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Abstract

This paper investigates the reversal of magnetic nanowires via a per-
turbation argument from the static case. We consider the gradient flow
equation of the micromagnetic energy including the nonlocal stray field
energy. For thin wires and weak external magnetic fields we show the
existence of travelling wave solutions. These travelling waves are almost
constant on the cross section and can thus be seen as moving domain walls
of a type called transverse wall.

1 Introduction

Because of possible technical applications [1, 10] in the recent years there has
been a growing interest in magnetic nanowires and especially in their reversal
modes. It is known that the reversal of the magnetisation starts at one end of
the wire and then a domain wall separating the already reversed part from the
not yet reversed part is propagating through the wire.

In the micromagnetic model, the evolution of the magnetisation is described by
the Landau-Lifshitz-Gilbert (LLG) equation. We simplify this equation taking
the overdamped limit, that is, we consider the gradient flow equation of the
micromagnetic energy. Viewing static domain walls as travelling waves with
speed 0, we show the existence of travelling wave solutions for thin wires and
weak external magnetic fields via a perturbation argument. This argument relies
crucially on the fact that the wires are thin, since we need strong regularity of
the static domain wall. We have proved strong regularity in the case of thin
wires [7], and we cannot expect it for thick wires where the examples of low
energy configurations are vortex walls which have a singularity and are not
even continuous [6].

For thin wires, static domain walls are almost constant on the cross section
[6]. Thus, after perturbing the equation with a weak external field, the moving
domain walls are still almost constant on the cross section. Such a reversal mode
has been observed in numerical simulations [4, 5, 11] and is called transverse
mode.

Various models for the transverse mode have been analysed previously. Thiav-
ille and Nakatani [10] study a one dimensional model for the transverse mode
and compare it with numerical simulations. Carbou and Labbé [3] consider a
similar model. They prove that one dimensional domain walls are asymptot-
ically stable. Sanchez [9] considers the limit of the Landau-Lifshitz equation



when the diameter of the domain and the exchange coefficient in the equation
simultaneously tend to zero and performs an asymptotic expansion.

The final goal in understanding the transverse mode is to find solutions to
the full Landau-Lifshitz-Gilbert equation, to describe their properties, and to
rigorously derive a reduced theory. This paper is a step towards that goal that,
contrary to the other approaches, takes into account the full three dimensional
structure of the problem. We expect that the methods developed in this paper
can be applied to find solutions for the full Landau-Lifshitz-Gilbert equation.

1.1 Static domain walls

We work in the framework of micromagnetism. This is a mesoscopic continuum
theory that assigns a nonlocal nonconvex energy to each magnetisation m from
the domain ¥ C R? to the sphere S? C R3. Experimentally observed ground
states correspond to minimisers of the micromagnetic energy functional. When
appropriately rescaled, for a soft magnetic material with an external field of
strength h in direction of €, this energy is

B(m) = [ (FmP 4 b em) + [ H(mP 1)

Here H(m) : R3 — R3 is the projection of m on gradient fields, i.e.,
H(m)=Vu with Au = divm in R3. (2)

We consider magnetisations where the domain ¥(R) = R x Dp is an infinite
cylinder with radius R and set

M(R) :={m: £(R) — S*| Ey(m) < oo} . (3)

To specify the conditions at +0o we define a smooth function x : R — R3 with
lim, 1o x(2) = €, and set

x:R — R3, x +— tanh(z)e,. (4)

In [6] we have shown that for m : £(R) — S? the condition Ey(m) < oo is
equivalent to the statement that one of the maps four maps m + €, m + x is
in H'(%(R)). Thus, to single out the magnetisations that correspond to a 180
degree domain wall we define

My(R) :={m :2(R) = S*|m — xé, € H(S(R))} . (5)

For every R > 0 there exist energy minimising 180 degree domain walls, i.e.,
minimisers of Ey in M;(R) [6]. For R — 0 the energy minimisation problem
I'—converges to a reduced, one dimensional problem whose minimiser can be
calculated explicitly to be

75); z
V2 cosh(ﬁ

(™)

md: R — S, T = (tanh(— %,0) . (6)

In [7] we have shown that the minimiser converge to m™< not only in a topology

implied by the energy estimates but also in stronger norms.



