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1. INTRODUCTION

On a Riemann surface, one of the interesting geometric problems is to deter-
mine which functions can be realized as the Gaussian curvature of some pointwise
conformal metric. The classical uniformization theorem tell us that every smooth
Riemannian metric on a two-dimensional surface is pointwise conformal to one with
constant curvature. This question is by now well understood from many different
perspectives, and successfully approached by many different methods.

On this basis, research can move on to surfaces with singularities. This, however,
is by no means a straightforward generalization of the smooth case. Results for
smooth surfaces might not be true for surfaces with singularities. For instance,
there exist many surfaces with conical singularities that do not admit a conformal
metric of constant Gauss curvature. In fact, a closed surface with two conical
singularities admits a conformal metric of constant Gauss curvature if and only if
its singularities have the same angle and are in antipodal positions — thus, such
a surface necessarily has the shape of an American football; this was proved by
Troyanov [T1]. Therefore a surface with exactly one singularity (the teardrop)
does not carry a conformal metric of constant Gauss curvature.

This result was obtained by methods from complex analysis. It is known, how-
ever, that the existence question for conformal metrics is intimately linked to the
Liouville equation. In recent years, very powerful PDE methods have been devel-
oped to precisely determine the asymptotic behavior of solutions of this equation
near singularities.

The purpose of the present paper then is to bring to bear the full force of those
methods on the existence problem for conformal metrics with prescribed singu-
larities. In fact, we shall investigate the more general situation of surfaces with
boundary. When we have a boundary, the natural curvature condition there, the
analogue of the constant Gauss curvature condition in the interior, is the one of
constant geodesic curvature.

To continue the discussion about surfaces with singularities, let us first recall
their definition, following [T1]. A conformal metric ds* on a Riemannian surface ¥
(possibly with boundary) has a conical singularity of order @ (a real number with
a > —1) at a point p € X U 9 if in some neighborhood of p

ds? = ¢"[z — 2(p)°|d=[?

where z is a coordinate of ¥ defined in this neighborhood and u is smooth away
from p and continuous at p. The point p is then said to be a conical singularity
of angle 0§ = 2w(a+ 1) if p ¢ ¥ and a corner of angle § = w(a + 1) if p € 9.
For example, a football has two singularities of equal angle, while a teardrop has
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only one singularity. Both these examples correspond to the case —1 < a < 0; in
case a > 0, the angle is larger than 27, leading to a different geometric picture.
Such singularities also appear in orbifolds and branched coverings. They can also
describe the ends of complete Riemannian surfaces with finite total curvature. If
(%, ds?) has conical singularities of order ay, s, - ,a, at p1,p2,- -+ , pp, then ds?
is said to represent the divisor A:= X7, a;p;.

For a closed surface with more than two conical singularities, the existence prob-
lem of constant Gauss curvature already becomes subtle. When all singularities
have order a € (—1,0), Luo and Tian [LT] gave a necessary and sufficient condi-
tion. For the case of general «, a necessary and sufficient condition was given by
[UY] recently for a closed surface with 3 conical singularities. See also [E] for a
simpler proof.

As already mentioned, the objective of this paper is to consider surfaces (with
boundary) with corners on their boundary and to study the existence problem of
conformal metrics with constant Gauss curvature and constant geodesic curvature
on their boundary. Our first result shows that a disk with two corners admits a
conformal metric with constant Gauss curvature and constant geodesic curvature
on its boundary if and only if the two corners have the same angle. This is analogous
to the result of [T2]. The disk is conformally equivalent to R% U {oo}. Note that
the case of a metric with zero geodesic curvature on its boundary can be reduced
to Troyanov’s result.

Theorem 1.1. [t is possible to construct a metric g with constant Gauss curvature
on the unit disk D and constant geodesic curvature on T'y := 0D N{(x,y) € R?| £
y > 0} admitting two corners p1 = (1,0) with order aq > —1 and p2 = (—1,0) with
order ag > —1 if and only if

a1 = Q9.

In Theorem 1.1, the constant geodesic curvatures on I'y and I'_ may be different.
All solutions can be explicitly written down, see Theorem 1.2. Theorem 1.1 is not
difficult to prove. But it is a good starting point for our research.

What we do in fact is more general than this generalization of Troyanov’s result.
Let us denote R% = {(s,t)[t > 0}. We consider

—Au = |z|**e", in R%,

ou u

pril c|z|%ez, on ORZ N{s > 0} (1)
a u

8_1; = colz|e?, on ORY N {s < 0}

with the energy conditions

/ |z[**etdx < oo,/ |z|e2ds < oo. (2)
R or?

Here c1, co are constants and a > —1.
We call u € H}, .(R?) a weak solution of (1)-(2) if it satisfies

Vu-Vpdzr+cq /

\m\o‘e%@ds—l—w/ \m\o‘e%godSZ/ |z|?“e"pdx
OR3 N{s>0} 2

RZ OR3 N{s<0} R3
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for any smooth function ¢(x) on @ with compact support. Since u € Hlloc(@)

implies e* € Lfoc(@) for all p > 1, by standard elliptic regularity we conclude that

any weak solution u of (1) is a classical solution when « > 0 while u is smooth away
from the origin and u € W24 near the origin for 1 < ¢ < —é when —1 < a < 0.
In particular, u is continuous at the origin in any case. In the sequel, we assume
that a solution u of (1)-(2) always satisfies u € C*(R%) N C*(R% \ {0}) and that u
is continuous at the origin.

