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Abstract

This paper investigates regularity properties of energy minimising 180
degree domain walls in magnetic nanowires. For small radii we prove
uniform bounds in C*#. Uniform bounds imply convergence in strong
norms and are important for the step from statics to dynamics. First we
show the convergence of minimisers in H' and a bound on the rate of
convergence of the minimal energies. Then we use the notion of almost
minimisers to prove C%* estimates and the Morrey-Campanato approach
to get uniform C'? estimates.

1 Introduction

In recent numerical studies on switching modes in magnetic nanowires two dif-
ferent reversal modes have been observed. For thin wires the magnetisation
looks smooth (transverse mode), while for thick wires the magnetisation forms
a singularity (vortex mode). Forster et al. [3] have suggested that the reversal
modes correspond to static domain walls that minimise the energy. Numeric
simulations of domain wall profiles support this idea [10] and in a previous pa-
per we have investigated it rigorously [7], establishing a crossover between two
scaling regimes of the energy. This crossover corresponds to the change of scal-
ing from transverse walls to vortex walls. Moreover we have shown that for
R — 0 the energy minimising domain walls converge to a domain wall that is
smooth and constant on each cross section. However, since the convergence is
only in a topology that comes from the energy bounds, we do not know whether
the domain walls are smooth for finite radii and whether we have convergence
in stronger norms. This question is not only of intrinsic interest but also crucial
in the step from statics to dynamics [8].

We work in the framework of micromagnetism. This is a mesoscopic contin-
uum theory that assigns a nonlocal nonconvex energy to each magnetisation
m from the domain ¥ C R3 to the sphere S? C R3. Experimentally observed
ground states correspond to minimisers of the micromagnetic energy functional
E. When appropriately rescaled, for a soft magnetic material without external
field this energy is

E(m) = / |Vm|2 —i—/ |Vu|2 where Au = divm in R3. (1)
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We consider magnetisations where the domain is an infinite cylinder
2(R) =R x Dg:= {(z,y) ERxR*: |y| < R}.

Since we are interested in 180 degree domain walls we have to prescribe the
limits at +o00. We define

x:R—[-1,1], m +— tanh(x),
My(R) :={m:2(R) = S* : m—xé, € H(X)}. (2)

In [7] we have shown that for every radius R > 0 there exists a minimiser
in M;(R). In this paper we show that for small radii these minimisers are
uniformly bounded in C** for 8 < %. In general, we cannot expect such good
regularity since for thick wires the examples of domain walls with low energy are
vortex walls that are not even continuous [7]. So the arguments rely crucially
on the fact that the wires are thin. In this paper we refine some of the results
of [7]. We prove convergence of the minimisers in H! and show a bound on the
rate of convergence of the minimal energies.

The regularity of minimisers of the micromagnetic energy has been studied in-
dependently by Carbou [1] and Hardt and Kinderlehrer [6]. Carbou investigates
critical points of the micromagnetic energy in two and three dimensions using
the Euler-Lagrange equation. He finds that critical points in H'(Dy,S?) are
smooth, while critical points in H'(B1,S?) are smooth away from a set of one
dimensional Hausdorff measure zero. Here D; C R? denotes the unit disc and
B; C R? denotes the unit ball.

Hardt and Kinderlehrer use the fact that on small scales the exchange energy
is the dominant part of the micromagnetic energy. Using the notion of almost-
minimisers they show how the stray field energy can be treated as a lower order
perturbation. They find that minimisers of the micromagnetic energy functional
on bounded, sufficiently regular domains are smooth away from a discrete set
Z.

Thei moreover show that the set Z is empty if the exchange energy of m is
small enough. Here “small enough” depends on the domain. This implies that
energy minimising domain walls are smooth for small R > 0, but we do not get
uniform bounds. However, uniform bounds are necessary to show the conver-
gence of minimisers in stronger norms. In this paper we focus on the estimates
that control the dependence of the bounds on the radius. We will not repeat
arguments that have been given in similar form elsewhere and refer to [9] for
details on how they are implemented here.

1.1 Outline of the paper

In Section 2 we summarise the results of [7] that are relevant for this paper.
In Section 3 we show the convergence of minimisers in H?!.

In Section 4 we prove an upper bound on the rate of convergence of the minimal
energies.

In Section 5 we give a short introduction to the ideas and definitions we are
using to prove regularity results.



In Section 6 we present the major steps to get C%® estimates for almost-
minimisers without proofs since the arguments are essentially the same as in
[6].

In Section 7 we use the Euler-Lagrange equations for m® and apply the Morrey-
Campanato approach to regularity (cf. [4]) to prove uniform C# regularity. To
get a bound on [[m®||c1.5(s(r)) that is uniform in R, we show uniform bounds
on integrals of the form 2 fBR(a) |Vm|?. The proof relies on the bound for the
rate of convergence of the minimal energies.

2 Preliminaries

2.1 The main results about domain walls in magnetic nanowires

Summarising the results of [7] we discuss the question of existence of energy
minimising domain walls, the scaling of the energy and the shape of the optimal
wall profile. First we note that there is a simple characterisation for magneti-
sations with finite energy.

Theorem 1. For m : %(R) — S? we have E(m) < oo if and only if one of the
four maps m & &,, m & x is in H'(X(R)).

Thus M;(R) as defined in (2) includes all magnetisations with finite energy and
limg_, 400 m(x,y) = £€,. Analogously to M;(R) we define the following classes
of domain walls

Ti(R) := {m € M;(R) | m is constant on each cross section},

Vi(R) : {meMl(R) ‘

my(x, Y1, y2) is parallel to (—y2,y1),
|my| depends only on z and |y

and the infima of the energy in all of these classes

Ex(R) = nlzrelg( E(m), for X = M;(R), 7)(R), Vi(R).

In fact, all infima are minima.
Theorem 2 (Existence). For each radius R > 0 there exist minimisers of the
energy E in M(R), T)(R) and Vi(R).
The energy of the optimal wall profile scales like E7; when the radius goes to
zero and scales like Ey, for radius to infinity.
Theorem 3 (Energy scaling). There exist constants ¢, C such that

for R<2: cR?* < Erp(R) < Er(R) < CR?,

for R > 2: cR?*\/In(R) < Em,(R) < Ey,(R) < CR*\/In(R).

Neither E1, nor By, has the optimal scaling in the opposite regime: There exists
a constant ¢ such that for all R € RT we have

Er(R) > éR3 and Ey,(R) > éR.
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This shows that transverse walls are energetically favourable for small radii and
vortex walls are energetically favourable for big radii.

To capture the essence of the energy minimising problem for small radii, we
use the notion of I'-convergence as described in [2]. We rescale and make the
following definition:

Definition 4. (i) After rescaling, the energy functional of the full variational
problem for R € RT is

1 1
ﬁE(m) = = /Z(R) |Vm|? + |[Vul>  where Au = divm.
The admissible set is
M(R) = {m: %(R) - S*| E(m,R) < o0} .

For each admissible function m € M(R) we set

m: X(1) — S?, m (x, %) =m(z,y). (3)

(ii) The energy functional for the reduced variational problem is
T
Erea(m) = wl|0,ml| 72w + EHmyH%?(R)'
The admissible set is
M(0) = {m: R — §?| Erea(m) < oc}.
(iii) We use the following notion of convergence: Let (R, )nen be a sequence of

R
positive numbers that converges to zero, let m™ € M(R,,) and let m® € M(0).
We say the sequence (m™), ey converges to m® if

e V,1h" converges to 0 strongly in L?(X(1)) and
e 9,7m" converges to 9,m" weakly in L?(3(1)) and
e 17" converges to m® strongly in L2 (3(1)).