Theorem 1. Let m® be a minimiser of Eo in M;(R).
(i) For R small enough, m* € H?(X(R)) +x N CY(Z(R)).
(i) We have

lim, —[lm® = m™ Y| g s(ry) = 0,
li R _ red — 0.
nglo [m m ||cl(z(R))

1.2 The dynamic model

We assume that the evolution of the magnetisation can be described by gradi-
ent flow of the energy under the condition |m| = 1 with Neumann boundary
conditions, that is,

om = —0mER(m) + (0, En(m)-m)m  in X(R), d,m =0 on 9X(R), (7)

where
ImEn(m) = —2Am + 2H (m) — hé,. (8)

This equation is the overdamped limit of the Landau-Lifshitz-Gilbert equation.
We are interested in travelling wave solutions. Because of the rotational sym-
metry of the cylinder we have to take into account that the solutions may rotate
around the axis of the cylinder. We set

1 0 0 ) 0 0 0
Qo= 0 cos(g) sin(p) |, Qg:=| 0 cos(g) sin(¢) |, (9)
0 —sin(¢) cos(d) 0 —sin(¢) cos(od)

and note that 0;Q.,: = waHg. Rotating travelling waves with speed ¢ and
angular velocity w satisfy

m(t, z,y) = Que m(0,Q_ut(z — ct,y)).

Defining
My 0 0
(I)(m) = My, + aylmyl 6y2my1 Y2 ) (10)
—My, 8’ylmy2 8y2 My, !
we have
atm(tv €, y)

= wQui+3m (0,Q—wi(w = ct,y)) = cQur Do (0, Q—w( — ct, y))
— QuiVym(0,Q_ui(x — ct,y)) wQ—wrr 5 ¥

= —cOym(t,x,y) + ng m(t, z,y) — wvym(t,x,y)()ggj

= —cOym(t,x,y) — w®(m(t, z,y)).

In particular, rotating travelling waves that are a solution of (7) satisfy the
stationary equation

—0mEn(m) + (dmEn(m) - m)m + cdym + w®(m) = 0 in X(R),

O,m = 0 onJd%(R). (1)



To find solutions of (11) we consider first the case h = 0 and then use a per-
turbation argument. For this we have to work in a function space that is large
enough to contain the solutions and small enough that the left hand side of
(11) is differentiable in this function space. As we will see, H?(X(R),R?) + x
is a good choice. In this space we have to restrict the search to solutions with
|m| = 1. We have to include further conditions in the set of admissible solutions
to break the translation invariance and the rotation invariance of the problem.
For ¢ =0, w =0, h = 0 equation (11) simplifies to

0=—0mEo(m)+ (6mEo(m)-m)m in 3(R), d,m=0 on 9%(R). (12)

This is the Euler Lagrange equation for the energy Ey under the condition
|m| = 1. Thus, Theorem 1 implies that, for R > 0 small enough, minimisers
m® of the energy Ej are solutions of (12) in H?(X(R),R?) + x.

We proceed a follows.

(1.) Depending on mf we define the set of admissible functions S and show

that S is a Banach submanifold of H?(X(R),R3) + x.

(2.) We find a continuously differentiable function
N:S x L*(2(R),R) x R® — L*(Z(R),R?) x R

such that (m,c,w, h) is a solution of (11) if and only if there exists o €
L?(%(R),R) that satisfies N(m, «,c,w, h) = (0, h).

(3.) We show that the derivative DN of N in (m%,0,0,0,0) is invertible.

(4.) Then, according to the inverse function theorem [12, Theorem 73.B, p.552],
there exists a neighbourhood U of (m%,0,0,0,0) and a neighbourhood V/
of (0,0) such that N|y — V is bijective. In particular, there exists hg > 0,
such that for all |h| < hg there is my, ap, ¢, wp, with N (mp,, oy, cp, wp, h) =
0. In other words, for all |h| < hg there exists a solution of (11).

In Section 2 we go through the steps (1.)—(4.) to show the existence of travelling
wave solutions for small radii and small external magnetic field. The arguments
of Section 2 use the invertibility of an operator representing the “interesting”
part of DN (m',0,0,0,0). This invertibility is shown in Section 3 and relies on
the fact that m® is close to m™d.

1.3 Definitions and Notation

The letter p denotes a point in R® and has the components p = (z,y1,y2) =
(z,y). A map f with values in R® has the components f = (fu, fy., fys)-
We write f, for (0, fy,, fy.), i-e., we view f, as a map to {0} x R%. For a set
A C L*(R™), we denote the closure of A in L?(R") by A2 and the characteristic
function by 1 4. For a, b € R™, n € N we denote the scalar product by a-b. For
QCcR3and f,g: Q — R, n €N, we set

(f,9)q = /Qf(p)-g(p) dp,



whenever the integral on the right hand side is defined. Moreover we set
Dr(p) = {q€R?* : [p—q| <R}, Dpg:= Dg(0), ¥ :=%(R):=Rx Dg.

