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Abstract

This paper investigates magnetic 180 degree domain walls in thin
wires. It establishes a crossover between two scaling regimes for the
energy as a function of the radius R. For small radii the optimal scaling
can be realized by a transverse wall for which the magnetization is
constant on each cross section. For large radii a vortex wall yields
the optimal scaling. Moreover we show that for R — 0 the energy
minimization problem I'-converges to a local, one dimensional problem
where the energy is given by 7(|0sm|[72 gy + lImyl72 -

1 Introduction

1.1 Motivation from physics

In the last years several groups have succeeded in the production and in-
vestigation of magnetic wires with less than 100 nm diameter. Arrays of
such magnetic nanowires are in consideration as future high density stor-
age devices [AXF105]. The time necessary to change the magnetization of
a nanowire is directly related to the writing and reading speed of such a
device. Therefore it is important to understand the reversal process of mag-
netic nanowires. It is known that the reversal of the magnetization starts
at one end of the wire and then a domain wall separating the already re-
versed part from the not yet reversed part is propagating through the wire.
However, there are few experimental results about the speed of the wall
[AAX 103, BNK105, HG95, NTMO03| and there are no experimental results
about the form of the wall.

In numerical simulations of the magnetic reversal process of nanowires, sev-
eral groups, e.g. [FSST02, HK04, WNUO04], have observed two different re-
versal modes. These modes depend on the wire thickness and correspond
to very different switching speeds. For thin wires the transverse mode is
observed: the magnetization is constant on each cross section, rotating and
moving along the wire (Figure 1). For thick wires the vortex mode is ob-
served: the magnetization is approximately tangential to the boundary and



forms a vortex which moves along the wire. (Figure 2). In some simulations,
when looking more closely, one can see additional effects like the periodic
creation and annihilation of singularities [HK04]. The vortex mode is much
faster than the transverse mode.

For nickel the transition from the transverse mode to the vortex mode occurs
at a radius of about 25 nm.
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Figure 1: Transverse Mode: longi-  Figure 2: Vortex Mode: longitudi-
tudinal section and cross section nal section and cross section

Forster et al. [FSST02] suggest that the reversal modes correspond to mini-
mizers of the static energy functional. In this work we investigate the static
energy functional and show a crossover in the scaling of the energy as a
function of the radius. This crossover corresponds to the change from the
scaling of the energy of transversal walls to the scaling the energy of the
vortex walls.

1.2 The model

We work in the framework of micromagnetism. This is a mesoscopic contin-
uum theory that assigns a nonlocal nonconvex energy to each magnetization
m from the domain ¥ to the sphere S? C R3. If necessary, m is extended by
zero outside Y. Experimentally observed ground states of the magnetization
correspond to minimizers of the micromagnetic energy functional

2 2
E(m) = / A|Vm|* + / Kq|Vul* 4+  Ea(m) — / h-m.
by R3 S—— by
~~ ~~ anisotropy energy
exchange energy  stray field energy external field energy

Here h is the external field and u is the weak solution of Au = divm in
R3, i.e., Vu = H(m) is the projection of m on gradient fields. We refer to
[DKMOO05, HS00] for a general discussion of the micromagnetic model.



In this paper we study static domain walls, so the external field h is zero.
We additionally assume that the material is magnetically soft, i.e., without
anisotropy. The wire is represented by

Y= %(R)=RxDp:=Rx{yeR’: |yl < R}.

The magnetization m: ¥ — S? has the components my, My, , My, , Where my
is the component in direction of the wire. To simplify the calculations, we

measure distances in multiples of the characteristic length 4/ Kid, also called
the exchange length or the Bloch line width, and energies as multiples of
’/%Z' In these units the energy E is

E(m) := E(m,R) := Eex(m) + Eg(m) = /E |Vm|? + /R3 |Vul?,

where u is again the weak solution of Au = divm. We define the admissable
set

M = M(R) := {m: Z(R) — S* | E(m) < cc}.

We are interested in magnetizations with a 180 degree domain wall, so we
would like to consider a subset M; of M with lim,_,_., m(z, ) = —€, and
lim, oo m(x,-) = €. Initially it is not clear in which sense the limits should
to be understood. However, in Section 4 the set M will be characterized in
the following way.

Theorem 1. Set

sign(z) otherwise.

] <1
VR[] xH{x if ||
A function m: ¥ — S? is in M if and only if one of the four maps m =+ é,,
m =+ xé is in HY(X).
This motivates the definition
M; == My(R) := {m € M(R) | m — x&, € H'(%)}.

To study transverse walls and vortex walls, we consider the following re-
stricted classes of admissible maps

7 = T(R):={m e M(R)|m is constant on each cross section},

V = V(R):= {m € M(R)

my(z,y1,y2) is parallel to (—y2,y1)
and |m,| depends only on z, |y| ’

T = T(R) == T(R) N Mi(R), Vi = V(R):=V(R)NM(R),



and the infima of the energies

Em,(R):= inf E(m), Eg(R):= inf E(m), Ey/(R):= inf FE(m).

meM;(R) meT(R) meV(R)

To get an idea why transverse walls are energetically favorable in thin wires
and vortex walls are energetically favorable in thick wires we rescale and set
my(z,y) := m(kz, ky). Then

E(my) = / yvmky%r/ mp - Himg) = kEog(m) + KBy (m).
S(kR) S(kR)

This calculation suggests that for small radii the biggest contribution to the
energy is the exchange energy Fe, whereas for big radii the magnetostatic
energy becomes important. In order to reduce the magnetostatic energy,
it is favorable to avoid surface charges like in the vortex wall. In order to
reduce exchange energy, it is favorable to have constant magnetization on a
cross section like in the transverse wall. In this work we will investigate this
idea in more detail.

1.3 The main results

We discuss the question of existence of optimal wall profiles, the scaling of
the energy and the shape of the optimal wall profile.

Theorem 2 (Existence). For each radius R > 0 there exist minimizers of
the energy E in Mi(R), T)(R) and Vi(R).

The energy of the optimal wall profile scales like E7; when the radius goes
to zero and scales like E), for radius to infinity.

Theorem 3 (Energy scaling). There exist constants ¢, C' such that

for R<2: ¢cR* < Eum,(R) < Eg(R) < CR?
forR>2:  cR*\/In(R) < Eum,(R) < Ey(R) < CR*/In(R).

Neither E7; nor Ey, has the optimal scaling in the opposite regime: There
exists a constant ¢ such that for all R € R we have

E7r(R) > ¢R3 and Ey/(R)>¢R.
This shows that the transverse wall is energetically favorable for small radii
and the vortex wall is energetically favorable for big radii. However, the

constants are not sharp enough to get good estimates for the critical radius
where the crossover occurs.



Now we come to the optimal wall profile. To capture the essence of the en-
ergy minimizing problem for small radii, we use the notion of I'-convergence
as described in [DM93]. We rescale the energy E by a factor of % and
rescale the maps m: ¥ — S? to 7: R x Dy — S?, (z,y) — m(z, %)

In the limit we get a reduced problem where the admissible functions are
maps from R to S? and where the energy simplifies to

2 T 2
Brea(m) = ml[damlza) + 5llmyllze w)-
The minimizer m™™® of the reduced problem exists and is unique up to

translation and rotation. Its energy is v/8m, its profile is that of a Bloch
wall, i.e.,

min _ ey bt
m™ = | tanh (\/§> , o (%) ,0

Since I'-convergence implies the convergence of minimizers as well as con-
vergence of the minimal energies, we can conclude that for small radii mini-
mizers of F are almost constant on the cross section and have a profile that
resembles a Bloch wall. Their energy can be approximated by /87 R2.

