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Abstract

The equivalence of multipartite quantum mixed states under lo-
cal unitary transformations is studied. A criterion for the equiv-
alence of non-degenerate mixed multipartite quantum states un-
der local unitary transformations is presented.
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Quantum entangled states are playing fundmental roles in quantum information process-
ing such as quantum computation, quantum teleportation, dense coding, quantum crypto-
graphic schemes quantum error correction, entanglement swapping, and remote state prepa-
ration (RSP) etc.. However the theory of quantum entanglement is still far from being
satisfied. To quantify the degree of entanglement a number of entanglement measures have
been proposed for bipartite states. Most of these proposed measures of entanglement involve
extremizations which are difficult to handle analytically. For multipartite case how to give
a well defined measure is still under discussion. For general mixed states till now we don’t
even have an operational criterion to verify whether a state is separable or not. As a mat-
ter of fact, the degree of entanglement of a multipartite quantum system remains invariant
under local unitary transformations of every subsystems. Therefore the quantum states can
be classified according to the local unitary transformations. Nevertheless an explicit picture
of the orbits (geometry and topology) under such transformations is not yet ready. We even
don’t have a general (operational) criterion to verify if two mixed states are equivalent or
not under local unitary transformations.

One approach in dealing with the equivalence of quantum states under local unitary
transformations is to find the complete set of invariants under local unitary transformations.
Two states are equivalent under local unitary transformations if and only if they have the
same values of all these invariants. The method developed in [1, 2|, in principle, allows
one to compute all the invariants of local unitary transformations, though in general it is
not operational. The invariants for general two-qubit and three qubits systems have been
studied in [3, 4]. In [5] a complete set of invariants is presented for bipartite generic mixed



states. In [6] a complete set of invariants under local unitary transformations is presented
for rank-2 and multiplicity free mixed (bipartite) states. The invariants for pure tripartite
states are also studied in [7, 8.

In [9] another approach is presented in investigating the equivalence problem in terms
of fixed point subgroup and tensor decomposability of certain matrices. The problem is
reduced to verify whether a certain matrix is rank one or not. A criterion for the equivalence
of two non-degenerate mixed bipartite states under local unitary transformations has been
presented.

It is rather difficult to deal with the equivalence problem of multipartite states in terms
of invariants approach. The number of invariants increases quickly when the subsystems
increase. Nevertheless, we find that the approach in [9] can be easily generalized to multi-
partite case. In this note we investigate the equivalence of multipartite states under local
unitary transformations by using the method in [9]. An operational criterion for the equiv-
alence of non-degenerate mixed multipartite states under local unitary transformations is
presented.

We first consider tripartite case. Let H; (resp. Hy and Hjs) be an M (resp. N and
P)-dimensional complex Hilbert space, with |e;), ¢ = 1,..., M (resp. |f;), j =1,..., N and
lgr), k =1, ..., P), as an orthonormal basis. A general pure state on H; ® Hy ® Hj is of the
form

M N P
(W) =D D> aijiles) ® |f;) @ lgn), aijr € C (1)
i=1 j=1k=1
M N P
with the normalization Y Y~ > agra;;, = 1 (* denoting complex conjugation). A tripartite
i=1 j=1k=1

quantum mixed state on Hy; ® Hy ® Hj is described by a density matrix p which can be
decomposed according to its eigenvalues and eigenvectors: p = S MNP \i|v;) (1], where \;
are the eigenvalues and |v;), i = 1,..., M N P, the corresponding eigenvectors of the form (1).

Two density matrices p and p’ are said to be equivalent under local unitary transforma-
tions if there exist unitary operators U; on Hq, Uy on Hy and Us on Hj such that

For a Hermitian matrix A on H; ® Hy ® Hj, the set of commuting matrices B such that
AB = BA is called the commutant of A, denoted as C'(A). Obviously C(A) is a subalgebra.
We call the set of unitary matrices U such that UA = AU the fixed point subgroup of A,
denoted as Cp(A), which is a subgroup of the unitary group of all unitary matrices. In
the following we say that a matrix V on H; ® Hy ® Hjz is tensor decomposable if it can be
written as V =V, @ Vo ® V5 for Vi € End(H,), Vo € End(Hs), Vs € End(Hs).

If two density matrices p and p’ are equivalent under local unitary transformations, they
must have the same set of eigenvalues \;, i = 1,...,n. Let X and Y be the unitary matrices
that diagonalize p and p’ respectively,

p=XAXT, P =YAYT, (3)

where A = diag(A1, A2, ..., Apnp).



[Lemma 1]. Let G be the fixed point unitary subgroup associated with p. Then p’ is
equivalent to p under local unitary transformations if and only if the coset GXY contains
a unitary tensor decomposable matrix.

[Proof]. Suppose p/ = (U; @ Uy ® Uz)p(U; @ Uy ® Us)T, then p/ = YAYT = Y XTpXYT.
Hence Y:anp)(yvJr = (Ul X UQ X Ud)p<U1 X U2 X UJ)T, or

(U, @ Uy, @ U)'YXTp = p(Uy @ Uy @ Us)TY XH.