Theorem 5 (I'-convergence). The reduced variational problem (Definition 4
(i1)) is the T'-limit of the full variational problem (Definition 4 (i)) with respect
to the convergence stated in Definition 4 (iii).

The minimiser of the reduced problem can be calculated explicitly.

Lemma 6. The minimiser of Eieq in
M;(0) := {m € M(0): m —x € H'(R)}

is unique up to translation and rotation. It is given by

red . 2 x_ - -
m*d: R — §°, x»—><tanh(\/§), Cosh(\%),()),

and its energy is /8.



Since I'-convergence implies convergence of the minimisers and convergence of
the minimal energies we have the following asymptotic result.

Theorem 7. Let m™? be as in Lemma 6. For each positive sequence (Ry)nen
converging to zero and each sequence of minimisers m™ € M;(R,,), the rescaled
enerqgy R—gE(m",Rn) converges to Freq(m™d) = /81. Moreover, there is a

sequence of translations T™ such that a subsequence of (T™(my))nen converges,
up to a rotation, to m™d in the sense of Definition 4 (iii).

2.2 Useful theorems for the calculation of the micromag-
netic energy

Naming different parts of the micromagnetic energy, for m : ¥(R) — R3 we set
E..(m) ::/ |Vm|?, Eg(m) :z/ |Vu|?>  where Au = divm.
(R) RS

The divergence of m consists of two parts: the body charges p in the interior
of the cylinder and the surface charges o, the divergence that comes from the
normal component of the magnetisation on the surface,

—di ifpes
p(p) = { vm(p) ifp € X, a(p) =m-é, for all p € O%.

0 otherwise,

Define u,, u, as the solutions of Au, = p, Au, = o and set

E,p(m) == / \Vu,|?,  Eso(m) = / |Vug?,  Epp(m) = / Vu, - V.
R3 R3 R3
If m : £(R) — R? is constant on each cross section, symmetry considerations
imply E,s(m) =0 [7, Lemma 7] and we can formulate the following Lemma:

Lemma 8. If m: X(R) — R? is constant on each cross section then
En(m) = E,yp(m) + Eoq(m).

In this case we can calculate E(m) using a Fourier multiplier [7, Thm. 8].

Theorem 9 (Estimates via Fourier multipliers).
(i) Let m, € L?*(%(R),{0} x R?) be a function that is constant on each cross
section and let 1y, : R — {0} x R? be the Fourier transform of my(-,0). Then

Eoo(my) = R2/R|my(§)|29F(§R) dg.

Here gr is a positive smooth function, monotonously decreasing in |t| with
gr(0) = 5. Moreover, we have the relation

Z_gr(t) < 2@ for lt <

) ) (4)
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(i1) Let my: S(R) — R be a function that is constant on each cross section with
p = 0ymy € L*(X(R)) and let p : R — R be the Fourier transform of p(-,0).
Then

Bpmaee) = R [ 15OFhr(eR) e

Here hp is a positive smooth function on R\ {0} with

m|[In([t])[  for |t]
hr(t) < {tlz for |t|

(5)

<l7 ™
ST he® =Sl forff < 1.
= 92

For general m : X(R) — R3 we set

m: X(R) — R?, m(x,y') dy',

Dr

(z,y) —

m: L(R) — R?,

Lemma 10. For m: 3(R) — R3
Eex () + Eex ()

[ il e ) dy

16R? | Vym(z, ) |72 (p

we have

Eeac (m),

/ |m(z,y)|* dy  for all x € R, 9)
Dr

Y

(|7 (z, .)”%Z(DR) forallz e R.  (10)

Proof. The first two equations can be shown by direct calculation, for details
see [9, Lemma 2.18]. The last equation is an instance of the Poincaré inequality
[5, p. 164]. O

The following Lemma is a direct consequence of the fact that, for m € H*(X)
and Au = divm, we have ||Vul|p2rs) < [|m]|r2(x)-

Lemma 11. Let f,g: % — R3 such that Ex(f), Ex(g) < co. Then

\Eu(f) = Eu(9)l < Eu(f —9)+2vVEu(f)Bu(f - 9).

In particular, if || f — gllr2(n) < oo,

|Eu(f) = Eu(9)] < IIf = glli2s) +2If = gll2)VEu(f)-

(11)

(12)

3 Convergence of minimisers in H'!

To show that the minimisers converge not only in the sense of Definition 4 (iii)
but also in H' we have to refine the results of [7]. For magnetisations that are
constant on each cross section we can use the Fourier multiplier Theorem 9 to
get bounds on the energy.

Lemma 12. (i) Let m, € H'(3(R),{0} x R?) be a map that is constant on
each cross section and let R be so small that —In(R) > 1. Then

1
0 < §||my||%2(E(R)) — Eoo(my) < 3R? [In(R)| lmyl (sry-



(i1) Let my : (R) — R be constant on each cross section with p := dym, €
L?(X(R)) and let R be so small that —In(R) > 1. Then, for 1€, as in (3) we
have

0 < E,,(mg&) < 5R*|In(R)| E(1h,€,).

Proof. (i) Theorem 9 and the equality mR?||iv |72y = |[myll72(n gy directly
implie the lower bound. For the upper bound, Theorem 9 yields the relation

1
§||my||2Lz(z(R)) = Eoo(my)

< _gm/r’: 1, ()2 In(|€R|)E2R? d + gR2 / |71y (€)1 dE .

=T R\[— ok, 5% ]

|~

A

WL =

Using the identity —In(|¢R|) = —In(|¢]) — In(R) and the fact that —In(|¢]) is

negative for |£| > 1 we have

I 2 2 p2
|7y (E)]" In(R)E"R” dE

L
2R

A= 2R [ P wee R g - TR [

L
2R

1
T X - A

= §R4/1 Iy ()7 | In(|€])| €% d€ + §R4|ln(R)| /R|my(§)|2§2 dé
™ . ™

< SRyl e + 5 R (R [0y (-, 0)F2x)
1

< SR () oy oy

The second summand can be bounded by

o ~
B DR [ (@ G8R) e < 2mR Ym0 sco,

L L]
2R’2R

so we have

1
0 < §||my||%2(2(3)) — Eo(my, R) < 3R* |In(R)| [myllF: (2 (ry)-
(i) To show the second statement we note that (5) implies

1
r / BOP Q) dE < 2Ep11sE)

Using (5) once more we calculate

m|“

21

ere

Epp(ma) < 7R / " _15(€) W(€R]) de + 7R / 7€)
R\[-3%,55]

B
4 ﬁ 2 2 4 ' 2 2
A< wr )] [ @ Pds+ Rt [ 15O e de
_ﬁ -1
RYIn(R)| (0010|7251 + 2R Epp (110E2)

B< nR! / o de = ARYOprha 2oy

)
s

A

IN



Thus E,,(m;€,, R) < 5R* |In(R)| E(rie,). O

One property of I'-convergence in lower semicontinuity. In our case this means:
if the sequence (R™)pen converges to 0, and if (m"™),en, m™ € M(R,,) converges
in the sense of Definition 4 to m® € M(0) then E*d(m°) < 2> E(m™). The
next Lemma refines this statement. !