Note that we write ¥ instead of ¥(R) when the radius R is clear from the
context. The definitions of x in (4), of M; in (5), and of ® in (10) remain valid.
With m™? as in (6) we define

mig: B(R) — 8%, (z,y) = m(2)Lp, (), (13)

For m: Q C R3 — R3 let H(m) : R* — R? be the projection of m on gradient
fields as in (2). For m : ¥(R) — R3 the micromagnetic energy without external
magnetic field is denoted by E(m) = E(m,R) and the micormagnetic energy
incuding the external magnetic field is denoted by Ej(m) = Ep(m, R).

Finally, let m®: (R) — S? always be a minimiser of E in M;(R). To break
the translation and rotation invariance we additionally require

[mf —m™d 2z < lv = m™Y|p2¢syy  for all other minimizers v € M (R).

2 The perturbation argument

As described above, the first step in the perturbation argument is to show that
we are working on a sufficiently smooth manifold. Set

Ifl =1, d,f =0 on 9%,
R .__ 2 3
SF .= {feH (2(R),R*) + x (DumP, £}, =0, <q>(mR),f>E=o.}’
f-mf=o, Ovf =0 on 0%,
TSR .= H?(2(R),R? .
{f SHRED e ), =0, <<I>(mR),f>Z=0.}

Lemma 2. There exists Ry > 0, such that for all R < Ry the set ST is a
submanifold of H*(X,R3) + x. The tangent space of ST in m is TST.

Proof. We show the Lemma in two steps. We define

wh .= {me H?*(Z,R?) | Oym|ox =0, <m,835mR>Z =0, <m,<I)(mR)>Z =0}.

First, since 9,m%, ®(mf) € L%(Z) and since the trace of a function in H?(X)
is in H(0X), the set W + x is a closed affine subspace of H?(X,R3) + x.

Second, we show that S is a submanifold of W + x. Set
P Wi x = {fEeH*(ER) | Ouflos =0},  m|m|—1,

then ST = ¢=1(0). On {m € WE : |¢(m)| < 1} the function ¢ is continuously
differentiable and the derivative in m is

Dg(m): WE = {f € H*(S,R) | 0,flox =0}, g %. (14)



If R is small enough, for every m € S the differential D¢(m) is surjective:
Since the equality 9,m$ - ®(misd) = 0 implies

det< (@i, 0umig?) o (D™, (mig)) >
<8zm§$d, (b(mlj%cd)>z <(I)(m§%°d)7 ¢(mrﬁd)§z
= R (Ilazmrﬁdlli2(R) + |\<I>(m§gd)||L2(R)) :

so with Theorem 1 (ii) there exists Ry such that for all R < Ry we have

det< <<8me,8me>Z <8sz,‘I>(mR)>z ) < 0.

Opm®, ®(m™))y (D(m"), D(m)).

Therefore, for every f € H?(X,R) with 9, f|ss = 0 we can find unique numbers
b1, bs such that

<fm+b18me+b2<I>(mR), @CrnR>E = 0,

<fm + b19,m™ + by®(m™), fI)(mR)>Z = 0,

and fm + b19,m% + by®(m™) is a pre-image of f in WE. Moreover, since in
a Hilbert space every subspace splits, in particular D¢~1(0) splits. Thus 0 is
a regular value of ¢ and we can apply [12, Thm. 73C, p.556] to conclude that
ST is a submanifold of W® + x. Because of (14) the space TS is the tangent
space of ST in m®. O

We consider the map
s: ST — L2(Z,R?), m— —0,En(m) + (6,En(m) - m)m,
that is, with (8),

s(m) = 2(Am — (Am -m)m — H(m) + (H(m) - m)m) + hé, — (hé, - m)m.

S1 82

The space H?(X,R) + x embeds into C°(3,R), and functions m — Am, and
m +— H(m) are continuous linear maps from S¥ to L?(X,R?). For the last
statement see [8, Lemma 2.6]. Thus s1: S® — L?(X,R3) is well defined and
continuously differentiable.

Moreover, we have
|héy — (héz -m)m| = h|(1—m2)e; +mamy| < 2h|my|,
50 s9: SF — L2(%,R?) is well defined and continuously differentiable, too.
Thus we can define the continuously differentable map
NE:. 8P x L2(Z,R) xR® — L*Z,R%) xR,
(m,a,c,w,h) —

(=0mEn(m, R) + (0mEn(m, R) - m)m + cOym + w®(m) + am, h).