That is, (U; ® Uy ® Us)TYXT € Cy(p), and Cy(p)XYT = Y XTCp(p) contains a unitary
tensor decomposable element U; ® Uy ® Us.

Conversely, assume GXYT contains a tensor decomposable element U; @ Uy ®@ Us. We
have then UXY T = U, @ Uy ® Us, Up = pU and U is unitary. Therefore

p= YANYT = (U @U,®Us)lUXAXTUNU, @ Uy @ Us)
= (@U@ Us) UpUt (U @ Uy @ Us) = (U @ Uy @ Us)Tp(Uy @ Us @ Us).

g

Let Z be an a matrix on H; ® Hy ® Hs. If we view Z as a matrix on spaces H; and
Hy ® Hg, it is an M x M block matrix with each block of size NP x NP. Its realigned
matrix Zyp3 is defined by

21‘23 = [vec(Z11), -+, vec(Zy), - -+ vee(Zyn), - - - vee( Zyr)|'

Taking Z as a matrix on spaces H; ® Hy and Hs, we have that Z is an MN x MN block
matrix with each block of size P x P, and the realigned matrix Zg3 is of the form

212|3 = [vec(Z11), -+, vec(Ziyn), - - vee(Zynt), - - - vee(Zynmn)],
where for any M x N matrix A with entries a;;, vec(A) is defined to be
vec(A) = [alh S AIN, 21, AN, AN, GMN]t-
The above operation of realignment could be defined in an alternative way,
(Zl\Qs)z'm,jknp = (2)ijksmnp » <212\3)ijmn,kp = (2)ijkmnp-

It is shown that a matrix V' can be expressed as the tensor product of two matrices V; and
Vo, V=V; ® Vj, if and only if [10]

V = vec(Vi)vec(Va)'. (4)

Moreover [7], for an M N x M N unitary matrix U, if U is a unitarily decomposable matrix,
then the rank of U is one, r(U) = 1. Conversely if 7(U) = 1, there exists an M x M matrix
U, and an N x N matrix Us,, such that U = U; ® Uy and

UUl =UJU, = k7', ULUL = USU, = ki, (5)

where Iy (resp. Ips) denotes the N x N (resp. M x M) identity matrix, kK > 0, and U is a
unitary tensor decomposable matrix.



[Lemma 2]. For an MNP x MNP unitary matrix U on H; ® Hy ® Hj, U is a unitary

decomposable matrix if and only if the ranks of U1‘237 U12|3 are one, i.e. T(U1|23) = T<U12|3)
1.

[Proof]. Suppose U = U; ® U ® Us, then Umg = vec(Uy)vec(Uy @ Us)?, (712‘3 = vec(U; ®
Us)vec(Us)t, obviously 7(Uyjas) = m(Urgs) = 1.

Conversely, if r((71|23) = 1, there exists an M x M matrix U; and an NP x NP matrix
Uss, such that U = Uy ® Uss. Therefore

u11Us3
u12Us3

U12\3 = : ) (6)
UMMUZS

where wu;;,7 =1,---, M are the entries of U;. r(012|3) =1 if and only if 7"(023) =1, that is,
there exists an N x N matrix U and a P x P matrix Us, such that Uy = Uy ® Us, and U
is a unitary tensor decomposable matrix. a

Let p and p’ be two density matrices with orthonormal unitary matrices X and Y as
given in (3). Set

0 A, -~ 0
%:X . . : YT? (7)

where n;, © = 1,2,...,r, stands for the geometric multiplicity of the eigenvalue \; of p,
Yin.= MNP, A, aresome unitary n; X n;, complex matrices. The conclusion on bipartite
case [9] is still valid, namely, p and p" are equivalent under local unitary transformations if
and only if rank r(V;) = 1 for some unitary matrices A,,. For the case that p has distinct
eigenvalues, we have

[Theorem 1]. If p has distinct eigenvalues, p is equivalent to p’ under local unitary

transformations if and only if
V =XDYT, (8)

D = diag(e®?, €2, ... evNP) contains a unitary tensor decomposable element for some
0, € R.

[Proof]. Let X and Y be the unitary matrices that diagonalize p and p’ respectively,
p=XAXT, o =YAYT where A = diag(\1, Mg, ..., \unp).