Geometrically, a solution u of (1) -(2) determines a metric ds? = |z|?*®¢*|dz|? with
constant scalar curvature 1 on R2 and with geodesic curvature —c; on ORZ.N{s > 0}
and geodesic curvature —c; on ORZ N {s < 0}. Moreover ds* = |z|**¢"|dz|? has a
conical singularity at z = 0. Let 1 and —1 be two points on the boundary of the
unit disk D . We take a conformal transformation ¢ mapping D to Rﬁ_ and 9D to
ORZ with ¢(1) = 0 and ¢(—1) = co. With such a conformal transformation, the
metrics studied in Theorem 1.1 are solutions of (1)-(2). Our main result in this
paper is to show the converse, namely, any solution of (1)-(2) is in fact obtained
from a metric in Theorem 1.1.

Theorem 1.2. Let u be a solution of (1)-(2). Then ds* = e“|z|**|dz|* comes from

a conformal metric as in Theorem 1.1. More precisely, there exists X\ > 0 such that:

(1) When a = 2k, k =0,1,2,..., then ¢1 = ¢ca. And when o = 2k + 1,k =
0,1,2,..., then c1 = —co. In this case the metric is

S(a + 1)2)\2a+2‘z‘2a‘d2|2

2 _
ds® = ()\2a+2 + |Z°‘+1 _ZO|2)2
. a+1
for some zo = (s0,to) with so € R and ty = —Cl/\\@ .

(2) When ao # k,k=0,1,2,..., then for any c1 and cq, the metric is
8(av + 1)2N2a 22|22 dz|?

ds® =
()\2a+2 + |Zoc+1 _ ZO|2)2
o . _ A%t cos(ma)—ca) _ e t?
for some zo = (so,to) with sg = D sin(rad and to = “5—.

This result is a natural generalization of the classification result of Chen-Li [CL2]
for the Liouville equation
—Au=¢" inR? (3)
with finite area [, e* < oo and the classification result of Li-Zhu [LZ] for solutions
of

—Au = e in R%
0 w 4
8_1; = cez on OR%. @

Geometrically, the result of Chen-Li covers the case of the standard sphere. In
fact, their classification result tells us that any solution of the Liouville equation
(3) with finite area can be compactified as a metric on the standard sphere with
constant curvature. Similarly, the result of Li-Zhu deals with a portion of the stan-
dard sphere cut by a 2-plane. Namely, from their result we know that any solution
of (4) can be compactified as a metric on such a portion of the standard sphere
with constant Gauss curvature and constant geodesic curvature on the boundary.
In this spirit, our result (for —1 < a < 1) then deals with a portion of the standard
sphere cut by two 2-planes with angle 7w(a + 1).
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It would then be interesting to consider portions of the standard sphere cut by
3 or more 2-planes. This is related to the result of Umehara-Yamada [UY], see
also [E]. We will return to this issue later. In another direction, our result is a
generalization of Prajapat-Tarantello [PT], who classify solutions of the Liouville
equation with one singularity. For the case ¢; = ¢o = 0, Theorem 1.2 can be
reduced to their result. For other classication results, or different proofs, see [CL3],
[CWL[CY],[HT], [HW], [JW] , [M], and [Z].

Our method to deal with (1)-(2) can be viewed as a combination of the methods
developed for those previous results. We shall make particular use of [JLW] and
[LZ]. The main issue is the determination of

u(z)

— 1m .

Note that equations (1) are no longer translation invariant and a solution of (1)-(2)
will no longer be radially symmetric if one of ¢; # 0 for ¢ = 1,2. The methods
used in [LZ] and [PT] can therefore not be directly utilized to prove Theorem 1.2.
However, after we have shown that the metric ds? = e%|dz|? = |z|**¢*|dz|? has two
conical singularities at z = 0 and z = oo, we can define
0%u  1,0u., 9 .o
09 = (5 - 5 (G021, = in B2,
which can be extended to a projective connection on S? = C U {cc} as defined in

[T2]. Then the problem is reduced to a linear partial differential system, see (31)
and (32). Finally we solve this boundary problem and demonstrate Theorem 1.2.

2. PROJECTIVE CONNECTIONS

In this section, we will state the definition and the properties of the projective
connection discussed in the papers of Troyanov [T2] and Mandelbaum [Ma]. In
the last section, we will demonstrate our main result in the sense of a projective
connection on CU {co}.

Assume that X is a Riemann surface. Let  be a quadratic differential. If
(1) n(z) = #(2)|dz|? is a meromorphic quadratic differential in each local
coordinate (U, z) on 3,
(2)n(w) = n(z) + {2z, w}|dw|? in the overlap of two local coordinates (U, z) ,
(V, w),
then 7 is called a projective connection on . Here {, } denotes the Schwarzian

derivative:
Z//

7

S
{Z’ w} = 7 -

N W

(

z
a function z of w.

A point p € ¥ is called a regular point of the projective connection 7 if 7 is
holomorphic at this point. We say that n has a regular singularity of weight p
at p if

p o
1) = (5 + 2+ 0i(e))dap
where ¢1(z) is holomorphic, and z is a local coordinate at p with z(p) = 0.
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The projective connection is said to be compatible with the divisor A := X% ; a;p;
if it is regular in ¥ — {p1, -+ - , p,} and has, for each 4, a regular singularity of weight
pi = —%ai(ai + 2) at p;. The next two lemmas are examples about some results
for the projective connection from [T2].

Lemma 2.1. The definition of the weight for a singular point is independent of
the choice of local coordinate.

Lemma 2.2. If ds®> = e“|dz|? is a conformal metric of constant curvature on ¥
representing the divisor A then

0%u  1,0u
n(z) = (@ - 5(@)2”(12\2

defines a projective connection compatible with the divisor A.

