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Abstract

The global attraction is established for all finite energy solutions to a model U(1)-invariant nonlinear Klein-Gordon
equation in one dimension coupled to a finite number of nonlinear oscillators: We prove that each finite energy solution
converges as t — +¥ to the set of all “nonlinear eigenfunctions” of the form f(x)e‘th if all oscillators are strictly
nonlinear, and the distances between all neighboring oscillators are sufficiently small. The global attraction is caused by
the nonlinear energy transfer from lower harmonics to the continuous spectrum and subsequent dispersive radiation. This
result for one oscillator was obtained in [KKO07].

We construct counterexamples showing that the convergence to the solitary waves may break down if the distance
between some of the neighboring oscillators is sufficiently large or if some of the oscillators are harmonic. In these cases,
the global attractor can contain “multifrequency solitary waves” or linear combinations of distinct solitary waves.

1 Introduction

This is the second paper where we establish the global attraction to solitary waves in U(1)-invariant dispersive systems. In
[KKO7], we proved such an attraction for the Klein-Gordon field coupled to one anharmonic oscillator. Here we generalize
this result to several anharmonic oscillators.

The long time asymptotics for nonlinear wave equations have been the subject of intensive research, starting with the
pioneering papers by Segal [Seg63a, Seg63b], Strauss [Str68], and Morawetz and Strauss [MS72], where the nonlinear
scattering and the local attraction to zero solution were proved. Local attraction to solitary waves, or asymptotic stability,
in U(1)-invariant dispersive systems was addressed in [SW90, BP93, SW92, BP95] and then developed in [PW97, SW99,
Cuc01a, Cuc01b, BS03, Cuc03]. Global attraction to static, stationary solutions in the dispersive systems without U(1)
symmetry was established in [Kom91, Kom95, KV96, KSK97, Kom99, KS00]. The first result about the global attraction
to solitary waves in U(1)-invariant dispersive systems was obtained in [KK06, KKO07].

In this paper, we establish the global attraction for the complex Klein-Gordon field y (x,t), interacting with N nonlinear
oscillators located at the points X; < X; < ... < Xn:

yv=y"—mfy + d(x—Xj)Fi(y(X3,1)), xeR, (1.1)
J

where m > 0 and F; are nonlinear functions describing anharmonic oscillators at the points Xj. The dots stand for the
derivatives in t, and the primes for the derivatives in x. All derivatives and the equation are understood in the sense of
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distributions. We assume that equation (1.1) is U(1)-invariant; that is,
Fi(€9y) =€Fy(y), qgeR, yeC, 1<J<N (12)

This symmetry leads to the charge conservation and to the existence of the solitary wave solutions, which are finite energy
solutions of the following form:

yvu(xt)=f,(xe™ weC, £, eHYR). (1.3)
Above, H(RR) denotes the Sobolev space.
Definition 1.1. Sis the set of all functions £,, (x) € H'(R) with w € C, so that £,, (x)e""! is a solution to (1.1).

Note that Salso contains the zero solution.

Generically, the quotient S/U(1) is isomorphic to a finite union of one-dimensional intervals. The set of all solitary
waves for equation (1.1) is described in Proposition 2.8. Typically, such solutions exist for w from an interval or a
collection of intervals of the real line.

Our main result is the following long-time asymptotics: In the case when all oscillators are polynomial and strictly
anharmonic (see Assumptions 2.1 and 2.2 below) and all distances |X;.1 — X;| are sufficiently small, we prove that any
finite energy solution converges to the set Sof all solitary waves:

v(,t) —S t— 4y, (1.4)

where the convergence holds in local energy seminorms. For a similar result in the case N = 1 and for the motivation and
relation to problems of Quantum Mechanics, see [KK06, KK07]. In the case N > 1, the general plan of the proof is similar
to N = 1: Separation of dispersive components, absolute continuity of spectrum outside a bounded interval, compactness
of time shifts of the bound component, and a nonlinear spectral analysis of omega-limit trajectories by the Titchmarsh
Convolution Theorem. However, the justifications of all steps are based on new arguments.

The requirement that the nonlinearities F; are polynomial allows us to apply the Titchmarsh theorem which is vital in
the proof. We construct counterexamples showing the sharpness of our assumptions for the global attraction to the solitary
waves. Namely, in the case N = 2, we construct multifrequency solitary waves if the distance | X, — X | is sufficiently large
or one of the oscillators is linear. For N = 1, a counterexample given by a superposition of two different solitary waves is
constructed in [KKO07].

Our paper is organized as follows. In Section 2, we formulate our main results. In Section 3, we separate first
dispersive component. In Sections 4 and 5, we construct spectral representation for the remaining component, and
prove absolute continuity of its spectrum for high frequencies. In Sections 6, we separate first dispersive component
corresponding to the high frequencies and establish compactness for the remaining bound component with the bounded
spectrum. In Section 7, we study omega-limit trajectories of the solution: (i) first, we prove that any omega-limit trajectory
also is a solution to the nonlinear Klein-Gordon equation, (ii) second, we reduce the spectrum of the trajectory to a
bounded set, (iii) finally, we reduce the spectrum to a single point using the Titchmarsh Convolution Theorem. This
means that any omega-limit trajectory is a solitary wave, and proves the global attraction to the set of all solitary waves.
In Section 8 we collect counterexamples, and in Appendix A we establish global well-posedness.

2 Main results
M odel

We consider the Cauchy problem for the Klein-Gordon equation with the nonlinearity concentrated at the points X1 <
Xo < ..o < XN

{j/'(x,t):y”(x,t)—mzy(x,t)+ 3d(x—X3)F3(y (X3,1)), xeR, teR, 2.1)

Vho=v0X),  ¥lo=po(X).

If we identify a complex number y = u+iv € C with the two-dimensional vector (u,v) € R?, then, physically, equation
(2.1) describes small crosswise oscillations of the infinite string in three-dimensional space (x, u, V) stretched along the



x-axis. The string is subject to the action of an “elastic force” —m?y (x,t) and coupled to anharmonic oscillators of forces
F;(y) attached at the points X;. We denote by 2" the set of all the locations of oscillators:

X ={Xy, X, ..., Xn}- (2.2)
We will assume that the oscillator forces F; admit real-valued potentials:
Fy)=- Ul(y), vyeC,  UeCQ), (2.3)

y(xt)

where the gradient is taken with respect to Rey and Imy. We define Y (t) = [ pxt)

] and write the Cauchy problem
(2.1) in the vector form:

. 0 1 0 Yo
Y (t) = Y(t)+ dx—Xj) , Y| ,=Yo= . (2.4
lﬁf—mz 0] J Fa(y) - o)
Equation (2.4) formally can be written as a Hamiltonian system,
. 0 1
Y(t)= #DAa(Y), J = 10 (2.5)
where D.JZ is the variational derivative of the Hamilton functional
1 X
H 0 =3 [+l PanflyP)oce Uiroa), v =| 7 ] @9)
J
R

We assume that the potentials U;(y ) are U(1)-invariant, where U(1) stands for the unitary group e'?, g € Rmod2p.
Namely, we assume that there exist uy € C?(R) such that

Uiyv)=w(y|?), vyeC, 1<I<N. (2.7)

Remark 2.1. In the context of the model of the infinite string in R 3 that we described after (2.1), the assumption (2.7)
means that the potentials U;(y ) are rotation-invariant with respect to the x-axis.

