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Stability of invariant manifolds in one and two dimensions

G. Bellettini* A. De Masif N. Dirrt E. Presutti®¥

Abstract

We consider the gradient flow associated with a non local free energy functional and
extend to such a case results obtained for the Allen-Cahn equation on “slow motions
on invariant manifolds”. The manifolds in question are time-invariant one-dimensional
curves in a L? space which connect the two ground states (interpreted as the pure phases
of the system) to the first excited state (interpreted as a diffuse interface). Local and
structural stability of the manifolds are proved and applications to the characterization
of optimal tunnelling are discussed.

AMS (MOS) subject classification: 82C05

1 Introduction

In this paper we consider the evolution equation for u(x,t), |z| < L/2,t >0

up = fr(u) (1.1)
with u; the t-derivative of v and the “velocity field” fr(u) given by
1
fr(u) = J"" sy — 3 arctanh(u), (3>1 (1.2)

* denotes convolution and
Jneum(x7 y) = J(LU, y) + J(%, RL(@/)) + J(LU, R*L(y))

Ri(y) =%+(5-y), R_r(y) = —%—(y— %)), namely Ry (y) are the reflections of y around

+L. We suppose that J is a smooth, symmetric, translational invariant probability kernel
supported in |y — x| < 1 and that J'(0,z) <0 for z € (0,1).
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Later in the paper, see Section 7, we will extend the result to d = 2.

We are here mainly interested in the analysis of the stationary points of (1.1) and, more
generally, in its invariant sets (manifolds). m is stationary if it solves the “non local mean
field equation”

m = tanh{BJ""™ x m} (1.3)

As we will see some of the motivations of our work are related to the fact that (1.1) is the

oF
gradient flow equation u; = — ;(u) of the “free energy” functional
u
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The terminology comes from statistical mechanics where Fy(m) is the large deviations rate
function as v — 0 of an Ising system with Kac potential J, which is obtained from J by a
rescaling by ~; m represents a magnetization density profile and Fy(m) its free energy; in
(1.2) B =1/(kT) with T the absolute temperature and %k the Boltzmann constant. We will
not pursue here the connection with the Ising model and take Fy(m) and (1.1) as primitive
notions of a theory which lives at a mesoscopic level intermediate between microscopics
(statistical mechanics) and macroscopics (thermodynamics and continuum theory).

Notice that the stationary points of (1.1) are at the same time the critical points of Ff,(m)
so that the analysis of stationarity and of variational problems for Ff, are intimately related.
Indeed the minimizers of Fy,(m) are the two functions m*)(z) = +mg, with mg > 0 solving
the mean field equation

mg = tanh{fmg}, (8>1) (1.5)

m®) are in fact spatially homogeneous solutions of (1.3) and Fr(m(*¥) = 0. Fr(m) > 0
for any other m as it follows from (1.4) recalling that J is a smooth probability kernel. The
choice § > 1 is responsible for the non uniqueness of minimizers, which, in the mesoscopic
theory, means that there is a phase transition. Each minimizer is in fact interpreted as a
“pure phase” and our model has a plus phase, m(™), and a minus phase, m(=). At 3 < 1
instead the minimizer is unique and given by m© = 0; m©® remains a critical point also
at @ > 1, but it is no longer a minimizer (or a pure phase). If L is large enough there are
also space dependent critical points, in particular m, which is an antisymmetric increasing
solution of (1.3) the existence and properties of which have been studied in [4, 7, 8, 11].
There are several seemingly different reasons to study my that we outline below.



e Energy. For L large enough my, is the first excited state of Fr: in [2] it is proved that
there is € > 0 so that

if m = tanh{3J *+ m} and Fi(m) < Fp(fz) 4 € then m € {m™), m{™) mr}. (1.6)

e Finite volume interfaces. There is a stationary solution m(x) of (1.1) in the whole of R,
ie.

m(z) = tanh{B(J * m)(x)}, z € R, (1.7)

li 7 = +tmg.

g, (@) = Fmg

Thus m (called instanton) interpolates between the two equilibria states mE) at +oo and it
has the interpretation of the interface at phase coexistence. In [4], [11] it has been proved
that

lim sup |m(z)—mp(x)| =0 (1.8)
L—=%o0 |3)<1/2

Thus my, has the meaning of the interface at finite volumes.
e The Wulff problem. According to thermodynamics, the minimizers of the free energy are the
equilibrium states. If the total magnetization is a conserved quantity, then equilibrium at 0
magnetization is described by minimizing Fy,(m) with the constraint [ m = 0, Wulff problem.
In [20] it is proved that for L large enough the infimum of Fj with the 0 magnetization
constraint is attained at a unique point, Mmy.
e Tunnelling. While the instanton m and its finite volume version my, describe the “optimal”
spatial pattern to connect m(*), my is also the saddle point of optimal orbits connecting m(F)
in time, as proved in [1].

In this paper we will investigate the latter issue establishing first the existence of a dynamical
connection between 7, and m®). We will prove that there are two one-dimensional, invariant
manifolds, Wx = {v™®)(,s) : |z| < L/2, s € R}, such that, denoting by S;(m) the semigroup
generated by (1.1), see Section 2 for a precise definition,

lim (o) (- 5) = gflo =0, lim [0 (, ) = m®]l =0 (L9)
t——o0 t—o00
and moreover, for any ¢ > 0 and any s € R,
Sy (v (-, 5) = v (-t + s). (1.10)

The existence of such manifolds has been much studied in the context of the Allen-Cahn
equation u; = Uy, +u — u3, starting from the works of [17] and [6]. It has also been studied,
[4]-[2], for the non local “Glauber” evolution equation

up = —u + tanh {BJ""™ % u} (1.11)

which is similar to (1.1) and with the same critical points. But unfortunately the orbits of
(1.11) and (1.1) do not coincide: therefore a new analysis is needed, and this is what we



carry out in the present paper. Our main motivation for doing it is related to the tunnelling
problems mentioned above. A characterization of the optimal orbit connecting m®) requires
a proof of existence of the two manifolds v*) and its local stability, we refer to [1] for a
discussion on this point. We also mention that the question appears also in tunnelling in
d = 2 dimensions. Indeed a key estimate in the proof in [3] (namely that any optimizing
orbit from m(~) to m™*) in d = 2 dimensions is planar and follows first v(~) with time reversed
and then v(+)) is based on the analysis we carry out here. The present paper deals only with
the d = 1 case, but the extension to d = 2 is immediate using the spectral analysis in [3], and
is discussed in Section 7.

2 Definitions and results

2.1 Existence of dynamics

The velocity field fr(m) is Lipschitz when restricted to sets of the form {|m|. < b},
b < 1. Then, by classical arguments, the Cauchy problem for (1.1) with initial datum
m € L>([-L/2,L/2],(—1,1)) has a unique, local [in time| solution, denoted by Si(m). See
Appendix A for details on this and the other statements in the present section.

To derive global existence we use a priori bounds, namely that if ||m|/s < 1, then there is
b < 1 such that for all ¢, ||S¢(m)]|x < b, a statement which follows from the comparison
theorem. Recall that a smooth function v(z,t) is a sub-solution (respectively super-solution)
of (L.1) if

v < fr(v) (respectively v, > fr(v)). (2.1)

Proposition 2.1. Let m € L>*(|-L/2,L/2],(—1,1)). If v is a sub-solution (respectively
super-solution) of (1.1) and v(-,0) < m (respectively v(-,0) > m) then

v(-,t) < Si(m) (respectively v(-,t) > Si(m)) (2.2)

In this way we will prove that Sy(m) is well defined for all m € L*°([-L/2,L/2],(—1,1)) and
all t > 0. Moreover

Proposition 2.2. If m and m are both in L*>°([-L/2,L/2],(—1,1)), then for anyt >0

1Se(m) — Si(11) |0 < €"[lm — 1l (2.3)

By continuity S; extends to L>([—L/2,L/2],[—1,1]).

Proposition 2.3. Let ||m|o < 1. For any t > 0, ||Si(m)|e < 1, Si(m) solves (1.1) for
t >0, and Sy(m) — m in L™= ast — 0.



Using sub and super solutions, existence, uniqueness and regularity theorems extend to the
case of a bounded, smooth external force as considered in Section 5, see (5.1).

2.2 Instantons manifold and the finite volume instanton

In [13],[14] it is proved that there exists a solution m of (1.7), called instanton, which is a
C®°, strictly increasing, antisymmetric function. Moreover, with o > 0 such that

B(1 — m%)/J(O,z)eaz =1, (2.4)
there are a > 0, ag > «, and ¢ > 0 so that, for all x > 0,
|m(z) — (mg — ae™*")| + |m/ () — aae™ | + |m" (z) + a’ae™ | < ce™ 7, (2.5)

where m’ and m/” are respectively the first and second derivatives of m.
Given any £ € R we denote by

me(x) = m(x — &), reR

the instanton with center { and {m¢ : £ € R} the instantons manifold. Any solution of
(1.7) which is definitively strictly negative (respectively positive) as  — —oo (respectively
as r — 00) is an element of the instantons manifold.

In [4, 7, 8, 11] it has been proved that a finite volume analogue of the instanton does exist.
If L is large enough there is in fact a C'°° solution iy of (1.3), called the finite volume
instanton, which is antisymmetric and strictly increasing; morevover mj converges to m as
L — oo in the sense of (1.8). For finite L however there is no analogue of the instantons
manifold, but we will prove that there are invariant manifolds starting from mj; where the
motion is “extremely slow” as L becomes large. Uniqueness of finite volume instantons is
proved (in the above quoted references) in the following sense. Given € > 0 and r € (0, 1) let

Bepi=1m e L®(~L/2,L/2],(~1,1)) : inf |m — melcplloo < € 2.6
= {m e L¥(-L/2,L/2, (1 1)+ inf el <6} (26)

Then for any r € (0,1) and € > 0 small enough, there is L, , such that 7y, is the only solution
of (1.3) in B, for any L > L.

2.3 Spectral properties of linearized operators

The content of this section is based on the papers [7, 8, 10], in Appendix B we fill in the
missing details.
Let m € L>®([-L/2,L/2],(—1,1)) and define

Quu = —u+ ppJ *u, pm(z) = B [1—m(z)?] (2.7)

If m is a stationary solution of (1.11) then £2,, is obtained by linearizing (1.11) around m.
O, is self-adjoint in L2([—L/2, L/2],p;,ldx). We will denote by (-,-), || - |l2 and || - ||oc the



scalar product, the L? and the L> norm in L?([—~L/2, L /2], dz) and add a subscript p,, when
the scalar product is with weight p;,!.

In [7, 8, 10] it is proved that there are positive constants ¢4, w and €(L) so that for any L
large enough if ||m — mp||e < €(L), then €, has a maximal eigenvalue A (dependence on m
is not made explicit)

t_e b < N < el (2.8)

with eigenfunction e smooth and strictly positive. To the left of A the spectrum (regarding
Q. as an operator on L?([~L/2,L/2],p,}dx)) has a gap, namely

(U, Q) p,, < —w(u, u)p,,, (u,e)p,, =0 (2.9)

The semigroup e>* has a spectral gap also in L, in fact it has been proved in [7, 8, 10]
that there are positive constants )\, w’ and ¢ so that

€2l < oo, e 0 < e Yulo, (sl =0 (210)

We prove in Appendix B that the L? analysis extends to the operator £, = p;'€2,,, explicitly

1
Lpu = —p—u—l—Jneum*u (2.11)
m

L, is obtained by linearizing (1.1) around m. Referring to Appendix B for details of the
proof which is based on the previous analysis on 2,,,, we have

Theorem 2.4. There are positive constants cy, w and given any § > 0 there exists (L, 0)
so that for L large enough if |m — |2 < €(L,68) and ||m|s < 1 — & then the L? norm of
the operator Ly, is bounded by 1 + 3~ 'arctanh” ((1 4+ mg)/2) and:

(i) Ly, has a positive eigenvalue Ay,
c_e”b < )\, < cpe b (2.12)
with eigenfunction e,, which is smooth and strictly positive;
(i)
(u, Lpu) < —w(u,u),  we L*([-L/2,L/2;[-1,1]), (u,en)=0 (2.13)

dem(s) _ Oen dm(s)

ds ls=0 om ds ls=
curve m(s), m(0) = m. Then there is ¢; > 0 so that

de
(iii) let 6—m be the linear operator such that o for any smooth
m

dem
||m||2 sa (2.14)

Notice that for L large enough, A,, —w < 0 and there is a constant ¢ so that

1L ulla < e, (uyem) =0 (2.15)



2.4 Invariant manifolds: existence
The first of the two main results in this paper is the following theorem which extends to the

present case results proved in [4] for the evolution (1.11).

Theorem 2.5. There is Ly > 0 so that the following holds. For any L > Lg, there are two
distinct one-dimensional manifolds

Wy = {vi(x,s) t|lz| < L/2,s € R},
for which (1.9)—(1.10) hold.

