03

1_1
iz, ) k(hk) G- )+IU\wg(Q)ﬂLCfHUIXHzOO(X) (14)

a/
with Cs = Cyy and Cy = cw( +1) !

Now we can derive exponential approximation orders. Again, the actual orders depend on
the asymptotic behaviour of the embedding constants £ (k) from (1) for k& — oc.

Theorem 4.5 Suppose Q@ C R? is a compact cube with side length R. Suppose further,
H () consists of smooth functions, i.e., foral < p < oo and all k € N there exist
numbers E (k) that may depend on k, R, p and d such that for all u € H (2),

[ullwr ) < E (k) lullzgo

If there are constants Cgp > 0, and 0 < € < 1 sucft that E(k) < C]l}k(l_ﬁ)kfor allk € N,
then for all 1 < q < oo, there exist constants C, C, and hg > 0 such that for all data sets
X with fill distance h < hg the estimate

< oClog(h)/h eC‘/h

||U||Lq(Q) ||U||H HU|XH£OO(X)

holds for all u € H (). The constants C, C and hq depend only on d, R, p and q, but not
onu or h.

If there are constants Cp > 0 and s > 1 such that E(k) < C’%k‘s’g for all k € N, then, for
all 1 < q < oq, there exist constants C’, C, ho > 0 such that for all data sets X with fill
distance h < hy

lullz, @y < € Y™ ullyyay + € Y lulxllo )
q

holds for all v € 'H. The constants C, C and hg depend on d, R, p and q, but not on u or
h.

Proof: If HUHW};@(Q) < C%k(l_E)k||u||H(Q) for all u € H(S?), estimate (14) shows

(C5CE)" (hk)k d(1-1)

ullz, @ < il +E079) HUHH @ t Ci llulx e (x) >
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provided that h < R /(6+4k). Using Stirling’s formula k! > v/27k (g)k > (%)k, we can
bound the first term of the right-hand side by
1

(chk(l—e)>k (hk)id(r%h ||UHH(Q)

with ¢ := C3Cge. We set B := min {%, %, 1}, and choose k£ € N such that % <h<

2. That is always possible if & < B. Then, for h < (1 + 2/B)™*

(enk=9) ) G ey < k7 B2 G

<@ +2/B)eB/h peB/(2h) HUHH(Q) < peB/4h) ||UHH(Q) ) (15)

Choosing C' = e¢B/4 and C = Blog (Cy + 1) finishes the first part.
If E(k) < Cgk‘s’f for all k with some s > 1, the first term of the right-hand side of (14) is
bounded by

s _d(i-1
ety ()G

with ¢ := C3Cge. We set B := min {%, e%, 1}, and choose k € N such that 255 <h<

g. That is possible if h < B =: hg, and the condition A < g—% is satisfied. For sufficiently
small A, that is, for sufficiently large k,

—dfi-1
@) )Gl (3) B0 D).t

- 2
S e—k/Q ”uH’H(Q) S 6_\/5/(2 2h) ||u||H(Q) . (16)
Choosing C = {’/E/(QC/?) and C = \S/Elog (Cy + 1) finishes the proof. O

Again, the {.-norm can be replaced by any /p-norm for 1 < @ < oo. However, in this
case the particular choice of the £,-norm as in Theorem 4.3 does not lead to a significantly
better behaviour of the discrete term due to the exponential factor ¢%,.

5 Kernels and Native Spaces

In this section, we will provide two famous examples of Hilbert spaces of infinitely smooth
functions. In the case of a positive definite radial basis function K which possesses a Fourier
transform K the native Hilbert space, which is the uniquely determined reproducing kernel
Hilbert space of K, is defined via [16, Theorem 10.12]

@l

Ni®Y = { 1 e ORY A La(RY) - |1 f]1%, ::/
R (w)

R4
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In general, the native Hilbert space Nk (€2) on a bounded domain {2 is defined as
d LS

Nic(@) i={ f € Nic(®R?) : flo = 0}

;:{f|Q . f € Nk(RY) and (f,9)y, (me) = 0 forall g € N (R?) s.t. glo = o} .
On the other hand, the Sobolev spaces on R? can be defined via

WERY) = {f € Lo®?) - fO) 1+ 32 € Lo®h} .
This definition is equivalent to the one given in the introduction, and following [18],
1,5 .
S I+ 132 Loy < lullwggay < UFCYL+ 1182 ) Lygea) -