Lemma 13. Let m™ € M(R,,) withlim, .o R, = 0 and assume that 7z E(m")

is bounded by some number C. If (m™),en converges in the sense of Definition
4 to m"™ € M(0) then we have

: 1 n n im im
i — (10 B2,y — 19em™ = 0amn™ R, ) = T1Om™ |32y,

. 1 n L mn im||2
nlin;o R—% (EH(m ) — 3 Hmy - mL HLZ(Z(R)))
1 . T

. T —, im||2 im |2
= lim R (Egg(m ) - b) [y — m HLz(z(R))) -3 [y HL2(R)'

n—oo

Proof. We calculate

1 n 1 n im
ﬁ”azm ”%Z(E(Rn)) - ﬁ”azm — 0pm! H%Q(E(Rn))

2 n lim 1 lim |2
R—z</z<ma””m e )‘ g O st

2 ( /E (1)(awm" — awm“m)amm“m> A7) 0em ™22 )

()

By assumption, (%) converges to 0, so we obtain
. 1 . .
A T ("81”7’""%2(2(&)) = [|0zm™ — 3zmhm|\%2<z<m>>) = ][ em™ |72 w)-
n

We now show the second equation. The Poincaré inequality (10) yields

Ex(m) < |m"|esir,y < 16RLIVymllizsr,)) < 16R,C.

Using this estimate and Lemma 11 we can calculate

1 n 1 —MN

< Ri% (EH(m”) +2/Egm") \/EH(M"))
Ri% (1603§ +2/2Eg (m™) + 2E5 (m") \/160R;§)

< 16CR2 +2,/2CR2 + 32CR% 4\/C.
Since Ex(m) = Eyo(Mm) + E,p(m) (Lemma 8) and lim, o RL%EPP(W) =0
(Lemma 12 (ii)) we have

IN

(1 R R
nh_)n;o <R_%EH(m )—R—%Egg(m ,Rn)) = 0. (13)



To calculate lim,, o Fys (") we use the Fourier multiplier of Theorem 9. We
have
Ero(m") = | gr(Rn&) [, (&) dé

gr(Ra€) (™ ()2 + 7, (€) — mlim () ) de

Qn

—

~Nn

+2 [ gr(Rug) i (6) (i €) — (@) de.

bn

Here g is a continuous function with § = gr(0) > gr(t) for all t € R.

Considering the first summand a,, we have, for every ¢ > 0, the relation
T . I 2 . . T 2n ~ i 2
0 < Zlt™ | 2qg) + liminf (1, — il 3z — an )

T T . T ~ i
< _Hmhm||2L2(R) + lim sup (—Hmz — m2n1|‘%2(]1§) _ an)
2 n—oo 2

< timsup [ (96(0) = g (R,©) (I (OF + 7€) — il (@) de

an 1
. m - lim im
—i—hmsup—/ |1y, ()|2+|m() iy ™ (6)|? dE .
n—oo 2 Jr\[-1,

U2

Because of (13) and the relation ||(’“)gcm;‘||2L2(E Ro)) S CR2 the term

1 —n —n
7z (Boo ) 4 10775 s, )

is uniformly bounded. Therefore, with [7, Lemma 10], HmAZH r2(wr) is uniformly
bounded. This implies for every ¢ > 0

limsupa,,; < limsup (gr(0) — gr(Rut)) (3Hml§m|\%z(m+2||ﬁ2|\%2(m) = 0.

n—oo n—oo
Regarding a2, we have the relation

T {2

~ lim =N ~ lim
a2 5[ G (m@r v — )

< g/ (Ewmr + o)

1m 1 —nN 3
= 2152”‘9 m! H%Q(R)'i_@”aﬂﬂm H%Q(E(R)) < t—QC'

Since t was arbitrary we obtain

) Toam T
lim (an—gl\my — |2 ) = SR Y

n—oo



We now show that the summand b, converges to zero. Since ||mAZ|| L2(R) is
bounded, the sequence (fy)nen,

farR—=R, & gp(ER,) (M (€) — ™ (€))

converges weakly, up to a subsequence. Since lim,, . m;(-, 0) —m'™ = 0 in

L2 _(R), the only possible limit of the sequence (f,)nen is 0. In particular, this
implies lim,, _,~ b, = 0. Therefore we have
: 1 —n —n lim |2
i R2 (E""(m )= [y —my HLz@(Rn)))
lim (a,—|m, — m“m’ ’ =TI HmlimH2
oS n Y Y L2(R) ) y 1IL2(R)
as claimed. O

Together with the convergence result for minimal energies of Theorem 7 this
lemma implies that minimisers converge in H' up to a subsequence.

Lemma 14. Let m™? be as in Lemma 6, let (Ry)nen be a sequence converging
to zero and let m™ € M;(R,,) be a sequence of minimisers converging to m %
in the sense of Definition 4 (iii). Then

3 1 n re
lim R—Hm —m dHHl(E(R)) = 0.

n—oo n

Proof. Lemma 13 implies

. 1 n r : 1 —n T
Jim o BOn) = Eraalm™) + lim (1775 = 5o+

0em™ = O™ s, + Iy [z sy )
Since by Theorem 7 limpgz o F (m") = Freq = V87 we have

. 1 —1 re
fim_ -l —my sy = 0,

n—oo

1
lim R_Hammn _awmredHLQ(E(Rn)) = O’

. 1 n
Jim = [[Vym® L2 (z(ray) = 0. (14)

Combining (14) and the Poincaré inequality (10) implies

1
Jim R—n||m"||L2(2(Rn)) = 0.
Fix zo such that [m*d(z)| > 3 for z € R\ [z, zo]. By assumption we have
: 1 n red
Jim = [lm® = m™ L2 (oo w0l x DR, ) = 0.

Thus it remains to show

: 1 —n T
nh—>ngo R_”mm - mzed”L2(E(Rn)\[*movm0]><DRn) = 0.

10



: 1 n|2 red |2
nh—{goR_%/(Rn) [y * = [y 7|

< tim - [lmg =3 sy (170 =25 ey + 2 15 egsiny)
=0
and

[l [* = a2 = 1= m[* = (1 = [mi )]

} |mn|2 |mn|2+|mrcd|2|

=l + (] + fmee ) (| — i)

IV v

d
=l + (| = mie])?,

the functions ["| converge in L%(R) to [m:®d|.

Now (14) implies that they converge also in H*(R), and with the Sobolev em-
bedding H'(R) — L*°(R) they converge in L> (R) In particular, there is ng
such that for all n > ng we have ||m}| — |mi*d|| < §. This implies that the func-
tions sign(m} ) [|— oo, —ao] and sign(m} )|z, 00[ are constant. Now the fact that m™
converges in the sense of Definition 4 (iii) to m™9 implies

Sign(m:)h@\]—mo,mo[ = Sign(mECd)|R\]—mo,mo[

and we have

lim R—Hm — Y| L2 (R )\ [~ 20,0] X D, )

n—oo

d
= T =[] — [ 0 ool ) = O

O

4 The rate of convergence of the minimal ener-
gies
Theorem 7 states that
lim —5 B, (R) — V871 = 0.
In this section we prove an upper bound on the difference |2z Erq, (R) — /37|

in terms of R. Let m® be a minimiser of E in M;(R). In the first lemma we
consider [[m®||2(s). We already know from Lemma 14 that

lim —Hm lz2zry) < Lim, —||V || r2s(r)) = 0.

R—0 R

Using the fact that m® is a minimiser, we can improve this estimate.