3. ASYMPTOTIC BEHAVIOR

We will first rewrite the equation (1). Set u = u + 2«ln |z|. Then u satisfies

—-Au = 617’, ~ in R?H
% = 616? on OR2Z N{s>0}, (5)
i = ez, on ORI N{s<0}

with the energy conditions

/ edr < oo, (6)
R

2
+

/ e%ds < co. (7)
oR?.

Proposition 3.1. Any solution @ of (5) with (6) and (7) is bounded from above in
the region R2 \ BZ(0), for each e > 0.

To prove Proposition 3.1, we need the following Lemma.

Lemma 3.2. Assume that u is a solution of

—Au = 0, n BE,
%—’t‘ = f(x), on {t=0}N0oBf
u = 0, on OBHN E};.

with f € L*({t =0} NOBY) for any R > 0. Then for every & € (0,47w) we have

(4 — 61)|u()| 1672 R2
/fop{ T

R
and for every d, € (0, 2m)
(21 — 62)|u(z) TR

| 4
exp ds <
/aB;m{t_o} { 1£1]1 J 02

where || f||1 = f{t:o}maBg |f]ds.




Proof. Set

Iy ={t=0nBy Ty=/{t>0}NoB;.
Let

1 2R 2R
o) = 3= | og [ 20+ Tog [ 2 (o)

where 7 is the reflection point of y about {t = 0}.
A direct computation yields

{ —Aaf = 0, in BE,
o = —Ifl; on Ty
Note that ¢ > 0 for x € BE since ‘ffiy‘ > 1 for any z,y € BE. We have
—Alu—¢) = 0, in BE,
gt = f4lfl,  on T
u— (;5 < 0, on I's.

It follows from the maximum principle and the Hopf Lemma that u < ¢ in F;.
By a similar argument we also have

~Alu+¢) = 0, in B,

W = f—1fl, on I

u+¢ > 0, on I's.

which implies that u > —¢ in E;. Therefore we have |u| < ¢ in E;; and thus we
have
/ e;ﬂp{wm < / emp{w}dx,

" 171l " 7T

and
27 — 2 —
T, £ 1l r, 11

At this point, using Jensen’s inequality, we can follow the argument of [BM],
proof of Theorem 1, to conclude the result.
O

Proof of Proposition 3.1 We first fix € > 0, and assume that u is a solution
of (5) with (6) and (7). From Theorem 2 of [BM] it suffices to show that, for any
zo € ORZ \F:(O), u is bounded from above on F};(xo) for some small number
R > 0, with a bound that is independent of the point xzy. In the following, we
denote by C' various constants independent of x.

Write g = €%, f = c(z)e? where ¢(z) is a function on OR?Z \ {0} with c(z) = ¢1
when s > 0 and ¢(x) = ¢z when s < 0, where we write x = (s,t). Then u satisfies
{ _A@ = 9, in Bg(xo)v
%—’t‘ = f, on I'.

It is clear that f € L'(OR%). Set f = f1 + fo with Hf1\|L1(aRi) < 7 and

fa € L°°(3R2+). Let I'y and I's be as Lemma 3.2. Define u, us and ug by
6



!

— At e, in  Bf(z0),
% = 07 on Fl
ﬂl = 07 on FQ.
— Al 0, in B (o),
g = £, on Ty
ux = 0, on I's.
—Auz = 0, in  Bf(z0),
5 = f on I
ﬂg = 07 on FQ.
Extending u; evenly we have
_Aal = eﬂ’ in BR(xO)v
’171 = 0, on aBR(.’EQ)

By using Theorem 2 in [BM] and (6) we have
<C.

”ﬂl”Lw@;m)) =

For w9, by Lemma 3.2, we have

/ exp(2|uz|)dz < C, / exp(|tz|)ds < C
+
BR((ED)

I
and in particular Hﬂ2HL4(ng(zo)) < C and [[uz||per,) < C for any ¢ > 1.
For ugs, it is obvious that

sl 5 o) < ©

Let w4 = © — w1 — Uy — u3. Then we have
—A’E@; = 0, in Bg(.’bo),
% = 0, on Iy.
Extending w4 evenly, iy becomes a harmonic function on Bg(xg). Then the mean
value theorem for harmonic functions implies that
~+ ~+
H’LL4 HLoo(E% (z0)) < CHU4 HLl(BI*g(zo))'

Notice that
af <ut+|u| + [de| + |usl,

J

and

~ —+

u+dx§/ e dr < co.
R

2 2
+ i

We get
1 @, ooy < &
Finally, we write 2
{ —Au = €= g in B} (zo),
% = c(z)e® = f, on I';.
The standard elliptic estimates imply that

at
la ”Lw(ﬁ% (z0)) = ©
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since HfHLq(B;(zo)) < C and HgHLq(aB; (wo)){t=0}) < C for any ¢ > 1. O
2 2

As in the proof of Proposition 3.1, in the sequel we always let ¢(x) be a function
on 9R% \ {0} with ¢(z) = ¢; when s > 0 and ¢(z) = ¢, when s < 0, where z = (s, t).
In virtue of Proposition 3.1, we obtain the asymptotic behavior of the solution of
(1)-(2). More precisely, we have the following

Proposition 3.3. Let u be a solution of (1)-(2). Let

1 1 v
d= _/ x> etdr — —/ c(z)|z|%ezds.
T JR% T Jor2
Then we have
u(x)
1m = —
Proof. Let
1 A o U
w(z) = —/ (log |z — y| + log |T — y| — 2log |y|)|y[**e* @ dy
2 Rﬁ—
1 = o ul)
—5- [, (logle = y| +log[ — y| = 2log |y)e(y)ly|*e =" dy.
T Jor2

where T is the reflection point of y about {¢t = 0}. It is easy to check that w(x)
satisfies

Aw = |z]*@e", in Ri’
%_7;’ = —c(x)|z|ve?, on OR?%\ {0}.
and
im w(z) =

Consider v(z) = u + w. Then v(z) satisfies

Av = 0, in RZ,
v = 0, on ORZ\{0}

We extend v(z) to R? by even reflection such that v(z) is harmonic in R? . From
Proposition 3.1 we know v(z) < C(1 4 In(|z| + 1)) for some positive constant C'.
Thus v(z) is a constant. This completes the proof. O

Remark 3.4. From (2), it is easy to check that d > 2 + 2a.