For R > 1 we do not know the shape of minimizer. However, we have
example functions in V; whose energies have the optimal scaling. They have
a square root type singularity and the width of their transition regions scales
like R?\/In(R). The latter is in contrast to the regime R < 1 where the
thickness of the transition region of the optimal walls is of order 1.

1.4 Outline of the paper

In this paper we often exploit the close connection between the full problem,
the reduced one-dimensional problem and the full problem restricted to 7,
the functions that are constant on each cross section. Therefore we do not
prove the results in the same order as they are stated above.

Since the main difficulty in analyzing the functional F consists in finding
good estimates for the stray field energy Ep, we start by collecting some
general results about the stray field in Section 2.

In Section 3, we study the restricted class of transverse walls. We estab-
lish a lower bound for F7; and show, that the transverse component of the
magnetization is bounded by the energy. As a corollary we obtain a char-
acterization of the set 7 similar to Theorem 1. In this section we use the
representation of the stray field energy via a Fourier multiplier. The calcu-
lations regarding the Fourier multiplier can be found in Section 8.

In Section 4, we use the characterization theorem for transverse walls to
show Theorem 1 and the existence of minimizers of the energy in M;.



In Section 5, we investigate the case of small radii. We establish the energy
scaling of Erq, ~ E7. ~ R? and find the I'-limit for R — 0.

In Section 6, we find the lower bound Epq, > c¢R?y/In(R) for all R that are
large enough.

In Section 7, we calculate upper and lower bounds for Ey, with elementary
methods. In particular we get the estimates Ey, < CR?y/In(R) for all
R>2and By, > CRforall R € R*. Combining the first estimate with the
result of Section 6, we see that Exy, (R) scales like Ey,(R) ~ R?y/In(R) for
R — oo.

1.5 Definitions and notation

We will use the following conventions. The letter p denotes a point in R3
and has the components p = (x,y1,y2) = (z,7). A map f with values in R3
has the components f = (fz, fy., fy.). We write f, for (0, fy,, fy,), i.e., we
view f, as a map to {0} x R% For finite and infinite cylinders we use the
symbols ¥; := [—,{] x D and ¥ := R x Dg, for the characteristic function
of a set ) we use Ilg. Moreover, generalizing the definition in Theorem 1,
we define the functions

+ . —
XE* R—-R, z+— Csign(z) mln(L |l”) €z, X := Xl—l'

Now let m be a function ¥ — R3. The divergence of m consists of two
parts: the body charges p in the interior of the cylinder and the surface
charges o, the divergence from the normal component of the magnetization
on the surface,

~, o(p)=m-e¢, for all p € O%.
otherwise

o(p) = {;divm(p) itpeX

The map u is by definition a weak solution of
Au = divm, in R3 (1)

if and only if Vu € L?(R3) and
VuVn = / pn + / on, for all n € C°(R?). (2)
R3 by GS

This defines u only up to a constant. We can remove this ambiguity by
requiring u € L°(R3). Note that there is a constant C such that for all
functions f: R* — R the inequality ||f — ¢||rs®s)y < C||V f|l12(rs) holds for
some ¢ € R if the right hand side exists.



We can decompose u and define u,, u, as those maps in L5(R?) that satisfy

Vu,Vy = / oy forall n € C(R), 3)
R3 b
Vu,Vn = / on for all n € C°(RY). (4)
R3 )
Finally we set
E,,(m) ::/ \Vu,?,  Eye(m) = / Vs |?,  Epp(m) = Vu, Vug.
R3 R3 R3

Then we have Ex(m) = E,,(m) + Esg(m) 4+ 2E,5(m).

A special case are functions m: ¥ — R3, that are constant on each cross
section. To simplify notation we will often describe such functions by
maps m: R — R3. For a map f: R — R3 we therefore define f5: ¥ —
R?, (z,y)  f(z) and

E(f) = E(fz)» Epp(f) = Epp(fE)
Ecrcr(f) = EUU(fE)a Epcr(f) = EPU(fE)'

2 The stray field energy

Since we are not working on a finite domain, it is initially not clear under
which conditions the solution u of the equation Au = divm exists and Vu
has a finite L? norm. An particularly simple case is the case when m € L?(X)
since then [|Vul[z2gs) < [[m|p2(s). We will reduce the general case to this
situation. We define the set

A= {m: ¥ — R3 3¢, ¢" € R such that m—xgt € Hl(E)}.

Lemma 4 below states that, for all m € A, Equation (1) has a weak solution
and that for such m the stray field energy Fp(m) is finite. Later we will
show that M is a subset of A.

We define the maps G and K;: R® — R, i € {1,2,3}, by setting

1 L p;
KZ' = 05 = - )

G(p):

~ drlpl’
Lemma 4. For m € A define the maps u,u,, g : R3 — R by setting

up(p) = / Glo-)pW) il o) = | Glo—p)oW) dp', u=upru.
> o (5)



Then the following statements hold.
(i) The map u is a weak solution of (1), Vu is in L*(R3) and we have

Vu,(p) Z/K p—p)p(p)E dp’,  Vus(p Z/ K;(p—po(p')e; dp'.

(ii) The map u,, is continuous, contained in HE _(R®) and a strong solution

of
Au, = p. (6)

The map u, is also continuous and its restriction to R3\ 0% is arbitrarily
often differentiable. We have

Au, =0 in R3\ 9%, (7)

ylLHg}o Orlly — yan;O Oy = —0(yo) for yo € 0%. (8)
yeD ygs

(iii) The map w is in L*(X) and in L?>(0%). We have
(Ve dp= [ upoe) dp + [ o) ©)
R3 b )
Proof. The proof uses standard techniques, for details see [Kiih]. O
For some function m € A the following Lemma gives a bound on E,,(m) .

Note that for all m € 7 and all m € V the condition “divm, = 0 in X7 is
fulfilled.

Lemma 5. If m € A with Oym, > 0 and divm, =0 in X then
E,p(m) < 2r%(ct —c )?R%.

Proof. In this case p = d,m, and we calculate

Epp(m) = /DR/upﬂfy Ooma(z,y) dz dy

= / / //877% Y) Oua (', y)dx’dxdy’dy
Dr JDg 2+ ly —y'?

(ct—c) 204 _ —\2 f
dy dy < 7R*(c" —c¢") 27 dr.
Dr JDpg !y y! 0

O

IN

The following lemma concerns convergence in Lloc( ), which, by definition,
coincides with convergence in all L?(%;), [ € N.



Lemma 6. For f, g, € ANL>®(X) (n € N) let uy, ug, be the weak solutions
of (1) form = f, m = gy, respectively. We assume that us exists, Vuy €
L?(R3) and E(gy,), H(gn)yH%Q(E) as well as ||gn || () are uniformly bounded
by some constant M.