Conditions (2.3) and (2.7) imply that

Fy)=allyP)y, veC, (2.8)

where aj(-) = —2uj(-) € C1(R) are real-valued. Therefore, (1.2) holds. Since (2.4) is U(1)-invariant, the Néther theorem
formally implies that the charge functional

2(v)= %/R(?p—z_ay)dx = l ; (2.9)

is conserved for solutions Y (t) to (2.4).
Let us introduce the phase space & of finite energy states for equation (2.1). Denote by L 2 the complex Hilbert space
L?(R) with the norm || - || 2, and denote by || - I 2 the norm in L?2(~RR) forR> 0.

Definition 2.2. (i) & is the Hilbert space of the states Y = (v, p), with the norm
1Y 1% = lpliZe + Ny lZ2 + Py [IF- (2.10)
(i) & is the space & endowed with the Fréchet topology defined by local energy seminorms
1Y 1 5= 1ol rm + 17122 ey + Pl¥ 22 Ry R>O. (241)

Remark 2.3. The space &F is metrizable. The metric could be introduced by

¥
dist(v,F)= 2R|Y —F|er.
R=1

Equation (2.4) is formally a Hamiltonian system with the phase space & and the Hamilton functional .7#. Both .7
and 2 are continuous functionals on &. Let us note that & = H ¢ L2, where H' denotes the Sobolev space

H!=H'(R) = {y () e LA[R): y'(x) € LA(R)}.
We introduced into (2.10) the factor m? > 0, to have a convenient relation 7 (y, v ) = 3[|(v, ¥ )lIZ + 3Us(y (X))



Global well-posedness

To have a priori estimates available for the proof of the global well-posedness, we assume that

UJ(y)zAJ—BJ\yF fory e C, where AjeR, B;>0, 1<J<N; By<m (2.12)
J

Theorem 2.4. Let F;(y) satisfy conditions (2.3) and (2.7):

Fy)=— W), UW)=uwlyf), w()eC(R).
Additionally, assume that (2.12) holds. Then:
(i) For every Yo € & the Cauchy problem (2.4) has a unique solution Y (t) suchthat Y € C(R,&).
(i) ThemapW(t): Yo+ Y (t) iscontinuousin & for eacht € R.
(iii) The energy and charge are conserved: 77 (Y (t)) = const, 2(Y (t)) = const, t € R.
(iv) Thefollowinga priori bound holds: ||Y (t)||s <C(Yo),t € R.

We prove this Theorem in Appendix A.

Solitary waves and the main theorem

Definition 2.5. (i) The solitary waves of equation (2.1) are solutions of the form

y(xt)=£,(x)e",  where weC, £, cHYR). (2.13)

(if) The solitary manifold is the set S= {(fW,—iwfw): weC, £, € Hl(R)} C&.

Remark 2.6. (i) Identity (1.2) implies that the set Sis invariant under multiplication by e'?, ¢ € R.
(ii) Let us note that for any w € C there is a zero solitary wave with £, (x) = 0 since F3(0) = 0 by (2.8).
(i) According to (2.8), a3(|C|?) = F3(C)/C € R forany C € C\0.

Definition 2.7. The function F(y ) is strictly nonlinear if the equation a 3(C?) = ahas a discrete (or empty) set of positive
roots C for each particular a € R.

The following proposition provides a concise description of all solitary waves. Formally this proposition is not neces-
sary for our exposition.

Proposition 2.8. Assume that F;(y) satisfy (1.2) and that F3(y), 1 < J < N, are strictly nonlinear in the sense of
Definition 2.7. Then all solitary wave solutionsto (2.1) are given by (2.13) with

fu(X) =  Cye KWKXI p(w) = /P — w2, (2.14)
J

wherew € [-m,mj andC; € C, 1 < J < N, satisfy the following relations:

2k(w)Cy = FJ( cKe*k<W>IXJ*XKI). (2.15)
K

Remark 2.9. By (2.14), w = -=mcan only correspond to zero solution.

The proof of this Proposition repeats the proof of a similar result for the case N = 1 in [KK07].

As we mentioned before, we need to assume that the nonlinearities are nonlinear polynomials. This condition is
crucial in our argument: It will allow to apply the Titchmarsh convolution theorem. Now all our conditions on F 5 can be
summarized as following two assumptions



Assumption 2.1. Forall 1 <J <N,
PJ )
Fi(y)=— U(y), where Us(y)= upnly|", usn € R. (2.16)
n=0
Assumption 2.2. Forall 1 <J <N, we have
Up, >0 and py>2. (2.17)

These Assumptions guarantee that all nonlinearities F; are strictly nonlinear and satisfy (2.3), (2.7), and also that the
bound (2.12) takes place. We introduce the following quantities:

m=m m=2p-Dmy;  my=m omjy=(2py—1)m, (2.18)
where pj are exponentials from (2.16) We also denote

My =min(my,m)), L = max (2p;—1)M;. (2.19)

We will show later that the spectrum of any omega-limit trajectory belongs to the intervals [—L, L]. We also denote

p2n2
Wini= m+m2, 1<J<N-1, neN, (2.20)

and introduce the set of frequencies
W ={+twin1<IJ<N-1, neN}. (2.21)

The frequencies +wj, correspond to the trapped modes, vanishing at the endpoints of the interval [Xj, Xj;+1]. We will
prove that if all the frequencies +w;, are outside of [—L, L], then the global attractor consists of the solitary waves only.
This will be the case if the intervals [Xj, X;.1] are sufficiently small.

Assumption 2.3. We assume that the intervals [Xj,X341], 1 <J <N -1, are small enough so that

2

p
Wil =4{| ————=+M > 1L, 1<JI<N-1. 2.22
o \/XJ+1—XJ|2 (2.22)

Under this assumption, we have
[-L,L]Nn% =0. (2.23)

Remark 2.10. The condition (2.22) guarantees that there are no trapped modes of frequencies smaller than L that vanish
at the adjacent points X3, Xy 1.