The proof is reported in Section 4.

2.5 Invariant manifolds: stability

There is a L? neighborhood of W, which is attracted by m(*) (for W_ the analogous state-
ments hold). As discussed in the beginning of Section 5 the statement is almost evident due
to the continuity of S; and the stability of m(t). Less trivial is the property that for any
€ > 0 there is § > 0 so that if [lm —riz[|2 < 6 and lim |[Sy(m) — m™)||y = 0, then

inf [Sy(m) — v (s)la <e  VE>0. (2.16)

A stronger statement is actually proved in Theorems 5.5-5.8 (the other main results in this
paper) where also sufficiently small external forces are added to (1.1). In Section 6 we prove
that the initial condition can be controlled in terms of the energy, as we will prove a lower
bound for Fr(m) — Fr(mz), m € ¥ = {u : limy_, ||Se(u) — arl]2 = 0}, proportional to
lm — 7 ||3. The result is needed in the applications to tunnelling.

2.6 Tunnelling.
Let
U m ), m ) = {u e C=((~1/2,1/2) x (0,7);(~1,1)) :

lim u(-,t) = m), lim u(-,t) = m<+>}. (2.17)

t—0t+ t—T1—

the set of tunnelling events in a time 7;

T L
L) = i/o /_L Kz, dvdt, K —u— fo(u) (2.18)

the “cost” of an orbit v and

Py i) = inf v Ti?—f>,m<+>] I (u) (2.19)

the tunnelling penalty. Then in [1] it is proved that



Theorem 2.6. For any L large enough,

Py oy = Fr(mr) (2.20)

The proof of Theorem 2.6 in [1] shows that any minimizing sequence in (2.19) passes arbi-
trarily close to my. The validity of Theorem 2.6 extends to d = 2 dimensions for the model
defined in the square Qr, = [~L/2,L/2]?. In [3] it is proved that the penalty Br) iy 18
again given by the d = 1 energy Fp () multiplied by the factor 2L. Indeed the function
m§ on 1, which only depends on the z-coordinate and as a function of x is equal to my,
is stationary and again any minimizing sequence passes arbitrarily close to 7§ . In [3] using
our Theorems 5.5-5.8 (whose validity extends to d = 2, as briefly discussed in Section 7), it
is shown that any minimizing sequence is an orbit which follows backward in time v(5) from
m(~) to m$ and then forward in time v(*) from 7m$ to m(*) (the analogous statement holds
ind=1 as well).

While Theorem 2.6 answers the first question about tunnelling, namely the minimal cost for
the tunnelling to occur, the above result specifies also the way the tunnelling occurs. While
it is well established that a minimizing sequence can be obtained by following the reversed
flow on the invariant manifolds, see [15], our statements in Theorems 5.5-5.8 completes the
picture by saying that “this is in fact the only possible way”, as any other pattern would lead
to a larger penalty.

3 Approximants of the invariant manifolds

In this section we study manifolds which approximate the invariant manifolds W4 of Theorem
2.4. In agreement with Section 2.2 we denote by my, the finite volume instanton and write A
and é for the maximal eigenvalue and corresponding eigenfunction of

L= Ly, ,

recalling from Theorem 2.4 that A>0and é:= €, 1s strictly positive and smooth, and we
normalize é so that (¢,é) = 1. Finally we denote by & the L? spectral gap of £ and by w the
spectral gap of £,, when m is in a suitable neighborhood of My, see (2.13). Recall that the
remaining part of the spectrum is strictly negative.

The proof of Theorem 2.5 is based on constructing portions of the invariant manifolds W in
a small neighborhood of m and then prove that such manifolds can be continued reaching
respectively m(*) and m(~). By the symmetry under change of sign it suffices to consider
the former case to which we restrict in the sequel. The proof is in spirit close to the one in
[4] relative to the evolution u; = —u + tanh{BJ""™ x u}, but the absence in our case of a
L spectral gap for the linearized evolution around iy complicates the proofs.

In a small neighborhood of /v, the manifold W, is to a linear order approximation given by

M, = {va = 1 + aé} (3.1)

8



(we will only consider small positive values of a). However if non linear effects are taken into
account,

Ve (t) = St(vq) (3.2)

leaves M as soon as t is positive, while, on the contrary, the solution of the linearized
evolution around my, is v 5, € My (for t not too large). We will prove that in a suitably
small neighborhood of my, the orbits v,(-) are close to M, and to the linearized evolution
on My converging, as a — 0 to a limit manifold which in the end will be identified with W, .
We thus have two natural ways to parameterize points in a small neighborhood of M, by
using orthogonal projections either onto M or onto v,(-).

Definition 3.1. The a-coordinate of m is
a(m) = <m i, é>. (3.3)
We denote by a(t;b) the a-coordinate of vy(t), so that we can write

up(t) = Vo) + ¥ (50),  (b(E:b),€) = 0. (3-4)

Given b > 0, the t-coordinate of m relative to the orbit {vy(-)} is a non negative number Ty,
such that

<m — Up(Tmzp), evb(Tm;b)> =0 (3.5)

We will prove later that the ¢-coordinate relative to the orbit {v(-)}, b > 0, is well defined
provided m is sufficiently close to M4 and b is sufficiently smaller than the a-coordinate of
m (see Proposition 3.4 (ii)). We will also establish relations between a and t-coordinates.
We start with some a-priori estimates on the orbit Sy(1z + ug). We suppose ug a small,
smooth function and study the orbit up to times ¢ which grow proportionally to |log(||ugl|2)]|-
We linearize around my, and control the non linear terms using smallness and smoothness of
the initial datum. We prove that the orbit follows M with orthogonal deviations which are
much smaller than the displacement along M .

Lemma 3.1. There exists a constant ¢y > 0 so that the following holds. Letug € C'([-L/2, L/2])
be such that

2/3 A 1+m
luolly™ < 50 Tluolloe < =52 (3.6)
o
Define
1 A
0 =0yy = 7% IOg (/72/3) > 0, (37)
A colluolly

u(t) := S¢(myp + ug) — M.



Then

A Cl Q 5/3
Hu(t) - eﬁtuOHZ <2 (e”nuoug) vt € [0, 0], (3.8)
[u(t)]ly < 2eM|uoll2 vt € [0, 0]. (3.9)

Proof. We will prove the lemma with ¢ = 26CCy, C' = Cy—g as in (C.14), Cy = (23) 'arctanh” (z),
= (mg+1)/2, see (C.16).
Since Sy(myr) = my and fr(mr) = 0 we have

U = Lu + [fL(mL +u) — fro(mg) — ﬁu} (3.10)
which implies
. ¢ X
u = e lug +/ ds e“(t=9) [fL(mL +u) — fr(mg) — [,u} (3.11)
0
Then by (C.16), (C.14), recalling that A is the maximal eigenvalue of L, and using Jensen’s
inequality (with respect to the measure af\_#)
. 2 to. .
Hu(t) - e%OHQ < 002/ M9 ()23 ds. (3.12)
0

We prove (3.8) by contradiction. We suppose, without loss of generality, that ||ug|l2 > 0. Let
T < o be the first time when the inequality (3.8) becomes an equality. Note that for any s
such that (3.8) holds

/

3 c % 5/3
fu(e)lls < ol + 2 (> uolls) (313)
Define R
pu 1= [ o o

We use (3.13) in (3.12) with t =T. We estimate the integral on the right hand side of (3.12)
as follows

T ) ;o 5/3710/3
NT—s) | As S (s
J A T G N R
T ) f ;11073
< / eAT—5)+(10/3)As HUOH;O/S [14_670%} ds (3.14)
= ) 3

/ 10/3 . T R 6 . 10/3
< <1 n C[);cr) HU()HéO/S@)\T/ e%)\sds < — (CATHUO”Q)
0

10



In the last inequality we have used that ¢{p, < A, which follows from (3.6). Observing that
/
(2002%)1/2 < %0 for L sufficiently large (see (2.12)), from (3.14) and (3.12) we get
£T < (AT 5/3
HU(T) —e u0H2 <2 (e Hu0||2) (3.15)

We have thus reached a contradiction and (3.8) is proved.
By (3.8) and (3.13) it follows that

C/ N ~
lu®lls < (1+;0po) Mol < 26M gz (3.16)

for all ¢t < o, and (3.9) is proved. O

In the next lemmas we study the orbits S;(1vy, + bé) = vp(t) with b > 0 small, first for short
times and then, by an iterative procedure, for longer times.

Lemma 3.2. Let ¢ be as in Lemma 3.1, and define

1 A A\3/2
1—mg
Let ¢y € (O, PIENS ) Then
€0 ( Atp\5/3
[|vs(t) — ve;th2 < ;(e b) Vb € (0,e0), Vte 0,0 (3.18)
Moreover
/ N . N / N .
(£ b) |2 < %(&%)5/5, la(t; b) — eMb| < %(&%)5“ vt € [0, o). (3.19)

Proof. We have |lvp — 1|00 < [|€]ocd < (1 —mg)/2. Then (3.18) follows from Lemma 3.1
observing that

eLthe = eMbe.

. A
By (3.4) we have (5 )13 = inf oy (1) — vl < lun(t) — 0,513 < {2[MBPP*)?, where the
last inequality follows from (3.18). Then the first inequality in (3.19) follows. We write
vp(t) = Vs, + b ¢ 1= vp(t) — v s
so that a(t;b) = eMh + (¢, €) and the second inequality in (3.19) then follows from (3.18).

O

11



1 _ ~
, 4”Aﬁnﬁ>. There exists €1 € (O,min(eo, %)) so that the following
é|loo 0

holds. If at time t* > 0 equality (3.4) holds with b € (0,€1) and

Lemma 3.3. Let ¢ € (O

4c! .
a(t*;b) < e, wwwmsé%wwm, (3.20)

then (3.4) holds at time t* + 04+ and

/

[ (" + T (e+p); D)2 < j\oa(t + Oa(ee); D)3 (3.21)

Proof. Set for simplicity a. := a(t*;b). We observe that from (3.4), (3.1) and (2.13),
e (up(t*) —ing) — eMasells < e [l(t*;b)ll2, 520

Then (3.8) and (3.18) imply that for s € (0, 04,],

[06(t" + 8) = V500 [l2 = [[Ss(vp(t7)) = 1ier, — X ase]2
< Jluls) — €5 (up(t7) = mhap)lla + [|€* (vp(t*) — ip) — eXané]
—ws * 06 s * 5/3
< e+ 2 (e + o) b))
- 4c! . AN 4c! .
< e_‘”s@ai/d + CTO (eks[a* + @ai/d])wg
/ “ . R “ 4 / .
< %O(eksa*)f)/5 (46*“’36*%“ + 1+ %ef/ 5%/ 3) (3.22)

Recalling the choice of a, the definition (3.17) of o,, and by taking €; > 0 sufficiently small,
from (3.22) we get

/
* C 1 -
||Ub (t + Ga*) - Ueﬁaa* Qs ||2 S 5\0 (e/\oa* a*)S/d- (323)

[\J

From the second inequality in (3.19) we get that
5
3

A 4o
la(t* + 04,;b) — e v a,] < jo(e)‘”“* ax)®.

Recalling again the definition of o, , for €; small enough, we get

R / j\ i R
a(t* + 04,;0) > Mg, (1 - %(%61/5)2/?)) > Max g, 273/0
Thus
e an g, < a(t* + o4, ;b)2%/° (3.24)

12



Then from (3.23) and (3.24) we get
. s . o .
Hvb(t* + Ua*) — U Soayg ||2 < 230{6/\0‘1* a*}5/3 < 4§0a(t* + O_a*;b)5/3

Since ||Y(t* 4 04,;b)]|2 = in?R lop(t* + 0a,) — var|l2, (3.21) follows.
a’'e
Remark 3.4. Note that the constant % in conclusion (3.21) is the same as in (3.20).

We set
I£]| the (L?) norm of £,
¢y is as in Lemma 3.1,
C defined as in (C.16), with a replaced by 1 — o, ¢ > 0 small enough,
C = Ci—g as in (C.14), where m is of the form my + bé,
Co 1= Hﬁ”% +20,C,
¢1 the constant appearing in (2.14), for m of the form my + bé,
€1 as in Lemma 3.3 and also such that

« 4cf, + ¢ 1
4\ 6}/3 <1, CO;_ @ ef/?’ <7 (3.25)

T'(e1;b) the time for which a(T'(e1;b);b) = €1, for a given b € (0, ¢€1).