2
loc

i) If (gn)nen converges to zero in L (X) then [u3 VurVu, converges to
R f gn

zero, 100.

(i) If (gn)nen converges in L (X) to go € AN L¥(X) then Eg(go) <
liminf, o Frg(gn).

Proof. To prove the first part we have to estimate the interaction between
the stray field of different parts of the magnetization and show that this
interaction decays fast enough. For details see [Kiih|. The second part is an
immediate consequence of the first one. O

3 Transverse walls

In this section we investigate functions that are constant on the cross section.
To simplify notation, we describe such functions by maps from R to R3.
In particular we will view the functionals E, E,,, E,, and E,, also as
functionals on {f: R — R3} as described in subsection 1.5. The following
lemma simplifies the calculation of Eg.

Lemma 7. If m: ¥ — R3 is constant on each cross section and E(m) < 0
then the following equalities hold:

(1) Epe(m) =0,

(it) Egg(m) = Ego(my, €y,) + Eoo(my,€y,).

Proof. Since p is independent of y, the map u, is rotationally symmet-
ric and since o(x,y) = —o(z, —y) we have u,(z,y) = —u,(z,—y). Thus
Jgs Vu,Vug = 0. The same type of symmetry argument works for (ii). [

So the energy of a map m: R — R3 is given by
E(m) = 7TR2||8Im||%2(R) + Ego(m) + Eyp(m).

In this section we establish for E7; an upper bound and two different lower
bounds. First we show that there exists a constant C'(R) such that for all
m € 7; the energy E(m) is bounded from below by C’(R)||my||%2(2). This
implies the characterization theorem for 7. Second we combine this first
lower bound with an estimate for £,, to get a lower bound for E7.

To get the estimates, we use the representation of the stray field energy via
a Fourier multiplier. The derivation of the Fourier multiplier can be found
in Section 8.



All Fourier transforms in this paper refer only to the first agrument, we will
still denote them by f := F(f). Moreover, we choose the constants in a way

that [|f(-,a)l 2 = £ @)l 2-

When we apply the Fourier transform to the defining partial differential
equations for u, and u,, for every £ € R we get ordinary differential equa-
tions that can be solved explicitly. Of course, this only works when m
is constant on the cross section. Using the explicit representation of the
Fourier transforms of 4, and i,, we get the Fourier multipliers. The follow-
ing lemma summarizes their properties. The Fourier multipliers involve the
modified Bessel functions I; and K;. For a definition and for properties of
these functions see Section 8.

Theorem 8 (Estimates via Fourier multipliers).
(i) For my € L*(R,{0} x R?) we have

Epo(my) = R? /R iy () Pg(¢R) d = R? /R iy (€) > wE (R (ER)) de

In particular, g is a smooth function, monotone decreasing in |t| with g(0) =
5. Moreover, we have the inequalities

1

IA

1
g(t) < g for|t| <1 and . < g(t) < 2% for |t| > 1.

(ii) Let my: R — R be a map such that p := Oymy is in L*(X). We have
Bplmed) = R [ (€ PhieR) de

- R /R ) P g (1= 2RISR (RD) de.

In particular, h is a smooth function with

1

Z < Iim@) <h(t) < 7l@t)|  fort<

2 2 2
and 0.4 )
— < < = —.
7 < h(t) < 2 fort > 5

As a Corollary of (i) we directly get an upper bound on E7,.
Corollary 9. We have E7; < V81 R? + 272 R3.

Proof. Let m*d be the minimizer of Eyeq := 7 <||8Im||%2(R) + %HmyH%Q(R))
in 7;. This minimizer can be calculated explicitely (cf. Lemma 21 below). It

is monotone increasing and we have E,oq(m™?) = v/87. So the combination
of Theorem 8 (i) and Lemma 5 yields the estimate. O

10



We use Theorem 8 now to bound the L?-norm of m, from below.
Lemma 10. Let m,: R — {0} x R? be a map with |m,| < 1 for which
E,s(m) + H@xmyﬂig(z) is finite. Then |[myl|r2w) is finite and

. 4
Eoo(m) + 0y 2205y > llmy |32z - min{R?, 2R3} (10)

Proof. First, we assume that ||my||z2(s) is finite. In this case we can apply
the estimate from Theorem 8 (i) and the equality [|{1,[[22(x) = |02y [ L2

Since minger (% + 7TR2£2) > 2R43_L we have

Egq(m) + [|0zmy ||%2(2)

/R 2|4 2 R 22 A 2
> [, Rig©Pdet [ (e ) (O de
% R\[- 4. 4]
> [ R de 1 int 2 R3 |1, (€)[* d
1 |7y (§)]7 d€ +in R\[- %, 1] [y (§)]7 dg
. 4
>y, - min {R2, 2R3}.

In order to treat the general case, we fix some number k£ > 0 and decompose
R in three subsets

I = [—k, k], Ih:= ([—k—=1,—kJU[k, k+1]), I3:= (J]—00, k—1]U[k+1,00]).

Set m! :=m, 1y, and define u; as the corresponding solution of (4). Then
Eyo(m) = [|[Vui + Vug + VU3||iQ(R3). A direct calculation shows that there

is a constant C'(R) such that E,,(m) > %HVulH%Z(RS) — C(R). For details

see [Kiih]. The support of m; is bounded, so we can calculate

1
Ego(m) + |0ymy[72my > 3 (HaxmyHQm([l) + HVU1||%2(R3)) - C(R)
1 . 4
> §||my||%2([—k,k])mln{R27 2R3} — C(R).

Since k was arbitrary, Eqs(m)+ [|0zmy| 25y can only be finite if |[my |22 g)
is finite. O

Corollary 11. A map m: X — S? is in T if and only if m is constant
on each cross section and one of the four functions m £ €., m £ x€, is in

H(X).
Proof. If one of the four functions m + €, m £ xé&, is in H*(X), then m is

in A as defined in Section 2. So, according to Lemma 4 (i), Ey(m) is finite,
and thus E(m) is finite.

11



To show the other implication we assume that m € 7. Then Eg(m) is
finite, therefore Vm is in L?(X). Moreover we have

11— ImallZzam) < 11— mzlloim = lmgllo@ = lImyllz:@)-

So either one of the four functions m + €., m 4 xé, is in H(X) or m,
oscillates infinitely often between +1 and —1. In the latter case we have an
infinite sequence of disjoint intervals (I,,)nen such that my(I,) = [—3, 3] for
all n € N. But by assumption both

21
E(m) > Eea: z_: I— and
. 1) = 1
B(m) 2 Eoo(m) + 00y 325y > llmy |32 min { B2, 2R3} 37 215
n=1
have to be finite. This is impossible. O

The following lemma concerns monotone increasing rearrangement as de-
fined in [Alb00]. One result in that article is the decrease of a certain energy
functional under monotone increasing rearrangement. We apply this result
to the functional E,,.

Lemma 12. Let f: R — R be a map such that f —x € H*(R) and let fuon
be the monotone increasing rearrangement of f as defined in [Alb00]. Then

Epp(fgx) > Epp(fmongx)‘

Proof. Let u be the weak solution of Au = (9, f)1p, and set G: R® — R,
P ﬁlpl’ as before. Then

&) = [ g0 = [ 100, ( [ G- a0s) dp') ap.