Since (=8 Ep(m, R)+ (8, Ep(m, R)-m)m+cOym~+w®(m)) L m for allm € S®
we have N®(m, a, c,w, h) = (0, h) if and only if m is a solution of (11) and o = 0.



The differential of N¥ in (m?%, 0r2(s,R), Ogs) is
DNE(m® 0,0): TS x L?(%, R?) x R® — L*(%,R%) xR
(9, @,c,w,h) = (=LF(g) + cpm™ + w®(mo) + am®, h),
where
L. H*(Z,R?) — L*(%,R?)
9 = OmB(g,R) — (6:mE(g, R) - m™)m"
= (6mBE(m", R) - g)m" — (8, E(m™, R) - m™)g. (15)
We will consider the restrictions of L to different subspaces of H?(%,R?). We
will call this restrictions LT as well, but name always the domain and the range.
Lemma 3. For all R >0 and all g, f € TS™ we have
L¥(g) = 6mE(g, R) = (0mE(g, R) - m")ym" — (6m E(m™, R) -m™)g, ~ (16)
L¥g) - f = 6mB(g, R) - f = (6mE(m™, R) -m™)g - . (17)
Moreover LE(TS®) C (TS®) 2 and the operator L¥: TS — (TST) 2 is sym-

metric.

Proof. Since mf is a solution of (12), 6,,E(mf, R) is pointwise parallel to
mft. The elements of TS® are pointwise orthogonal to mf. This implies (16)
and (17). Since the elements of TSF satisfy Neumann boundary conditions, for
all g, f € TST we have <LRf,g>E = <f, LRg>Z.

It remains to show that LE(TST) C (TS) 2. We have
f-mft=o,
(0em®, f)e =0, (®(mT), f),=0]

Looking at (16), we see that LE(g) L mf. Set v(t,x,y) := mf(z +¢,y). Then
v(t, ) satisfies for all ¢ € R the equation

0 = 6pE(v(t,"),R) — (6mE(v(t, ), R) - v(t,-)) v(t,-),

(TS 2 = {feLQ(E(R),RB) ‘

therefore we have for all g € TS®
0 = at <5mE(v(t7 ')7 R) - (5mE(v(tv ')a R) ' ’U(t, )) ’U(t, ')7 g>E
= <L(8gng),g>Z = <L(g),8mmR>E.

t=0

Analogously, with Q as in (9) we have for w(¢,z,y) := Qu(mF(Q_4(x,y)) the
equation

0 = 6mE(w(¢7 ')7 R) - (6mE(w(¢7 ')7 R) : U(¢7 )) w((bv )
and thus for all g € TS®
0 = 9y (bmE(w(8,-), R) = (mE(w(d,-), R) - v(¢,")) w(¢,-), 95l
= (L(®(m")),9)5, = (L(g), ®(m™)),,.



Note that DNE(mf,0,0) is bijective if and only if

(a) 9,mf and ®(m?®) are linearly independent,

(b) LE: TSt — (TST) 2 bijective.
Since limp g [|m® — m™| c1(s(r)) = 0 and since 9,m™* and ®(m*) are lin-
early independent, (a) is satisfied if R is small enough. In Section 3 we will

show that (b) is satisfied for small R, too. Altogether, we have the following
theorem.

Theorem 4. (m,c,w) is a solution of (11) if and only if there exists o €
L3(,R) such that NE(m, a,c,w,h) = (0, h).
The function N is continuously differentiable and, if R is small enough, DN®(m®,0,0)

is bijective.

If N is continuously differentiable and DN (mf) is invertible, according to
the inverse function theorem [12, Theorem 73.B, p. 552] there exists a neigh-
bourhood U of (mR,OLz(EyR),ORa) and a neighbourhood V' of (0p2(x gs),Or)
such that N®|;; — V is bijective. So for every h small enough, we can find
mpn, an, ¢, wp, such that N (my, an, cp, wn, h) = 0. That is, we have proved our
main theorem.

Theorem 5. For all R > 0 small enough there exists hr > 0 such that for all
h with h < hg there is exists a solution (mp,cp,wp) of (11).

3 Invertibility of L%

The goal of this section is to prove the following theorem.
Theorem 6. For R small enough, the operator L : TS® — (TSF);2, as de-

fined in (15), is invertible, and its inverse is continuous.

We proceed in two steps. First, we define a map L{ and show that for functions

m in a certain space TS we have (L{(m), m>E > %HmHQN(Z). Then we prove

that, for small R, the operator L is similar to L and the space TS® is similar
to TSE.