4. THE EXACT VALUE OF d

In this section, we want to compute the value of d. We need to distinguish two
cases. When ¢; < 0 and ¢; < 0, we will employ a similar argument as in [JLW]
when they proved 7; < 2 in proposition 7.1 to show that d > 2 + 2a. Here ¢; <0
and ¢z < 0 are crucial such that w(z) < 01in DT, see Proposition 4.1. Once we have
proved that d > 2+ 2a, we can obtain an extension of u(z) near oo, see (11). Then
we can use the Pohozaev identity of (1) to prove d = 4 +4a. When ¢; > 0 for i =1
or i = 2, this method will not work well. We will use the moving sphere method ,
which was used in [LZ], to show d > 2(1 4+ «). Let us start with the negative case.
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Proposition 4.1. Ifc¢; <0 and ca <0 in (1)-(2), we have d > 2 + 2a.

Proof. Assume by contradiction that d = 2+2«. Let v be the Kelvin transformation
of u, i.e. v(z) = u(#) — (4a+ 4)In|z|. Then v satisfies

—Av = |z]*@e?, in RZ,
v = c(x)|z|%E, on OR%\ {0}.
with the energy conditions

/ |z[**eVdz < oo.
R2

T

/ 2|2 dt < oc.
o2

Here ¢(x) is a function as in the above section.
Let D be a small half disk centered at zero. Define w(x) by

and

1 - @ U
w@) = 5= [ Qogle—y|+loglz — yl)ly ey

™ Jp+

1

21 Jap+nii=0}

and define g(x) = v(z) + w(z). Tt is clear that
{ Ag = 0, in DT,
% = 0, on {0D*n{t=0}}\{0}.

Therefore by extending g(z) to D\ {0} evenly we obtain a harmonic g(z) in D\ {0}.
On the other hand, we can check that

_ o 2@
(log |z — y| + log [T — y|)c(y)|y|“e 2 dy.

. w
lim —— =
|z|—0 — log |z|

which implies
g(xz) () +w(x)

A 7 T = 20+ 2.
l|—0 —log |x|  |z|—0 —log|z|

Since g(x) is harmonic in D\{0}, we have g(z) = —(2a + 2)log|z| + go(z) with a
smooth harmonic function go in D. By the definition, we have w(z) < 0 since ¢(z)
is negative. Thus, we have

2a v _ 2c0 ,g—w 2a —2a—2 _go _
- = - )
/ |z|**e¥dx / |z|*e dx>/ || || eddr = oo
D+ D+ D+

which is a contradiction with [, |z[**edz < co. Hence we have shown that
+

d> 2o+ 2.
O

(From d > 2a+ 2 we can improve the estimates for e to
e" < Cla|727207E, for |z| near oo. (8)
Then by using potential analysis, we obtain

—dlnjz| - C <u(z) < —dln|z|+C
9



for some constant C' > 0 and € > 0, see [CL2]. Furthermore following the idea for
the derivation of gradient estimates in [CK] and [WZ], we get

[(z, Vu) +d| < Clz|~*¢ for |z| near oo,
consequently we have
lur + g| < Cla|7te for |z| near oo. (9)
In a similar way, we can also get
lug| < Cla|~*¢ for |x| near oo. (10)
JFrom (9) and (10) we can also get by standard potential analysis that
u(z) = —dIn|z| + C + O(|z| ™) for |z| near oo, (11)

Here (r,0) is the polar coordinate system on R?, and C,e are some positive con-
stants.

Proposition 4.2. If d > 2 + 2a, then we have d = 4 + 4.

Proof. Firstly we establish the Pohozaev identity of (1)-(2). Multiply equation (1)
by z - Vu and integrate over BE to obtain

—/ (x - Vu)Audzr = / |z|**ev s - Vuda
B} B}

R

Since
2
(x - Vu)Au = div((z - Vu)Vu) — div(m|v2u| ),
|z[2*evx - Vu = div(x|z|*¥e®) — div(z)|z|* e — eva - V|z|??,
and
z - V]z[** = 2alz]?®,
we obtain
2
/ x~V&—(V~Vu)(m-Vu)ds
oBN{t>0} 2
\V4 2
—|—/ x~Vﬂ—(V~Vu)(x-Vu)ds
dB}:N{t=0} 2

= / x~1/\m\2ae“ds—|—/ x - vlz[**evds
dBEN{t>0} dBEN{t=0}

—(2+ 2a)/ |z|2*evdu,
Bt

R

where v is the outward unit normal vector to aBE. Hence we have

2
R Vul? _ |@\2ds+/ 0 (4. Vs
1¢)

oBEN{t>0} 2 or Bin{t=0} Ot
= R |z[*Yetds — (2 + 2) / |z[*“ e da.
aBEN{t>0} BY

10



Since

(z-Vu
/é)B+m{t 0} Bt Jds

R

Il
\

z)|z|*e? sd,uds
R

2 c(x)|x|*s0se ds
-R

R
= 2c(a)[s|"se By — 2+ 20) / ()] e % ds,
—R

we get the Pohozaev identity

gl |us|?