First, assume f — x € C2°(R) and integrate by parts carefully. For details
of the calculation see [Kiih]. Then

// f(@) = f(z ) h(z — 2') d2’ dz,

h(z) 22/ / 022G,y — ') dy dy
Dr JDg

is a positive, integrable function. Thus we are in a situation where we can
apply [Alb00, Theorem 2.11] and get E,,(f€z) > Epp( fmon€z)-

When f — x € H'(R) we use an approximation argument. In [Cor84] it is
shown that symmetric rearrangement is continuous in H!(R). This result
can be easily generalized to the case of monotone increasing rearrangement.

O

where

12



We use the preceeding lemma to estimate E,, from below.

Lemma 13. Let m, : R — [—1,1] be a function such that one of the four
functions my £ 1, mg & x is in H'(R). Then

4 R 1 .
E,(mgé,) > mind-— g3t
poliacs) {311—m31L1<R) 3 }

In particular, for m € T we have

4 R* 1
Epp(m) > min ST “R3S.
3 ||my||L2(R) 3

Proof. We assume that m, is monotone increasing, since monotone increas-
ing rearrangement of m, decreases E,,(ms€;). The estimates for Fourier
multiplier in Theorem 8 (ii) yield

1
o ™ 2R
Epp(mxex) > §R4/ L p2(§) df

T 2R

— mind PO 1
We set ¢ := min { Berlooe )’ QR}. Then

— s ¢ A A
Bplmas) = 3R [ (50) = el emlé))” €

—C

TR /0 (ﬁ(O) - &95)2 ¢

()3
= TRi0)2c = min{ﬁR‘lpA(L), zRi*p(o)2}.
3 9¢pllpoow)” 6

v

We calculate

0 - [o- 2
P N V27 Rp N \/277‘
For all ¢ > 0 we have

t

/t|p(x)x| dr — tmm(t)—tmz(—t))—/ i (z)] da

—t

IN

t t
/ 1—|mg(x)| dx < / 1 — mg(z)? de.
—t —t

In the limit ¢ — co we get

. 1 1
106pl ooy < Enﬂﬁanl(R) < Elll—millLl(R),

13



thus

4 1 1.
E,,(mg€;) > min{ -R* , —R3
peRTEE {3 11— [me?[L1w)” 3
O
Combining Lemma 10 and Lemma 13 we get a lower bound for E7.
Theorem 14. We have E7; > min {%R‘g, 3R§} .
Proof. For all m € 7; we have
E(m) = 7T||8mm|‘%2(R) + Ego(m) + Epp(m)
4 4 R 1
> lm, |2 min{R2, 2R5}+min SRS
vILA®) 3myllrzmy” 3
4 8 1 1
> min{2\/;R3, 2\/;1%%, §R3} > min{SRg, §R3}.
O

4 The characterization theorem for M; and the
existence of minimizers

We first show an estimate for [[my |25y, We set m(z) := ﬁ fDR m(z,y) dy
and m(z,y) := m(x,y) — m(x). We use the estimates from Section 3 to
bound ||y [|z2(s) and use the exchange energy to bound ||y ||r2(s)-

Lemma 15. There exist constants C1, Co that depend only on R such that
lmyl7n sy < CLE(m),  |lollizy) < C2E(m)

Proof. Since fDR m(-,y) dy = 0 we have

Fex(m) = Box(T) + Eox(10) + 2 /R

(0,7 (z)) O < / iz, y) dy) do
Dpg
= FEo (M) 4 Eex(m).
For almost all z € R the map V,m(z,-) is in L?(Dg). Using the Poincaré
inequality we get ||y (z, ')H%Q(DR) < 16R?||Vymy(z, -)H%Q(DR) almost every-

where. Integration over x yields

Eu(m) < [l3aw) < 16R*|Vyml3awy < 16R*E(m),  (11)

14



thus
E(M) < Eox(m) + 2Eg (1) + 2E5(m) < (32R? + 2)E(m) < oco.

Using (11) and Lemma 10 we get the estimate

IN

2 (I35 + 173 1225

2E(m 4R? + 4
< 32R*E(m) + (m) < (32R2+6R7+> E(m)

C1 C1

lmyl12s,

where ¢; = min{R?, 2R3 } which implies the first statement. The second
statement is a consequence of the trace estimate for Sobolev spaces. U

Like in Corollary 11, this estimate implies directly the characterization of
maps m: ¥ — S? with finite energy.

Theorem 16. A map m: ¥ — S? is in M if and only if one of the four
functions m % €, m £ x&, is in H'(X).

We use this result to show the existence of minimizers.

Theorem 17. For every R > 0 there exist minimizers of E in My, T; and
V.

Proof. We use the direct method to find a minimizer in M;. Let (m™),en be
a minimizing sequence in M;. Since the problem is invariant under transla-
tions we can choose the functions m” in a way that m}(0) = 0 and m}(x) <0
for x < 0. The energy E(m") is bounded, therefore || Vm™||;2(5) is bounded.
So there is a map m'"™: ¥ — S? and a subsequence, denoted with (m™),en
as well, such that Vm™ converges weakly to Vm!'™ in L?(X) and m™ con-
verges strongly to m"™ in L2 (¥). Then in particular m:™(0) = 0. The
functional F., is lower semicontinous with respect to weak L? convergence
of (Vm™),en, and the functional Ey is lower semicontinous with respect to
convergence in L2 () (Lemma 6). Thus E(m!"™) < lim inf,, o, E(m™) and
we only have to show m!"™ € M;. Since E(m!'™) is finite and m.™ < 0 for
x < 0 we have that either m™ € M; or m'™ + &, € HY(X).

We now assume m!'"™ +4¢, € H'(X) in order to show by contradiction m!"™ &
M;. The proof will be in the spirit of concentration compactness: If the
sequence (m™),en converges to a map m'™ ¢ M; the maps m” “split” into
two parts. We show that the sum of the energies of the parts is strictly
greater than the energy that can be obtained when the splitting does not
occur.

Clearly E(m!"™) > 0. Indeed, if E(m""™) is zero, m"™ has to be constant on
% with mi™ = 0 (Lemma 15). Thus m'™ = &, or m"™ = —&,. This is in
contradiction to m.i™(0) being zero.

15



In the case m + €, € H'(X) we can construct sequences of maps (" )nen
and (h™),en with the following properties:

1. g" € My, (9")nen converges to —é&, in L2 (X), E(gy) is uniformly
bounded.

2. (h")nen converges to m™ in L2(X).
3. lim,, o0 [y Vgn - Vi, = 0.
4. m™ = g" + h" 4+ €.

We give an explicit construction of (g, )nen and (hy,)nen below, as the last
part of the proof.

Let ugn, upn be weak solutions of (1) for m = ¢", m = h" respectively.
Then Vugn = Vug, 4 e and, using Lemma 6, we get

VUgn VUhn
R3

< | m™ (Vug) Brlg") — 0.

LQ(E) n—oo

+th _ mlim‘

R3

Therefore

lim E(m") = lim (E(h")+ E(g")) > E(m"™) + Enp, > Epm,.

n—o0o n—oo

This is a contradiction to (m"™),en being a minimizing sequence in M;.