In the next proposition we prove that if b is small enough then (3.21) holds for all times ¢ €
(0,T(e1;b)), the function a(;d) is strictly positive and increasing and fr, (vy(t)) is essentially
parallel to é.
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Proposition 3.2. There exists €2 € (0, €1] so that for all b € (0,€e2) and all t € (0,T(e1;b)):
(3.26)

4cf
() — Ua(t;b)||2 < TOG(E b)5/37

t — a(t;b) is strictly positive, differentiable and strictly increasing with respect to t,
(3.27)

1920 5 )] < a0,

dt
and
£ (vp(t)) — Nalt; b) élla < & alt; b)*® (3.28)
[(fr (vp(t)) €0y 1)) — Aalt; b)| < 282a(t; b)>? (3.29)
A | fr(vp(2))]]2
[(fr(vp(1)), eny0))] = 5 altib) = (f (3.30)
Finally for all t1 < ta < T'(e1;b) we have
pliz—t) -2 alat)?/?) ¢ W230) (o —t1)(z aleain)?/?) (3.31)
a(ti;b)
(3.32)

o /
[vn(t2) — vo(t1)ll2 < alt2;b) (1 — e~ (bmt) e “(tz‘b)z/s)) + 2%61@2; b)>/3

Proof. We fix b € (0,e2) with ez € (0,€1) small enough. We shorthand a = a(t;b) with
t < T(e1;b). Inequality (3.26) follows by an iterative procedure using Lemmas 3.2 and 3.3.

Let us prove (3.28). Recalling the definition of R(¢) in (C.15) we have
(t) = L(vp(t) = va + va — 10L) + R(1),

fr(w(®) = Lw(t) -
(3.33)

so that
From (3.26) it follows that Hﬁ(vb(t) —vg)|l2 < Hﬁ”%a‘r’ﬂ%. From (C.16) and (C.14), we have

46/ 2/3
5\0 61/ )

|R(t)||2 < CoCllup(t) — mLHS/S- Moreover
5 Acy 5/3
lop(t) —mpll2 < [Jup(t) — vall2 +a < TG +a<a(l+

4c]
Oef/ 3 < 1, collecting together the above estimates we have

Since by (3.25), —
A
s~ ~ 4c! . . ~ .
£ (uvp(t)) — Aaélls < HEH{TOaE’/d} +205,Ca°? < éa®? (3.34)

14



and (3.28) is proved.
(3.35)

We now show (3.27). From (3.28) it follows that
’<fL(Ub( )),é> - S\a(t;b)‘ < &alt; b)5/3

Then (3.27) follows from (3.3) and (3.35), and the fact that a(t;b) is positive because a(0,b) =
b > 0 and a(¢;b) is a continuous function of ¢. Observe that from (3.27) and (3.25) it follows

for all t < T'(ey;b)

that .
da(t; b . C : A

alt:b) > Aa(t;b)| —%ef/d]zaa(t;b)>0,
)

dt
Let us now prove (3.29) and (3.30). By (3.35) and since €3 < €1, and € satisfies (3.25),
A A
[(fr(vs(t)),€)| = Na(t;b) — aa(t; b)°/3 > 3 a(t; b) (3.36)

By (2.14),
R 4cg 5/3
||eva(t;b) - 6”2 S Cla’(t; b)? Hevb(t) - eva(t;b) H2 S C1 Ta(ta b) (337)
We then have
€v, &) — €ll2 < 2c1a(t; ) (3.38)
%26%/3) so that from (3.25) we get
(3.39)

By (3.28) || fL(ve(t)) 2 < Aa(t;b)(1 +
£z (vs(D) ]2 < 2Xa(t; b)

From (3.35), (3.39), (3.38), (3.25) we get
[ (00()). v, ) = Aalt:)] < Balt:0) + [(F(00(8)), evy) — &)
< Ga(t; D)3 42X a(t; b)(2c1a(t; b)) < 262a(t; b)°/?

and (3.29) is proved.
Finally, from (3.29) using (3.25) we get
2¢ t

|<fL (Ub(t))7evb(t)>’ > j‘a(t’b)[l -
and this concludes the proof of (3.30).
It remains to prove (3.31) and (3.32). From (3.27), by using that a(-;b) is increasing, we get
to R to R
a(t1;b) +/ a(s;b)[A — éaa(ta; b)]ds < a(ta; b) < a(ti;b) +/ a(s;b)[\ + éaa(ta; b)|ds
t1

t1

(3.40)

that gives (3.31).
Recalling that vy(t;) = va,p) + ¥ (¢, b) for i = 1,2, from (3.26) we get
[[op(t2) — vp(t1)ll2 < [a(ta, b) — alts, b)] + [[$(t2,0) 12 + (¢ (t1, b) 2
O

By using (3.31) and the monotonicity of a we get (3.32).
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We will next describe functions in terms of their ¢-coordinates relative to orbits vy(-), see
Definition 3.1. To this end it is convenient to give the following definition.

Definition 3.3. We define the function 6(a1;b) as the inverse of t — a(t;b):
a(f(a1;b);b) = o Vay € [b, €] (3.41)

Namely, 0(aq;b) is the time when the orbit vy() has its a-coordinate equal to a;. The notion
is well defined, since by Proposition 3.2, a(-;b) is strictly increasing and a(0;b) = b.

For later applications we establish conditions for the existence of t-coordinates for functions
m not necessarily of the form v,(t) (to which we may restrict in the proof of existence of
Wy ). We will need m close to M.y, the condition will involve the quantity [|m — v,y |2 (see
(3.42) below), a(m) the a-coordinate of m defined in (3.3).

Proposition 3.4. Let e; be as in Lemma 3.3 and €3 € (0,€1) be as in Proposition 3.2. Then
there exists e3 € (0,€2) such that, if we suppose

1
[m = vamyll2 < €3 a(m), a(m) < e, be (0, ia(m)) (3.42)
and define
16 4
S = = m — Vg(m, + —Vqa(m)>/3 3.43
Tatrm, U = taml2 + S2a(m)®} (3.43)
then

(i) O(a(m);b) +S < T(e1;b) and for all t € [A(a(m);b) — S,0(a(m);b) + 5],

%a(m) < a(@(a(m);b) — S;b) < a(t;b) < a(f(a(m);b) +5;b) < 2a(m) (3.44)

(1t) m has a unique t-coordinate T, relative to {vy(-)} in [#(a(m);b) — S, 0(a(m);b) + S|
(i) |[[m—uvp(t)]l2 < 81Hm—va(m)]\2+360%a(m)5/3 for allt € [0(a(m);b)—S,0(a(m); b)+S]

(i)

4c]
[[0p(0(a(m); b)) — vb(Timp)ll2 < 80[Im — vo(m)ll2 + 5767%(7”)5/3 (3.45)
4c] .

[a(m) = a(7mp)| < 80]m = vgm 12 + 80=La(m)*"* (3.46)

4 /

v) If in particular m has the form m = vy, (t*) then we take S = &a m)*? and
! 2
/

Im = (T p) |2 < 360%0 a(m)>/3 (3.47)
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Proof. Set for simplicity 8 = 6(a(m);b). Recall that by (3.25) it follows that

1
@2/ 1 (3.48)

Necessarily T := T'(e1;b) > 60 because a(6;b) = a(0(a(m);b);b) = a(m) < ez < €;. We assume
by contradiction that 7" < 6 + S; then from (3.27) we get

T
e1 = a(T;b) < a(f) —|—/ Aa(t;b)[1 + fe%/‘%] <e+ 2)\615
0

By taking ey small enough the right hand side of the above inequality is less than ¢; which
gives the desired contradiction.
From (3.32), (3.48) for €3 and € small enough we get that

a(0;b) 559 a(f + S;b) 55
— 7 K <2 — 2 <e <2
a@—5p) = =2 a0:0) = s

which implies (3.44).
Let us prove (iii) and (v). For t € [# — S, 6 + S] write

m —vp(t) = [Mm — Vg(m)] + [Vaim) — v6(0)] + [vs(0) — vp(1)]. (3.49)
From (3.26) (recall that v, () = v,(g;)) We get

4cf )
[Va(m) — v6(0)]l2 < 70 a(m)®/3. (3.50)

Recalling the monotonicity of a(-;b), we get
lou(6) = vp(®)l2 < (8 + S:6){ (1 - eSS/ 4 92 S a0+ 023, (3.51)

where the last inequality is a consequence of (3.32) (applied with ¢; =t and to = 6), since

e(trtl)(naza(e;b)?/?ﬁ) < eS(S\JréQa(G;b)Z/S),
and A + é2a(0;0)%/3 < 50 /4 from (3.48).
Hence, from (3.49), (3.50), (3.51) and (3.44) we obtain

4cf .
[m—wv@)l2 < |lm = vamll2 + TO a(m)?/3

+a(0+ 5;0){ (1 - *5A5/4)+2A a(0 + $50)/°}

4¢, . A / ,
< vl 52 alm) + 20(m) {257 + 52 pa(m)/ (3,52

Therefore, recalling the definition (3.43) of S we get

400

lm = wp(t)[l2 < 81[jm = vagm)ll2 + 3 a(m)*?[1 480 +4 - 2%/7]
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Observe that for e small enough the above inequality implies the following inequality that
we are going to use later.

sup ||m —vp(t)|l2 < c1 defined in (2.14) (3.53)

o 0
[t—0]<S 8¢y

64c
ja

Notice that if m has the form m = v,, (t*) then by letting S = (m)?/3 in (3.52), for €,

small enough, we get (3.47).

We now show (ii). For ¢ € [ — 5,0+ 5] we define () := (m —wy(t), €y, ()). We have to show
that & vanishes at only one point of [§ — 5,6 + S].
We compute

de

—f(wp(t)), (3.54)

gl(t) = —(f(u(t)), ew,(t)) + (m — (), S0

J
where 22V is the functional derivative at vp(t). We claim that &'(t) < 0.
v
From (3.29) and (3.48) it follows

(O, eno) 2 daltid)l1 - 227 = 3 Sa(eib), (3.55)
while from (2.14), (3.53), (3.28) and (3.48) we obtain
[ = (0, 52 (0] < erlm = (Ol f @Oz < rg-2hald). (356)
Therefore, from (3.54), (3.55) and (3.56), we deduce
£t < —%Xa(t;b) + ixa(t;b) < —%a(t;b) <0, (3.57)

and the claim is proved. As a consequence, there exist at most one t-coordinate of m in
[0 — S,0 + S]. To conclude the proof of (ii) it remains to show that & changes sign in
[0 —S,0 +S]. We will show that if £(f) > 0 then £(0 + S) < 0, and if {() < O then
&O—S)>0.

We write 1 = [m — g(m)] — [Us(0) — vq(9,5)], Where we recall once more that vg(m) = Va(,p)-
From (3.26) and (3.50) we get

4¢! )
£0)] = [(¥, ey (8))] < M — Va(myll2 + 70 a(m)®/3 (3.58)

Assume that £(0) > 0; from (3.57) and the fact that a(-;b) is increasing, we get

5\ 0+S j\
€0+ <€)~ [ alb)r<e6) - Jam)s (359)
0
The definition (3.43) of S and (3.58) imply
A 4¢ :
Za(m)S = 4lm — vagmll2 + 4% a(m)®/ > 4¢(0). (3.60)
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Inequality (3.60) together with (3.59) imply that £(0+.5) < 0.
If instead £(0) < 0 we have from (3.57) and (3.44)

~

A

) A
€0—8) > £(6) + 2 /” a(t:b)dt > £(0) + %a(@ _ 8)S > £(6) + 2a(m)S

4

The definition (3.43) of S and (3.58) implies that %a(m)S > —2¢(0) that, in turn, implies
£&O—S8)>0.
Thus &(t) must change sign in [ — S, 0+ 5], and the existence of 7, in [0 — .5, 0+ 5] follows.

It remains to prove (iv). From (3.32), (3.48), (3.43) and (3.44) we get

s (0) — vo(Tmp)ll2 < a0+ S)[1 — e2545] + P - (9 +5)3

IN

/
2a(m)25)\g + 24% [2a(m)]*/3

IN

4 /
80[|m — Vg(myll2 + (80 + 64)%@(771)5/3

which gives (3.45).
From (3.27), (3.43) and (3.44) we get

0+S
la(m) — (| < —)\‘/9 alt:D)dt] < )\a(9+5 b)25

4c!
< 80|\m—va<m>|\2+8070a<m>5/3

Thus (3.46) is proved and the proof of the proposition is concluded. ]

Remark 3.5. From (ii) and (iii) of Proposition 3.4 it follows in particular

M — vy (Timp) 2 < 81[m — va(my 12 + 360 3 a(m)>/3. (3.61)

Let us suppose that m, b > 0 and t* > 0 are such that S;(m) satisfies the assumptions of
Proposition 3.4 for any ¢ € [0,¢*], so that the t-coordinate 7g, (), of S¢(m) relative to {vy(-)}
is well defined for all ¢ € [0, t*].
We set

T =T7(t) = T8, (m) b>

£b7T = Evb(T).
Moreover, we denote derivative with respect to t either by a superscript dot or by a suffix t.