The constant 22* is absorbed into the C%, term of the embedding constants E(k), which does
not influence the approximation orders, but only the constants C' in Theorem 4.5. Since we
do not take much care about factors 4 in these constants, we may as well use this definition

of Sobolev spaces. Note that for 2 = R? for infinitely smooth kernels an upper bound for
E (k) is given by

(Id — A K(z)|. (17)

. k
K (x) (1 + Hng) ’ = ess sup
z€R4

Therefore, the theory presented here for native spaces of smooth radial basis functions
appears to be closely related to classical interpolation in native spaces of smooth kernels
(see Section 6) as considered in [19], where the exponential approximation orders turn out
to depend on the asymptotic behaviour of the numbers

C’gk) ;= sup max DgDZK (z,y)

z,yeQ |Bl+|v|=2k
for £ — oo, where D¢ denotes the a-th derivative with respect to the variable z.

By [16, Theorem 10.46], every f € N () has an extension € f € N (R?) with

1€ fllaie®ay < If k@) -

Thus we have for f = Ef|q € Ng(Q) for all k € N, with the bound on the embedding
constant (k) on R? as given in (17),

1fllwe@) < NEflwrmay < EFRNES I @ay < EE)fllng e - (18)
2 2

For the special case of the Gaussian kernel G(z) = e~llzl3 the native space is given by

Ne(R?) = {f € C(RY) N Ly(RY) : / Flw) e dw < oo} .

Rd
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We show in the appendix, Theorem A.1 that there is some C'r > 0 depending only on the
scaling parameter ¢ and the space dimension d such that for all £k > 0

No(®Y) ¢ WER?) with || fllyg s < CERIIf | np e

which implies Ng(Q) € W'(2) and || fllyx(q) < CERF2|| fllnvg(o for all £ € N(Q)
and all £ € N. Similarly to Gaussian kernels we can consider inverse multiquadrics

Ky(z) = (2 + HxH%)_’@ , for 8 >d/2.
The essentially same argument as for Gaussian kernels (see Theorem A.2) leads to
Nur(RY) € W3 (RY) and || flw; ) < CER* | lne) (19)

with a constant C'g > 0 that depends only on 3 and d. Now we are able to apply the
sampling inequalities from Theorems 2.6, 3.5 and 4.5 and the associated corollaries and
remarks to the native Hilbert spaces of Gaussians and inverse multiquadrics, e.g., we have

Corollary 5.1 Under the assumptions from Theorem 4.5 and with the constant Eq(k) =
C’Ekk/Q (see Appendix, Theorem A.1) we obtain for all u € N¢g(Q)

Clog(h)/h C/h lulxle(x) -

lull g, ) < e [ull ) €

Analogously with Eyr (k) < CREF (see Appendix, Theorem A.2) we find for all u € N (€2)

< ¢ C/h + eé/h

||u||Lq(Q) = ||U||NM(Q) ||U\X||eoo(x) :

6 Application to Smoothed Interpolation

As an application of the results derived in the previous sections, we consider (possibly
regularized) kernel based interpolation in the native space. To start with, we briefly sum-
marize the problem. One is given centers X = {z1,...,axy} C Q C R and data
(fi,-..,fn)T € RY generated by an unknown function f € N (), thatis, f; = f (z;),
1 < j < N. Here, Nk (Q) denotes the native Hilbert space of a positive definite radial
basis function K. One has to solve the system

(K+Md)b= f|x, (20)
with K = (K'(z; — 2;)); ;_;  to build an approximant
()= 3 biK ().
Tj eX

Classical interpolant arises as a special case, namely for A = 0. We follow the paths of
[17, Section 3], where recovery in a setting of finite smoothness is considered. However,
in the case of infinitely smooth functions, regularization is even more important due to the
bad condition of the Gram matrix K [9]. We know from [17, Proposition 3.1] the following
stability and consistency properties of the approximant,

[sxx, k(v < 1fllve@
Isax.x(Hlx = Flxllewco < Vv - (1)
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Theorem 6.1 If ) is a compact cube with side length R, then for all 1 < q < oo, there
exist constants hy, C, C' > 0 such that for all data sets X C Q with fill distance h < hg
and for all f € Ng(Q) in the native space of a Gaussian kernel G,

1 = sx 301 gy < (267950 4 VXY | sy -

For all data sets X C Q with fill distance h < hg, and all f € Ny(Q) in the native space
of an inverse multiquadric kernel we have

1 = saxk (Dl < (267" + VA [l o -

Remark 6.2 In the case A = 0, i.e., the standard interpolation we obtain the well known
orders for interpolation with Gaussian and inverse multiquadric kernels on compact cubes
[16].