The limit of a sequence whose elements are all in 7, V, respectively, is in
that class, too. Therefore we can find minimizers in 7; and V; in exactly the
same way as we have found minimizers in M;.

Construction of (§" )nen and (h")pen. Since ||[Vm™|| 12 (s is uniformly bounded

and (m™ + €;)nen converges in L2 () to a map m™ + &, € H(X) there

exists a sequence [,, — 00, such that

1™ (~ln, ) +Eall i1 (D) + 10" (U, )+ Eall i1 () " = ™| 2, ) = 0.

n—00
Then, in view of the Sobolev embedding H!(R?) — L*°(R?), the sequence
(™ (=ls ) + Eall oo (D) + 1M (s ) + Exll oo (D)) ey

converges to zero as well. We set

m"(z,y) ifxe R\ [, 1],
_&, if 7€ [l + 1,00 — 1],

n — N hn = n_g" T
T e A
Bn z .
ey Hrelh L)

16



where

(@) = (bt 2) (<8) + (—l— 2+ D) m™ (=L, y),
Fiwy) = (o=l (=) + (=2 + 1) m™(,p).
Then 1. and 4. are shurely fulfilled and lim, oo [|gn + €|l m1(z, \5,, ;) = 0.

On (X\X,) Uy, 1 either Vg, = 0 or Vh, = 0. Since |[|[Vmy|/p2x) is
uniformly bounded we have

lim [ Vg, -Vh, = lim Vgn - (Vm, —Vg,) =0.
n—oo Jy o0 S A\, —1
Moreover,
lim [|A" — mhm‘ ’
n—00 L2(%)
I 2 i 2
< lim (Hm"—mm’ + |mt 4+ 2,
n—o0 L2(%;,-1) L2(3\%y,)
n n — lim 2
m'—g" — e, —
* H g v ’ LQ(Ezn\Zzn1)>
lim || li 2
< lim (Hm"—m‘m‘ —i—Hmlm—i-@
n—00 L2(%,) L2(2\%y,)

o2
g+ e o, )
= 0.

Thus the maps g™ and A™ maps have the required properties 1. to 4.. O

5 Energy scaling and I'-convergence for R — 0

In this section we look at sequences of radii that converge to zero. We prove
that %E(m) I'-converges to a reduced, one dimensional problem whose
minimizer can be calculated explicitly. I'-convergence implies in particular
convergence of the minimal energies. Therefore we do not only get the
estimate cR2 < Epm, < CR? for all R < Ry and some fixed ¢, C, Ry > 0 but
we moreover know that for Ry — 0 the constants ¢, C' both converge to the
minimal energy of the reduced problem. In our case this energy is /8.

In this section make implicit dependences on the radius R explicit. Instead
of ¥ we write ¥(R), instead of E(m) we write E(m, R), etc. In this section
we show how the variational problem we considered so far converges to a
reduced variational problem where the magnetization depends only on the
x-coordinate and where the nonlocal part of the energy Ep reduces to a
local term.

17



Definition 18. (i) The admissible set for the full variational problem for
ReRt is
M(R) = {m: (R) — S?| E(m,R) < 00} .

For each admissible function m € M(R) we set
- 2 Yy .—
m: (1) = S*, M (x, E) =m(x,y).

After rescaling, the energy functional of the full variational problem is

1 , 9 1 , 9 1
B ) = [ (100 90 ) ot o Bulm, )

(ii) The energy functional for the reduced variational problem is
2 ™ 2
Erea(m) := 7| 0sm[L2 ) + 5 My ll72 () -
The admissible set is

M(0) = {m: R — S?| E,ea(m) < o0}

(iii) We use the following notion of convergence: Let (R, )nen be a sequence
of positive numbers that converges to zero, let m™ € M(R,,) and let m" €
M(0). We say the sequence (m"),cn converges to m? if

e V1™ converges to 0 strongly in L?(%(1)) and
e 01" converges to 9,m" weakly in L?(¥(1)) and
e 17" converges to m? strongly in LE (3).

Theorem 19. The reduced variational problem (Definition 18 (ii)) is the T -
limit of the full variational problem (Definition 18 (i)) under the convergence
stated in Definition 18 (iii). This means

e Compactness: Let (Ry,)nen be a sequence of positive numbers converg-
ing to zero, let m" € M(R,) and let (E(m™, Ry,))nen be bounded.
Then there exists a subsequence of (m™),en which converges in the
sense of Definition 18 (i) to some m® € M(0).

e Lower semicontinuity: For every convergent sequence (m™)pen (m" €

M(R,)) with limit m® € M(0) we have

e 1 n
Freq(m?) < liminf ﬁE(m ,Ry).

n—oo
n
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e Construction: For each m® € M(0) and each sequence (Rp)nen of
positive numbers converging to zero there is a sequence (m™)pen with
m"™ € M(R,) such that

1
Frea(m®) = lim — E(m™, R,).

To show Theorem 19 we need the following lemma.

Lemma 20. For all m € T(R) we have

. 1 ™ 2
IggloﬁEw(m,R) = §||myHL2(R)
. 1

Ry g For e ) =0

Proof. Let g and h be as in Theorem 8. Then the estimates for g imply

%Ew(m,R) < Zllmyllz2(w) and for all ¢ > 0 we have

: 1 . b 2 T~ 2
Jim 5 oo (m. ) = Jim [ i, (O g(ER) dE = Sy

thus %EO'O'(,’TIWR) = %HmyH%Q(R)

. e 1A
To show the second statement we note that, since E,, is finite, [, [6(¢)|* [ In(€)] d€
is finite as well (Theorem 8). Thus we can estimate E,, as follows.

) 1
lim ﬁEpp(m, R)

R—0
< g (et [ Aot migry ac e mienr [ e ac )
—0
o 1
= (i [0 @+ [ e meh a
-1 %

[, P mehd + [ R maeh ae )

< 0.

O

Proof of Theorem 19. We have to check the three properties of I'-convergence:
compactness, lower semicontinuity and construction.

Showing compactness and constructing a suitable sequence is easy. If R%E (m™, Ry,)

is bounded, then V77" converges to zero in L*(X(1)) and [|0,77"|| 2(sy1)) 18
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bounded. Thus we can find a subsequence, denoted with (m"),en as well,
which converges in the sense of Definition 18 (iii) to a map m®: R — S? with
Ep(m) < oo. Thus we have shown compactness. Moreover Lemma 20 en-
sures that for a sequence (R,,)nen converging to zero and m® € M(0) we can
construct a recovery sequence by setting m™: %(R,,) — S?, (z,y) — m°(z).

To show lower semicontinuity let (m™)nen, m"™ € M(R,,) be a sequence that
converges in the sense of Definition 18 to some m!"™ : R — S2. Without loss
of generality we can assume R, < i and that Rl—zE (m'™) is bounded by some
number M > 1. We split m”™ as in Section 4 into m = m -+ m. The Poincaré
inequality yields

Eg(m) < Hm"HLz S(Rn)) < 16R2||Vym||L2 S(Rn)) < 16R:M

Using this estimate we can calculate

1 n 1 —n b
B R) 2 g (EH(m R,) — 2/En(m ,Rn)EH(m",Rn))

1 —n

> @ (Eog(m \Ry) — 2v/2E(m) + 2B (m) /En(m )
1 T

>y oo (M, Ry) — 3 (Rn\/M n 4R3M) AM

n

1 —n
> 3 Boo(", Ry) — 24MR,.

n

To bound Ey (T, Ry,) from below we use the Fourier multiplier of Theorem
8 and fix some arbitrary ¢ > 0.