Our purpose is to study the evolution of 7(¢) and of u(t) which is the component of Si(m)
orthogonal to e,, (), namely

Se(m) = vp(7(¢)) + u(t), (3.62)
(u(t), ey, (r(1))) =0 (3.63)
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We have
w = fL(Se(m)) = 7f(ve(7)) = (L = 7) fL(vp) + Loru+ R(S(m))
and
R(Sy(m)) := B [arctanh S (m) — arctanh v,(r) — arctanh’(vy(r))u] (3.64)
By differentiating (3.63) and using (3.64) we get

de

0 = <ut,evb>+7"<u»W1:fL(Ub)>

- u—+xﬁ@wx%Mwamm»%g++«L%fﬁww»

so that
- Ufaw).e) + (R(S(m).e0,)
(Fulon) ) = {2 Fu0)

provided the denominator is non zero. In such a case we can also write
T—1 = A(Si(m);b) (3.65)
where the “force field” A(m;b) is defined as

e (x

(R(m),€0,)) + {5858 1 (7))

A(m;b) = (g’e (3.66)
(Felon(r))seun) = (0 505 fulo(r)

where vp(7) = Vb(Timsp), Tmyp the t-coordinate of m. The definition applies only if m has a
t-coordinate and the denominator in (3.66) is non zero.
By taking the scalar product with u of both sides of (3.64) we get

1d
sz = B(Si(m);b) (3.67)

where
B(m;b) = —A(m;b)(u, fr(vp(7))) + (u, Ly u) + (u, R(m)) (3.68)

with same meaning of symbols and same restrictions on m.

The analysis of the system of equations (3.65)(3.67) is based on the following bounds on the
“forces” A(m;b) and B(m;b).

We recall that

€3 is given by Proposition 3.4,

w is a bound for the spectral gap uniform in a neighborhood of 7y, see Theorem 2.4,
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c1 is defined in (2.14),

€, (r)loo» €€ Theorem 2.4,

(5 is defined at the beginning of the proof of Lemma 3.1.

Proposition 3.6. There exists ¢4 € (0,€3) so that if we suppose
[m = Va(m)ll2 < esa(m), a(m) < e, b > 0 small enough
and define u :=m — vp(7), vs(7) = vp(Tmp) (recall Proposition 3.4), then
(i) lhall2 < min { & . sz} where &4 = Jlew, o) lc

(iii) A(m;b) and B(m;b) are well defined and

Calew, (r)lloollull3

A(m;b)| < 23 4deq||ulls + b

A < 2{denlule + RS O )
(iv) If in addition

w

u=u; +ug, [supp(uz)| <, ||U1Hoo§@

then

w
B(m;b) < = [ul3 +8Ca¢

(3.69)

(3.70)

(3.71)

Proof. By taking €4 small enough we get (i) from (3.61). By (2.14) and (3.30), shorthanding

v = wy(7),
e e0) = (RO 2 [(nle) e[ -l B
> [(fu0),e0)|[1 ~ derfull|
and by (i),
(), e0) — o 22 Fu@)] 2 £ [(F (o))

Then (3.69) follows from (C.16) and (3.30).
Let us now show (3.71). By (2.13),

B(m;b) < [A(m; b)(u, f1(0))] — wllull3 + [(u, R)|

21
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and by (3.69) and (3.30) we have
| A(m; b)(w, fL(v))] < e [[ull3 ] f2(v)l2 + 8C2|ull3llev I (3.75)

By (3.28), || fz(v)|l2 < 2)e4 and supposing €4 small enough, 8¢ || f1(v)|l2 < w/10.
By (i), 8Callull2]lev]lsc < w/10 so that

w
[A(m;b)(u, fr ()] < = ullz (3.76)
Finally from (3.70) we get
w
(2, R)] < Colfulfz]lunfloo +8Ca¢ < 1o lullz +8Cs¢ (3.77)

Inserting the estimates (3.76) and (3.77) in (3.74) we get (3.71).

4 Construction of the invariant manifolds

In this section we prove Theorem 2.5 by constructing the invariant manifolds W, as a suitable
limit of the manifolds M.
Given ¢4 as in Proposition 3.6, we fix ag € (0, €4) and such that

Al o
@ag/d <€y (4.1)

(the ratio 4¢) /X appears in Lemma 3.3).
We call 6(ap;b), b € (0,ap), the time when the a-coordinate of v,(t) is equal to ap.

Theorem 4.1. There exists a family of functions v(Y)(s) € L®([~L/2,L/2]; (—mg,mz)),
s <0, such that

lim sup ||vp(A(ao;b) + ') — v ()]s =0 Vs <0. (4.2)
b—0 0>s'>s
Proof. We will prove that {vy(6(ao;b) + s),b € (0,a9)} is a Cauchy sequence for any s < 0,
namely for any ¢ > 0 there is a; € (0,a) so that for any b € (0,a;)
llup(0(ag; b) + 8) — vg, (B(ap;a1) + s)||2 < ¢ (4.3)
By the continuity of S;, (4.2) then follows, where

o) (s) = bli%l-*- vp(f(ao; b) + ),
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(the limit taken in L?).

Step 1. For any s < 0 and 0 > 0 there is a; € (0,ag) so that for any b < a; and any ¢ such
that a(t;a1) < es, the pair m = v,, (t) and v () satisfy the assumptions in Proposition 3.6.

4 /
Since m = vy, (t) and ¢ is such that a(m) < e4, by (3.26) we find [|[m — vg(m)ll2 < %a(m)w‘g.

By the second inequality in (3.27) and since a(m) < €4 < €2, we then have |[m — vg(m)ll2 <

eqa(m).
To verify (3.70) we set us = 0. Since the derivative with respect to x of u = vg, (t) —vp(7(t)) is
bounded, by Lemma C.3 ||ulloc < cHu||§/5. In order to bound ||u||2, we use (3.47) and obtain

e, (8) — 0y (r ()12 < 36;)66 a(ve, ()73, a1 < ea, (4.4)

and the inequality in (3.70) follows, using also (i) of Proposition 3.6.

Step 2. For any s < 0 and § > 0 there is a3 € (0,a¢) so that if we indicate by 6(ag;a1) the
time when a(t;a1) = ag, then the t-coordinate of v, (t) relative to {vy(-)}, denoted by (),
is well defined for ¢ < 6(ap;a1) and

lvy (7(0(a0; a1) + 5)) — va, (0ag; a1) + s))ll2 < 0 (4.5)
By (4.4), |[u(0)]]2 < ca‘;}/g, c a suitable constant. By (3.67) and (3.71),

3 _
dt —

w
a3
so that (4.5) holds with § = ca‘;}/g.

Let us conclude the proof of the theorem. Shorthand m = w4, (#(ap;a1) + s) and m* =
vb<7'(9(ao; a) + s)) Since Sjs/(m) = vq, (0(ao; a1)), a(S)s(m)) = ap. On the other hand
1
Si(m) — Se(m* < el m—m*s, c=1+— max arctanh’(z 4.6
[5um) — Sulm*) 2 < “lm — S actanll(n)  (46)

so that [|S|5(m*) — va, (0(ag; a1))|l2 < e“l®l§ and there is a constant ¢ so that |a (S5 (m*)) —

d A A
ag| < defl®ls. For a in the interval [ag — ¢'el®l§, ag + 'ecl*l], d_jfl > 5@ > 7 o, see (3.27).

A
Letting t* be such that %t* = (/el®l§, there is |t| < t* so that a(S|s+¢(m*)) = ap. Thus,

4
letting ¢’ = —¢, we have
ag

0(ag,b) = 7(0(ap;a1) +s) + |s| +t, [t| < "ells (4.7)
hence, using (3.27) and (4.5) to derive the second inequality below,
lve (a0 b) + 5)) — va, (0ag; ar) + 5))|l2

< lue(7(0(a0; a1) + s) +t) — vp(7(0(ao; a1) + s))]l2
+[vs(7(8(ao; a1) + 5)) — va, (6(a0; a1) + 5)) |2
< 2\apt + 6 < (8C,€C|S‘ +1)0
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which proves (4.3) if § is small enough.

U
We extend the definition of v(*)(t) to all t € R, by setting
v () = S (v™H(0)),  t>o0. (4.8)
Theorem 4.2. The family {v*)(s) : s € R} is time-invariant, i.e.,
Sy (v (s) =P (t+5), seR, t>0, (4.9)
the a-coordinate a(v'H)(t)) of v (t) is increasing and satisfies
y%a(vw (1) - Aa(oD ()] < & (v (1) (4.10)
Furthermore
lim |Jo™)(t) — gl =0 (4.11)

t——o00

Proof. If s > 0 equality (4.9) follows directly from (4.8) Let then s < 0 and suppose first
s+t <0. By (4.2),

S0 (s)) = St(,yg% vp(0(ao; b) + 8)) = lim vy(6(a0; 0) + 5+ 1) = o) (s + 1)

If s+t >0, we write S;(v*)(s)) = S;_|5(S)s|(v*)(s))) and since we have already proved
that Sjs (v (s)) = v(H(0), (4.9) is proved.

Let us prove (4.10). By (3.3) and since v(+)(t) satisfies the equations of motion, i.e.,

TaO) = (1o 0). e) (1.12)
it follows
%a(v(” (1)) = lim <fL (06(0(a0; b) + t)),é> (4.13)

which extends the validity of (3.27) to a(v(+) (t)), namely (4.10) holds. Observe that from
(4.10) it follows that

lim a(v)(t)) =0 (4.14)

t——00

It remains to show (4.11). Let s < 0 and a* := a(v(*)(s)). Since from Theorem 4.1 we know
that a(v*)(0) = ag, from the fact that a* is an increasing function, we get that a* < ag.
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From (3.40) and (3.27) we get

lvp(O(a0:b) +5) = wy(B(azs ) < e Mlag[1 + (@ + 4§6>a§/3] +a[1+ %@;)w]
< 2675‘|5‘a0 + 2a} (4.15)
and from (3.26) we get that
[[op(0(ag; b)) —mplla < al+ %(a;‘)"’“ (4.16)

Hence R
[0 (s) = i [l2 = lim [l (8(ao; b) + ) — o2 < 2eMlag + 3a;

Thus (4.11) follows from (4.14).

U
Theorem 4.3. The function v(H)(t) verifies
lim o™ () = m) |y =0 (4.17)
t—o00

so that the manifold W, can be identified with {v) (t)}er.

Proof. Since s — Fp,(v(1)(s)) is strictly decreasing and F, is continuous in L?, Fr(v(t)(s)) <
Fr(mg)). For any m, Si¢(m) converges by subsequences as t — oo and any limit point is
stationary. Thus v(H) (t) converges by subsequences and any limit point m* is a stationary
solution of (1.1). By (1.6), m* € {m™) smr, m(7)}. On the other hand m* # 1y because
its free energy is strictly smaller. Since v, > 7ir, vp(t) > 7z, hence v(V)(t) > sy, Thus
m* > 1y, excluding the possibility that m* = m(). O

5 Stability of the invariant manifolds

The manifolds W, are asymptotically stable: referring for instance to W,., since m) s
stable, its basin of attraction B is an open set (in the L? topology) and each element
vH)(.) € W4, being in B, has a neighborhood which is attracted by m(t); in this sense
therefore W, is asymptotically stable. The property is indeed a consequence of the existence
of W, and of the stability of m(*).

We discuss here a different stability property of W, , namely that given any neighborhood
I of W, there is a neighborhood U of 71y, so that for any m € U N B*, Sy(m) converges
to m(*) being at all times in I and “following closely” the orbit v(+)(-). For applications to
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tunnelling and the characterization of its optimal orbits we generalize the context by adding
a time dependent force K (x,t) and thus considering the evolution equation

my = fo(m) + K (5.1)

supposing K (x,t) smooth and that

L

K| = /OOO KO? dt < oo, k()= [ Kz t)’de (5.2)

L
2

We will denote by S/ (m) the orbit which solves (5.1) starting from m € L?([~L/2, L/2],(—1,1))
and with K satisfying (5.2). As noticed in Subsection 2.1, |S¥(m)| < 1 for all ¢.

The presence of the additional force may have the effect to stabilize my and we need as-
sumptions to avoid such a case which can be dropped if K = 0, as in Theorem 5.8 below.
When K # 0 we thus split our results in two theorems, which will be proved, together with
Theorem 5.8, in the remaining of the section. Theorem 5.5 below describes the initial part
of the orbit which stays close to my. Theorem 5.6 describes what happens when the orbit
leaves such a neighborhood.

Before stating and proving the above Theorems we give some definitions and preliminary
lemmas.