As p (resp. p') has distinct eigenvalues, any set X (resp. Y7) of unitary eigenvectors
corresponding to the eigenvalues of p (resp. p') can then be obtained through the following
equation: X; = XU (resp. Y; = YV), where the unitary matrix U (resp. V') has the form:
U = diag(e’™, ei2 . el®vne) (resp. V. = diag(e’®, ¢, .. e®vnr)) then X DY, =
XUD\ VYT = XDY', where D; = diag(e'1, ¢, ..., ¢ MNP) D= diag(e?r, 2, .. efmnr)
0;=a;+0.—F;,i=1,2,...., MNP, hence p is locally unitary equivalent to p’ if and only if
XDYT, D = diag(er, ¢?2, ..., e?MNP) contains a unitary tensor decomposable element for
some 0; € IR. O



As an example let us consider a density matrix on 2 x 2 x 2,

1 0 0 0 000 -1
0 1/a 0 0 000 0
0 0 1/b 0 000 O
0 0 0 1/c 000 0

P=1 0 0 0 0 c00 0 | (9)
0O 0 0 0 0boO0 0
0 0 0 0 00a O
1 0 0 0 000 1
1000 0 0 0 1
0a 00 0 0 0 0
00bO0O 0O 0 0 0

, 000c¢ 0 0 0 0

P=loo0001c 0 0 0] (10)
0000 0 1/6 0 0
0000 0 0 1/a 0
1000 0 0 0 1

p'is in fact a PPT entangled edge state [11]. p' and p have the same eigenvalue set.
They are not degenerate in the case a # b # ¢ # 1 or 2 or 1/2. Calculating the unitary
matrices X and Y that diagonalize p and p/, we have p = XAXT o = YAYT, where
A = diag(2,0,1/a,a,1/b,b,1/c,c). Denote D = diag(dy,ds,ds,dy,ds,ds, d7,ds), we have
the matrix V defined by (8),

(—di+ds)/2 (di+dg)/2 0 0 0 0 0 0

(dy+ds)/2 (=di+dg)/2 0 0 0 0 0 0O

0 0 0 dob 0 0 0 0

V— 0 0 dz 0 0 0 0 0

0 0 0 0 0 d3 0 0

0 0 0 0 dg¢ 0 0 0

0 0 0 0 0 0 0 dy

0 0 0 0 0 0 d; O

Therefore
fd12+ds lezrdS 00 dl;ds 77d12+ds 00 0O0O0d O0O0Ud;, O
7o - 0 0 00 0 0 000O0OO0OTUOUOO0TU OO
1123 0 0 00 0 0O 000O0OO0OTOUOOTG OO0’

0 dy 0 0 dg 0 000O0O0d 00O0ds O



(—di+dg)/2 (di+dg)/2 (dy+dg)/2 (—di+dg)/2

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 ds dr 0
0 0 0 0
el 08|
0 0 0 0
0 ds dg 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 dy ds 0

obviously, when dy = —dy = d3 = —dy = —ds = dg = —d7 = dg = 1,7(Vija3) = r(Vigs) = 1.
Hence p and p’ are equivalent under local unitary transformations.

Now we consider the multipartite case. A general pure state on H; ® Hy ® ... ® Hjy is
of the form

M Ny
War) = D0 D Giiginglei) @ |fia) @ - @ [Giy)y  @igigiyy €C (11)

k=11i,=1
with ZailizmiMaZig...iM = 1, |6i1>7 |fi2>7 ceey |giM>7 ik = 1,27...,Nk, k = 1,27...,M, the
corresponding orthonormal basis of complex Hilbert spaces Hy, Hs, ..., Hy;. Two density

matrices p and p’ are said to be equivalent under local unitary transformations if there exist
unitary operators U; on Hy, Uy on Hy, - -+, and Uy on Hyy such that p) = (U1 @ U ® -+ - ®
Un)p(Up @ Uy ® - - - ® Upr)'. For any non-degenerate density matrices we have

[Theorem 2]. Let p and p’ be two non-degenerate density matrices on H; ® Ho®...® Hyy
and X and Y the unitary matrices that diagonalize p and p’ respectively, p = XAXT, p/ =
YAYT, where A = diag(Mi, Aa, ..., ANy Np-iyy ). P and p are equivalent under local unitary
transformations if and only if the Ny Ny - -+ Nas x N1 Ny -+ - Ny unitary matrix V = X DY,
D = diag(e™, 2, ..., e"NiNaNur ) satisfies

T("}I‘Q...M) = 7’(‘712‘3...]\4) == T(‘N/lg...M_”M) = 1,

where ~
(‘/1|2~~~M>i1i/1,i2~“i1wi/2mi/1v[ - (V)ilizmz'lw,i/liéwi?W7
(‘/3.2‘34“]\4)1;12'21;/1;/ Zgl]yjzgzllw = (V)ilizn-i]u,i/liéwillw7

1°2

L P P — L,y
(‘/3.2“'M71|M)11'LQ"'7,1\/[,17,112"'7,]M_1,Z]\/['LIM (V)z1zg---zM,1112~~~zM'

We have studied the equivalence of multipartite quantum mixed states under local uni-
tary transformations in terms of analysis of fixed point subgroup and tensor decomposability
of certain matrices. A criterion for the equivalence of non-degenerate mixed multipartite

6



quantum mixed states under local unitary transformations has been presented. In fact this

approach works for general multipartite mixed states. But then in stead of the rank r(V),
one has to verify if 7(Vp) could be one for all possible matrices A, , which is again compli-
cated. The problem is dramatically simplified when the degeneracy of the related density
matrices is reduced. In particular, for the non-degenerate case, two density matrices are
easily verified whether they are equivalent or not under local unitary transformation.
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