11



Lemma 15. There exist positive constants Ry, C such that for all R < Ry

mR —R R
[, S V09
__ 2
o, I iy < T iy 10
mR
B () - By < G [T sy~ 5 90 gy« 07
17 Lasmy < CRP, [V sy < CR” (18)

Proof. Let Ry be so small that for all R < Ry the following inequalities hold:

1 48 R 1 2 1 R 2
> Z — < = < - < .
inf [mf(@)| > 5, ZEm") < 1. 64R* < 7 E(m") < 16R

Estimate (15) is the result of the following calculation. In the last step we use

- 2
H‘ - /zu:z) (1= [m)* < /2( R) = 1 ey

To prove (16) we first show that 1 — [m’*|? is small, using (9) and the Poincaré
inequality (10):

L2(2(R))

1 2
Ny O
m = o [ e [
2 - -
S WHmRHLQ(E(R)) ||3meHL2(z(R))
8R 3 - RII2
< 1Drl ||VmRHL2 (S(R)) = R vaRHL2(Z(R))' (19)
Moreover we have
R —R —R
—R _ R _ |=R m —Rrpy M
Oym™ = 0y <|m | ‘mR|> = |m"| 8x‘mR‘ + (0a|m") mE’
and since 81‘2—; is perpendicular to ‘g—z‘ this yields
o T o gy < [ - ) o |
" mf| L2(3(R)) : PEEED = Js(r) " mf|
8, mE  8,|mE| m / po |0emR |
= 1— — < 4 1-
N e B IR Rl

Using (19), the assumption 7] > 1, and the bound B E(m®) < 1, we get

2 48

—_R|I2 ~
o sy = I sy [

L2(3(R))

48 . 1 .
< EHVmRﬂiz(z(R))E(mR) < ZvaRH%%Z(R))'

12



We consider (17). With (8) we have

E(|ZR|) ~ Bm)

2 R

R|) ~ Ba(m®).

3|

—__R12 ~
- HaszHLz(E(R)) - Eez(mR) + En (

3

L2(2(R))

A B

For the first summand we have
3 ~ 2
A < =7 IVilLe s my)-

For the second summand we use (12), (15), (10) and the assumptions 64R? < 1,
E(m%) <16R2. We calculate

—R
B < ‘ + 24/ Ey(mR®) ’_—R— R
L2(S(R)) ™| 12(S(R))
<4 HmRHLz(z(R)) T4y Ex(m™) HmRHLz(z(R))

< G4R2(|Vin "2 gy ) + 16R E(m) [V i
1 2 -
< 1 ||VmR||L2(Z(R)) +64R? vaRHm(z R)) "

Adding the summands yields (17).
Now the fact that mf is the minimiser of E(mf) in M;(R) implies (18): We

have _n
0 < E<m )—E(mR),
m"

and thus ||V 2(s(r)) < 128R%. The bound on [[/mf| 12(s(r)) follows from
the Poincaré inequality (10). O

We now determine an upper bound on the rate of convergence of the minimal
energies Fy,.

Theorem 16. There exists C, Ry > 0 such that for all R < Ry we have

1
R2EMI(R)—\/§7T < CR?In(R)|.

Proof. Let m™4 be as in Lemma 6 and let R < Ry where Ry as in Lemma 15.
By definition E (m®) < E (m) for all m € M;(R), so in particular E (m®) <
E (mred]lz(R)). Moreover, since Eyqq (mred) = /87 (Lemma 6) we have

2B (")~ VB < B () — Brea (m™)

1
_Epp (mrcd]lz(R)) +

1 re m re
= = —Eyq (m dﬂz(R)) - 5”m dH%?(R)

R2

13



So Lemma 12 implies

1

1 re: re:
ﬁE (mR)_\/gﬂ < —E,p (m d]IE(R)) < 5R? |In(|R|)| E,p(m d]lE(l))'

R2

On the other hand we can use (17) and Lemma 12 (i) to get the estimate

B e

(s

7 || mf(-,0) 1 <mR >
< 5 : — 55 Boo | =7 | + 64|V L2nr
2 [l 0) oy B277 \ |7 (=)
2
< 3R () [ 20 64 ||Vin®
LGOI (== v IR N S
M )
—R(,
Since (15) and (16) imply that % ’ is uniformly bounded, with (18)
S H (R)

we see that there exists C' > 0 such that

1
V8T —

ﬁE(mR) < OR? |In(R)|.

5 Introduction to regularity

In this section we give a short introduction to the ideas and definitions that we
are using to prove regularity results. First we extend functions defined on X(R)
to a larger domain and discuss properties of this extension. Then we show how
scaled L2-estimates can be used to prove regularity results.

In the rest of this paper we will sometimes denote €, €y,, €y, by €1, €2, €3
and the derivatives 0y, 0y,, Oy, by 01, 02, 3. We will do this in order to write
sums like >, 0; f€; in a compact way. Moreover, D f denotes the derivative of
a function f, and D" f denotes the nt" derivative of f.

We will frequently use the following well known estimates.

Lemma 17. (i) For u € H'(B,, R"), n € N we have

< 8Vl s,)- (20)

[~ s,

L2(By)
(ii) For u € H'(B,,R"), n € N and v € R™ we have

/B’u—<u>392 < /B u— o (21)

3 3

14



5.1 Extending functions

We need uniform bounds on m% not only in the interior of X(R) but up to the
boundary. There are two strategies to get such estimates. Either we argue first
in the interior and then locally at the boundary, or we extend the functions
globally to a function on a larger domain and work in the interior of the large
domain. The first strategy is more flexible since it works in arbitrary sufficiently
regular domains. It is applied by Hardt and Kinderlehrer [6]. However, since we
are considering only cylinders, it is simpler to extend functions f: X(R) — R
by reflection on the boundary to functions f*: E(%R) — R, even if this means
that we have to generalise the notion of almost-minimisers (see Definition 18
and the remark following it).

For z,y € £(3R), O C S(2R) we set

(2.4)° = (z,y) if [y < R e ey (22)
v (x, (2R — |y|)%) otherwise, T ’

and for f: ¥ — R” we define
ffr2ER) =R, pe f(p).

If f is continuous, f* is continuous and f € W4(X) implies f* € Wl’q(%E) for
all 1 < p < oco. Moreover, if 3, f =0 on 9% and f € W*4(X) for k € {2,3},1 <
p < oo, then f* € Whi(3%).

We now discuss the relation between derivatives and integrals of f and deriva-
tives and integrals of f*. Setting

|yl

ly*|’

K: E(%R) — R, (x,y) —

we have for Q@ C 2(2R) \ ©(R) the relation

[ar=] s (23)
ok Q*

For the cylindrical coordinate system (z, 7, ¢), let &, € = €.(p), €, = €»(p) be
the canonical unit vectors. We define the matrix-valued function A%: $(3R) \
(R x {0}) — R3*3, setting

AR(p)é:E = &z, AR(p)gr = é, AR(p)aﬁ = '%é:i"
Then A is symmetric, and in the cartesian coordinate system we have

AR(p) Vf*(p) = V"), (24)

We derive an elliptic equation in divergence form for f*. If f* is regular enough,
using (23) and (24) for every ¢ € C°(X(R)) we have

/ div (%(AR)QVf*) o= - / L (ARVf) - (A7)

Z(%R)\E(R) 2(%1%)\2(1%)



so (23) yields for p € £(2R) \ £(R) the equation
i (2 () 10)) = A (25)

In order to keep the notation simple we will write m®: E(%R) — §? for the
continuation of mf whose correct name would be (m%)*. This implies that we
have to write the energy of m” : £(R) — S* as E(mflyg))

The highest order term of the energy E with respect to the derivatives is the
exchange energy fz |Vm|?. The stray field energy can be considered as a lower
order perturbation. We will use this fact to show C%% regularity using the
notion of almost-minimisers.