Recalling Definition 3.1, we write any m as
m =1+ a(m)é + ¢, (p,€) =0.
Definition 5.1. For any a* > 0 and m such that |a(m)| < a* we define
tor(m) := inf {t >0+ |a(SK(m))| = a*}, (5.3)
so that te+(m) = oo if |a(Sf(m))| < a* for all t.
Definition 5.2. We define ¢(t) as

SK(m) =g +alt)e + o(t), (6(t),é) =0, aft):= a(StK(m)). (5.4)

In the next lemma we give a first estimate of ¢(t) for mg such that a(mg) < €.

Lemma 5.3. Let ¢y € (0, i“_é%) be as in Lemma 3.2. There exists a constant cpy > 0 such
that if a(mg) € (0,€p) then

t
Io0)13 < e (IO + —=IKll+ 8w [ e a(s)? ds) vt € 0.t (mo)l. (5.5)
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Proof. We set m(t) := Sf(mg) = m(-,t) and define
1
Ci={we[-L/2,L/2 : [m(z,1)| > %} Wt € [0, ey (o).
We claim that there is ¢ > 0 so that for all ¢ < t.,(mo)

#(t) [arctanh m(t) — arctanh1ing] > ¢(t) arctanh’ (s ) [m(t) — mr] — clo(t)|(m(t) — mg)?* in C;.
(5.6)

We prove the claim assuming m > (1 + mg)/2, the case m < —(1 +mg)/2 is analogous and

omitted. Write for simplicity ¢ in place of ¢(t). Since ¢ = m — mp — a(t)é and m —mp >

(1 —mg)/2, by using that ||a(t)é]lcc < €0/é]loc < (1 —mg)/4 (recall t <t (mo)) we get that

¢ > 0 so that ¢ drops from (5.6).

If 7y, > 0, then [arctanhm — arctanh ] > arctanh’(rmy)[m — M) because © — arctanh’x

is increasing when = > 0. If instead iy, < 0, [m — 7] > (1 +mg)/2 and the r.h.s. of (5.6)

becomes negative when ¢(1 +mg)/2 > 1/(1 — m%) Therefore (5.6) is proved.

Denoting by Cf = [-L/2,L/2]\ Cy, from (5.6) and (C.16) of Lemma C.3 (proved with K =0
but true also for a bounded K, possibly modifying the constant Cy in (C.16) by replacing
arctanh”(a) with arctanh”(1 — o) for a suitable o > 0 small enough) we get

(¢, arctanh m — arctanh 7hy) > ¢larctanh m — arctanh 1y
C

+ [ ¢arctanh’(mp)[m — ] —c/|¢](m—mL)2
Ci

> /d)arctanh’(mL)[m —mr] — [Cy + ] / || (m — 1hp)?.

By using that fr(mz) =0 and (¢,é) = 0, from (5.1) we get

)
(0,00) < (¢, J™"™ x [m —1iur]) — (¢, arctanh’ () [m — iug])
o, K) + [Co + (|| (m — 1np)?)
Recalling the definition of L and using again that (¢, é) = 0, we then get that there is ¢py > 0
so that
L L0.0) <(0£0) + dlenll6 + (a(e)?) + (. K)]
<=0(¢,0) + (|0], ear[lof + (a()e)’]) + [{¢, K)| Yt € (0,2 (mo)), (5.7)

where the last inequality follows from (2.13). Since |¢| < 4 (recall that |m| < 1, |/hr| < 1,
the assumption a(mg) € (0, mg) and the choice of ¢), from (5.7) we have

L2160 < ~(6.0) + dens((6.0) + (1)) + (6. K) (58)
We bound

[{o(2), )| < 4k(t) (5.9)
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and estimate

(6(1), (1)) < ¥ (6(0), $(0)) + 8/0 = epra(s)? + k(s)}.

By Cauchy-Schwartz we then have
t 3 2
8/ e TM3k(s) <
0 () N&Y,

and (5.5) follows. O

1K

To have an estimate better than (5.5), we must improve the trivial bound |¢| < 4 used in
the proof of Lemma 5.3. The idea is to bound the L norm of ¢ in terms of its L? norm.
This requires some regularity properties of ¢ which will follow from regularizing properties
of the evolution (see Appendix C, Lemmas C.1, C.2 and C.3). There is however a very first
time interval when the evolution has not yet produced the desired regularity, and in such an
interval we cannot do better than (5.5).

We will use the parameters listed below:
6 > 0 is the parameter which specifies the initial datum and the strength of the external
force:

lm =]z <6, a(0)® +[lo(0)lI3 < 6% [IK| <4 (5.10)

ay > 0 is a parameter which controls a(t). By the continuity of the motion for any m verifying
(5.10), tq, (m) can be made as large as desired by letting § < a;. One condition on a; is that
a1 < €g so that we can apply Lemma 5.3.

7* > 0 denotes the initial time layer, after which regularity properties of time evolution apply
(see Lemma C.2).

po € (0,1) is a control parameter for ||¢(t)||z.

We choose 7 > 75 (73 as in (C.25)) so large that together with jg they satisfy

. L w
20778 4 epr(2ud)3 < min{——

w
— 5.11
deps’ 10202} (5:11)

(the ratio w/(10C3) appears in Proposition 3.6).
We also assume that 7% < t,(m) for all m satisfying (5.10). This because t¢,(m) > tq,(m)
can be made as large as desired by letting ¢y and therefore ¢ sufficiently small.

To control strength and location of the external force fluctuations we introduce for any ¢t > 7*
and 0 > 0,

ti={oe[-LE: [ Koy <o) (5.12)

By the Chebyshev inequality,

1 t 52
|Af 5] < 5 /C 1; K(x,s)* ds dx < 5 (5.13)
s T
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Let finally
o = el (v/5 4 5) 2 (5.14)
with ¢* the constant in (C.21).

Before stating smallness conditions on ¢ and a;, we prove the following lemma.

Lemma 5.4. There exists ¢, > 0 so that if K and m satisfy (5.10) then

o 1/3
sup [o(z, )] < a* +2¢7 7+ (2l6(6)|3 + 2L(a")? + 86) VE € (7%, by (m))

IeAt’(;
(5.15)

with
le(®)I3 < M7 (lp(t — T3 + 20+ a0 2) Vit € (77, e, (m)) (5.16)

where af := max {|a(SK(m))| : s € [t — 7%, 1] }.

Proof. (5.16) follows from Lemma 5.3, so that we only need to prove (5.15). By (C.21),

sup S5 (m) (@) — S+ (m(t — 7)(@)| < el /1= (V5 1) V2 (5.17)

ZL‘EAt,g

Calling ¥(t) := Sy« (m(t — 7)) — [ + a(t)é],

d(t) =[S (m) = S (m(t — 7%))] + 9 (2) (5.18)
so that
sup [p(, )] < a” + sup |o(a,8)| (5.19)
€A s TEA: 5

By Lemma C.2 and C.1,

lo®)loo < 267772 + el (t)]13 (5.20)
By (5.18),
1
SIS N8I3 + 1S (m) = Spe(m(t = T))13
< 6l + (@)L + 445 (5:21)
so that
* 2 2 1/3
[ (®)lloe < 267777 4 (2163 +2L(a")? + 81454) (5.22)

which together with (5.19) and (5.13) proves (5.15).

29



A first set of conditions on & and ay
' (m) > 7.

Given a; € (0, ¢) we will require ¢ so small that for any m satisfying (5.10)
(5.23)

Another set of requirements (to which others will be added later) is the following one
. 2 46
8cmT (52 2) M( 35 =~ 2) 2
e + d+a —(4°0 + ¢ poat ) + <
a4 Tt S
1/3 o w
71020, 1020,

o 4277 L (2/13 +2L(a*)? + 85) < mln{

(5.24)

with o* as in (5.14).
Theorem 5.5. There exists ¢ > 0 so that for any a; € (0, ug) small enough and any § > 0
small enough the following holds. If K and m satisfy (5.10), then

(5.25)

sup [¢(t)]l2 < car
t<ta, (m)
Moreover tq, (m) > 7 and
w : - %
2 L10:6) < ~216.6) + 4ersd + eney0lbalt) +1(0.K) VL€ [ tay(m) (520
sup |op(x,t)] < 020 |Afs| <6 Yt € [7%,ta, (m)) (5.27)
a:EAt S5
Finally
€1
ta, (m) <00 = [[é(ta)ll2 < 755 @1 (5.28)
(€4 as in Proposition 3.6)
Proof. For t > 1* (5.7) yields (with ¢, > [|é?]|s0)
2 o H¢||2 ~0)|0l13 + £errd + enrl(|6], 1a, 5161%) + xllgllza(t)’] + [{¢, K) (5.29)
Call S the first time when ||¢(s)||2 = po (we will show later that S > t,,(m)). Then by (5.15)
and (5.24), for all ¢t < §
“ 13
4

CM<|¢’7 1At,6|¢’2> =
K)| (5.30)

so that from (5.29) we get

2 10,0) < —216,6) + 4Penid + enrey oalt)’ + (0,

M|E>
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Thus for ¢ € [7*, min{t,,,S}] we get an improvement of (5.16), namely recalling that a;” =
max {|a(S{ (m))], s € [t —7*,¢]},

2cpr
w

4
(435 V& poart 2) 4 (5.31)

oI5 < el g(r) 13 + 7

having used (5.9) to bound

t t
[N <4 [ ks < age)

* T*

Since a; < a;

. . 2c . 49
2 —&(t—7*) 3 12 M 3 - 2
lo@I3 < e o)l + 5 (£5 + Epoad ) + = (5.32)
By (5.5) and (5.10)
* T 2
61 < e (6 + =0 +a) (5.33)

and by (5.23) and (5.32), ||¢(t)||3 < pd. Hence for all t < t,,(m), ||¢(t)||3 < pd and (5.30)
and (5.31) hold for all ¢ € [7%,t4, (m)]. Thus (5.26) is proved.
From (5.32) it follows that for § < a? and sufficiently small, there is ¢ so that

lo()I3 < cai, V¥t € [0,ta, (m)]

and (5.25) is proved. (5.27) follows from (5.15), ||¢(t)]|2 < po and (5.24).
Thus it only remains to prove (5.28). Going back to (5.26) we use (5.25) to bound ||¢||2 in
the term containing a(t)?. We then have the following improvement of (5.31):

—& 77.* * 2CM b - 45
l6)I3 < e oI5 + =L (40 + & (car)a? ) + =

By (5.33) if t — 7* is large enough, the first term becomes smaller than €3a;/103. This is
possible if t,,(m) is larger than such a value of ¢, a condition which can be achieved by
supposing a1 small enough and then § consequently small. By taking § small enough also the
second term can be made smaller than eJa; /103, and we then get (5.28).

O

As already remarked the external force even if small may win if the initial condition is too
close to my, thus determining the future outcome of the orbit, which may either stay always
close to 7y, or leave it. The next theorem shows that if we know that a(S¥(m)) reaches a
(still very small) positive or negative value then the orbit goes to m™) or m(=) according to
the sign of a(S[(m)), following closely along the way, W, or, respectively, W_.

We will use the following properties of v(*) that are consequences of (1.9), (1.10) and of the
results of Section 4. We state them only for v(*), for v(-) the statements are completely
analogous.
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We have chosen the parametrization of W, in such a way that
a(v(+) (0)) =ao < e (5.34)

with €4 as in Proposition 3.6.
For ¢ > 0 let s7(¢) be the (unique) number such that

a(v(s7(¢))) = ¢ (5.35)

From (5.34) it follows that if ¢ < ag then s (¢) < 0. By (1.9) there exists a number s (¢) > 0
such that

sup [lo™ () = m |y < ¢ (5.36)
t>s1(C)

In order to obtain uniqueness, one can choose the smallest number that satisfies (5.36), but
this will not be important later on.

Definition 5.1. Given a; > 0 and 6 € (0,a1) we define
ai,

Cr = {m € L([~L/2,L/2)) : [m — iz ]l2 < 8, tay(m) < o0, a(SK (m)) > o} (5.37)

The set C,, 5 is defined in a similar way with a(S,fa(1 (m)) < 0.

Theorem 5.6. Given ¢ € (0,a0) there exist a* > 0, a positive function §*(-) such that for
any a1 € (0,a*) and 6 € (0,0 (a1)), if | K| < 0 then

te(m) < oo VYm € Ch

a1,0?
and
1S5 gy (m) = v (57(Q) +)l|2 < ¢
sup te(m)+\T) — U2 7S 2=5
0<t<sT(O)+ls~ (0]
sup [[Sf e (m) = m Pl < ¢ (5.38)
t>sT(0)+s~ (0]

If meC, s, then (5.38) holds with v in place of v and m ) in place of m(*).

Remark 5.7. From Theorem 5.5 it follows that ||SE(m) — rp|l2 < ¢ for all t < t:(m) if
| K| is small enough.