The map L is related to the energy functional
1
ECR): M(R)— R,  me / 0mf? + 5 lmy | + 20R%|Vm]?
b
Then we have

SmE°(m, R) = —20,.m + (0,my,,my,) — 40R*A,m.

Lemma 7. The minimiser of E° in M (R) is unique up to translation and
rotation. It is given by

1
mrﬁd: (z,y) — mrc‘i(x) = (tanh (%), m, 0) )
V2



and we have

1
|8xm1}$d(;17,y)| = _2|my($,y)|
A (x, y) 1
—_— s - -/ = _— tanh Z_ 7O ,
|0, misd(z, )| cosh () (%)
@(mgd(%y)) - 0,0, 1
cosh (LQ)

Proof. For every function m € M;(R) we have

E%(m) = /D Erea(m(-,y)) dy + 20R?||Vym|[72 (s,
R

red

Since m™? is the only minimiser of Eyeq in {m € HY(R) + x : |m| = 1}, up to
red

translation and rotation [8, Lemma 2.26], the function mis® is the only minimiser
of EY in M;(R), up to translation and rotation.

A direct calculation yields the results for 9,ms4 and ®(m's9). O

Remark. Since the domain of definition will not always be clear from the context,

for the rest of this section we will distinguish the functions m™4 and m?sd.
We now set, in analogy to (15),
L{: H2(Z,R?) — L*(Z,R?),
g9 = omE%(g,R) = (0mE"(g, R) - mg")mi
= (OB (mi, R) - g)mi = (5 B (mig", R) -mig%)g,  (18)

and define

Canred — _
TSy = {feHQ(z(RL}R@) | Jomy” = 9yf =0 on 62,}'

0,
(0,mE, f) =0, (®(mEY), f)=0.
Lemma 8. For all R > 0 and all g, f € TSE we have

L' (9) = 0mE’(g. R) — (6mE"(9, R) - migymig? — (6, E°(m5", R) 'mrﬁd)(g, :
19

Lg(g) : f = 5mEO(gv R) : f - (5mEO(m]j‘%ed7 R) .m%ed)g : f (20)

Moreover, LE(TSE) C (TSE)12, and the operator LE: TS — (TSE) - is
symmetric.

Proof. We can argue exactly as in Lemma 3. [l

Theorem 9. For all R > 0 and all m € TSE we have

1
(L (m),m)y, > ZHmH%?(z)



red
Proof. The relations |9,m™?| = 1 and

V2
Bpem®® - mred 4 |9,mred? = 8, (8,med - med) = 0
imply
S B3, B) - migd = —20,,migd s+ | (mi), P = 20(mig),

Thus, with Lemma 8, for all g,h € TS we have
Lg(g)-h = 6mE°(g,R) - h — (0 E°(mig", R) -mi%)g - h
= (6mEo(g, R) = 2|(mF")yPg) - h.

We define the vector €, to be the unit vector in direction of 9,m"™9, i.e.,
> dem™(z) d d
es(x) = Bomi(z)] (miod(x), mi(x), 0),

and the sets

Wy = {m e TSt - / m(z,y) dyEO},

Dr
Wy = {me TSE - m(z,y) = a(z) &, for some a € H*(R, R)},
Ws = {m € TSé% : m(z,y) = a(x)es(x) for some a € HQ(R, R)}

Then TS is the direct sum of Wy, Wy and Wi, and we have LE(W;) € (W) L2
for i € {1,2,3}.

Assume m € W;. Using the Poincaré inequalitywe have

(Lg'm,m)y,
= 40R?||Vyml|7asy + 210em|F2(s) + [Imyll72(m) — 211 (mE")ym|7
yMlz2(s) | 72(5) yllz2(s) R JyMmiLz(z)
40 1
2 EHWH%?@)—?H”LH%%E) = §||m|\%2(2)-

Assume m € Wy. Then m(z,y) = a(z)lp,(y)é,, for some a € H*(R,R), we
have

Lg(m)l ey = (~20mz0(2) + a(z) — 2my(2)*a(2)) Lp,(y) €. (21)

(L{(m),m)y, = =R (2||(91a||2L2(R)+A(1—2|m;€d|2)a2) (22)
and .
1—2imi* () > 7 forlzl>16 (23)

Since ®(m’5?) - €,, is positive (Lemma 7), and since (®(mi$?),m) = 0, the
function « has to change sign.