Proof of Theorem 6.1: For Gaussian kernels Theorem 4.5 and estimates (21) give

€C’log(h)/th

IN

1f = sax,x ()L, @) = sxx,5(F)lng@

+ e“Msaxk(Plx = flxlle o
< (2610 VR | flaqey -

and similar considerations apply to the inverse multiquadrics. O
From here on we restrict ourselves to the case of Gaussian kernels since all results can be
carried over to inverse multiquadrics easily. We write abbreviately N := N(g. Theorem
6.1 suggests an a priori choice of the regularization parameter A, which we state in the
following corollary.

Corollary 6.3 If we choose A < exp <2(Clog,gh)_c)> the approximation error on a com-

pact cube () is bounded by

I1f = sx . (F)llpyc) < 3¢50 fllar -

We point out that we achieve the same approximation order for regularized kernel-based
interpolation in the native space on cubes as is known for interpolation [16], provided the
regularization parameter )\ is chosen appropriately.

For Lipschitz domains obeying a cone condition, we can proceed similarly employing The-
orem 3.5.

Theorem 6.4 If the bounded domain ) has a Lipschitz boundary, and satisfies an interior
cone condition with a maximum radius R and angle ¢, then for all 1 < q < oo, there exist
constants C, Cy and hg > 0 such that for all data sets X C Q) with fill distance h < hg

|D(f — 5A7X’K(f))HLq(Q) < <2€Clog(h)/\/ﬁ+ ﬁC’gh’W) £l -

Here the constants C and C5 depend only on ¢, o, d and q but not on h or f.
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The constant C' crucially influencing the speed of convergence of ¢ 08(h)/ Vh for h — 0
is given as C' = /Cipnin/4 with the constant Cyy;, as defined in (8). Thus, it depends only
on the parameters of the cone condition and in particular not on the space dimension d or
a. This a great advantage compared to the well known error estimates on compact cubes,
where the constants grow exponentially with the space dimension. Again, we can choose A
appropriately a priori to obtain the same approximation orders as for classical interpolation.

Corollary 6.5 If we choose A < Cy 22Cog(h)/ ‘/Ehmat the approximation error for regu-
larized interpolation is for all sets X C Q with fill distance h < hg bounded by

1 = sx x5 (F) Ly < 3¢SV £y

This shows that we can improve the condition number of the system (20) at least to the
value of A = C 2,2Clog(h)/Vhp2lel jngtead of e=¢/9° for the Gaussian kernel [16] and still
get good approximation orders. We point out that we get rid of the separation distance

L
¢=aqx =5 min flz; -2,

which can spoil the condition number in case of badly distributed points.

7 Application to Support Vector Machines

In many kernel-based machine learning algorithms, such as support vector machines, in-
finitely smooth kernels are quite popular. The most important examples are Gaussians and
infinite dor product kernels [4]. Since dot product kernels have been treated in the more gen-
eral context of power series kernels [19], we restrict ourselves to the native spaces of Gaus-
sian kernels but the results can be easily carried over to other spaces of infinitely smooth
function. We consider examplarily the following optimization problem, the so called v-
support vector regression (SVR) [12], in Hilbert space formulation. The function

V() = Ja, + ev

is related to Vapnik’s e-intensive loss function [13]

0 if || <e
|z], =

|x| —e if |z] > €,

but has an additional term with a positive parameter . The associated optimization problem
v-SVR takes the form

N
. 1 1
fG%;I%Q) N E |f (z5) —ysl, +ev + 20 HinfK(Q) (22)
EE]RSr g=1

with positive parameters C' and v. We point out that we use a slightly different notation in
this section, which comes from the machine learning literature. In particular, the character
C denotes a problem parameter rather than a (generic) constant. The solution of the regres-
sion problem (22) can be computed by solving a finite dimensional optimization problem
(see [12] for details).
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7.1 Exact Data

In the case of exact data given data y € R”, generated by a function f € N (€2) from the
native space of a kernel K, that is,

flzj)=y; forj=1,...,N, (23)
a solution (f*, €*) of the ¥-SVR (22) exists and satisfies the estimates [8]
1 e < Iflivge and
* N *
17 1x = llewy < 5alflRu@ — € @y =1). (24)

As in the previous section, we restrict ourselves to the case of Gaussian kernels and write
again abbreviately N := Ng. Applying Theorem 4.5 to the error function yields with
estimates (24) the following bound.