~

Eoo (M, Ry) = /RQ(Rnf) m;(f)Z d¢
= /R (Ra€) (5™ ()2 + (1 — mi™)2 4 20l (€) (77, (€) — i (€) ) ) de

> /_t g(Rat) ml™(€)? d¢ — 29(0 ‘/ (3 (m“m(f)—ﬁ;‘(g)) dg

— [yt

Since

hm mlim(x) - m"(x)) dx

1 r .
ﬁ( gg(my) + ||8 myHLZ R ))) S R—%E(m ,Rn) +24MR7L

is bounded, |[my||z2®) is bounded (Lemma 10). Thus my converges weakly
to mlyim and we have the estimate lim,, oo Ego (in, Rp) > ¢(0)]|m!™||

L2([-t,t])
for all ¢ > 0. Letting ¢ tend to infinity we can conclude

1 .
lim —5 Ep(m", Ry) > W Epe (i, Ry) > = [lm™ 2

n—oo RZ n—00 - 2 H
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Moreover, we shurely have

1 . _ -
i g Bea(ma) 2> Jim wll0anllz) > wll0rm™ 2.

so lim,,_, o RLQ (Eg(my, Ry) 4 Eep(my, Ry)) > E*Y(m!™), as claimed. O

We now determine the minimizer of the reduced problem.

Lemma 21. The minimizer of Er.q is unique up to translation and rotation.
It is given by

m™: R — §% x+ (tanh(z), cosh(z)™",0)
and its energy is \/8m.

Proof. To find minimizers of F,..q we parameterize m by the angle 6: 3 —
[0,1] and set my, = — cos(wf). Using the Modica Mortola trick, we get

Erea(m) = m /

(7r8x9)2+%sin2(779) > 7 / Va2 | sin(0) 8,6] > V3.
R R

Assume that |Vm| = 7|V#|, i.e., that the direction m, does not change.
Then the first inequality is an equality. Assume moreover that 6 is a mono-
tone increasing solution of

1
V21

then the second inequality is an equality. Such a map is unique up to
translation and rotation and we have

0,0 =

sin(76), (12)

Hmln($) _ g arctan (6%) = g arccos (%) 9
- T 14 evV2e
mmin(x) = (_ cos (W@min) , sin (Wamin) ) 0) = | tanh ( 7 ) 7 ;_7 "
V2] cosh (\%)

O

Theorem 22. Let m™™ be as in Lemma 21. For each positive sequence
(Rn)nen converging to zero and each sequence of minimizers m" € M;(Ry,)
the rescaled energy R—EE(m”,Rn) converges to /8. Moreover, there is a
sequence of translations T™ such that a subsequence of (T™(my,))nen con-
verges, up to a rotation, to m™™ in the sense of Definition 18 (iii).
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Proof. For T-limits, the following statement is true [DM93, Corollary 7.17,
p.78]: Let (rn)nen be a sequence converging to zero and let m™ be the
minimizer of the full problem for r,. Then every accumulation point of
(m™)pen is a minimizer of the reduced problem. Moreover the full energy
of m,, converges to the reduced energy of m. This statement implies the
theorem directly. O

6 A lower bound for the energy scaling for R — oo

In this section we look at the scaling of Ea4, for big radii. We find a lower
bound, which will be complemented by an upper bound on Ey, in the next
section. To simplify the calculations, instead of the functional F we consider
the functional

I: M(1) xRT =R, I(m,R):= Eex(m) + R*Eg(m).

Then we have for all m € M(1) the relation E(mf, R) = RI(m, R), where
m® .= m(Rz, Ry).

Theorem 23. There are constants C, Ry € RY such that for all R > Ry

i/{l/tf(l)l(m,R)ZC’R\/ln(R), i.e., FEa, > CR*\/In(R).
meM;

Proof. Let R > Ry := 2e and let m be a minimizer of I(-, R). We define

1 — 1 [2
m:R—-R3 21— m/D m(z,y) dy, m:R — R3, xHE/Q m(x+t) dt,
1

Sl

a:zsup{xER: ﬁx(x)g—%}, b::inf{x>a: ﬁx(x)Z%},

and set m:=m —m, d:=b — a. We have d > % since otherwise

o o 1 b—l—% 1 a
my(b) —my(a) = E/b My | — = /a_l;mx
1 1 2 _ _
< Z4-<Z —m,)-m
We distinguish three different cases.
Case 1: Fo > %0. We use a test function to show Ey ~ ln((ld) and com-

plement the estimate with the lower bound on the exchange energy. We
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define

1 1
AR=R, we gl nn)@) = gl (@),
o1 R — R, T — d)IQ(t) dt,
In (d/|y])

wl . RQ — R, Y= ]]~D1 (y) + ]lDd\Dl (y) ln(d)

Then
I61ll72@ < d l¢il72@ <

d oy
2 _ _
IVytrilli2me) = /1 In(d)2 12 dr In(d)’

i ((ta)\” owd? [ md?
2 _ r - 2dr < :
HWHLZ(R?) /1 2rr < n(d) dr ln(d)2 /é rin(r)® dr < 21n(d)2

Let u be the weak solution of Au = divm. Then we have for all differentiable
functions f : R? — R the equality [¢m - Vf = [ps Vu-Vf. So we can
calculate

Vor = W(ﬁx(a)—ﬁx(b)) = /mx¢/1¢1

= /mzﬂsﬂﬁl +¢>1( ywl s My /V¢1¢1

\/Hdl”L%R) le”L?(R?) + H¢1HL2(R) ||Vy¢l||L2(R2) ||VUHL2(R3)

< 2 G
= VRh@? " @) L2 (®?)-

IN

Since d > 1R > e and Eq, > 200 we have

d 1 a2 d \ "
I(m,R) > inf [ — +R?
(m.R) = M, (200+ (277R ln(d)2+7rln(d)> )

. d In(d)? d In(d)
> = f(—— +27R3 f (o +7R?
= oo (g ) g (o o
3

1 d ln(ﬂ)5 ID(R)
> f | == +2rR—2 inf 22
Z 2“““{13 (2oo+ e ) 2 \a00 T

1 2l NEFY
= —min ln

2 {20 10 200" }

1
Z ER\/IH(R)
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((=1,1])

- 1
Case 2: Eex < 555 and Hmy||%2(2) > £d. We prove a bound on |72, || 12
For the Fourier transform 7, and the Fourier

and use Theorem 8 (i)
transform of the derivative & ﬁy we have the inequality
67, Bamy < gid < Tl
yL(E)—2OO = 40 Yl L
0 [ () Za(_1y = (1= &) 7,122z, Using 8 (i) we get
Eoo(ty) 2 |y () 72—y, = 0.1954.
16
g 200d thus