Our main result is the following theorem.
Theorem 2.11 (Main Theorem). Let Assumptions 2.1, 2.2 and 2.3 hold. Then for any Y ¢ € & the solution Y (t) to the

Cauchy problem (2.4) convergesto S:
. Iirlw¥ dist(v (t),S) =0, (2.24)

wheredist(Y,S) := inf dist(Y ,F).

FeS

Remark 2.12. (i) It suffices to prove Theorem 2.11 fort — +¥.

(if) In Sections 8.1 and 8.2, we construct counterexamples to the convergence (2.24) in the case when (2.22) or (2.17)
are not satisfied.



3 Separation of dispersive component

Let us split the solution y (x,t) into two components, y (x,t) = c(x,t) + 7 (X,t), which are defined for all t € R as solutions
to the following Cauchy problems:

e(xt) =" (xt) —mfe(xt), (e, &), = (vo(X).po(X), (3.1)

Fxt) = 3"(xt) =5 (x,t) + ; dx=X)fs(t), (3,3l =1(0,0), 32

where (yo(X),po(X)) is the initial data from (2.1), and
Ht) =Ry (X)), teR. (3.3)
The following lemma is proved in [KK07, Lemma 3.1].

Lemma 3.1. Thereisalocal energy decay for c:
lim|[(c(1),&(,0)lsr=0,  YR>O. (3.4)
Let k(w) be the analytic function with the domain D := C\ ((—¥,—m|U[m,+¥)) such that
k(w) =+ w2—mg, Imk(w) >0, w € D. (3.5)
Let us also denote its limit values for w € R by

ke(w):=k(w£i0), weR, (3.6)

Figure 1: Domain D and the values of Ky (w) := k(w £i0), w € R.

As illustrated on Figure 1 (where all square roots take positive values), we have

ko (w)=ki(w) for —m<w<m, ko(w)=—-ki(w) for weR\[-mm)|, (3.7)

and also
wki(w)>0  for weR\[-mm|. (3.8)
Let us study the Fourier transform ¢(X, w) := Z4_.,, [c(X,t)] in the sense of tempered distributions. For test functions

5 (t), from the Schwarz space, we set .Z_,, [ (t)] = / evty(t)dt.
R

Lemma 3.2. e &(x,w) isa continuous function of x € R with valuesin L} (R), and

c(x,w) =0, |w| <m. (3.9)

e The following bound holds:
sup /|| &0 w)Pwky (w)dw < ¥ (3.10)
w{>m

XeR



Proof. Set w (k) = sgnkv/m? + k2 for k € R. Note that the function k. (w) for |[w| > mis inverse to the function w (k),
k #£ 0. We have:
sin(w (k)t)

_ L ik -
e(xt) = 5 /R &1 70(K) cos(w (K)t) + Bo(k) - % ] ok 3.11)
Hence, for the Fourier transform of c(x,t), we formally obtain:

d(w —w(k)) 4+ d(w + w(k))

etxw) = [ &[0 : + follo 807 =¥ () — dlw + w(K)

2iw (k)
dw—w')—d(w+ w’)} w'dw’
2iw’ ki(w’)

| ak

= [ otk ) A e )

Above, we used the substitution k = k. (w’). Now (3.9) is obvious. Evaluating the last integral, we get:

iw iw

&(x,w)= Lw) {eiM(W)X};O(M(W)) + e XG0~k (w)) +efik+(W)XM _ éM(W)XM} 7 lw|>m.

2K (
We took into account that ki (—w) = —ky(w) for w € R\[—m,m] (see (3.7)). Thus, we have:

W2 5 w 2 i w 2 ~ " 2
| lexwPukindw < [ 'yﬁgl((;() ) +|p°(|':;(§])))| ]wh(w)dw:/{yo(k)|2+|ioz(l((li) [ERCLE
R

[w|>m |w|>m

The finiteness of the right-hand side follows from the finiteness of the energy of the initial data (v o, po):

(30,013 = 55 [ [ 00170000+ [ol0f dc < ¥.
O
4 Spectral representation
The function 5 (x,t) = y (x,t) — c(x,t) satisfies the following Cauchy problem:
Fot) = 3" ) =it +  dx=X)ft),  (5.3),=(0,0), 4.1)

J

with f3(t) defined in (3.3). Note that y (X3, -) € Co(R) for 1 < J < N by the Sobolev embedding, since (y (x,t), y (x,t)) €
Cy(R, &) by Theorem 2.4 (iv). Hence, f;(t) € Cy(R). On the other hand, since c(x,t) is a finite energy solution to the
free Klein-Gordon equation, we also have

(c(x.1),c(x,t)) € Co(R,&). (4.2)
Therefore, the function 7 (x,t) = y (X,t) — c(x,t) satisfies
(3 (1), 3 (1)) € Co(R, &). (4.3)
The Fourier transform
Fxw)=Fw[i (1)),  (xw)eR? (4.4)

is continuous function of x € R with values in tempered distribution of w € R. It satisfies the following equation (Cf.
4.0)):
—sz(X,W) :j//(X,W)—F d(X_)(])fJ(W)v (X,W) GRZ' (45)
J

We are going to construct a representation for the solution 7 (x, w) in a form suitable for our purposes.



Lemma4.l. j |sasmoothfunct|onofxe]R\3£”(vvhere% {X1, X2, ..., Xn}), with values in tempered distributions
ofw e R, andthereexlstquasmeawr&F 1<J<N,andQj,1<J<N-1,sothat

FAf(w)e*“@(W)(X*Xl) + ﬁ{(w)e*ik—(W)(X X)), X< X1,
J

Fxw) =< Fy(w)cos(ks (w )(X—X]))—i—é\](w)w, X€ X3, X51], 1<I<N-1, (4.6)
Fr (w)@ke (06X g o ()@l () (X)) X > Xn,

where Fy(w) = F} (w)+ Fj (w).

Remark 4.2. A tempered distribution m(w) € .#’(R) is called a quasimeasure if m(t) = .%, 1 [m(w)] € Co(R). For more
details, see [KK07, Appendix B].