R ds

oB}n{t>0} 2R? 2

= R |z|2*evds — (2 + 2a)/ |z|?*e"dx
dBEN{t>0} B}

R

—2c(z)|s|*se? |Fp + (2 + 2a)/ c(x)|x|%e* ds.
-R

In virtue of (8), (9) and (10), we let R — oo in the Pohozaev identity and get
d=4+4a.

Next let us consider the case ¢; > 0 fori=1or ¢ = 2.

Proposition 4.3. Ifc; >0 fori=1 ori =2, then d > 4+ 4o and consequently
d=4+4a.

Proof. Without loss of generality, we assume that ¢; > 0. First we have d > 2(1+a)
from Remark 3.4. To prove d > 4(a + 1), we will derive a contradiction from
assuming d < 4(1 + «).

Case 1: ¢; > 0 and ¢c; > 0.

In this case ¢(z) > 0, where ¢(x) is a function defined as in the proof of Proposi-
tion 3.1. We assume 2(1 + a) < d < 4(1 + «) by contradiction. For any A > 0, set
Ex={zeR% :|z|> \/LX} and uy(x) = u(Ar) +2(1 + @) In A\. Then uy(x) satisfies

—Auy(z) = |z[**e™, o in By (12)
B = c@)lal"e?, on OF\NORZ,
Set
() = (Ax)+2(1+ @) In A
1

where v(x) is the Kelvin transformat of u(z), i.e. v(z) = u(ﬁ) 4(a+ 1) In|z|.
So, vx(z) is also a solution of (12).
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Set wy = u — vy. Since E) does not contain the point x = 0, w) is smooth in
E), and w) satisfies

—Awy(z) = c1(x)|z|**wy, in E\
G = cl@)ea(a)|z]wa, on 9E\NOIRY (13)
wy = 0, on OFE\N{t> 0}
£2(@)

where ¢;(z) = ) and ¢y (x) = ze 2, &(i = 1,2) are two functions between u
and UX-

Claim 1. For A large enough, wy(z) > 0 for all z € Ej.

Step 1. 3Ry such that for all z € {x € R%, \% <|z| < Ro}, we have wy > 0.
For z € {x € R%, % < |z] < R} with Ry small enough, we have

w(z) = ulz) - u(@) +2(a + 1) In(Az[?)

> o(1)+2(a+1)In4 > 0.

Step 2. 3R; < Ry such that for all x € {z € R?, % < x| < % < Ry}, we

have wy > 0.

Set Ay = {z € R%% < |z < % < Ri} and g(z) = 1 — |z/**! and let

w(z) = wg*(fj) Then, by step 1 and (13), Wy (z) satisfies

Awy(x) + %Vg -V (z) + (c1(z)]x]?> + %)Uk(m) =0, in Ay

I3 — () (2) 2] (1), on 04,0t =0}
wy > 0, on aA,\ﬂ{t>0}
(14)

Since vy < maxg2 u in E, there exists some positive constant Cj such that
c1(z) < Cp. By a direct computation,

Ag

a@)a** + = < g7 (~(a+ 1?7 + Colz**(1 —[z|**1))

IA

g7 [ (= (a +1)% + Colz|*F) <0,

if |z| < {%}#1 Therefore, we choose R; < min{{%}%ﬂ,l} small
enough. Then, from (14), it follows from the maximum principle and the Hopf
Lemma that wy > 0 in Ay. Here we have used the fact that c¢(z) > 0.

Step 3. 3R, < Ry such that for VX > R%? we have wy > 0 for all z € {z €
R%’_, |$| > Ro}.
For z € {x € R2,|z| > Ry} and d < 4a + 4, as |z| — co we have
4 1)1
LG Gt 1 TR T

|| — o0 In |x|

Then there exists some constant C' > 0 such that

u(z) +4(a+1)In|z| > -C, for |z| > Ry.
12



Therefore, for A large enough we have
T
Alzf?
> _C_%%XU_FQ(O‘_F 1)lnA > 0.
T

wr(z) = ul@)+4(a+1)n|z| — u(

)+2(a+1)InA

Thus we finish the proof of Claim 1.

Now we define

Ao = inf{\ > Olw,(z) >0 in E, for all u > A}.

Claim 2. Ay >0
Assume by contradiction that Ay = 0, that is, for all A > 0, we have wy(z) > 0
in Ex. Then, we have for all z € R

{ W, (z) =0,
W, (ra) >0, Vo <r <1
Since
wa(z) = u(z) - u(@) +2(a+ 1) In(Alz]?),

by a direct computation, we have
w__(rz) =u(rz) — u(%) +4(a+1)Inr. (15)

Iz

In (15), taking firstly |x| = 7 and then let r — 07, we get w_1_(rz) — —oo. Thus

FI
we get a contradiction with W (re) > 0for all 0 <7 <1 and all z € R3.
Claim 3. wy,(z) =0,Vz € R%.
Assume by contradiction wy, > 0 for all # € RZ. Then from (13) we obtain
firstly

Awy,(z) < 0, in E,
g > 0, on 0E) NORZ (16)
Wy, = 0, on JE), N{t>0}.

Then we use the strong maximum principle and the Hopf Lemma to obtain

(17)

dwyg

50 > 0, on OE),N{t> 0}
where v denotes the outward unit normal of the surface 0B \/I(O) n{t>0}.
Ao

{wko(x) > 0, in E),

Next note that by the definition of Ay, we can assume that there exists a sequence
A — Ag with Ay < A\g such that

inf wy, < 0.