First, assume that o changes sign in [—1.6,1.6]. We have

inf 20102 flz2(-roa0p | _ 277
{f:[-1.6,1.6] >R, f changes sign} HfH%Q([fl.G,l.G])

10



the infimum is attained and the minimizers are multiples of x — sin (3%96)
Thus we have

1.6
2021600 + / (1= 2’

Y]

2”81@”%2([71.6,1.6]) - Ha”%2([71,6,1.6])

272 9
> (25 1) ol

and therefore, with (23) and (22)
272 1 1
(L8 m )y > w2 (20— 1)l o0+ ol rone ) 2

Now assume that « does not change sign in [—1.6,1.6] and let S_ be the set
where « has the opposite sign as in [—1.6,1.6]. With Lemma 7 we see that
(m = (2,y)) - €, > 0.5 for |z| < 1.6, and since (B(m?) - Ey,, ), = 0 we
have

VIGlalreivone < (@Y - Eplal)_y e, | < (@M%Y - Epslal) |

L=l _ =l
/ 2¢e V2| < / V8e V28,0
5- S-

A

IN

||
< 8¢ V2 Oy _
< er o P [0zl 2 (r\[~1.6,1.6))
< L1100l 2\ [~1.6,1.6])-

Thus (23) implies

<L§(m)7m>2 > 7R® (%||04||112§\[—1.6,1.6] + 2||6EO‘||%2(]R\[—1.6,1.6]) - |a||2L2[—1.6,1.6]>
> 7R? (%nanﬂi\[_l,ﬁ,l,ﬁ] + (21—\/? - 1) IIaII%z[_1.6,1.6]>
> Slml.

Assume m € Ws. Then m(z,y) = a(z)lp,(y)és(x) for some o € H?(R,R).
The function L(If(m) is pointwise parallel to €5, we have 0,€s - €; = 0 and

0 = 893(89355 . gs) = |azgs|2 + azzgs : eﬁ‘s

1
= |ameCd|2 + 6II€S : gs = §|m’§fd|2 + 6mw€s : gs.
SO Opo(aly) - € = Ouwa + g|mic>a. Moreover, we have & - &, = mi*? and
therefore
L(I)%(m) €y = —20p:00+ |m;ed|2a + |m;ed|2a . 2|m;ed|2a
= —2050+ (1= 2my ) a (24)

Comparing (24) and (21), we can conclude like in the case m € W, that
(LF(m),m) > glmlZ2 5 -

11



The next lemma compares the operators L and L on the space H?(X).
Lemma 10. For each € > 0 there exists a radius R, > 0 such that

(L (m),m)y, = (LF(m),m)y, < ellmlFn s,

for all R < R. and all m € H*(Y).

Proof. For e €]0,1] we can find R. < min ( such that for all R < R, the

following inequalities hold (Theorem 1):

1
JTW’E)

ImE* —mPleis) <6 mE—mB|r2m) <eR,  [|[VymT| (s <e

A(R) := {f € HL.(S(R),R?) : f is constant on each cross section}.
Because of [8, Lemma 2.24], after reducing R, we can assume that

IH (M2, R)||2@s) < €R? for all R < R,

1 -
5”974”%2(2) — Eso(9: R) < 52”97;”?{1(2) for all R < R, g € A(R).

Moreover by [8, Lemma 2.10] we know that

1 ()1 22y = 1 H (9280 2 @2) + 1 H (gl 722y for all R< Re, g € A(f)-)
25

For R < R. and m € TS® we have
<L(1fm,m>Z - <LRm,m>E
= <5mE0(m, R),m>2 — (OmE(m, R),m)s,
A
— ([ %, Im[*)g + 2 (H(mT) - m", [m|*)g
B

+/(—2|8zm§§d2+2|8me|2+2|VymR|2)m2
)

c

We estimate the summands separately. We decompose m in m and m.
mie,)i= [ may)dy ey) = mi.y) - i)
Dr

Since 40R? < 2 and since || f| r2s) = [|H(f)||2(rs) for every f € L*(Z,R?), we
get for the first summand

40

A = Il + (g —2) 1¥mlzacs) — 20 e

< HmyH%%z) = 2| H(m)|| L2(rs)
= [1myllZ2(s) = 201H )| 2 sy + 17yll72(s) — 201 H ()] L2 sy +4/EH(m)m
< HmyH%?(E) - QHH(my)H%z(Rﬂ) + HmyHiz(z) + 4™ 2zl 2z

IN

2€|[77, |31 (s3) + N1y 1725y + 4llml| L2y 7] 25y -

12



Using the Poincaré inequality and the assumption R < € we obtain

A < e[y |5 sy + 16R?|| V|72 sy + 16R|| V| 2 sy [Tl 22y < 33elml| s

For the second summand we calculate
B = [ (i), ~ 2H ) g fmf 42 [ HOmig) - (it = ) ]
by by