Remark 4.3. The representation (4.6) implies that

Fi(w)=3(X5w), 1<I<N, (4.7)
Fi(w)+Fy(w)=Fi(w)=3F(%,w),  Fy(w)+Fy(w)=3X,w), (4.8)
and also that A
F'(X+0,w)=04(w), 1<I<N-L 4.9)
Proof. Step 1. Complex Fourier-Laplacetransform. We denote
f5 (1) = a(=) fa(t) = a(OFa(y (Xo,1) (4.10)
and split 5 (x,t) into
Fx) =37t +37(xt),  where FE(xt):=qg(Ht)7(xt). (4.12)
Then 7 *(x,t) satisfy
FEXD = BiE(xt) —nPiE(xt) +  dx—X)ff(t), teR, (4.12)
J
since (7%, 7%)|,_, = (0,0). Let us analyze the complex Fourier-Laplace transforms of j *(xt):
¥ .
FE)w) = T [q(21)F (X 1)] ::/ g(£)d" 5 (x.t)dt, w e C*, (4.13)
0

where C* := {z€ C: +Imz> 0}. Due to (4.3), 7*(-,w) are H!-valued analytic functions of w € C*. In what follows,
we will consider 7 *; the function 7 ~ considered in the same way.
Equation (4.12) implies that 5 ™ satisfies

—w2 T (xw) = Bit(x,w) —mPit(x,w)+ d(x—Xy)fy(w), weCt. (4.14)
J
The fund tal solutions G g ti
e fundamental solutions G4 (X, w) = oK )sa isfy

GL(x,w)+ (w?>—mP)Gi(x,w)=d(x), weC*.

The solution F(x,w) could be written as a linear combination of these fundamental solutions. We use the standard
“limiting absorption principle” for the selection of the fundamental solution: Since 7*(-,w) € H! for w € C*, only G
is appropriate, because for w € C* the function G, (-,w) is in H by definition (3.5), while G _ is not. This suggests the
following representation:

. . Kk
J (X,W) = - 5 fJ (W)G+(X—)(],W) = 5 fJ (W)Wa

The proof is straightforward since (4.15) belongs to H 1 (R) for w € C* while the solution to (4.14) which is an H -valued
analytic function in w is unique. For x < Xj, the relation (4.15) yields
~ g ik(w)(x=X)) " %
Frxow) =— fﬂw)T() =e M W), x<X, weCT. (4.16)
J

weCTh. (4.15)



For x € [X3, X341], the relation (4.15) implies that

sin(k(w)(x—X3))

k(W) 5 Xe [)<J7XJ+1L w e (C+7 (417)

I+ (w) = F(w)cos(k(w)(x—X3))+ 05 (w)

where ﬁj and (53“ 1 <J < N-—1,are analytic functions of w € C*. We note that, by (4.15),

ak(w) XXy |

Fiw)=3"00w).  Of(w) = $3" (Xo+0.w) == sgn(Xa—Xo) () S

J/

(4.18)

Step 2: Tracesonreal line.  The Fourier transform 7+ (x, w) := .% ., [q(t) 7 (x,t)] is a tempered H-valued distribution
of w € R by (4.3). It is the boundary value of the analytic function 7T (x,w), in the following sense:

F*xow)= lim §*(xw+ie), weR, (4.19)

e—0+

where the convergence is in the space of tempered distributions .~/ (R, H*(R)). Indeed,

Frw t+ie) = Fiw[a®)i(x e, gt)j(xt)e 0. a3
where the convergence holds in .7/ (R,H*(R)). Therefore, (4.19) holds by the continuity of the Fourier transform .% ..,
in.7"(R).
_ Similarly to (4.19), the distributions ﬁj(w), 0 (w) € #(R), w € R, are the boundary values of the functions
Fi(w)andQj (w) analyticinw € C*:

ﬁf(w):eﬁr&l;j(w—kie), weR, 0<JI<N, (4.20)
éj(w):eﬂ)r&éj(w—kie), weR, 1<J<N-1. (4.21)

The above convergence holds in the space of quasimeasures by (4.18), since 7 (X;,w) and fNj”(w) are quasimeasures
(see Remark 4.2) while the exponential factors are multiplicators in the space of quasimeasures [KK07, Appendix B].
Therefore, the formulas (4.17) with 1 < J <N — 1 imply, in the limit Imw — 0+, that

sin(k(w +i0) (x— X3))
k(w +10) ’

FH(xw) = F (w)cos(k(w +i0)(x—X3)) + 05 (w) xe X, X1, weR, (4.22)

since cos(k(w +i0)(x — Xj)) and W are smooth functions of w € R. Similar representation holds for

77 (x,w). Therefore, the representation (4.6) follows for X; < x < Xy.
The formula (4.6) for x < X; follows from taking the limit Imw — 0+ in the expression (4.16) for 5 (x, w) and the
limit Imw — 0— in a similar expression for 7~ (x, w):

L e kW) (x-X))
J (xw)=—f5(w)

= —e kWX I (X w),  x<X, weC, (4.23)
J 2ik(w) ( )

and then taking the sum of the resulting expressions. This justifies (4.6) for x < Xi. Similarly we justify (4.6) for
X > XN. O

5 Absolute continuity of the spectrum
Lemma5.1. Thedistributions Fi(w), F i (w) are absolutely continuous for |w| > m, and moreover
Lo IFE GRG0 P ke () < ¥, 6.1

where w k. (w) > 0 by (3.8).



The bound for each of ﬁli(w), ﬁﬁ(w) is obtained verbatim by applying the proof of [KKO07, Proposition 3.3].
Proposition 5.2. Thedistributions F 3(w), 1 <J < N, and 03(w), 1 < J < N — 1, are absol utely continuous for |w| > m;
and |w| > (2pj — 1) my, respectively, with my defined in (2.18). Moreover, for any e > 0,

/|| IFy(w)]?w?dw <¥, 1<JI<N; 10s(w)]?dw <¥, 1<J<N-1. (5.2)
w|>my+e

/\W\>(ZDJ*1)mJ+e

Proof. We will use induction, proving the absolute continuity of 7 (X5,w) and %7 (X; +0 w) starting with J = 1 and
going to J = N. By Lemma 4.1, j(Xq,w) = F1(w) = F{ (w)+ F; (w) and %JF (X —0,w) = —iky(w)F; (w) —
ik_(w)F (w). Hence, Lemma 5.1 implies that, for any e > 0,

/ 13 (X0, w)[Pw2dw < ¥, / —0,w)[2dw < ¥. (5.3)
|w|>mH-e \ \>m+e
Now assume that for some 1 < J < N and for any e > 0 we have:
/ 13 (X, w)Pwldw < ¥, / 3(Xy— 0, w)[2dw < ¥. (5.4)
|w|>my+e \>m3+e
Lemma 4.1 and equation (4.5) yield the jump condition
Qu(w) =3 +0,w)=3' (X -0,w)~fa(w), weR, (55)

where f3(t) = F3(y (X3,t)) by (3.3).
Lemma 5.3. For any e > 0 the following inequality holds:

/ 13 (w)dw < ¥. (5.6)
|w|>(2py—1)(my+2e)

Proof. Let zy(w) € C§ (R) be such that zj(w) =1 for |w| < my+ eand zj(w) = 0 for |w| > my+ 2e. We denote y (Xj,t)
by V4(t), and split it into

Y(t) =Pyp(t) +aa(t), (5.7)
where the functions in the right-hand side are defined by their Fourier transforms:

Pap(w) = z(w)ha(w) = z2o(w) 7 (Xo,w),  Daa(w) = (1= z(w)ba(w) = (1— z(w))y (X, w). (5.8)
By Lemma 3.2 and by (5.4), we have

/| (1— z3(w))&(Xs, w) P wldw < ¥, /\ _ z(w w)Pw?dw < ¥. (5.9)
SincquJ,d(w):(1—ZJ(W))(cm,w)ﬂ”(xJ,w)),wea|so have
/R|(1—z](w))ﬁ)3(w)|2w2dw<¥,

proving that
Yya(t) € HY(R). (5.10)
For f3(w) = Z_., [F3(P3(t))] = F—w [Fa(y (X3,1))], taking into account (2.16) and (5.7), we have:
Py

- 2nuJ,n(IT)J*$J)*...*(1T)J*$J)*1I)J

n=1

—h
o
—
<
—
Il

n-1
Pa

..... 20U (P Pyp) %+ (Dap*Pyp) B, (5.11)

n=1

n—1

where the dots in the right-hand side denote the convolutions of 1]\),]7b1 E‘],b: IT)Jﬁd, and EJ,d that contain at least one of J)J,d,

$Jﬁd. Since Py p(t), Wy q(t) are bounded while V3 4(t) € HY(RR) by (5.10), all these terms belong to L?(RR). Finally, since
suppﬂ)J’b C [—my— 2e, my+ 2¢], the convolutions under the summation sign in the right-hand side of (5.11) are supported
inside [—(2py —1)(my + 2e), (2py — 1)(my + 2e)] and do not contribute into the integral (5.6). O
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Using (5.4) and Lemma 5.3 to estimate the norms of 97 (X; —0,w) and ﬁ(w) in the right-hand side in the relation
(5.5), we conclude that

13/(%5+0,w)|* dw < ¥. (5.12)
|w|>(2py—1)(my+2e)
Now the inequalities

13 (Xo11,w)Pw?dw < ¥, 13" (Xo12—0,w)[?dw < ¥ (5.13)
[w|>(2py—1)(my+2e) [w|>(2ps—1)(my+2e)

follow from the representation (4.6) for x € [X3, Xy41], where we apply the first inequality from (5.4) and the inequality
(5.12). Therefore, starting with (5.3), one shows by induction that (5.4) holds for all 1 <J < N. The estimates on
Fy(w) =3 (X3, w)and 03(w) = J'(Xy+0,w) stated in the Proposition follow from (5.4) and (5.12), respectively. This
finishes the proof of Proposition 5.2. O

Corollary 5.4. Thedistributions F;(w) = 7 (Xj,w), 1 < J < N, are absolutely continuousfor |w| > M, while 0;(w) =
%3 (X +0,w),1<JI<N-1, areabsolutely continuous for |w| > (2pj — 1)M;, where M; := min(my, m}) is defined in
(2.19).

Proof. In the proof of Proposition 5.2, we could as well proceed from J = N to J = 1, proving the result stated in the
Corollary. O

6 Compactness

Second disper sive component
Let z(w) € C§ (R) be such that z(w) = 1 for |w| < L, where L is from (2.19). Define j 4(x,t) by its Fourier transform:
Faxw):i=(1—z(w))j(x,w) XeR, weR. (6.1)
Lemma6.1. j4(xt) isabounded continuousfunction of t € R with valuesin H *(R):
ja(x.t) € Co(R,H'(R)). (6.2)
The local energy decay holdsfor 74(x,t):
lim|[(3a,Ja)ller=0, ~ VR>O. (6.3)
Proof. We generalize the proof of [KK07, Proposition 3.6]. By Lemma 4.1,

(1— z(w)) [ﬁ;(w)e—ik+<w>(x—xl> +Eo(w)e e eex) <Xy
Fa(xw) =4 (1= z(w))Fa(w)cos(ky (w)(X—X0)) + (1= z(w))Qa(w) B xe X, X41],  (64)
(1- z(w)) [ﬁg(w)é'@(wﬂxfw +FA,\](w)e“L(W)(X*XN)} L x> X

Each of the functions entering the above expression, considered on the whole real line, corresponds to a finite energy
solution to a linear Klein-Gordon equation, satisfying the properties stated in the lemma. For example, define u(x,t) by
its Fourier transform: A

U(x,w) :=(1—z(w))F1(w)cos(ky(w)(X—X1)), xeR.

Then u(x,t) is a solution to a linear Klein-Gordon equation, and by Proposition 5.2 the corresponding initial data are of
finite energy:
(u(x,0),0(x,0)) € &.

Hence u(x,t) € Co(R,HY(R)) and satisfies the local energy decay of the form (6.3) (see [KKO07, Lemma 3.1]. This finishes
the proof. O
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Compactness for the bound component

We introduce the bound component of 5 (x,t) by

Fp(Xt) = F(Xt) — Fa(x,t) = y (X,t) — c(X,t) — Fa(x 1), xeR, teR. (6.5)
By Lemma6.1,
Jo(x.t) € Go(R,H(R)). (6.6)
Lemma 4.1 and (6.1), (6.5) imply the multiplicative relation
z(w) [F (w)e ke (0X) 4 p o (i)er (X)) - x <Xy,
Folxw) =1 2(w) [Fa(w)cos(ks (w) (x— X)) +QJ< >S'"<k+k(f( LR, xe X0, X01], 6.7)
z(w) [F (w)g (0N 1B o (w) X x> Xy

By (6.6), the functions
Foa(t) := To(Xs,t) = 3 (X5,t) = Ja(Xs,1)
are bounded and continuous. Therefore, 7,(Xy,-) € .#”(R) are quasimeasures (see Remark 4.2).
Proposition 6.2. (i) Thefunction j(x,t) issmooth for x € R\ 2" (where 2" = {X1, Xz, ..., Xy}) andt € R.