Definition 18. Let Q C R ¢ > 0,0 < a < 1 and 4: Q — R3*3. Moreover,
assume that _A(p) is symmetric for all p € €2 and that there exist positive
constants A, A with [Af]? < |Af|> < [Mf|? for all f: Q — R3.

A function m: Q — S? is called (¢, a)-almost-minimiser for |AV - |? if for every
' C Q with || <1 and every map g: Q — S? with glover = m|a\qor we have

|AVm|? < (/ |AVg|2> el
9% 9%
Remark. Hardt and Kinderlehrer [6] use the notion of (¢, a)-almost-minimisers
only for (¢, a)-almost-minimisers of |V - |2.
Theorem 19. (i) The function m™: $(3R) — S is a (¢, )-almost-minimiser

for |ﬁARV - |? with c =4 (1 + ,/E(mR]IZ(R))) and o = 1.

i) Let u be a weak solution of Au = div(mPlygy) in R and set
(R)
1 * *
CGB(ER) =R po s (Vukh) = (Vul?) - m(p) m™ (7))

Then m® is a weak solution of
1 1
— div <— (AR)? va) = — [ARYMEPmE — ¢ inS(3R).  (26)
K K

1 and let v: ¥ — S? be a map with

Proof. (i) First assume Q C X, |Q] <
) < E(v) and with (12) we have

U|Z\Q = m|E\Q. Then E(mRﬂZ(R)

[vmt ~ [[9eP < Eue) - Eutn®

> b
< lm" = o720y + 2Im" = vl| 20y E(m Tl g))
< 410+ 4/ Em s )1
< 4 (1 + 1/E(mRnE(j,.g))) Q75

Now consider arbitrary  C $(2R) with [ < 1. We set

vt S(R)\E(3R) = S%,  (z,y) v (:v o (2R — IyI)) :

16



Then, with (23) and (24) we have
L srg, 2 2
Largyp = Vol
o\x Rk (Q\X)*

and therefore
1 21 2
—ARYmME| — }—ARVU

/Q VK VK
_ / VPP — |Vol? +/ VAP = |Vo, 2
ans (Q\5)*

140.5 * 140.5

4(1+,/E(mRnZ(R))) (|Qm2| = )(Q)\ D)7 )
140.5
4(1+,/E(mRnZ(R))) Q252

(ii) The function m™ 1y gy is a local minimiser of E with the constraint |m| = 1,
so it satisfies the Euler-Lagrange equation

IN

IN

0 = omE(m s gr)) — GnEm sg)) - m)mf in B(R), (27)
where 0, E(m™lyr)) = —2Am" +2Vu.

Since |m®| =1, we have 9;m® L m® for all i € {1,2,3}, and therefore

0= Z@i(&-mR~mR) = AmB-mB 4+ | VmB? e, — AmP.mf = | vmf

With this identity (27) becomes
0 = —Am® + Vu— |[VmEPPmE — (Vu - m®)mf  in Z(R). (28)

Using (24) and (25), we have for all p € £(3R) the relation

—div L R 2 mR _ _L .

‘ (F»(p) (4%w)" v (p)) iy A @")

= % (_Vu(p*) + |va(p*)|2mR(p*) + (Vu(p*) 'mR(p*))mR(p*))
- % |AR(p)VmR(p)|2mR(p) —<(p)

Remembering that Vm® € L*(X(3R)), we have for every test function n €
C2°(3(3)) the equality

Loot(amremmy ooy = [ (L arvmtet ¢
S(ER) B S(4R) \F

R

that is, m** is a weak solution of (26). O
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5.2 Preliminary lemmas regarding scaled L’-estimates

All considerations regarding regularity are in the spirit of Morrey-Campanato
theory. The idea is to replace LP- and C*®-estimates by scaled L?-estimates.
For example, there exists an integral characterisation of Holder continuous func-
tions [4, Thm 1.2, p. 70]. The bound on the C%“norm does depend on the
domain of the function, but by a simple rescaling argument we get a version of
the estimate, that still depends on the shape of the domain but not on the size.

Theorem 20. Let Q C R? be a bounded Lipschitz domain with piecewise smooth
boundary. Let 0 <n <1 and let f: nQ — R", n € N such that

/ (a) Q|f_ (£ Br(@mmal® < Cprt>
rla ﬂn

for all B.(a) with r < ndiam(Q)). Then we have for all p,p’ € n§) the relation
1f(®) = F(P)] < CoampCrlp - p'|%,
where Ccamp = Coamp (€2, @).

To get the integral estimates needed in Theorem 20 we often compare the inte-
gral over an arbitrary ball B,(a) with the integral over the ball B, ,(a) that is
by a fixed factor n smaller. We have the following Lemma.

Lemma 21. Let f: B,, — R be a map, let v > 0 and assume that there exists
1 €]0, 1] such that for all p < po

= [ 1< 50 </B |f|> +Co. (29)

Then we have for all r < p < po the relation

1 1 20,
r BT|f| = Ty </B,,|f|> o

Proof. Induction yields for all n € N, 0 < p < po the estimate

1 1 il 1
W/Bnnp|f| < oo (/Bp|f|>+OOZ§ < ﬁ(/Bp|f|>+2CO-

=0

k+1

For arbitrary 7 < p choose k such that n*+1p < r < n¥p. Then we have

1 2o 1 S 2
7 ), 0= Gy /Bnkp|f| = <(np)7 /Bp|f|>+n700'

In the following Q C R? is a domain. To show estimates like (29), we often
write a function v as the sum of the weak solution v of an elliptic equation and
the rest w. In Lemma 22 below we compare the integral [ |Vu[? over balls of
different sizes. The proof of Lemma 22 relies on standard estimates for elliptic
operators. For details see [9]

O
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Lemma 22. Let 0 < p < 1, A: B, — R¥3 and let v € H'(B,) be a weak
solution of Lv = div(AVwv) = 0 in B,. Moreover, assume that

2
q-(Ag) > Nal*, |4 - (A9Q)| < X\qlld'| for all q,q' € R®.

Then we have for all0 <n <1

1 2 CinEst 2
o (e < 2 (30)
1 CinEs
[ e va, P2 G [ v, B G

where Cingst = Cingst(A, A, K) and

K = maX(HVA”CO(BP)pa ”DQA”CO(BP)pQu HD3AHCO(BP)p3)-

One simple example for the method of comparing integrals of balls of different
sizes is the following estimate, which we will use in Section 7.

Lemma 23. Let u be the solution of Au = div mR]IZ(R) in R3. Assume that
R < 1. Then for every 0 < v < 3 there exists an absolute constant C, such that
for allr <1, a € R® we have fB (@) |Vu| < Cyr.