If instead the external force is absent, K = 0 (and of course the two previous theorems
still apply) we can prove that BT, the basin of attraction of mt) in a neighborhood of mp,
contains a triangular shape with vertex rmp:
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Theorem 5.8. Given ¢ > 0, for any € > 0 small enough and any m such that a(m) € (0, ¢€)
and ||m — vgimll2 < ca(m), we have

lim ||S;(m) —m™)|jy =0 (5.39)
t—o0

Proof of Theorem 5.6. Without loss of generality we will suppose ¢ small enough and such
that

~

A€y

23 o A 4
e 32, 106

(5.40)
(the ratio CA, appears for the first time in Lemma 3.1).
0

By using the stability of m(*), there are ¢, tg > s7(¢), ¢ € (0,¢) and 6 so that if |[K| < &

(5.41)

¢ ¢
up 155 () = m 2 < 25, for all ws flu — v (to)]l2 < 725

sup [|ISf (u) = o™ (s7(Q) + D)2 <

= forall u: lu—vP (s ()< ¢ (542)
0<t<to+|s~(¢)| 10

We finally choose a; < Cg (other conditions will be given later) and then any b > 0 so small
that

sup [lon(Ban:b) + 1) — v (B)2 < 2

< == (5.43)
s (Fa1)<t<s(20) 102

(this is possible because of Theorem 4.1, see (4.2)).

For a; < (§ < €4, we now consider an m € C;l s and we prove the following. We call

my =S5 (m),  my =i+ a1é+$(0) = va, +0(0), ($(0),6) =0 (5.44)

and we observe that by Theorem 5.5,

2
[6(0)]l2 < {5 (5.45)

Recalling Definition 3.1, we denote by a(t) = a(S{ (m1)), the a-coordinate of S¥ (m1), letting
S{(m1) = va@ +6(1),  (8(t),€) =0 (5-46)

and we denote by 7(t) the t-coordinate of S (m;) relative to {vy(-)}.
We observe that since €4 < €3, by Proposition 3.4 7(0) is well defined and we call s* the
largest time such

HStK(ml) — Vg ll2 = [|¢(t)[l2 < esa(t), for all t < s* (5.47)
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so that 7(t) is well defined for all ¢ < s*.
We also denote by a(7(t);b) := (vp(7(¢)), ) the a-coordinate of v,(7(¢)). We finally call

t* = inf{t : a(7(t);b) = 2(}, t* = oo if a(7(t);b) < 2¢ for all ¢ (5.48)

Observe that from (3.44) it follows that

1
§a(t) < a(7(t);b) < 2a(t), vt € [0, s*] (5.49)
We are going to prove that

t* < o0, st >t* (5.50)

and for ¢ small enough

€ €
ISE (ma) —w(r()l2 < GG +CT0< ¢, Vi<t (5.51)

We conclude the proof of the theorem by using (5.50) and (5.51) that we will prove afterwards.

Proof that t;(m) < t* < co. From (5.49) and (5.50) it follows that a(t*) € [¢,4(] and since
a(0) = a1 < ¢ by continuity of a(t) we get that t¢(m) < t* < oo.

Proof of (5.38). From (5.41) and (5.42) it follows that we only need to prove that
1S5 gy (m) = v (5™ (2 < o (5.52)

We first observe that the a-coordinate of a L?-function u denoted by a(u) is a continuous
function, more precisely there is ¢* so that

la(u) = a(v)] < llu —vl)2 (5.53)

Thus, from (5.43) we get that for ¢t € (s™(3a1),s7(2())

a(v(8(ao;b) +1)) € (% — C*%,QC + C*%) (5.54)

and from (5.51) we get that
alrltctm) :0)) € (¢ =2 ¢+ 26 (5.55)

In Proposition 3.2 it has been proved that a(t;b) is a strictly increasing function of ¢ so from
(5.54) and (5.55) we get that (for 4 and (p small enough)

£ := r(tc(m)) — B(ag; b) € (s*(al /2), s*(zg)) (5.56)
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From (5.43) and (5.56) we get that

Jontr(tem) = o) < £ (5.57)
awP() € (¢ g c et (5.58)

Since a(vT(t)) is a strictly increasing function of ¢ (see Theorem 4.2) from (5.58) we get that
for a suitable constant c,

o(22) = oD 5Oz < 5 (559
Thus
ISy () = < 15y () = walr(tc(m)
Hlon(r(tem)) = VO + 00 (1) = v ()l
< %Cg + % + c%

which gives (5.52) for (y and €4 small enough.

Proof of (5.51). We denote by u(t) = S (m1) — vp(7(t)) and with computations similar to
(3.65) and (3.67) we get

F—1 = AX(SE(m1);b) (5.60)

AK(msb) = A(msb) + <K’e”b(7>§e (5.61)
(o) euy(ry) = s 5 5 (7))

Sl = BE(SE (ma):b) (5.62)

BX(m;b) = B(m;b) — [AX(m;b) — A(m; b)) (u, fL(vp(7))) + (u, K) (5.63)

where A(m;b) is defined in (3.66) and B(m;b) in (3.68).
To bound A(SE (m4);b) and B(SE(m1);b) we use Proposition 3.6. We thus have to split
u(t) = SE(m1) — vp(7(t)) into u(t) = ui(t) + ua(t). We choose ugz(t) = (j)(x,t)lxeA;é,
recalling that ¢(t) = Sf(my) — Va(r), a(t) = a(Sf(m1)), and the parameter ¢ of Proposition
3.6 equal to ¢ (this ¢ is obviously not the ¢ of Theorem 5.6). Thus

ur(t) = ¢(t)1uea, s + Vo) — vp(7(t))

We then use (5.15) bounding on its r.h.s. the term ||¢(#)[|3 < [e4a(t)]? because t < s*, getting
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. 1/3
lur () loe < 0 + 267777 ¢l (2fesa(t)]? + 2L (a")? + 85)

at) — a(r(£):5)] lelloe + 4§6a<r<t>; R (5.64)

where the last term comes from (3.26).
By (3.46) and (5.11) we then have |Ju1 ()]|oe < %

Denoting by k(t)? = [ K (z,t)?dz and using (3.69) and (3.73), we then have

as required in (3.70).

A (S (m);b)] < 2{denflu(t) 2 +

Collennlclu®By . 4k(t)
TR (565)

[(fL(0p(7)); e, ()] (0p(7))ll2

and from (3.71) we have

Ak (t)

mylu(t)HZHfL(vb(r))HQ + [|u(®)||2k(t)

K(sEm);b) < —§||u(t)||§ 4 8Cy0 +

Thus, since ||u(t)]2 < 2,

w
B8 m)ib) < —Fllu()lI3 +8C20 + 5lu(t) [l24(t)
< —gHu(t)Hg + 8050 + 10k(t) (5.66)
that, together with (5.62) implies that
2 —wt 2 * * 1
lu(®)I3 < e fu(@)I +C*, " = =(16C; +10) (5.67)

By (3.61) and (5.45) we have that

5/3 5/3 €4
(0 >||2<3ﬁo; /+81||m—va1||2<3ao; /+811(;galg§a1

Therefore from our choice of a; we get that
€4 *5
lu()3 < gCo +C%% (5.68)

which proves (5.51).

Proof that t* < co. We need to exclude the fact that a(7(t);b) decreases reaching a value
less than a;. To this purpose we call t** < oo the first time when a(7(¢**);b) = a1/2 and
o* = min{t*,t**} so that

ai

5 <a(r(t)) <2, for all t < o* (5.69)
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For t < o*, using Proposition 3.2, see (3.30), we get from (5.65)

Calley, (1 lloo |lu(t)||2 4k(t
A (5 (m)sb)] < 2{acrfju(e)p + @ loel MOl | k() (5.70)
)\a1/2 )\(11/2
By (5.68) supposing ¢y and ¢ small enough,
1
AR (55 (m); b)) < L 4 20 (5.71)
4 )\al

~ . 1
From (3.27), (3.44), (5.60), (5.69) and (5.71), assuming that \ — &(2¢)%/3 > 5 and using
Cauchy Schwartz, we get for all t < o*

a(r();b) —ar > a(r(0);b) —ay +/O a(7(s); b)[\ — E2(20)¥3)7(s)ds
a; a1 3t 166Vt

> =
= "2 " a44 Ty

(5.72)
Let h be a small positive number. Given h, suppose § > 0 so small that 16§ < 5\@% Then

a(r(h);b) — a1 > —% + %h (5.73)

which shows that h < t**. Moreover a(7(h);b) > % + —h By using the same estimates we
get
a

a(7(2h);b) — a(7(h);b) > <"

Thus a(7(2h);b) > % + %h. By iteration we then get that t* < ¢t** is finite.

Proof of the inequality s* > t*.
Since

lo()113 = inf [[S;* (m1) — val?,
from (3.26) and (5.40) we get for ¢ < ¢*

4},

.7\5/3
3 a(7(t);b)

le@Il < [lu®)ll2 + [los(T(t)) = va@yipll2 < [u@)]]

< )l + = (2C)2/5 (r();0) < [[u(®)]l2 + S5a(r(t);b)

106
From (3.46), (5.49) and (5.40) we have that for ¢ < ¢*
4c .
la(r(t);b) —a(t)] < 80|ISE (m1) — vall2 + 8o%a<t>5/3 < 80[|(1)]| + 8020 3 (402/3 (t)

< 80[6(t)] +80-a(t)

106
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. €4 1
Thus since 1 — SOW <3 from (5.51) we get

€ € €
1+ 80ﬁ]a(t) < 2Z4¢§ + ga(t) (5.74)

€4

60l < 22 + 22

Thus for (p small enough we get that ||¢(t)||2 < esa(t) for all t < t* namely s* > t*.
Theorem 5.6 is thus proved. O

Proof of Theorem 5.8. Let m be as in the statement of the Theorem and denote by a(0) :=
a(m) > 0. We call a(t) := a(St(m)), the a-coordinate of S;(m), thus

St(m) =my + a(t)é + ¢(t)7 <¢(t)7 é> =0
We then compute the time derivative of a(t) getting
a=2Xa+ (R, R=fu(Si(m)) = flmw) = £(Si(m) = inr)

Let cps be as in the proof of Lemma 5.3 and let a; > a(0) be as in Theorem 5.6 small enough
(this is possible by taking € > a(0) small enough). Then the time derivative a(t) satisfies for
all t <t4,(m)

@ > Aa—car(a® +||¢lI3) (5.75)

and we want to prove that @ > 0. Let t* be the largest time such that a(¢) > 0 for ¢ < ¢*
and let ¢** = min (t*, tq, (m)). Recalling the definition of 7* given in (5.11), we first consider
t <min{7*t*} and use (5.5) to bound

lo(t)]I3 < %7 (c + 1)a(t)® (5.76)

having bounded ||¢(0)/|3 < ca(0)? < ca(t)?. By (5.75) and (5.76),

N >

a>a—cy[l+e¥M T (c+1)]a® > Za (5.77)

for a; small enough. Thus t* > 7*. For t > 7* and t < t**, we use (5.31) to bound

2
63 < 1661 + 2, poaln)? (5.78)
< BN (e 4 1)+22M Gy pio fa(t)? (5.79)

For a; small enough we then get as in (5.77) the bound a > Aa/2. We thus conclude that till
when a(t) < a1, @ > Aa/2 so that the time when a(t) = a; is finite and Theorem 5.8 follows
from Theorem 5.6. O
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6 Energy bounds

Let 3 be the basin of attraction of My, namely

5 = {m € L([=L/2,L/2],[-1,1]) « lim [|Sy(m) = rins 2 = o} (6.1)

Theorem 6.1. There is cs > 0 so that for any m €

Fr(m) = F(img) > es|m —mgll3 (6.2)

We will first reduce the proof to the case ||m||» < 1.
With v? the solution of (C.24), let t,, a € (mg, 1), be such that v9(¢,) = a (since v°(¢) is
strictly decreasing t, is well defined).

Lemma 6.1. For any a sufficiently close to 1 and any m € L>®(|—L/2,L/2],[-1,1]),

1—mg
30

sup [[Sy(m)|[ee < @, inf [|Sy(m) — g2 > [lm — L2 (6.3)
t>ta t<tq

Proof. Given any m € L*°([-L/2,L/2],[—1,1]), we shorthand Dy := {z : m(x) > a},
D_:={x:m(x) < —a}and D= D, UD_. Call

P(t) = Se(m) =g,  Pi(t) =1pep(t),  o(t) = 1p ¥(,t) (6.4)

Since v is a super-solution and —v° a sub-solution of (1.1), ||St, (m)||ec < a. Since a > myg,

a is a super-solution and —a a sub-solution of (1.1), so that ||.S¢(S¢, (m))]|c < a for all ¢ > 0,
and the first inequality in (6.3) is proved.
e Proof of the second inequality in (6.3) under the assumption that

1
[12(0)[[2 > 3 [41(0)[]2 (6.5)
We postpone the proof that if a is sufficiently close to 1 then

1S, (m)| >1-3(1—a) in D (6.6)
By (66), [[¢a(ta)|3 > [1 ~ 3(1 — ) — mg]2|D| and since | D] > 7 /D (07,

l2(ta)13 > [1 = 3(1 —a) - mﬁ]QiH%(O)H%

By (6.5), [|12(0)|]2 > [|1(0)]|2/3. We choose a so close to 1 that [1-3(1—a)—mg] > (1—-mg)/2
thus deriving the second inequality in (6.3) when (6.5) holds and pending the validity of (6.6),
which we will prove next.
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The solution w(t) of
1
wp=—1-— Earctanh(w), w(0) =a (6.7)

is a sub-solution of the equation satisfied by S;(m) restricted to Dy, considering S;(m)1pe
as a known term. Obviously,

w(ty) > a—{1+ %arctanh(a)}ta

By (C.24),

¢ < 1—-a
“ = p~larctanh(a) —

(6.8)

arctanh(a) + -
WSQ then w(ta) > a—2(1—a) =1-3(1 - a).