If we can prove that

wy, () > C for x¢&
13

]
m|c>;
—
—_
o
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for some constant C' = C(Ag) > 0, then from the continuity of u at z = 0 we get

W, > 5, Vo € EAO.

2

for k large enough. It follows that there exists ), = (sg,tr) € Ey, \ Exo such that
2

wy, (Tg) = Ilfrif wy, < 0.
k

It is clear that /= < |zx] < ,/ and , due to the boundary condition, ¢ > 0.

Hence Vwy, (z) = 0 After passing to a subsequence (still denoted as zx) = —
2o = (80, t0), it follows that

wy, (zg) =0, Vwy, (zo) = 0. (19)

By (17) we have to = 0 and [so| = /5.

0
However, we would like to show

owy, (z 1
% >0, for xo = (s0,0),|s0| = )\—0

if wy,(x) satisfies (16). Here v denotes the outward unit normal of the surface
0B 0)Nn{t > 0}.
\/AI( )N {t =0}

0

Therefore from (19) and (20) we get a contradiction. Thus to prove Claim 3, it
suffices to show (18) and (20).
Proof of (18) First, for z € E 5, , we have
2

(20)

1
< mgxu+2(a—|—1)ln2§0.
R

Notice that minaEﬁlﬂ{t>O} wy, > € for some 0 < ¢ < 1. Without loss of gener-

2
ality, we assume Ay = 2. For 0 < r < 1, we introduce an auxiliary function

() ep  loglz| (1—M)(t—%)( l)a

2(c+1) log\/i 2 r

when o > 0. Here ¢ = max{ci,c2}; 0 < p < 1 will be chosen later. When
—1 < a <0, we use instead the auxiliary function

() ep _ logle| o ed—mt

RS TP 1og\f 2

We shall only present the details for the case o > 0 as the case —1 < a < 0 can be
treated in a similar way. Let P(z) = wy,(z) — ¢(z). Then we get

AP(z) = Awy,(x) <0, in Ei\E,
28) = cf)ea()lalwn, — LU ( /L), on 9(E:\ B,)N{t =0}
We will show

P(z) >0, ze€FE\E,. (21)
14



We prove it by contradiction. If (21) does not hold, there exists some xg = (so, to)
such that
P(zp) = min P(x) < 0.
BEi\Ex
Since we have P(z) > 0 on 0FE1N{t > 0} and P(z) > wy,(z) > 0 on OE,N{t > 0},
then it follows from the maximum principle that tp = 0 and 1 < |sg| < \/; and

OP(x
2 Loy > 0.

In virtue of P(xg) < 0 and vy, (x¢) < C1, we have ca(z¢) < Cp for some constant
Cy > 0 and moreover

e
Wy, (o) < @(x) < et 1) (22)
On the other hand, in virtue of OP I) lzo > 0 we have
1- 1
0 < (et Desm)leoluwn, (o) — 0y [y
1—
< {\f} (Cole+ g (o) — L1
Hence ( )
el—p
> 23
wAO(xO) - 200(C+ 1) ( )
(From (22) and (23), we have
< 1
a 14+Cy’

If we choose p such that 0 < p < 1= C from the beginning we reach a contradiction.

Since P(z) > 0, we then let » — 0 and have proved (18) with C = T AT

Proof of (20) Without loss of generality, we assume Ao = 1 and so = 1. Set
Q={z=(s,)1<s>+t> <4, s>0, 0<t<1i} Let
hw) = e(s — 1)(t + ),
and

g(x) = h(z) - h(%)

where 0 < g, < 1 are chosen later. A direct computation yields Ag(x) = 0 for
x € Q. Now consider

f(@) = wx (z) — g().

Then we have

L) = o(x)ea (@) wa, (x) — 242, on 9Q N {t =0}

Next we want to show
flx) >0, Vo € Q,

for suitably chosen € and pu.
In fact, we argue by the contradiction and assume that there exists some z1 =
(s1,t1) € Q such that

f(@1) = min f(z) <0.
Q

15



Since f(z) =0 on 02NIEy and f(z) = 0 on IQN{IEL U{t = 11}, we can use the

maximum principle to obtain t; =0, 1 < s; < 2 and % >0 on 00N {t =0}.
A simple calculation yields

a9(1101)
ot

In virtue of % >0 on 90N {t =0}, we obtain

= e(si - 1)1+ 57°).

cea(y)|s1]|%wa, (21) > e(s1 — 1)(1+ s7%).
Hence, we get
2%cea(21)wy, (1) > e(s1 — 1)(1 4+ 57°).
for « > 0. And
cea(xy)wyy (21) > e(s1 — 1) (1 + s7%)
for —1 < o < 0. Here ¢ = max{cy,c2}. On the other hand, we have
1

Wi, (21) < f(@1) =ep(s1 — 1)(1 + ;)
Therefore, if o > 0 we have
14+s7%_ 3
24(1 > =
(4 eese 2 Tk >
and if —1 < a < 0, we have
1+s7% 3
1+ cea(z > > —
( 2(21))p = 7511

If we choose p such that 0 < p < for a = max{a, 0} from the

2“'+2(1+csipR3_ ca2(x))
beginning we reach a contradiction. Thus we have proved that f(z) > 0 for z € Q.
Since f(wg) = 0, i.e. o is minimum point of f(z) in Q, it follows from the Hopf
Lemma that

Of (o)

ov

> 0.

A direct calculation shows that
Own, (x0) _ Of(xo) | Og(zo) _ Og(x0)

v v o - o 2ep > 0.
We finish the proof of (20).
In claim 3, wy,(z) = 0 implies that
x
=u(—7)+2 n ——. 24
u(x) = u >\0|$|2)+ (a+1) n)\0|x|2 (24)

Hence it follows from (24) that d = 4(1 + «). This contradicts our assumption
d < 4(1 + «). Thus we proved d > 4(1 + «). From Proposition 4.2 we know
d=4(1+ a).