Proof. For a € R3, 0 < p <1 define v,w: B,(a) — R? as the solutions of

Av =0 in B,(a), v = u ondB,(a), (32)
Aw = div(m™lyg)) in By(a), w = 0 on dB,(a). (33)

Then u|Bp(a) = v + w. Using Lemma 22, we find an absolute constant C; such
that for each 0 <n <1

IVol325,,) < CillVolliags,)-

Testing (33) with w yields

. 4
Vw225, () = —/ divm w = / m™ . Vw < gﬁpg [Vwllz2(B, (),
By (a) B, (a)

so we have ||Vw||%2(3p(a)) < 4mp®. Since v is the minimiser of HVfH%z(Bp(a)) in
the set {f € H'(B,(a)) : f = u on 8B,(a)}, we have in particular

/ |Vv|2§/ Vul?.
Bp(a) Bp(a)

Now choose 7 such that C173~7 < 1. Then

1
1

2 2
o (190l + 190l )

o)
1 ) 8
G— '>+£W
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and Lemma 21 yields for all r <1

1 , 1 , 16 1 .
T_,YHVUHLQ(BT((;)) < W_WHVUHLZ(Bl(a))—F&?—Q»Yﬂ— < H_VE(m HE(R))"’%—Q.YW

=:C

Thus,
1 1 1
ry ||VUJHL1(BT(“)) < e ||VUHL2(BT((1)) V |B’I"| < §7T.

O

6 A decay estimate for almost-minimisers and
01 regularity of m’

In this section we compare the integral ﬁ I} B, |Vm|? for (c,a)-minimizers m
over balls of different sizes. The arguments are essentially the same as the
arguments in [6]. For details on how the proofs have to be adapted for (¢, a)-
minimizers for |AV - |? instead of |V - |2 see [9].

First, using a comparison function, we find a hybrid inequality for almost-
minimisers.

Lemma 24. Let pn € R?, let By(a) C Q, and let m be an (c, a)-minimizer for
|AV - |2 in Q with A|f| < |Af| < N f| for all f € R3. Then we have for all
0 <7 <1 the relation

1

1,
2P Bg(a)

N Y1
< =- Vm|? | +6-10* 5 — / lm —ul? | +ep®. (34)
A p </B,,(a) ) 2703 \ U, (a)

The following lemma relies on the observation that, when we appropriately
rescale almost-minimisers that have small energy on small balls, we get a se-
quence of functions that converges to the solution of an elliptic equation. For
solutions of elliptic equations we have Lemma 22, so for elements of the sequence
that are close to this solution we have a similar estimate.

|[Vm|?

Lemma 25. For n € N let m,, be an (c, a)-almost-minimiser for A,V - | in
some domain §,, and assume that there exist constants C', A, X\ such that

IVAullcran < C, Av| < |A,v| < M| for alln €N, v € R,

Let By, (an) C Qy and set

1
e = — |Vm,|%.
"n JB,, (an)
If .
. . . T
lim r, =0, lim ¢, =0, lim — =0,
n—oo n—oo n—oo en
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then there exists C1(A,A) > 0 such that for each 0 < 1 < 1 there exists a
subsequence (mp, )ken Of (My)nen such that for all elements of the subsequence
and for all B € [n,1]

! / ’ — 2 2 2
757' m <m” >B < Clﬁ € .
( n’“)g Bgrn, (any) " " "T"k(“"k) Nk
Lemmas 24 and 25 iIIl[)ly the decay estimate for almost-minimisers.

Theorem 26. Let m be a (¢, a)-almost-minimiser for |AV -|? in Q with A|f| <
|Af| < X|f]| for all f € R3. Then there exist positive constants ey, 7o, Cz, C3 and
n < 1, all depending only on ¢, a, A and X, with the following properties: If
r < p < 1o with B,(a) C  and %pr(a) |[Vm|? < €, we have the estimates

1 / 9 1 / 9
I Vm max | —— Vm|® |, Ca ], 35
(np)tte Bnp(a)| | (201+0‘ < Bp| | ? (35)
1 2 1 2
—_ Vm —_— Vm 1].
rlta /BT(a) | | s <pl+a (/B,J | | > * > (36)

Combining this decay estimate with the characterisation theorem for Holder

IN

IN

continuous functions (Theorem 20), we prove that the minimisers m are Holder
continuous. For zg € R we set
ZR(JJQ) = [LL'Q — R, xo+ R] x Dg (37)

Theorem 27. There exists Cs > 0 such that for all R small enough and all
p,q € E(%R) with |p — q| < R we have m®(p) — m%B(q) < Cylp — q|%.

Proof. The functions m

with ¢ =4+ /E(mflyg)) and a = 1 (Theorem 19). Thus for R < 1 we have

uniform constants eg, g, C3 in Theorem 26. Assume that R is so small that

are (¢, a)-almost-minimisers for |ﬁARV 2 in B(3R)

1
R<1, R<ry, }_%E(mR]lE(R)) < %0, E(m"lsp) < 1.

RH—%
Then we have for all p € £(R) the estimate

1 2

4
i |VmR|2 < _/ |VmR|2 < _”va”%22R <«
2R Jp,y ) R Jasm) R (=(m)

and with Theorem 26 we get

[ qwmne
Br(p)

IN

1.5

1 2

Car'Tz |1+ 1+;/ |Vm®|?
Rz B1rp)

IN

C3T‘1+% (1+ E(lelg(R))> < 2C3T‘1+%.

Rl-l—%
Now the Point-caré inequality (20) implies

1
/ |mP — <mR>BT(p) | < 1280337z,
B;-(p)
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If p,q € (2R) and |p — q| < R, then there exists o € R such that p*,¢* €
Zr(xg). We apply Theorem 20 for Q := Z; and n:= R and get

Im(p) —m(q)| m(p*) — m(q*)] < 128C3Ccamp (Z1,3) Ip* — |
1
2

< 128C5Ccamp (%1, 1) Ip — gl

O

7 Uniform C'¥ regularity of the functions m’

and convergence results

The aim of this section is to prove good regularity of the functions m® to get
strong convergence results. In the first subsection we show that we do not have
strong oscillations of Vm on the balls of diameter R. In the second subsection
we use methods as in the Morrey-Campanato approach to regularity (cf. [4]) to
show that on smaller scales we have even less oscillations.

7.1 Convergence on balls of radius R

In this section we will use the fact that the functions m® are energy min-

imising to bound Vm® on the scale of R. We know that m™9 satisfies the
differential equation |9,m™d| — %|m§fd| = 0. The first lemma shows that the
functions m® satisfy this differential equation approximately, i.e., that the dif-
ference ’|8sz| - %|m5|’ is small. For m: ¥ — R3 let m, 7 be as in (6) and

(7).

Lemma 28. For all 3 <1 we have

2
1 1

lim ——— 0.m"| — —[m| | = 0.

R0 R3P /E(R) (l M| ﬁlmy |)

Proof. Because of Lemma 14, the functions m”(-,0) converges in H'(R) to
mr®d. Thus, using the Sobolev embedding H!(R) — C°(R), we can assume
= % for sufficiently small R. Moreover, after reducing R, we can assume

||ﬁ”LR||L2(Z(R)) < CR3 (Lemma 15) and ||va||L2(E(R)) < 3R (Theorem 7)

Since
_R mt g —R|2 mh | = R[\2
}&gm ] = |0y ﬁhﬂ [ =/ Im™ amﬁ + (9:/m™)
—R
> |mP 8xm_
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with (9) we have

[ oz [ el ] Tl
(R) (R) [m ] m
S B A
sy | | [mf| I_RI [mf|
T Ts
To bound the first term T3 from below, we set 6 := arccos (Igg‘) and calculate

T :/ |0.0| - |sin(0)| > 2w R?.
S(R)

For the second term 75 we use the assumptions on R and the pointwise estimates
|mf| <1, |m? < 1. We have

—/ |7 > —4/ | |0,m" |
S(R) S(R)