The same argument applies in D_ and (6.6) is proved.

Let a be so close to 1 that

e Proof of the second inequality in (6.3) when (6.5) does not hold.

Suppose a so close to 1 that arctanh (a) > [, then a is a super-solution of the equation
uy = 1 — B~ tarctanh (u) and since m1pe < a, S;(m)1pe < a. Analogously, S;(m)1pe > —a,
hence

1S:(m)1pefloc < a (6.9)
By (6.9),
1 d||y1(t)]13
5 A 5 —ga o), 7 )+ vt - L2
hence
Ld|la ()3 2 Il @113
3 2 I~ IOl Ol — S (6.10)
Let t} be the maximal 7 < ¢, such that
[h2)ll2 < [1(D)][2, forallt <7 (6.11)
> 0, because (6.5) does not hold. (6.10) then gives
d
IIw;( Nz 5 _op 4 Fa @I <t
hence
1)) = e T O3, ¢ <t (6.12)
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For a sufficiently close to 1, arctanh(a) — 3 > |log(1 — a)|/4 and by (6.8),

416(1 —a

tg < ——— 6.13
llog(1 — a) (6:13)
so that the exponent in (6.12) is bounded by
1 28(1 —a?) +1
2224+ ———5}tq = -8
R ga—ae 2 S anest—a)
Hence, for a sufficiently close to 1, (6.12) yields
5
D> {l - ——— 2 t<t 14
||1/]l( )HQ = { Hog(l — a)|}||1/}1(0)H27 = lq (6 )

We will next show that ¢} = t,. Indeed, in D, my(x,t) < 0 for all ¢t < t,: in fact
m(x,t) > w(t), w asin (6.7)
and for a sufficiently close to 1,
arctanh(w(t,)) > 8

Hence my(x,t) < 0. An analogous argument shows that m;(z,t) > 0 in D_. Since w(ty) >
mg > |m|, [2(z,t)| < |2(x,0)]. The condition (6.11) is then satisfied with ¢t = ¢,. Suppose
in fact by contradiction that ¢} < t,, then, by (6.14) and with a sufficiently close to 1,

le( 2 > [[2(0) 12 > [[a(£5) o

[¥1(ta)ll2 >
so that, by continuity, (6.11) is satisfied also for ¢ > t¥ against the assumption of maximality
of the latter.

Thus (6.14) holds for all ¢t < t,. Writing e = 5/|log(1 — a)| in (6.14), (6.3) follows from

21— e)/?
)2 = 1 (®)ll2 = (1 — Yl @)ll2 = 222 o),
having used that
3
90) 2 < 41 (0} + [¥2(0)] < 51 (0)]:
Lemma 6.1 is proved. O

Proof of Theorem 6.1. We will prove equivalently that for any § > 0 small enough,

inf Fr(m) > Fr(ing) + c6* (6.15)
meX:||m—rhy|[2>6
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Given m as above, let t* be the first time ¢ when [|.S;(m) —mr||2 = 6/30. By Lemma 6.1, t* >
ta, SO that m* := Sy« (m) verifies the first inequality in (6.3). Calling v(-,t) = Sy(m*) — 7,
we observe that by its definition

[o(-,0)ll2 = 55 (6.16)

5 | v @IB| < eallo@)3

which yields, for any ¢ > 0,

e o(O)ll2 < flo(®)]l2 < et [v(0)]]2 (6.17)
Since Fr,(m) > Fr(S¢(m*)),
Fu(m) — Fuin) > — (w(t), o)) — eale+ Clo(e) 3 lo(1) (6.18)

where co comes from the Taylor expansion of arctanh, while € and C' from Lemma C.1.
Denoting by v, and v,, the components of v(+,t) perpendicular and parallel to é, we have,
using (6.17) and (2.13),

Fufm) — Fulng) > {2~ eafe+ 09 o0) |27} o 0]}
— {2 v ealet LN} oy ()13
By Lemma C.2
e <20, O < 7 (8117 0) *
We then choose t = 7 and 7 such that
e (2¢~7/9) < % (6.19)

and recalling that by (6.16), ||v(0)||2 = 6/30, we choose ¢ in (6.15) so small that
W
crCe?/aT§2/3 < 16 (6.20)
Thus

Fr(m)—Fy(mg) > —|oc(n)l - { + = }llv// NIE:

~| &

By Theorem 5.8 for § small enough

~| &

loo (7 Hg>2{ +3 }Hv// )3
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otherwise m would be attracted by m(™) or by m(~), against the assumption that m € X.
Hence

~ 2~
. W 9 R0 9
Fulm) = Fulin) > Slo(n)If > g ol)
where v o4
9 w
Y SR R Vi
w=Ar 5l
which, using (6.17), proves Theorem 6.1. O

7 Extensions

In this section we discuss several extensions of the above results mainly in view of applications
to tunnelling. They involve a repetition of the proofs we have done so far, just an adaptation
to the new contexts without any really new ideas, for this reason we just state the results
without proofs.

Glauber dynamics.

By this we refer to the evolution (1.11) (indeed the scaling limit of Glauber dynamics in
Ising systems with Kac potentials gives rise to (1.11)) and denote by T; the corresponding
flow. Stationary solutions are the same for 7; and S; but invariant sets may differ. Indeed
the invariant manifolds v(*) are not invariant for 7}, however there are invariant manifolds
that we denote by véli) for T; as well satisfying (1.9)—(1.10). Actually their existence has
been proved prior to the present paper, see [4]. The proof in [4] is similar but not exactly
as in the present paper, as it exploits the existence of a spectral gap in L°. The stability
properties in Section 5 require some additional properties on the external force as one should
also impose that the solution has values in [—1, 1]; such a condition is automatically satisfied
for the equation (5.1). To avoid complications we thus just state that Theorems 5.5, 5.6 and
5.8 retain their validity for StK replaced by T, i.e. without the additional force K, and with

USE). We just state here from [2] that

Theorem 7.1. There is € > 0 and for any r € (0,1) there is L* > 0 so that if L > L* and
[m — melip<plloe <€ [§] > 7L then

lim ||T3(m) — m® s =0 (7.1)
t—o0

where o is equal to the sign of &.

The same proofs of Section 6 apply to T; showing that:
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Theorem 7.2. There is ¢ > 0 so that iftlim |T:(m) —mp|2 =0, then
— 00

lm —mp 3 < e[Fr(m) — Fr(my)] (7.2)

The two-dimensional case

The stability properties of Section 5 and the lower bound on the energy of Section 6 extend
to the d = 2 case as we explain below.

Consider the spatial domain Q; = [~L/2,L/2]? and the evolution equation with a kernel
greum(r r’) defined with reflections at the boundaries and supposing that the probability
kernel j(r,r’) is smooth, depends on |r — 7’| and vanishes for |r — 7’| > 1. The solution to the
corresponding equation on (7 with an initial datum m(r) which depends only on r - e; (e;

the unit vector along the z-axis) preserves the planar symmetry and verifies (1.1) with
Hoa') = [ 50,/ = a)es+ yea)dy (73)
R

(the role of j and .J are interchanged in [3]). As a consequence the invariant manifolds v(*) are
still invariant for Sy in d = 2. The stability properties given in Section 5 use the structure of
the equation which is the same in d = 2 and are based on spectral properties of the linearized
operators.

Spectral analysis. The analogue of Theorem 2.4 holds also in d = 2 as we explain next.
Given any function m € L?*([-L/2,L/2],[~1,1]) we denote by m(® its extension to Q
namely

mE(r) == m(r - ep), reQr

and we call planar a function m € L?(Qr,[—1,1]) that depends only on the z-coordinate.

We also denote by My, C L*(Qp,[—1,1]) the set that contains the instanton mf) and all the
planar functions m such that

Im — V)0 < €(L)

where €(L) is a small number as required by Theorem 7.3 below.
Given any m € M|, we denote by L,, the linearized operator in (), namely,
1

Lu(r) = —mu(r) + 7" % u(r), () := B[l — m(z)?], reqQr
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Theorem 7.3. There are constants cy, ¢ and a function (L) all positive so that for L large
enough if m € My, then the L? norm of the operator L,, is bounded by 1+ 3~ arctanh” ((1 +
mg)/2) and:

(i) Ly has a positive eigenvalue A,
c_e 2L <)\ < c+e_2"‘L (7.4)
with eigenfunction e, which is planar, smooth and strictly positive;
(ii) Ly, has a gap

(1, Loptt) < —%(u,u), we B(Qui [~1,1]),  {u,em) =0 (7.5)

dep(s) e, dm(s)

)
(iii) let ;—m be the linear operator such that for any smooth
m

S s=0 N % ds s=0
curve m(s), m(0) = m. Then there is ¢; > 0 so that

oem,
||%||2 <a (7.6)

Proof. The proof is the same as the one of Theorem 2.4 given in Appendix B since it is a
consequence of the following remark. Let ,,, m € My be the linearized operator of the
glauber semigroup 73, namely

Qu(r) == —u(r) + pm(r - e1)j "™ xu(r), reQr

Z%Qm the spectral analysis of £,, in

L?(Qp;dxdy) is a consequences of the spectral properties of €, in L?(Qr,p;,!(x)dzdy).
Since the statements (i)—(iii) are proven in [3] for the operator Q,, in L?(Qr,p, ' dzdy), we

get that the same holds for £,, as well. We omit the details. U

As explained in Appendix B, by using that £,, =

Stability under a small additive force.

Here we briefly comment on the proof in d = 2 of Theorem 5.5, 5.6 and 5.8.

Consider the evolution (5.1) for r € @1, and with the time depending force K(r,t) smooth
and such that

HKH2 :/ k(t)2 < 00, k(t)2 = K(r, t)er
0 QL

As in (5.4), for ||m — m(Le)Hoo small enough, we write for any r = (z,y) € Qp,

St (m)(r) = vagy (2) + ¢(r,1), (1), €) = 0. (7.7)
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where a(t) is the a-coordinate of S/ (m). Observing that the first function on the right hand
side of (7.7) is planar, it is possible to repeat line by line the proofs given in Section 5 based
on the spectral-gap property (7.5). We omit the details.

Application to tunnelling.
From Theorem 5.5 and Theorem 5.6 in d = 1,2 we get Theorem 7.4 below, used in [1] for
d =1 and in [3] for d = 2.

Theorem 7.4. For any 7 > 0 and for any ¢ > 0 there is § > 0 so that if |[K| < § and
|lm —mg|l2 <6 only the following two alternatives hold:

e (i) For all times t > 0, ||SK(m) — mgll2 < ¢

e (ii) There are t* > 0 and o € {—,+} so that |SE(m) — m§ |2 < ZHUE—JU)(-,—T) —mg |2
for all t < t* while ||SEK (m) — U(LU)(-, —T 4+ (t—t")||2 < ¢ for all t > t*.

Proof. Let m be such that ||m — |2 < ¢ with ¢ small enough so that a; = a(m) satisfies
the hypothesis of Theorems 5.5 and 5.6. Then if t,, (m) = co from Theorem 5.5 we get that
(i) holds. If instead t4, (m) < oo, Theorem 5.6 implies that (ii) holds.

U

We finally state, again without proofs, that Theorem 7.2 retains its validity also in d = 2
with Q.