(if) Forany R> 0,

sup sup | M Fu(x )] < ¥. (6.8)
XI<Rx¢ 2 teR

The argument repeats the proof of Proposition [KKO7, Proposition 4.1].

Remark 6.3. Let us note that the bounds (6.8) are independent of x and remain valid for x ¢ .27, although the derivatives
T 7p(x,t) with m=£ 0 may have jumps at x = X;. (Note that this is the case for the solitary waves in (2.14).)

We now may deduce the compactness of the set of translations of the bound component, {7 p(X,s+t): s> 0}.

Corollary 6.4. (i) By the Ascoli-Arzela Theorem, for any sequence s; — ¥ there exists a subsequence s; — ¥ such
that for any nonnegative integers mand n,

%Qqﬂ[njb(xasj’ +t) - ﬁ)gn%nb(xat)v X ¢ <9//‘7 te Rv (69)
for some b(x,t) € Cp(R,H%(R)). The convergencein (6.9) is uniformin x and t aslong as |x| + |t| < R, for any
R> 0.

(if) By the Fatou Lemma,
sup||b(-,t)||yr < ¥. (6.10)
teR

We call omega-limit trajectory any function b(x,t) that can appear as a limit in (6.9).

Remark 6.5. Previous analysis demonstrates that the long-time asymptotics of the solution y (x,t) in & depends only on
the singular component j (x,t). Due to Corollary 6.4, to conclude the proof of Theorem 2.11, it suffices to check that
every omega-limit trajectory belongs to the set of solitary waves; that is,

b(x.t) = f,, (x)e"¥+'  for some w € [~m,m. (6.11)

7 Nonlinear spectral analysis

Bounds for the spectrum

By Lemmas 3.1 and 6.1, the dispersive components c(-,t) and 7 4(-,t) converge to zero in & ast — ¥. On the other hand,
by Corollary 6.4, the bound component 5 p(x,t +Sj/) converges to b(x,t) as j* — ¥, uniformly in every compact set of the
plane R?. Hence, y (x,t + Sjr) = Fp(Xt+Sj) + c(X,t+sj) + Fa(X,t +Sjr) also converges to b(x,t) uniformly in every
compact set of the plane R?. Therefore, taking the limit in equation (2.1), we conclude that the omega-limit trajectory
b(x,t) also satisfies the same equation:

b(x,t) =b"(x,t) —mPb(x,t)+  d(x—X;)F(b). (7.1)

J
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Remark 7.1. Note that the bound component j,(x,t) itself generally does not satisfy equation (7.1).

Taking the Fourier transform of b in time, we see by (6.9) that B(x, w) is a continuous function of x € IR, smooth for
x € R\ 2, with values in tempered distributions of w € IR, and that it satisfies the corresponding stationary equation

—w2b(x,w)=b"(X,w)—mtb(x,w)+ d(x—X))§s(w), (X w)eR? (7.2)
J

valid in the sense of tempered distributions of (x, w) € R?, where §3(w) are the Fourier transforms of the functions
as(t) :=FRy(b(Xy,1)), 1<J<N. (7.3)

We also denote R
Ba(t):=b(Xst),  Syi=suppfy, 1<JI<N. (74)

From (6.7), we know that the spectrum of jp(x,t) is bounded for all x € R. Hence, the convergence (6.9) implies that
the spectrum of b(x,t) is also bounded. We will need more precise bounds on the size of the spectrum of b:

Lemma7.2. (i) S;C[-Ms,My], 1<JI<N;
(i) suppb/(Xy+0,w) C [—(2p3— )My, (2ps — 1)My], 1< J < N—1, with M, > 0 defined in (2.19).

Proof. For every x € R, we have formally the relations

1 . . 1 . .
F(%8 +t) = E/Re"me"wslj(x,w)dm 5 (x5 +1) = g/Re—'wte—'wsl %5 (xw)dw, teR.
Then the convergence (6.9) implies that

—iwS, 2

eI (xw) = b(xw), € "V EI(xw)— Kkbxw), Sy —¥, (7.5)

in the sense of quasimeasures. Since 7 (Xj,w) are locally L? for |w| > M; while F'(X3+0,w) are locally L? for |w| >
(2py — 1)M; by Corollary 5.4, the convergence (7.5) at x = X; shows that $5(w) and b’(Xy + 0, w) vanish for |w| > M;
and |w| > (2py — 1)My, respectively. O

We denote
k(w):=—iky(w), w e R, (7.6)

where ki (w) was introduced in (3.6). We then have Rek(w) > 0, and also
k(w):\/M>0 for —m<w<m,

in accordance with (2.14).

Proposition 7.3. Thedistribution B(X, w ) admits the following representation:

1 (w)e WX <Xy,

3(w)cosh(k(w)(X— Xg)) + B/ (X + 0, w) SEWIOX) =y o x5 Xy,4], 1<I<N—1, (7.7)

b(X,w) = ()
N(‘,V)e—k(‘“’)(X—XN)7 X > Xy.

= T

Proof. By (7.5), the middle line in (7.7) follows from the representation (4.6) since the multiplicators are smooth bounded
functions of w € R. Taking the limit in the first line of (4.6), we obtain the first line in (7.7) since S1 C [-m,m| by
Lemma 7.2, while ky(w) =k_(w) =ik (w) for —-m< w <m (Cf. (3.7), (7.6)). Similarly we explain the last line in
(7.7). O
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Reduction to point spectrum

Proposition 7.4. Any omega-limit trajectory b(x,t) is a solitary wave, i.e. b(x,t) = £(x)e "+ with w, € [-m,m| and
£(x) € HY(R).

Proof. The proof is based on the following lemmas.
Lemma7.5. If s; =0, then b(x,t) =0.

Proof. According to equation (7.2), the function be C(R,.#’(R)) satisfies the following continuity and jump conditions
at the point X;:

b(X+0,w)=b(X1—0,w) = P1(w), D' (Xa+0,w)=b'(X—0,w)+fi(w), weR. (7.8)

S; = 0 means that py(w) = 0, that is, B1(t) = 0. Hence, g1(t) = F1(B1(t)) =0, and g1(w) = 0. On the other hand,
first line of (7.7) implies that b(x, w) = 0 for x < Xy, and in particular b'(X1 —0,w) = 0. Therefore, the jump condition
(7.8) implies that b’(Xy +0,w) = 0. Hence, b(x,w) = 0 for x € [X;,X] by the middle line of (7.7). By induction,
Bis(x,w)=0. O

Now we consider the case S1 # 0.
Lemma7.6. If S1 #0,then S; = {w,} for some w € [-m,m).