Case 2. ¢; >0 and ¢2 < 0.

In this case, we will follow the argument of the case 1. The main difference
between the case ¢ > 0 and ¢o < 0, in view of the maximum principle and the
Hopf Lemma, is to show step 2 in the proof of Claim 1. Actually we can prove this

16



step in the case co < 0 by using a suitable test function. This will become evident
from the rest of the argument.

Step 2 of Claim 1: 3R; < R such that for all z € Ay = {z € R%, % <Jz| <
% < R;}, we have wy > 0.
Let = (s,t) and z = x + (0, +\/LX)7 where p is a positive number that will be

determined later. Set g(z) = 1 — |2|**! and wy(z) = %. Then, by step 1 and
(13), wa(z) satisfies

AT (z) + 2Vg - VI (2) + (e (2)|2** + £2)Tr(z) =0, in Ay
2]

8%}” = (cr1ca() 2| = 19)@A(x), on A N {t =0} N {s > 0} (25)
T = (eaea(w)|a]® — L30)mr(x), on 9ANN{t=0}N{s <0}

Wy >0, on OA\N{t>0}

Since vy < maxg2 U in Ey, then there exists some positive constant Cy such that

0 < c1(z),ca(x) < Cp. Since z € Ay = {x € R2, % < x| < % < R:}, we have

|| ~ |z] ~ ‘\/LX| Then by a direct computation, we obtain

A
S < g (a1 4 Cola (1 — |2 t) < 0

c1(@)fa** +

if A is large enough. Similarly, we have

199
g Ot
> g7 (a4 1|2 =+ eaCola* (1 — |2[*TY))

s

1 1
C _(X _(X
Sy 7

on AN N{t =0} N{s < 0} for sufficiently large p. It is obvious that cica(x)|z|?* —
%% > 0on Ay N{t =0}N{s > 0} since ¢; > 0. Then, from (25), we can again
use the maximum principle and the Hopf Lemma to obtain wy > 0 in Ajy.

The proof of Claim 3 requires some simple modifications when we use the maxi-
mum principle and the Hopf Lemma. But these can be carried out just by changing
test functions as in the previous argument. Here we omit the details. Thus we com-
plete the proof of the Theorem. O

caca(m)|x** —

> g ' (a+1) + ¢2Cy ) >0,

Remark 4.4. Actually the spherical symmetry (24) is inherited by the solution of
(1)-(2). From the proof of Proposition 4.3, it is sufficient to establish Step 3 when
d = 4(1 4+ «). But this can be done with the help of the asymptotic estimate (11).

5. PROOF OF MAIN THEOREMS

In this section we prove our main theorems. Theorem 1.1 can be obtained
directly from Proposition 4.3, since we can show that the solution u to (1)-(2) has
a removable singularity at z = oo by using the Kelvin transformation as in many
conformal problems. To prove Theorem 1.2, we follow closely the argument in

17



[T2]. The crucial step is to construct a projective connection on S? by using the
conformal metric on R2 U {oo} with constant curvature 1 and constant geodesic
curvature ¢(z) on the boundary.

First, we prove Theorem 1.1:

Proof of Theorem 1.1 To prove Theorem 1.1, it suffices to show that any
solution of (1) -(2) determines a metric as in Theorem 1.1. For this point, we first
prove that the metric ds? = |z|>*e™(*)|dz|?, u being a solution of (1) -(2), has two
conical singularities at 0 and oo with the same order. The existence of this metric
is shown in Theorem 1.2.

Let v be the Kelvin transformation of u. If u is a solution of (1) -(2), then
v e C?(R2)NCHR2 \ {0}) and satisfies

—Av = |z[*™ev, in R?,
v = c(x)|z|%e3, on OR%\ {0}.
To prove the result, we first show that v is continuous at x = 0, that is the singu-
larity z = 0 of v is removable. Applying the asymptotic estimate (11) we have

(26)

v(z) = u(#) ~ 4(a+1)ln|z]

= (d—4(a+1))lnjz|+0O(1) for |z| near 0.

Since d = 4(1 + «), we get that v is bounded near 0. Thus, by standard elliptic
regularity, we conclude that v is a C*(R3) N C*(R2) solution of (1) when o > 0.
While, for a € (—1,0), v is smooth away from the origin and v € W?2? for 1 < p <

—% near the origin. In particular, in any case, v is continuous at the origin.

Next note that ds?> = e%dz? for @ = u(x) + 2alog |x|, where u is a solution of
(1) -(2). So the metric ds® has a conical singularity at z = 0 with order a. Let

v(z) = ﬂ(W) —4log |z| be Kelvin transformation of &. Then we obtain near z = 0

- x
v(x) = U(W)—2alog\m\—4log\m\

2alog x| + v(x)

since v(z) is continuous function at z = 0. By the definition of a conical singularity,
we get that the metric ds? = e%dz? has a conical singularity at z = oo with the
same order as at z = 0. (]

Lemma 5.1. Let u be a solution of (1)-(2), and ds® = €%|dz|?, where & = u +
2aln|z| . Define
o%u 1 ,0a.,
= (= — =(=)?)|dz|>.
1) = (55 — 5 (30Nl
Then 1(2) can be extended to a projective connection on S? = C U oo, still denoted
by n(z), that is compatible with the divisor A= o -0 + « - 00.