The Poincaré inequality yields |7y
R2Eu(m) > R (VE(m) - i)
L,

1
R%d(+/0.195 — 1/0.08)? —R%*d > 5

I(m,R) >
>
— 40
1al First we show that f

2_2 is

E., < % and HmyH%Q(E) <
1
(937')”%2([)1)-

Case 3:
__ 2 <
) + o

large. For all x € R we have
1 — ~ 2
m(z) +m(z,y)|” dy
D1

1 ==

Since ||erH%2( < d, in particular
b2 1 1 d 16d
2 — 12 5112
/ag mx Z R-'-d-;”myHLQ(E _;HmHLQ(E > R+d—5—ﬂ_—m R+09d
2ot B
Thus there is at least one zp € [a,b] such that fxoojg m2 > 0.9R. We
proceed similar to Case 1. We set ’
1 o _
G RoR we il n (@) ()~ o),
¢ R — R, xT / @h(t) dt,
In (R/]yl)
.2
Yo : R =R, yr1p,(y) + Lp,p,( )W-
Then
2 R R
IS5 @=0oR\|a-Fautg].  lalst
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27
2 o 2
Hvy1/11||L2(R2) = —ln(R)’ leHLQ(R?) < 2ln(R)2'

We have
T I0+§ e
" (09-05) < T / To(2)? — T (0)? d

R
T 3304’7 o

= 5/ . My () (M () — My (w0)) d

R/, =&
= /zmzd)é% = /Em'v(@%) = /RsVu'V(@%)

< Iy 191 gy + 162 ey V01 gy [V lzagesy

2R 2R / R
< — .

70.42
4

A

Thus

1
I(m,R) > R*||VulZ2gsy > RIn(R) > o In(R).
In all three cases we have the inequality I(m,R) > 55 R+/In(R) for R >
2e. O

7 The vortex wall - an example of a set of func-
tions with low energy for big radii

In this section we show upper and lower bounds for the energy Ey,. We see
that for large radii the upper bound has the same scaling as the lower bound
for Epq,. This shows that this scaling is indeed optimal and that for large
radii the energy of the minimizers in V; is at most a constant factor larger
than the energy of the minimizers in M;. For small radii Fy, scales like R
and is thus much larger than Faq, ~ E7 ~ R2.

Because of the symmetry of the functions m € V, we use spherical coordi-
nates z,r, ¢ in the domain and polar coordinates 6 : ¥ — [0,1], v : [0, 7] in
the image,

x T My — cos(md)
p=| vy | =] rcoso |, m=| my | =/ sin(7d) cosy
Y2 r sin ¢ My, sin(7f) sin~y

For m € V we have v = ¢ + 5, so m is uniquely determined by the angle 6.
The exchange energy is

IVinlta) = [ T s (0(0) + (= :0(0) + (x V,0(0)* .

25



7.1 Bounds on F£y, for small radii

The following Theorem gives upper and lower bounds for Ey, that are valid
for all R > 0. However, they are reasonably sharp only for small R.

Theorem 24. We have

8TR < By, < 12r R+ 27 R>.

Proof. Set
Eq(0) := / 72(9,0) + lz sin?(mf),
» T

Using the Modica Mortola trick, we find for all functions 6 : ¥ — [0, 1] with
limg o 0(z,y) =0 and lim, .o 0(z,y) =1

E(0) > / —]sm (w6) 0,0 / / 4 Oy (coswh) dx dr = 8m R.
b
(13)
In particular we have E(m) > 87 R for all m € V.

A function 6 fulfills equation (13) with equality if and only if it is a monotone
increasing solution of

1.
0.0 = — sin(70).

This solution is unique up to translation. It is given by

2 ©
01(x,r) := — arctan(er).
T
Let m! € V) be the magnetisation corresponding to ;. We calculate E(m).

Since

2 e v 2z =l
0,01 (z,7)| = o S ——Se¢
mr? (14+e ) wr

[=onr = [ [ () R

Finally, using Lemma 5, we get

we have

Ey, < E(my) < E1(91)+/7r2(ar91)2+Epp(m) < 127R + 87° R,
%

O
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7.2 An upper bound on F£y, for big radii

In this subsection we use a family of maps mf € V)(R) and show that for
an appropriate choice of a and large R we have the estimate F(mf) <
C R? \/In(R).

First, we estimate an integral over a cylindrical surface.

Lemma 25. For r,l € R", with | > r, and p := (z,y) with |y| > r and

Zyy = {(w’,y’) € [-11] x GDT}

1 1
/ - dpf < 2n%r (1 +1In (—l)) .
Zea lp — 7l r

Proof. The Lemma is shown by direct calculation, for details see [Kiih]. O

we have

We now set

0 if v < —ay/r
0, Rx D] — R On(x, 1) := O5+2a\/— if —ayr<z<ayr
if x > an/r,

let m, € V(1) be the rotationally symmetric magnetization corresponding
to 0, and define mf : S(R) — 2, (z,y) — ma (%, %). See Figure 7.2 for
a plot of #;. Note that m/? has a square root type singularity and that the
size of the transition region is Ro.

Theorem 26. For R > e and ag := R+/In(R) we have

Ey, < E(mf) < 38R*\/In(R).

l
Proof. Let I be as in Section 6,
I: M(1) xRT =R, I(m,R):= Eo(m)+ R*Eg(m).

Then E(mf R) = RI(mg, R). First, we estimate I(mg) for general a > 1
and then choose a suitable ag. According to Lemma 4 we have

Epp(ma) = / a(P)pa - // 477!]9 p| d o
L e

Since p,, = divmg = 0, (Mmg)z, wWe have

T sin | 7L if || < a/|y
iy = Lm o (557) < mo <oV

0 otherwise.
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Figure 3: Contour plot of the function 6

Using this estimate and applying Lemma 25 with [ = a7/ yields

Esp (ma)

<

IN

<

1/ ()/ly/ /aW T 1 de d dr' d
— «’ dy' dr' dp
2r Ju " ), oD, J—avi 2o/ |(2',y') — Dl

vl a1
/zpa(p)/o 2 21y’ (1-1—111( " dr’ dp

/Epa(p) /Oyl V! (1 +1In(a) — ln(\/P)) dr’ dp
3

/E PaP)2+1n(0)) dp < (24 In(a)).

[0}

¥ -

g% 213

The exchange energy is

Eex (ma)

/ 2(0000)? + 72(V,0a)? +r—12sin2(7r9a) dp

(2 8) s Lt (1
/ 27W/ \f4oz r (4ar ’ +r2 i (2aﬁ> de dr
73 203,/1° 27Toz\/_
2
/ STVt 3 .
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For R > e we choose o := RvVIn R. Then In(a)) < 2In(R) and

73 473
E,,(im,) < ——2+4+2In(R)) < —Ry/In(R) < 17R/In(R),
lima) S o2+ 2(R) < S RYIN(R) ()

Fu(me) < — 25 4 <%3 +47r> RI(R) < 21R\/In(R)

Thus

8 The Fourier multiplier

For functions that are constant on the cross section, we use a partial Fourier
transform to find estimates for E,, and E,,. As in section 3, we view E,
E,, and Ey, not only as functionals on M but also on {f: R — R3}.