Theorem 7.1 Let ) be a compact cube with side length 0 < 2R < oo. Then, for all
1 < q < o0, there are constants a,b > 0 such that for all training sets X C ) with fill
distance h < hg a solution (f*, €*) of the optimization problem (22) satisfies

* a N *
1 = £z < 2507 £l ) + %eb/hl\f\li/(m + (1= Nv)ere?/m.
The constants a and b depend only on d, R and q, but not on f, N or h.

As in the case of smoothed interpolation, the error bound suggests some parameter choices.

Corollary 7.2 Under the assumptions of Theorem 7.1 we can choose the problem parame-

ters as
N <b —alog(h) 1

to obtain

1 = £y < 3¢5 flprey - (25)
Following [12], choosing the parameter » > 1 ensures a non-trivial solution f*. Since the
error analysis for trivial solutions f* is not very interesting, this seems to be a reasonable
assumption.
For learning on general domains satisfying an interior cone condition we can proceed sim-
ilarly applying Theorem 3.5 to the error function.

Theorem 7.3 Suppose Q@ C R is bounded with a Lipschitz boundary, and satisfies an
interior cone condition with a maximum radius R and angle ¢. Let (f*,€*) be a solution
of (22). Then the approximation error can be bounded by

* o CyN i
If = f* @ < et g(h)/\/ﬁ”f”]\/'(ﬂ) + 220 Hf||/2\/(9) — Cy(Nv —1)e* .

Here the constant A depends only on ¢, and R, but not on d, N, h, «, q or f. The constant
Cy comes from Corollary 3.4. If we choose the parameters as

CQNefAlog
2

>7
12
- 7‘77

WV Fllaey  and

we get the estimate

1f = F¥lloy) < 3180V [l (26)
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7.2 Inexact Data

We now consider the case of inexact given data, i.e., the data y generated by a (unknown)
function f € N () is given by

f(xj):yj—i—rj forj=1,...,N, andeN(Q), 27
where r = (r1,...,7x) describes some additive error with error level ¢ satisfying

||7"Heoo(x) <0< HfHN(Q) :

Our error analysis is purely deterministic, i.e., there are no assumptions concerning the
error distribution. Again we have to bound both the native space norm and the discrete
norm. Following [8] we have for a solution (f*, €*) and any € > 0,

N
. 2C
1 v < WZ!rj\eHCveHUH%(Q) and
j=1
N N
1 =yl x) < Z!rj\e+vN6—6*-(NV—1)+@HfH%(m-
j=1

We shall restrict ourselves to the case of general Lipschitz domains, but similar results can
be obtained on cubes using the appropriate sampling inequalities from Section 4. Theorem
3.5 immediately yields the following error bound.

Theorem 7.4 Suppose Q0 C R? is bounded with Lipschitz boundary, and satisfies an inte-
rior cone condition with a maximum radius R and angle ¢. Then, for all 1 < q < oo, there
are constants D and hg > 0 such that for all sets X C 2 with fill distance h < hy, for all
e > 0andall f € N(Q) a solution (f*,€*) of (22) satisfies under the assumption (27),

N
X 2C
Hf_ ¥ ||Lq(Q) < 6D10g(h)/\/E ||f||N(Q) + Nz;|7'j|e+20V€+ Hf||/2\[(Q) +
j:
+ f:m b UNe— e (Nv—1) + 2211112
2 P jle €—¢ 20 N(Q)

Here, the constant Co comes from Theorem 3.5, D depends only on the parameters of the
cone condition, and hgy depends on ¢, R, d and q, but not on h, f, d or N. If we choose

N||f||/2\/(9) _s L i
25 ) 6_ ) - )

then for sufficiently small h, any solution (f*, €*) satisfies

C =

15 = £ llage) < (14 V2) 25OV ) + 200 e8)