B2

+ 2/ H(mEd —mfy - mf jm|?,
b

Bs

Bl < 0m35)y — 2B i) s s e sy sy
< (2 o) + 1m0, — 25wy 2
< 2@+2\/627TR2Hmr6d”H1(R) ||mHL4(Z) < 6€R||m|‘%4(2)7
Bal < 2|H(m md>|\Lz<z>||mfed—mR||Loo<z>Hm||%4@)
D g ) )y + I gy = sy s
< 2 SR ey + L)) ey el
< 2/VBrR2 + 2R2 e|msy < GeR|ml2as,

1Bs| < 2|lmE — m"| L2y Im || Loy Iml|Tags) < 2Rem|Fas)-

For (x) we have used (25). Because of the Sobolev embedding H*(X%(1)) —
L*(3(1)) there exists a constant Csopoley Such that

H’UJHL4(Z(1)) S CSobolcv”u”Hl(E(l)) for all u: 2(1) — R".
Rescaling implies for all R <1
1
||u||L4(g(R)) < ﬁCSobolevHuHHl(E(R)) for all u: E(R) — R™,
Thus,
|B| < 14C§obolcv6”m”%—[1(2)

Since 9,m™4 = %|m;‘3d| < % (Lemma 7) the third summand C' can be esti-
mated by

C < 2[0emig! — 0um™|| Loo () [0emig! + 0em™|| Lo () [Im|72 () + 2€m| T3

2
< 2 (—+e) Imll2ags) + 2elmlZa < Telmlzzs.

V2
and therefore we have for all R < RE

<L(I)%m7m>2 - <LRmu m>2 < (40 + 14C§obolev)6”m”§l1(2)

13



Using Lemma 10, we transfer the result of Lemma 8 to the operator L%.

Lemma 11. For each 0 < e < % there exists Re such that

(LEomm)y = (3-¢) Il
for all R < R. and all m € TS®.
Proof. Let Py: H?(X) — TS be the L2-orthogonal projection. Since
miE Lo, mi L o), (0,mi, a(migh))y, =0,

we have for all m € TSE

O mrﬁ?d
= ”azm%Cd

= m— (m- (mE —m™)mi! + (m, d,m” — 8mm§;£°d> 5

Iz2s)

(I)(mred)

+ (m, ®(m") — d(mY)),, ————Hr—,
< A o,

that is,

lmllz2csy — |1Po(m) | L2(x)

re ||(9me - awmllrgdHLQ(E)
< Hm||L2(E)HmR - de||L°°(E) + Iml[2(s)

|\amm§,?d||L2(E)
[@(m") — @(mE |2

[@(mEN)2(m)

+ lImllz2(x)

Thus, with Theorem 1, we can find R. such that
||mHL2(E) — ||P0(m)||L2(E) < €||mHL2(E) for all R < Re. m € TS,
After reducing R. we can assume that Lemma 10 implies

<LRm,m>E > <L§m,m>2 - e||m|\§{1(2) for all R < R., m € TS,

Then we have

(Lfm,m)_ > (1—e€) (Lim,m)y + elIVm|7zes)

- ( [ romp + |<m55d>y|2)m2) ~ il s,

<2

> (1 — 6) <L(I)%m, ’I”I’L>E — 3€||m|‘%2(2)

P

Since the operator L{ is the second variation of the energy E° and since m{! is a

minimiser of the energy, the operator L{ is positive semidefinite. Moreover, it is
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symmetric on the set {m € H?(%,R3) : §,m|ox = 0}, so LE(TSE) c (TSE)L:
implies

<L§m,m>2 = < o( ), Po(m )>E—i-<Lf)%(m—Po(m)),m—Po(m)>E
1
> (L (})% ), Po(m))y, > ZHPO(m)H%z(z)
1-—
>
- 4
Thus, (Lfm,m) > %HmH%Q(E) - 46”7%”%2(2). O

Lemma 12. There exists A\,C >0, R > 0 such that
IL%(9) + Agllrzcs) > gl
IL%(9)2s) < Cligllmz s

for all R < R and all g € TS™.

Proof. We split the operator in two parts and set
Lij(g) = 2(H(g) — (H(g) - m™)m™ — (H(m") - g)m" — (H(m") - m")g),
Lg(g) = 2 (—Ag + (Ag - mR)mR + (AmR ~g)mR + (AmR . mR)g) .