As before we apply the Fourier transformation only to the first argument of
a function. For all functions f: R x A — R™ for which f(-,a) lies in L!(R)
for all a € A, we define

A~

f(&a) == F(f)(& a) = \/% /OO flz,a)e” ™" dz.

We generalize this formula in the usual way to functions f with f(-,a) €
L?(R). With the above normalization we have ||f(-,a)||z2 = ||f(-,a)||z2. We
denote the inverse Fourier transform of a map g: Rx A — R" by F~1(g) = g.

We now formally Fourier transform the defining equations for . In cylin-
drical coordinates the formal Fourier transform of equation (7) and (8) is

1 1
—&%05 + Oppvy + ;8,4)0 + r—28¢¢vg = 0 ifr#R (14)
3{1}2 arvcr(fv T, ¢) - Th/H}l% Orvg (57 T, ¢) = _O-(ga R, (b)v (15)

the formal Fourier transform of equation (6) in cylindrical coordinates is
2 1 1 .
—&£°0 + Oppvp + ;87»1),0 + r—28¢¢vp = p. (16)

The next Lemma clarifies in which sense v, and v, are the Fourier transforms
of u, and u,, and allows us to calculate E,, and E,, in Fourier space.

Lemma 27. Let f: {(&,y) € R x R?} — R be a function such that for all
y € R? the map f(-,y) is in L*(R), and let g: {(z,y) € R x R?} — R be
such that for all y € R? we have g(-,y) = F1(f(-,y)).
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Iff € LA(R®) and V,f € L*(R3) then, in the sense of equality in L*(R3),
0y = F i€ f) and Vyg = F YV, f). In particular we have

IVgl1E2 oy = I€£1Z2@s) + IV f 172
IfEf & L*(R3) or Vyf & L*(R3) then Vg &€ L*(R?).

Proof. The methods of the proof are standard, details can be found in [Kiih].
U

In the next lemma and the subsequent corollary we will determine the
Fourier transform of u,. We use Bessel functions to solve the differen-
tial equations (14) and (15). Let I and K} denote the modified k'" Bessel

functions _ o
Ii(z) = e 5 Jj(iz), Kk(x):%e% W (i),

where J;, is the k" Bessel function of first kind and H ’51) is the k' Hankel
function of first kind. In particular both, I and K}, are solutions of the
differential equation

r20,pu + ropu — (7"2 + k2)u = 0.
The function I is continuous in zero and K} vanishes at infinity.

Lemma 28. Let my: R — {0} x R? be a map, set m, :=m, - &, where k is
the angle between the unit vector €, and €y,, and set

ve: R x RT x [0, 27— R,

i (§) R K1 ([€[R) I1([]r) cos(¢ — k) if r <R

) ) (17)
my (&) R I1(|€|R) K1(|&|r) cos(¢p — k)  ifr >R

(£7r7¢) = {

If my, is square integrable with my = m€,, then for all ¢ € R the map v (&, -)
is continuous in R?, differentiable in R\ ODpg and fulfills the equations (14)
and (15).

Proof. Simple calculation shows that v, is fulfills the equation (14) for r # R

and is continous at r = R. Using the differention rules for Bessel functions
and the identity

R (1)(To(t) + B) + T (1) (o (1) + Kolt)) = - (18)

we see that (15) is fulfilled. O
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Corollary 29. Let the notation be as in Lemma 28 and set v := vg +
vr. For all m, € L*(R,{0} x R?) the map v(&,-) is continuous in R* and
differentiable in R?\ ODg. The map v fulfills the equations (14) and (15).
Moreover v(-,y) is in L*(R) for all y € R? and both &v and Vv are in
L?(R3). The map w := v fulfills (4) and we have

Prolmy) = [ 19y + &l + [ 19,0 +hocl. (19

Proof. Note that E,,(v) = Eyy(vg) + Epo(vr) (Lemma 7 (ii)). The state-
ments now follow from Lemma 28 and direct calculation. |

We now use the explicit representation of i, to find upper and lower bounds
on the Fourier multiplier of F,.

Proof of Theorem 8 (i). Using the notation of Lemma 28 we define
R 27 1
. — 2 2, 1 2
Guli®) = [ [ rlgod 4o + Lol do dr
R 2
= I@PRERER? [ [ oo =)
(0160 + Bl + 10l )?) + (0~ ) 3 €l do i
S 2 P22 2 R 1 2 2 1 2
— i OPRER(ER? [ <§Io(’f|7’) T (lelr) +512<|5rr>) dr

= R2|mn(§)|zg’§|RKl(|§’R)2(IO(|§’R)11(|§’R)+Il(|§’R)IZ(|§’R))

Here we have used the recurrence relations for Bessel functions and the
equalities

OH(tIo()I(t)) = tho(t)> +tI ()%, Oy (tI(t)[a(t)) = tI(t)? + tlx(t)?
Similarly we can prove
oo pom
Gont (5, 6) = /R /0 rl€vn]? + 710y 0n]? + %|a¢v512 do dr
= RQIM(&)P%I&!RE(IHR)Q (Ko (€| R) K1 ([€[R) + K1 ([€|R)Ka([€[R)) .
Thus we have Eqq(my) = R? [ [y, (§)[?g(§R) d€ with
g(t) = g!t!Kl(ltl)h(!t!) (B ([t)) (Lo ([t]) + L2(]2)) + ([t (Ko([t]) + K([t])-

Now (18) yields g(t) = 7K (|t|)I1(|t]). O
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We now consider E,,. Again we first give an explicit representation of ,
and then find estimates for the Fourier multiplier.

Lemma 30. Let m,: R — R be a function such that p := 0ymy is in L*(X)

and set
v: R x RY x [0,27][— R,

& 1, ¢) — {gﬂ (IER| K1(I€|R) Io(|€]r) — 1)  ifr <R

: . (20)
& [€R| L (€| R) Ko(l€]r) ifr>R

Then v(&,-) is continuously differentiable and v is a solution of (16). The
map v(-,y) is in L*(R) for all y € R?. If both v and Vv are in L*(R3), the
map u = ¥ is a solution of (6) and we have E,,(mgéy) = [p [e &[0 +
IVyv|? dy d§. Otherwise E,,(my) is infinite.

Proof. Simple calculation shows that v is is a solution of (16) for r # R and

continuous at » = R. To see that 0,v is continous at r = R we use the differ-
ention rules for Bessel functions and the identity Io(t) Ky (t)+ K1 (t)Io(t) = 1.

O

Proof of Theorem 8 (ii). Using the notation of Lemma 28 we define

R
Hin(&) = /0 2nr (|8rv(§,r)]2+|§v(§,r)|2) dr

A~

2 R
LS /0 r <52K1<|51R>211<r§r|>2+(»:Kl(ﬁR)Io(ifrD—

52

= R

(ER)2
How () = /R 27 (|0,v(&,7))? + [Eu(&,r)]?) dr
— R 2nn(en)? [ T (rEL(Er)? + rEo(lEr])?) dr
R

_ pip? é; L(I€|R)? Ko(|€|R) K1 (I€|R)

Thus we have E,,(mg€;) = R* [, [/, (€)[*h(£R) d€ with

o) = 2n (g + KD ) (oo D + (Do) — ) )

= (1= 2K ()1 (1)
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