Proof. By Lemma 7.2, we know that S; C [-m,m]. To show that S; consists of a single point, we assume that, on the
contrary, infS; < supS;. By (2.16), the Fourier transform 1 (w ) of g1(t) := F1(b(Xy,t)) is given by

P1 ~ -~ - e
Gi=— 2nupn(Pr*Py)* ... *(P1*Py)*P1. (7.9)

n=1

n—1

Applying the Titchmarsh Convolution Theorem [Tit26] (see also [Lev96, p.119] and [HOr90, Theorem 4.3.3]) to the
convolutions in (7.9), we obtain the following equalities:

infsupp@s = infsupp p1 + (pr—1) infsupp(Bl *ﬁl) =infs; + (p1 —1)(infS1 —supsSy), (7.10)
supsupp @y = supsupp B1 + (pr — 1) supsupp(Ba + By) = supSy + (py — 1)(supsy —infsy),  (7.11)

where we used the relations infsupp ﬁl = —supsupp B1, supsuppél = —infsupp 1. Note that the Titchmarsh theorem
is applicable since supp 31 is compact by Lemma 7.2. Since we assumed that infS; < sup Sy, (7.10) and (7.11) imply that
infsupp@y < infsy, supsupp@i > sup S1. Therefore, the jump condition (7.8) with J = 1 implies that

infsuppJS’(X1+0,-) = infsupp@; < infsy, supsuppJS’(X1+0,-) = supsupp@i > sup Si. (7.12)

The ratio sinh(k(w) (X2 — X1))/k(w) could only vanish at certain points from % (see (2.21)), while supp b’ (X1 +0,w) N
# = 0 due to Lemma 7.2 and the condition (2.23). Hence, the middle line of (7.7) at x = X, — 0 and the inequalities
(7.12) imply that

infs, = infsupp§; < infsy, sup Sz = supsupp@s > sup Si. (7.13)

We proceed by induction, proving that
infs; > infs, > ... >infsy, SUPS; < SUPSy < ... < SUPSN. (7.14)
It then follows that inf S < sup Sn. Starting from J = N and going to the left, we also prove the opposite inequalities:
infs; <infsy < ... <infsy, Sup Sy >supSy > ... > SUPSN. (7.15)

The contradiction of (7.14) and (7.15) shows that our assumption that infs 1 < supS; was false, hence S; = {w. } for
some w. € [—m,m|. O
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Thus, supp by (w) = 81 C {w4}, with w, € [-m,m|. Therefore,

bi(w)=a1d(w —wy), with some a; € C. (7.16)

Note that the derivatives d®)(w — w.), k > 1 do not enter the expression for by (w) = .Fi_., [b(X1,t)] since b(x.t) is a
bounded continuous function of (x,t) € R? due to the bound (6.10).

Lemma7.7. k;(x, w) =a(X)d(w — w4 ), where a(x) is a bounded continuous function.

Proof. For x < Xy, the representation stated in the lemma follows from the first line in (7.7) and from (7.16). Let us prove
this representation for X; < x < Xp. By (7.16), we have by (t) := b(Xy,t) = aje ¥+ /2p, hence gy (t) := Fi(by(t)) =
ble*i‘f+t for some by € C due to the U (1)-invariance (1.2). Therefore, §1(w) = 2pbyd(w — w-.). Moreover, by (7.7), we
have b'(X; —0,w) = k(w. )a;d(w — w ). Hence, the jump condition (7.8) implies that b’ (X; +0,w) = c;d(w — w.), for

some c¢; € C. Finally, (7.7) implies that k;(x, w) =a(x)d(w —w ) for x € [X1, Xz, with a(x) a continuous complex-valued
function of x. Proceeding by induction, we obtain similar representation for b(x, w) for all x € R. O

Now we can finish the proof of Proposition 7.4. Lemma 7.7 implies that b(x,t) = £(x)e ™!, where £(x) = a(x)/2p.
We conclude from (6.10) that £ € H*(R), finishing the proof of Proposition 7.4. Note that w = -mcould only correspond
to the zero solution (see Remark 2.9). O

According to Remark 6.5, Proposition 7.4 completes the proof of Theorem 2.11.

8 Multifrequency solitary waves

We will show that when the assumptions of Theorem 2.11 are not satisfied, then the attractor could be more complicated
because the equation admits multifrequency solitary wave solutions.

8.1 Widegaps

Let us consider equation (2.1) with N = 2, under Assumptions 2.1 and 2.2.

Proposition 8.1. If the Assumption 2.3 is violated, then the conclusion of Theorem 2.11 may no longer be correct.

Proof. We will show that if L := X, — X; is sufficiently large, then one can take F1(y) and F,(y) satisfying Assump-
tions 2.1 and 2.2 such that the global attractor of the equation contains the multifrequency solutions which do not converge
to solitary waves of the form (2.13). For our convenience, we assume that X; = 0, X, = L. We consider the model (2.1)
with the nonlinearity

Fi(y)=Fl(y)=F(y), where F(y)=ay+bly[’y, a,beR. 8.1
In terms of the condition (2.16), p; = p, = 2. We take L to be large enough:

P

L> B2 (8.2)
Consider the function
v (xt) = Ale WM 4 e kWKL) sin(wt) + Bep y(x) sin(k(3w)x) sin(3wt), A BeC. (8.3)
Then y (x,t) solves (2.1) for x away from the points X;. We require that
k(3w) =2 (8.4)

:E’

so that y (x,t) is continuous in x € R and symmetric with respectto x = L/2:

L
Y(th)ZY(E_th)a xeR.
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We need |w| < mto have k(w) > 0, and 3|w| > mto have k(3w ) € R. We take w > 0, and thus m< 3w < 3m. By (8.4),

this means that we need
2
m< 4/ % +m? < 3m.
The second inequality is satisfied by (8.2).

Due to the symmetry of y (x,t) with respect to x = L/2, the jump condition (7.8) both at x = 0 and at x = L takes the
following identical form:

2Ak(w)sinwt — Bk(3w)sin3wt = F (A(1+e *“)ysin(wt)). (8.5)
Using the identity
sinfg= gsinq—%simq, (8.6)

we see that

F(AL+e *"Ysinwt) = (aA(1+e—k(W>L) + gb|A|2A(1+e_k(W)L)3) sin(wt) — %b\A\ZA(l—&- e F()by3sin(3wt).