First, we show H(m%) € L°(X) using a result by Carbou and Fabrie [2] for
bounded domains. Let  : ¥ — [0, 1] be a smooth function with

n(p) =1 for p € [-1,1] x Dpg, n(p) =0 for p’ € ¥\ ([~2,2] x Dg),

and set 1, @ (2',y') — (2’ — x,y).
Then [2, Lemma 2.3] and the Sobolev embedding W'*() «— L°°(X) imply that
there exist constants C'; C' independent of = such that

|H(m - ne)|lpes)y < OHH(m'%)HWM(z)
1
< e nellwrasy < @2m)Emllers) (26)

Moreover, using the representation of H in terms of K; of [8, Lemma 2.6] we
obtain for all p = (x,y) € X the estimate

H(m - (1 =n.))(p)
< 3 (1Kl 1110w + 1Kl @svi-11x00m)) Imllors). (27)
The combination of (26) and (27) implies that || H (m®)|| (s is finite.

Since |H(g)|lr2¢x) < llgllr2(s) and since [[m®|| sy = 1, we have for all g €
TS)p2
IL5 (@) r2my < (A+AIHmT) () l9llz2s)- (28)
Thus the operator LE : (T'S)rz — (T'S)p: is continuous.
Since 9;m® L mf (i € {1,2,3}) and since g L m® for all g € TS, we have
0= AmP.g) = Am®P . g+2Vmft-Vg+mf . Ag,
0 = div(Vm® - m®f) = Amf . mf +|vmf 2
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and therefore
LR(9) = —2Ag — 4(Vm® - Vg)mT —2|]vm®|?g. (29)

Moreover, we have the estimate

| =289 + Agll72 ()

/ (4|Ag|2 —4Ag - Mg + )\292)

(4| D?g|* + 4A|Vg]* + X?[g|?)

I
g

Vv
Wl =

9 2
(210211 25y + 2VAIVgll2s) + Algllzacs )
This yields

ILE(9) + Ml 2(x)
> || =249 + Agll2es) — 4lm e IVl 2wy — 21m ™12 sy lgll 2

2 2v/\
> —||D? + | == —4|m” v
= \/§|| 9||L2(z) <\/§ I |cl(z)> [ 9||L2(z)

+ (25— 2 ) ol
and we can choose A such that
ILZ(9) + AgllLace) = llgllzcs)- (30)
Combining (28) and (29), we obtain the second estimate. O

Using the above estimates, we show that the operator L% is bijective and has
an continuous inverse.

Lemma 13. There exists R > 0 such that for all R < R

(i) the operator L® : TS® — (TSF) 2 is injective,

(i) LR(TST) is dense in (TST)p,

(iii) LE(TS%) is closed in (TS%) -,

(iv) the operator LT : TS® — (TS%) - is bijective,

(v) the operator (L)1 : (TST) 2 — TS is bounded.

Proof. Let R be so small and A, C so large that for all R < R and all g € TS"
Lemma 11 and Lemma 12 imply

1
(L (m),m)y, > g“mH%?(z)a (31)
IL%(g) + Mgl 22y = Nlallmecs), (32)
IL%() 2y < Cllgllaecs)- (33)

(i) This is a direct implication of (31).
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(ii) We show the statement by contradiction and assume that LF(TSF) is
not dense in (TS®)r2. Then there exists v € (TST)2 that is orthogonal on
LE(TS®), and there exists w in TSF such that

1
(w, g)y, < meHL?(z)HgHL?(E) for all g € L®(TSH), g # 0.

Thus with (33) we have

1 1
< — LR (W) 2 sy llwll 2y < EHWH%?(E)-

LR
(LHwhw)s < 1og
This is in contradiction to (31).

(iii) Let (Lf(gn))nen, gn € TS® be a sequence that converges to some hg €
(TS®)12 in L2(2,R?). We have to show hg € LE(TS%).

Because of (31), the sequence (gn)nen is a Cauchy sequence in L?(3,R3), so the
sequence (LT(g,) + Agn)nen is a Cauchy sequence in L?(2,R?), too. Thus the
estimate (32) implies that (g, )nen is a Cauchy sequence in H'(3, R?) converging
to some gog € TS, Using (33), we obtain

LE(go) = nlLIEOLR(gn) = ho.

(iv) Since LE(TS%) is dense and closed in (TST);., we have LE(TSE) =
(TS®) 2. Thus, with (i), L® : TSF — (TS®).: is bijective.

(v) The arguments for (iii) imply: If L%(go) = lim, o L¥(g,) in L?(X) then
gn converges to go in H2(X). O

Theorem 6 summarises the statements of Lemma 13.
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