A Existence of dynamics
Let m € C([—-L/2,L/2],(—1,1)), b := ||m||0, s € (0,00] and

X (m;s) = {u € C([=L/2,1/2) % [0,5]) : u(,0) = m,sup [lu(- 1) oe < 1} (A1)
Define ¥(u)(t), u € X(m;s), t < s, by setting

() (£) = m + /0 fi(u) (A2)

There is @ > 0 so that for all m € C([-L/2,L/2],(—1,1)) fr(m)(z) < a if m(z) > 0 and
fr(m)(x) > —a if m(x) < 0. Hence, given m, there is s(m) > 0 so that ¥ maps X(m;s(m))
into itself. Moreover, ¥ is a contraction on X (m;s*) if s* < s(m) is small enough, then ¥
has a fixed point that we may call S;(m) because it solves (1.1) for ¢ < s* with initial datum
m.
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U preserves the order, so that if b(t) solves the ordinary differential equation b, = —b +
B~ tarctanh(b), b(0) = b, then supb(t) < 1 and for any s > 0 the subset
>0

X0(m; ) = {u € X(m;00) : u(-,0) = m, lu(- )] < b(t),t < s} (A.3)

is well defined and left invariant by ¥. Thus S;(m) € X%(m;s*) and by setting Sy gem =
SySs+(m) we can extend the evolution past s* and by iteration to all times, thus concluding
that (1.1) has a unique global solution for any initial datum m € C([-L/2,L/2],(—1,1)).

Proof of Proposition 2.1
Let v be a super-solution of (1.1) with v(-,0) > m. Since v(-,t) > ¥(v)(¢), the set {u €
X(m;s(m)) = u(-,t) < v(t),t < s(m)} is left invariant by ¥ and consequently S;(m),
t < s(m), is in such a set, thus proving that S¢(m) < v(-,t) for t < s(m). The argument can
be repeated starting from s(m) and we then conclude that S;(m) < v(-,t) for all ¢ > 0 and
since the analogous argument applies to sub-solutions Proposition 2.1 is proved.

Proof of Proposition 2.2
)(z) — Se(m)(x). If v(z,t) > 0 (< 0) then —[arctanh(S;(m)(z)) —

Calling v(z,t) = Si(m
| < 0 (respectively > 0). Therefore,

arctanh(St(ﬁl)( )

t L
) < @)+ [ [ eyt s) (A1)
s that [0, ) o < e![0(,0)]lc.

Proof of Proposition 2.3
Define K, (b) and K, (b) as the solutions of the ordinary differential equation b, = 41 +
B~ tarctanh(b), b(0) = b, |b| < 1. Since |J*"xm| < 1, for any m € L>®°([-L/2, L/2],(—1,1)),
K, (—b) < S;(m) < K,/ (b) where b := ||m|s. For any ¢ > 0, bl—i}& K (b) exists and is in

(—1,1) hence Proposition 2.3.

B Proof of Theorem 2.4

To bound the L? norm of £,,, we write

(f.Tf) < / T e ) 2 () + f2 () dady < (. f)

while arctanh”(m) < arctanh”((1 +mg)/2) if €(L) is small enough, hence the desired bound
on the norm of £,,.
There are positive constants a+ so that for any m as in the hypothesis of the Theorem,

Ipmlloe < at, Il < a-
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Proof of the upper bound in (2.12). We denote by v the strictly positive eigenfunction of €2,
(see (2.7)) corresponding to the positive eigenvalue A\. Then, using (2.8) we get the following
upper bound for the maximal eigenvalue \,,:

m 7Qm 9 ~ —
A, 1= SUD (W, L) = sup {u Wy (W <a_N<a_épe 2l (B.1)

u <ua 'LL> u <ua u>p <ua 'LL>
Proof of the lower bound in (2.12). Using that (v, Q2,,v) = A(v,v) and (2.8) we get

<u7£mu> > <U7[’mv> =) <U7U>P =\ <U7U>P > i > C_*efZaL (B.2)
u <u7 u> <U7 U) <U7 U) <U7 Pv)p a4+ a+

Conclusion of the proof of (i). Let e, be such that (€., e,) =1 and A\, = (e, Lmem) then,
if |e;| # enm we get that since J >0

(lemls Lmleml) — (ems Lmem) = /J(x,y){]em($)em(y)| - em(x)em(y)} >0

which is a contradiction. Let z¢ be such that e,,(z¢) = 0, since J * e, (zo) > 0, we get that
Lmem (o) # Amem(xo).

Proof of (i1)

The second largest spectral point is

W (u,w)=0 <ua 'LL>

Let C' > 0 be the number defined in (2.9),

O,
—C = sup <U, u)P
w: (U, Vm ) p=0 <u7 u>p

choosing w = p,lv

m Y m Y Qm
W (u,w)=0 <u7 u) u:{u,p~lv)=0 <ua u> u:{u,v)p=0 (ua u)
(U, U)p
< - < — .
< -C ) S Ca_ (B.3)
: dem . .
Proof of (2.14). Recalling that S S given by
m
dem(-,s) . dem dm(, S)

ds ls=0 om ds s=0

we differentiate the following identity:

Lmem = Amem, {(em,em) =1 (B.4)
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Thus, denoting by 4 derivative w.r.t. s at s = 0, we get

(Lon — An)ém = [Lon — Amlems  Am = (ems Lmem) (B.5)
. 2mm
Emem = —m Em (B6)
so that
dem B B 1 2mepny _ 2me,, P
%1/1 - (‘C’m )‘m) [,8(1 _ m2)2 <6m, ,8(1 — m2)2 >] (B7)
From (B.7) and (2.15), (2.14) easily follows. O

C Estimates on the evolution

In the following lemmas m is a measurable function on [—L/2, L/2] with ||m]|s < 1.

Lemma C.1. Suppose there are p > 0 and ¢ > 0 so that

m(z) —m@y)| < p+eclr—yl  Vaye[-L/2 L2 (C.1)
I
V2|mll2
c> WECE (C.2)
then
Imlloe < p+ Clm| Y2, €= (@72 4 273/3)c1/3, (C.3)

Proof. Let u be the function on [—L/2, L/2] obtained from m by reflections around +L/2.
For 6 € (0,L/2] and |z| < L/2,

0 -+
26m () = / u(y)dy + / (u(z) — u(y)) dy

-4 z—0
By Cauchy-Schwartz and (C.1), 28|m(x)| < v/26|ml|2 + 26p + 6%¢/2, hence

[l dc

< < .
o) < 2241 5 ()
2 2
Let § = min{(%)wg, L}. By (C.2) we have § = (%)2/3. Then (C.3) follows from
(C4).

O
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We next prove that for ¢ > 0 the solution Si(m) satisfies the hypothesis of Lemma C.1.

Lemma C.2. Let |m|loc <1 and m(x,t) = Sy(m)(z). Then for any x,y € [-L/2,L/2] and
any t >0,

m(a, ) = m(y,6)] < 2¢° + BI| oo |2 — y] (C5)

Proof. Fix arbitrarily two points z,y € [-L/2, L/2] and write

_arctanh{m(z,?)}
g

where go(t) = J * m(x,t) and ¢1(t) = J * m(y,t) are regarded as “known” terms. By the
smoothness of .J,

too(t), myt) = _arctanhém(y, t)} L), (C.6)

my(x,t) =

lg1 = golloe < [[7"[locl2 — yl. (C.7)
Let A € [0, 1], define g(t; \) = Aga(t) + (1 — X)go(t) and u(t; A), ¢ > 0, as the solution of

_arctanh{u(t;\)}

w(t; \) = 5

+g(t; M) (C.8)

with initial datum
u(0; A) = Am(y,0) + (1 — N)m(x,0). (C.9)

Note that w(0;\) is a constant in [—L/2,L/2], since z and y are fixed. Calling v(t;\) =
%u(t; A), we have

v = —ﬁ + (91 — 90) (C.10)

whose solution is

v(t; A) = e E0Ny(0;0) + /0 e~ 05N [g1(s) — go(s)] (C.11)

t
1
where a(t, s; \) = / 30— ) The lemma is concluded by recalling that
s —u

t—s

g

1
Im(y,t) —m(x,t)| < /0 lo(t; N)]dX, |[v(0,N)] <2, alt,s;\) > (C.12)

O

Lemma C.3. Assume that m([—L/2,L/2]) is compactly contained in [—1,1]. Then the fol-
lowing assertions hold:

(1) let |m|jec < a and a € (mg,1). Then ||Si(m)||ec < a for any t > 0;
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(ii) suppose ||mg|ec < 00. Then

0
H%St(m)ﬂoo < 00 YVt >0 (C.13)
and for L sufficiently large
3, _ 1/3
Ii(mllc < ClSUmE®,  Co= (e Imeloa + A1 1c) (C.14)

(ii3) let u(t) = Si(m) — 1y, with m as in (i), and let
R(t) := ﬁ_l{arctanh{&(m)} — arctanh{mp} — arctanh'{m,;}u(t)} (C.15)
where " denotes the derivative. Then

R < Co(u(t)?,  Cpim %arctanh"(a). (C.16)

Proof. Statement (i) follows from the maximum principle.
Proof of (ii). Calling v(-,t) := S¢(m)(+), by differentiating (1.1) with respect to x we get

1 neum
Vg = —mvm + Mk (C.17)

The solution of (C.17) is

¢ t t
v (2, t) = exp {/ a(w,s)ds}vx(x,O) —|—/ exp {/ a(x,s/)ds/}b(x,s)ds (C.18)
0 0 s
where a = —[3(1 — v?)]71, b = J2UM x y. Recalling that |v| < 1, we get
oz (- 8)lloo < €™ llvslloe + BI1T oo (C.19)

which proves (C.13). To prove (C.14) we use that from (C.19) it follows that we can apply
Lemma C.1 to v with p = 0 and ¢ = e /8|, |oo + B|J|so. Indeed, for L sufficiently large we
have that (C.2) is satisfied, since

V2|8, (m _
W < e P vgloe + Bl ||sos

where we have used the fact that ||v||s < 2L.
Finally (C.16) follows from (i). O

In the next Lemma we give an estimate of the difference between S;(m) and the solution ug
of the equation

up = fr(u) + K, u(-,0) = m, (C.20)

where K € L=([~L/2,L/2] x (0, +00)).
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Lemma C.4. There exists a constant ¢ > 0 so that the following holds. Let u(-,t) = S;(m)
and uk (-,t) solve (C.20). Define

Am::{xe( /]sz)]2d8<5} t>0,0>0
Then
sup |u(z,t) —ug(z,t)| < c*eHJHOOt(\/_+ | A7 ]) (C.21)
l‘EAt,g

where Af 5 :=[-L/2,L/2]\ A ;
Proof. Set ¢ :=u —u", w(s) := sup |p(z,s)|. Pick x € A;5. Then, using also that |¢| < 2
TEAL s

and that ¢(z,t)[arctanh(u(zx,t)) — arctanh(ug (z,t))] > 0, we have

1d

2 e (0@.9)%) < 10w, ) 1 (10(s) + 21455) + 21K (2, 5)]. (C22)

Let us integrate (C.22) over s € [0,t], and then take the supremum over x € A, 5. We get
t
w(t)? < 2HJHoo/ w(s)? + 8t J ool A | + 4¢"/%6
0

hence (C.21). O
We now give estimates on the evolution (C.20) in order to reduce to the case when the solution
has support compactly inside the interval [—1, 1].
Let
m’ = tanh 3; 1>mf >m (C.23)
s ’ s A
and v°(t), t > 0, be the solution of
0 1 0 0
v, =1— 3 arctanh (v"), v°(0) =1 (C.24)

Then v°(t) decreases to mz; as t — 00, so that we can define 73 as

ta- mg) (C.25)

v (15) = ng t3

Define
' 1 + 4 1 +
A = {x : ; |K(x,s)|ds < g (1 —mﬁ)}, B := {x tu(z,0) <mg + 5(1 —mﬂ)}
Lemma C.5. If ug solves (C.20), then for any t > 0 and x € A, N B, and for any t > 13

2
—(l—m;),sgt.

and x € A, ug(x,s) < mg + 3
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Proof. We start from the proof of the last statement. Call K™ = max{K,0} and v(z,t) the
solution of

1
vp=1-— 3 arctanh (v) + K™, v(z,0) =1 (C.26)

We claim that v(x,t) is a super-solution of (C.20). Indeed, since v < 1 (as K is bounded),

d 1 1
d_: =1- 3 arctanh (v) + KT > J""™ x ¢ — 3 arctanh (v) + K

t
Thus ug(x,t) < v(z,t). In turns, v(z,t) < w(z,t) = w(z,t) = °(t) —|—/ K™*ds, v°(t) the
0
solution of (C.24), because w(z,t) is a super-solution of (C.26). Indeed, since w < v°,

d 1 1
d—qf =1- 3 arctanh (%) + KT > 1 — 3 arctanh (w) + KT

We have thus proved that ug(z,t) < w(x,t), hence for ¢ > 75, and recalling that v°(t) is a
decreasing function of ¢,

t
1
ug(z,t) < 0%(7p) —i—/o Ktds <v%(15) + 5 (1- m'g)

1 1 2
= m;—l—i(l—m;)—l—g(l—m;):m;—i—g(l—m;)

which concludes the proof of the last statement in the lemma. The first one is proved in

1
the same way after defining v(t) as the solution of (C.26) with v(0) = mg + ) (1-— mg), and

t
redefining w(z,t) = v°(t + 75) + / Ktds. O
0
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