Note that bounds like (28) allow excellent bounds on the number of training samples re-
quired in the worst possible case to get required prediction quality.
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A Embedding Constants

Theorem A.1 For the Gaussian G(z) = ¢~ I#12 we have for all f € Ng (R?) and all
keN

k
5 (8c? 2k
gy < (G2 +1)* (35 4 2) K g

Proof: By the definition of the spaces in Section 5 it suffices to check for the choice F'(k) =
k

(% + 2) % if the inequality

(147" < B(k)%ei
holds for all 7 > 0. Here we substituted r = ||||. We split our analysis into two parts. For
r < 1 we see that (1 +7)¥ < 2% and e3Z > 1, hence E(k)? = 2* will work in this case.

For 7 > 1 things are more complicated. First we make the observation (1 + r)¥ < 2krF, If
we change variables r — 4¢?r it remains to check

2k (4c?r)k = (8*)krk < E(k)%e" & kln (8¢*) + klnr <7+ E(k)?.
We shall look at the funktion
fi(l,00) =Ry, re—r+InE(k)®—Ink(8c*) —klnr

and compute a minimum of this function. Easy calculation yields

Since f’ (r) = 0 implies » = k we see that the global minimum is attained for ry,;, = k,
with f(rmin) = f(k) = k +In E(k)* — k(In (8¢?) + Ink). This shows that

E(k)? = <862)kkk

e

will be sufficient.
(1+7)* < E(k)%ei  forall r € [0,00) .

a

Theorem A.2 For the inverse multiquadrics Ky (z) = (¢® + H:I:H%)_’g with 3 > 4, we

have for all f € Ny (R?) and all k € N

2k 1/2
I lhageey < mox 22,582} a0

where the constants C,Co > 0, depending only on (3, c and d, are defined in the proof.

22



Proof: The Fourier transform of the inverse multiquadrics is given by [16, Theorem 6.13]

- 514 G-df2
Rirto) = 2 (M2) 7 Kaaa ol

where K, denotes the modified Bessel function of third kind. As in the case of Gaussians
it suffices to check for this choice for E(k) if the inequality

(1402 < E(k)zgl(_ﬁﬁ) ((T)ﬂdﬂ Kaja-s (cr)> -1

Cc

holds for all » > 0. Again we split our analysis into two parts: r € [0, 1] and 7 > 1. In the
case r € [0, 1] we use that

g:[0,00) =R | r—

21-8 <r)ﬁ*d/2 Kd/2—ﬂ (cr)

I'(8)
is a positive and continuous mapping since the singularity of the Bessel function at 0 is of
order 8 — g [14]. Further, the function g is nonincreasing for » > 0 [16, Cor. 5.12], so the
function % is nondecreasing, hence the minimum of % is reached for » = (. This minimum
is given by

C

2B—d 2d/2 . P(ﬂ)
I'(8—d/2)
Since (1 4 2)* < 2% for r € [0, 1] we can conclude that F(k)? = %1 is sufficient in the

first case.
For » > 1 we use the inequality [16, Lemma 5.13]

B—d/2 -1 _ /22
<<r) Ks-da/2 (cr)> 2 ARV (27r)_1/2e‘””e—<ﬁ el
c

Ch =

Since r > 1 and 3 > % easy calculations yield the bounds

2cr

_(4/2-p)2 _(d/2-p)2
e > e 2¢ and

B
et s gre o8 2 <2€;> e/

If we use (1 + r2)* < 2Fr2¢ we have to determine £(k) such that for all » > 1
In(2)
2

-~ T A _ (B-d/2)?
where C = 21(_@ <§;> A5 (2m) V2 e el
We find f'(r) = —% + 5 and () = i—’; This gives rp,in = 4k/c and

flr) :zlnC~'—|—lnE(k‘)2+%—2k( +Inr)>0,

(
f(rmin) =InC +1In E(k)? 4 2k — 2k(In(2)/2 4 In(k) + 1n(4/c)) .

Thus, for E (k)* > eCoke—2k (%)% k%" the function f is positive. This yields that the
constant F(k)? = max {%—i, C§k2k} with Cy = 16 (e‘c + 1) (ce)™? will ensure the
claim.
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