A" 2 ry IV L2s(ry) = —120R

8m Iml

T

Y

v

Using this calculation and the equality Ered(m”dllg( R)) = /87, we obtain

2

1
|8sz| - |m |
H \/— 2(2(R))
1 o B B
= 9 HmRHLz (2(R)) + ||6mmRHL2(Z(R)) - /E(R) V2 |(’~)me| . |m71j|
1
S 5 HmRHL2 E(R)) + Eex(m]lE(R)) — RzEer(mrcd) + 12\/§OR4

1 _ _
= S T ey — B 3 Usiay) + Bon (7" L) = Bt (m" L)

51 Sz
+ E(mflyg)) — RZE™Y(m™?) +12v2CR".

S3

We consider each summand separately. By Lemma 12 we know limp_.¢ ﬁs 1=

0. Since limg—o gz E(m®l5g)) = V87 (Theorem 7), for the second summand,
(12) and Lemma 15 imply

1 1 - -
fim gy < lim s (2 E(mRHE(R))HmR||L2(E(R))+HmR”%2(E(R)))
= 0.
Finally, using Theorem 16 we get limp_.¢ RWSB = 0. O

Combining the bound on Vm? of Lemma 15 with the estimate for d,m of
Lemma 28 we get the following Lemma.
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Lemma 29. For Zg as in (37) and for all B < 1 we have uniformly in xg

2
vmtt — <VmR>

1
lim ———
R0 |RPPHE /ZR(EO) Zn(wo)

Proof. With (21) we have

2
vmt — (VmFE

/ZR(IU) < >ZR(I0)

1 2
< ~R —R L /_R
N /ZR(mo) |vm | " ‘aﬂﬂm \/5 <my >ZR(E0)

1 2\ 3 2

< 3 vin®? + |9,m" — —mE +—/ }mR— mi
= (L(R)| | V2 2 Zn(zo) y < y>zR(m0)

Lemma 15 and Lemma 28 imply

. 3 - Rp2 —r_ 1 _Rr

and the Poincaré inequality [5, p.164] yields

3 2

li ‘—R /=R
R0 R3P /ZR(%) My <my >ZR(JEo)

) 12 R||2
< }1%1—% WHammy ”LZ(ZR(%))

< };}Elo Rl—f_BE(mRHZ(R)) = 0.
O
From Lemma 29 we can deduce the main theorem of this subsection.
Theorem 30. For all § < 1 we have
A 20 3 [ =069
3
lim  sup |0,m%% = 0. (39)

),
520 pes(r) B0 Iy )
Proof. With (23) and (24) we have for all zp € R

3
|VmR|2 < / e ’ARva‘Q
K
[IO*R,IQ*FR]XD%R\ZR(I[)) [IQ*R,%Q%»R]XD%R\ZR(:E())
_ 3 /ﬁ VR 2

Zr(z0)\[zo—R,z0+R]x D

3/ VPP,
ZR(I())

]

v

IN
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Because of the special form of A we have the same estimate for V,m instead
of Vm®. This implies for all (zg,yo) € X(R)

/ O, m < / VmfP < 4 / IV, mE .
Bg(zoﬁyo) S(R)

[I()—R,I()-"-R] XD%R

Therefore, using (21) and (18), we obtain

1
lim sup / v,mt - (V,m 2
R—0 pex(R )R3+ﬁ g(p)| v (Vy >B§(p)|

1

< lim sup / v, mf? = 0. (40)
B=0pex(R) R3O B g (p) !

To show the analogous statement for d,mf, we note that we have 9,m%(p) =

9,m%(p*), where p* as in (22). As a consequence of (21), (23), and Lemma 29

we obtain

1
lim sup —/ |0,m®? — (9,m" |2
R—0 (0,y0)EX(R) RSJFQ B g (z0,y0) < >B§(t0 Y0)
1
< lim sup / |0,m® — (9,m" |
B0 o,0)es(R) BFP b (w00 (01 2o
1
< lim sup / |3mmR— Opm™ |?
R=0 4R R3+8 [mo—R,x0+R]xD%R < >ZR($0)
4 R R 2
< S P O )|
= 0.
We now prove (39). For all 2o € R we have
[ o< [ (flomt - Jm +i|mR|)
Zr(x0) ~ JZr(a0) \/5 Y vz
< VIZal | 07|~ == |Z |
ZR :Eo \/_

Thus Lemma 28 implies

lim su
R—0 o el]ig R2+B

/ 8,m%
ZR(:E())
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and with Lemma 29 we obtain

1 4
lim sup == / |0,m%* < lim sup —/ |0, m T2
) R0 R0 gcr R?HF Zpr(zo)

B0 (24,40)€S(R
Bg (z0,Y0)
2
/ 8, m"
ZR(:E())

2

8,mb — <(9me> +

4
lim sup —— /
R—04,cR R2*+7 Zr(z0)

= 0.

ZR(:E())

7.2 Bounds on balls with radius smaller than R

In this subsection, let ¢ be as in Theorem 19. Moreover, choose a € 3(R),
p < 3R and define v, w: B,(a) — R? as the weak solutions of

div (%(ARF W) =0 in B,(a), (41)
v = mP on 0B,(a),  (42)
div (%(AR)Q w) _ % ABVmEPmR £ ¢ in By(a),  (43)
w =0 on OB,(a).  (44)

These definitions are valid for the rest of this section. For v we have the estimates
of Lemma 22 uniformly in R.

Lemma 31. There exists a constant Crygsy such that for all R <1, a € £(R),
p< 3R, 0<n<1,

1 Cin S
o [P < S op (45)
(10)* J B, ,(a) P> JBy(a)

2 S Cinf})ilst / 2
p By(a)

IN

Vv — (Vv}BW(a)

1 /
— Vv — (Vv 46
(1p)° JB,,(a) Vo), @] (46)

Proof. AR is symmetric and

2

1 1 1
§|Vv| < Z|ve]? < }TARVU < K|Vo]? < 3|Vt
K K

For each radius R we have a different function k. Removing this ambiguity and
writing kg we have

1 1 1
2 (Mg = 1 ()
H \/ER Co(2(3R)) R \/El

Therefore we get, with the notation of Lemma 22, a uniform lower bound for A
and uniform upper bounds for A and K. Thus Lemma 22 implies the result. O

Co(2(3))
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Using the techniques described in Section 5, we will prove C1#-regularity by
showing scaled L?-estimates. First, in Lemma 32, we will consider T% fB ‘Vme
for v < 3. Then, in Lemma 33, we will use Lemma 32 to treat % fB |[Vm# —

1
(Vmf)p, |? for 3<y <3+ 3.

Lemma 32. For each v < 3 there exists Ry = Ro(7y) such that for all R < Ry,
all a € X(R) and all v < 1R we have

1
— ‘VmR‘2 < 1.
" JB,(a)
Proof. We assume that R <1 is so small that with Theorem 27
mf(p) = m®(p)| < Culp—p/|F forall p,p’ € R(3R) with [p - p'| < R.