Collecting in (8.5) the terms at sinwt and at sin3wt, we obtain the following system: &0
2Ak(w) = aA(l+e <)+ 3p|ARPA(L+ e k(W3
{ BK(3w) = 1b|AZA(1+ e *(¥)L)3, ®8)
Assuming that A # 0, we divide the first equation by A:
2k(w) =a(l+e*Wh) 4+ §b|A|2(l+e_k(W)L)3. (8.9)
The condition for the existence of a solution A £ 0 is
(%—a)b>0. (8.10)

Once we found A, the second equation in (8.8) can be used to express B in terms of A,

Remark 8.2. Condition (8.10) shows that we can choose b < 0 taking large a > 0. The corresponding potential U (y ) =
—al|y|?/2—bl|y|*/4 satisfies (2.12) and Assumptions 2.1 and 2.2.

O
8.2 Linear degeneration
Let us consider equation (2.1) with N = 2, under Assumptions 2.1 and 2.3.
Proposition 8.3. If the Assumption 2.2 is violated, then the conclusion of Theorem 2.11 may no longer be correct.
Proof. Again, we construct multifrequency solutions. Consider the equation
v =y"—my +dX)Fi(y) +d(x—L)F(y), (8.11)
where
F(y)=ay+blyfy, FRl(y)=gv. a, b geR (8.12)

Note that the function F, is linear, failing to satisfy Assumption 2.2. The function

(A+B)e<"Xsin(wt),  x<0,

y(xt) = (Ae‘kw + BeX)¥) sin(wt) + Csinh(k(3w)x)sin(3wt),  x€ [0,L],
( (w —|—Bek )(2L— X)Sm(Wt)d‘_sinh(kCﬁe k(3w)(x— L)5|n(3wt) X > |_,
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where w € (0,m/3), will be a solution if the jJump conditions are satisfied at x=0 and at x = L:
_y/(0+at)+y/(0_7t):aY(Oﬂt)+by3(07t)a (813)
7' (L) +y (L=t =ay (L) + by (LY). (8.14)
We use the identity

a(A+B)sin(wt) + b((A+B)sin(wt))* = (a(A+B) + sin(ot) — p A8

bg(AfW) sin(3wt)

which follows from (8.6). Collecting the terms at sin(wt) and at sin(3wt), we see that the condition (8.13) takes the form

2k(w)A= (a (A+B) +b3(Af+B)3), (8.15)
—k(3w)C= —b@. (8.16)
The condition (8.14) takes the form
2Bk(w )€kt = g(Ae k(WL 4 Bek(w)by, (8.17)
kBw)C 4 (3w)Ccosh(k(3w)L) = Csinh(k(3w)L). (8.18)

sinh(k(3w)L)

Equations (8.15), (8.16), (8.17), and (8.18) could be satisfied for arbitrary L > 0. Namely, for any w € (0,m/3), one uses
(8.18) to determine g. For any b # 0, there is always a solution A, and B to the nonlinear system (8.15), (8.17). Finally, C
is obtained from (8.16).

O

A Global well-posedness

Here we prove Theorem 2.4. We first need to adjust the nonlinearity F so that it becomes bounded, together with its

derivatives. Define
10:\/%(}/0,_@)_ .]'A\J7 (Al)

m— ;B;

where (yo,pp) € & is the initial data from Theorem 2.4 and A;, B; are constants from (2.12). Then we may pick a
modified potential function Uy € C?(C,R), Us(y') =U;(|y]), j = 1, 2, so that

Us(y)=Us(y) forly|< 1o, ye€C, (A2)

U;(y ) satisfy (2.12) with the same constants Aj, By as Uj(y) do:

Us(y) > Aj—Bsly|?, fory eC, where AjeR, B3>0, 1<J<N, By<m, (A.3)
J

and so that |U;(y)|, |U}(y)|, and |UY(y)| are bounded for y > 0. We define
Fy)=— UWl(y), veC, (A4)
where  denotes the gradient with respect to Re y, Imy; Then I%(e‘sy) = eisl%(y) forany y € C, se R.

We consider the Cauchy problem of type (2.1) with the modified nonlinearity,

{j)(x,t):y”(x,t)—n?y(x,t)+ 3dX—X)E(y(X,1), XeER, teR, (A5)

Y|t:0 = yo(X), }}‘t:O :po(X).
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Equation (A.5) formally can be written as the following Hamiltonian system (Cf. (2.5)):

. —~ 0 1
Y(t)= #DAa(Y), J = [ 10 ] , (A.6)
where D/ is the variational derivative of the Hamilton functional
(v — 2 2 nelv 2 ~ B v (X)
AY)= [ (Ipl°+| yI°+mly|?) dx+ Uy (Xs,t), Y = o) €&, (A7)
J
R

which is Fréchet differentiable in the space & = H! x L2. By the Sobolev embedding theorem, L¥ (R) c H(RR), and there
is the following inequality:

1 1
2 2 2 2
Iy lltv < %(HY’HQ*‘”‘ZH}’HLZ) < ol il (A.8)
Thus, (A.3) leads to 5
~ )
Us(y (0)) > Av—BsllyllEx > Ar—5 1Y [ (A9)
Taking into account (A.7), we obtain the inequality
— - —~ B
Yz =2(x)-2 Uy(Xp)<22(¢)-2 A+ JmJIIYllfg», Yed&. (A.10)
J J
It follows that 5
2 m 7
e — . .
Ik < g (- A). ves (A11)

LemmaA.l. (i) Thereistheidentity 77 (Yo) =.7(Y o).
v (X)
p(X)
Proof. According to (A.11), the Sobolev embedding (A.8), and the choice of 1 in (A.1),

(i) 1fy = € & satisfies #(Y) < (Y o), then Us(y (X)) =U;(y (X)) for any x € R.

1 H(Yo)— A
2. < vl < N 42 A.12
Irolfe < selvoll < ZHO= 3R _ (12

Thus, by (A.2), U(yo(x)) = U(yo(x)) for all x € R. This proves (i).

By (A.8), the relation (A.11), the condition 47’ (Y ) < (Y o), and part (i) of the Lemma, we have:

H(Y)— JA]<=}%Z(YO)_ Al A (Yo)— IA
m— ;Bj - m— By o m— ;Bj

1
Iy iy < 5l I3 < 12

Now the statement (ii) follows by (A.2). O

If ¥ (t) solves (A.6), then (¥ (t)) = (¥ o), By Lemma A.1 (ii), Us(y (x,t)) = Us(y (xt)) forall xe R, t € R.
Hence, F;(y (x,t)) = F3(v (xt)) forall xe R, t > 0, allowing us to conclude that y (t) solves (2.1) as well as (A.5). The
rest of the proof of Theorem 2.4 repeats the proof of a similar result for the case N = 1 [KKO07, Theorem 2.3].
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