First, we show that |w| is small. Since div (1(A%)?Vv;) = 0 in B,(a) for
i € {1,2,3} the maximum principle yields

R . . R
sup vi(p) = sup m;(p), inf wvi(p) = inf m(p).
pEB,(a) (p) pEdB,(a) 2 pEB,(a) ®) pEIB,(a) ®)
Thus
3 1
R R : R I
wl = m* —v| < sup m;'(p) — inf m;(p) < 6Csp7. 47
i = o] <30 s mie)- it w0 (47)

Since [¢(p)| < |[Vu(p)| for all p € R3, Lemma 23 implies

/ Il < Cyp™. (48)

o(a)

Testing (43) with w yields

1 1
/ |Vwl|? 3/ —|ABVw|? = 3/ div <—(AR)2Vw> w
B,(a) B,(a) ® B,(a) K

1
3/ — AR B Pmw 4 Cw
By(a) k

IN

AN

< 3wlleys, @) /B 31VmA + (|

p(a)

IN

54C,pt (/ yVmR}2> +18C,Cpi Y.
BP(U')

Moreover, using Lemma 31, for all n < 1 we have

R
Byp(a)

1
CinEstT]S/ |V'U|2 S 3CinEst773/ _|A’4RV'U|2
Bp(a) Bp(a) k

IN

I *

1
3CimEstn’ / —|ARBYmI? < 9Ciman® / |Vmf|2.
Bp(a) k Bp(a)

27



For inequality (x) we have used that v is the minimiser of
1

By(a) K

gl—)

|A%Vg*  in {g€ H'(B,(a)) : glos,@ = m"|oB,@)} -

Combining the estimates, we get for all 0 < n <1

1 9 9
—/ m B2 < / Vo2 | + / e
(P)" JB,,(a) p)" \JB,,(a) (mp)" \ /B,

108C,pi 1 36C,C
< (180inEst773’y + J) ( / |va|2> + 77/)%'
Bp(a)

m Y m
Now let 1 be the largest number such that
lscinEstT]S_v S

and let 7o be the largest number such that
108C% 1 36C,C, 1 < 1

1
14 _ 4 el
frI’Y TO = 4, frI’Y TO =~ 477 .
Then, if p < rg, we have
1 1 1
e [t s o [ wme
(m0)" JB,,(a) 207 JB,,(a) 4

so Lemma 21 yields for all r < p < ry

1 1 1
L[ jumRp < / w2 )+ 1.
7 JB,(a) (mp)" \ /B, () 2

Using Theorem 30, we can find Ry < rg such that for all R < Ry and all
a € X(R) we have - fBR(a) |Vm#|? < in7. Then we have for all » < 3R the
el

estimate )

_'Y |VmR|2 S 1.
" JB.(a)

O

Lemma 33. For all § < % there exist positive constants Ry = R1(8), C = C(f)
such that for all R < Ry, all v < %R and all a € X(R) we have

R _ R 2 34243
/Br(a) [Vm'* —(Vm >Br(a)| < Cr3t?,

Proof. Set y := 34+23—1, let Ro(7) as in Lemma 32 and assume that R < Ro(7).
Then, using (47), (48), and Lemma 32, we have for all a € (R), p < +R

1 1
/ |Vw|? < 3/ —|ARVw|* = 3/ (—|ARVmR|2mR-w+C-w)
By (a) By(a) P By(a) \F

< Gcsp%/ VP2 +[¢| < 6C.(3+C,)pitY
B

P

6C5(3+ C,)p>T20.
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The function s : p — v(p) — <VmR>B (@ (p—a)isin
pla

$:={g: Byla) = R | gi(p) = mf(p) = (Vmf), - (0~ a) on 9B, (a)}

and satisfies

div (%(AR)QVS) =0 in B,(a).

2
ﬁARVm‘ in §. We have in particular

Thus s is a minimiser of m — [, (@)
P

= [ |pat (T = oty )

Bp(a)

2

L ,r R
/ ‘ﬁ"‘ (Vo= (V") 5, 00)
By(a)
Therefore, with Lemma 31 and (21), we obtain

Vo— (Vo) (| < Cings 775/
/Bnp(a) ’ Brne @) ' By(a)
2
< CinEst775/ Vv — (Vm™)
Bp(a)
3CinEstn5/
Bp(a)
3CinEst775/
Bp(a)

90inEst"75 /
By (a)

Thus, using again (21),

2 2

Vv — (Vo)

Bp(a)

By(a)
1 R R ?
A (Vo= (m™), )

IN

2

IN

LAR (VmR — <va>BP(a))

VE
vm# — <VmR>

IN

By (a)

vmf — (vmf) ’

1
(nP)BHﬁ /Bnp(a) By (a)

2

VmR o <V1)> Byp(a)

2 2 / 9
4+ —— |[Vw]|
10)*72% g, (a)

2 12C,(3 + C,)
R R s
V™ — <Vm >Bp(a)‘ >+ n3+26 .

=3

< -

= (> JB, ()
2

< (np)3+2B/B (a)’Vv—<Vv>Bnp(a)

180inEst77272ﬁ /
pot2o B,(a)
1

Now let 7 be the largest numbers such that 18Cingstn® 2° < . Then, with
Lemma 21, for all 0 < r < p, we get

1 2

R R
73128 /BT(G) ’Vm —(Vm >BT(a)

1 1 R R
< 3+28 53+28 /Bp(a) ’Vm —(Vm >Bp(a)

2 24C,(34C,)
+ 776+4ﬁ
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In particular, setting p := R and using Theorem 30, we see that there exists a
constant C' such that for all » < R < Ry(7)

/7‘(a)

Now we come to the main regularity theorem. We prove uniformly good regular-
ity for the functions m®. These bounds of strong norms then imply convergence
in slightly weaker norms.

2
vmft — <VmR> < O3,

B, (a)

O

Theorem 34. For each 3 < 3 L there exist positive constants Reas, Cons, such
that for all R < Reca,s

Proof. Let Ry = R1(83) as in Lemma 33, and let R < min{R;,1} be so small
that Lemma 15 and Lemma 28 yield
1

— — ~ 1
0" — sy < BE VA < B (49)

Using the integral characterisation of Hélder continuous functions (Theorem 20)
we get locally, on the scale of R, a uniform bound of Vm®f in C%%, i.e., there
exists C depending only on 3, such that

Vmf(p) = Vm(p)| < Clp—p|7  iflp—p|<R. (50)
In particular, we have (VmR(p) —(Vm?~ >Z (= )) < 2CRP for all p € Zg(x)
where Zg(x) as in (37). Therefore

V) =
) —

< ‘( Fp) — (Vm >ZR<m>)+<VmR>ZR<m>

e (0, -, )
+\/@

Zr) " |Zg|

scr? + 2 gmn|

12l

R3+3 R3+3
2CRP + =~ 4 © < (20 +1)R?
| ZR| |ZR|

1
=R R
O, — Y

ﬁm

IN

L2(%)

[N *

For the estimate (%) we have used (49).

Since <_ > Zn(x) < 1, this calculation shows that [Vm®| is bounded by some

constant C, which then yields
[V (p) — V" (p)]

’va(p) - <m5>ZR(m) + ‘<m7]f>ZR(m) - <m5>ZR(LE,)
2(2C +1)R? 4 C|z — 2'|.

IN

+ ‘VmR(p/) _ <m5>ZR(w,)

A
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Thus we have for all p,p’ € £(R) the estimate

Clp—p'|? if [p—p/| <R
|VmB(p) — V()| < S UC+2+CO)p—p'|° HR<|p—p/|<1
2C1p —p/°, it 1< [p—p/|.
O
Theorem 35. (i) For R small enough, m® € H>(X(R)) + x N CY(Z(R)).
(i) We have
lim — ([ — mred =0 51
lim - llm™ = m™ i sry) = 0, (51)
lim [m" —m™Y o1 (s(my = 0, (52)

Proof. (i) Because of Theorem 34 we have m® € C1(X(R)). Moreover m¥ in
H'(X,R3) + so the right hand side of (26) is in L?(X) and by standard elliptic
theory m® € H*(X(R)) + x.

(ii) Lemma 14 implies (51) and Theorem 34 implies (52). O
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