Proof. First, from the assumption, we know that @ satisfies

~Au = €¥ in RZ
= oz ! 2
{ i = c(a)es, on OR3 \ {0}, 27)

with the energy conditions
18



/ eldr < oo, (28)
=

/ eddt < oo. (29)
8R2

Let f(2) = gj — 5(2—“)2 then from (27), f(z) is holomorphic onR% and Imf =

%g%%% — g:(;t) On the other hand, since on OR? \ {0}, at = ¢(z)e?, we have
9%

g = C(Qz)e; gu — 19894 This implies f(z) is real on OR? \ {0}, and we may

extend f(2) to a holomorphic function on C\ {0} by f(z) = f(z) for 2 € R2. Thus
we extend 7 to C such that 7 is holomorphic on C — {0}.

Next we show that 7)(2) is a projective connection on CUcc. Let (V,w) and (U, z)
be coordinate charts with UNV # 0. If U NV C R3 U {oo}, then by following the
argument in [T2] and by using the fact that ds? = e%|dz|? is a conformal metric on

R% Uoo, we have ds? = %|dz|?> = e'|dw|? with v = @+ 1 log | 42|, and consequently
we get
a (U+110g|de 1 3(u—|—110g|dw\) 2 2
aw) = (2D L OO O8I 2y g,
= n(2) + {z,w}|dw|?. (30)
IfUNV CR2, since Zg = 2y, we get from (30)
n(w) = n(w)=nz)+{z o}dw?

= n(2) + {2 w}ldw]”.

So, in any case, n(w) = n(2) + {z,w}dw? when U NV # (). This means that 7 is a
projective connection on S? = C U oo.

Next we want to show that 7 has a regular singularity at 0 and at oo of weight
p = —3a(a+2). We prove this statement only at the singular point 0, since the
same argument applies at co by using the Kelvin transformation. Since 0 is a conical
singular point of the metric ds? = e"dz? on R3 U {oo}, we set & = u(x) + 2alog |z|
in B,(0) "R, where u(z) is a continuous solution of (1)-(2).

First, we consider the case o > 0. In this case, since u(x) is a continuous solution
of (1)-(2), u is of class C? in R2 by classical elliptic regularity theory. Then we
have

0%u 1(86)2_ 0%u 1(8u) adu  ala+2)
022 20z 022 20z z 0z 222
in R% \ {0}. Hence we obtain

() = (_a(a +2)  adu(z)

+ ¢(2))dz?,  for z € @ \ {0},

222 z 0z
ot aBiE) :
n(z) = ( 952 . o3 + ¢(2))dz", for z € R? |

where ¢(z) = Pu _ 2(94)2 for z € @\ {0}. This proves that n(z) has a regular

922
singularity of weight p = % (e +2) at z =0 in this case.
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When —1 < a < 0, v might not to be C? and the computation above might
not work. However, we may take a method used in [T2] to lift the metric to a
local branched cover: We set z = w™(m € N), then the metric can be lifted in the
w — plane: ds'? = " dw? with v’ = U + 2log |92 | = u + 2(m(a + 1) — 1) log [w]| +
2logm, when z is in the upper half plane. Therefore ds’? has a conical singularity at
w = 0 of order o = m(a+1)— 1. Since equation (27) is invariant under conformal
transformations, v’ satisfies (27) in terms of w. Now choosing m large enough, we
have o/ > 0. Then we can use the same argument as in [T2] and the extension
technique above to get

n) = (-2 D L T eaz

where ¢(z) is holomorphic function. O

Proof of Theorem 1.2. From Lemma 5.1, we know that 7n(z) is a projective
connection on $? = C U {oo} with regular singularities at 2 = 0 and z = co. It
follows from Proposition 2 in [T2] that

ala+2) dz?
77(Z)=—%~7

in the standard coordinate z.

o

Setting h = e~ %, then we have
Ph_ ala+2) h

- = . 2
5.2 1 por for any z € R7, (31)
and the boundary condition is
Oh  Oh  ic(x) 9

All solutions of (31) are of the form
h(z,2) = f(2)2"% +g(2)2'" 5,

for any z € R%. Since h is real and analytic, we have

hz,2) =a(Z2)"% +p2' 72272 4 pz! 2275 4 b(22)' 7%, for any z € R2.

Here, a , b € R and p € C. Since u = u + 2a1n|z| near 0 for some continuous

function w, it is clear that a # 0. Then rewriting h(z, z), we have

|1+ﬂ2a+1|2 +V|Z|2a+2
|2]*

h=a-(

)

for some parameters 4= 2 € C and v = % € R. Therefore, a conformal metric
should be

jd? _ 1 |2*]dz?]
ds? = = —- .
B2 a2 (|1 + pzot12 4 v[z|2e+2)2
Setting w = %, we have
e L lwPeldw?
5= =

a2 (‘ﬁ+wa+l‘2+y)2'
20



On the other hand, if we assume (r,6) is the polar coordinate system in R?, then
we have
h(r,0) = ar~® + pre?(+) 4 pre~00+e) 4 pp2ta

And its boundary condition (32) can be rewritten as

Oh o oy, . Oh g ey _
89(6 +e )—l—zrar(e e ) =re(r, ),
for # = 0 and § = w. Here ¢(r,0) = ¢; if § =0 and ¢(r,0) = ¢ if § = m. Therefore

we obtain by using the partial derivative % at § = 0 and 6 = 7 respectively

2(a+1)(p—p) = —ic,

and
2(a+ 1)(pe "™ — pe'®™) = —ica.

Then there are two cases.

In the first case, « is an integer: When o = 2k, k = 0,1,2,..., then ¢; = cs.
And when o = 2k + 1,k = 0,1,2,..., then ¢; = —co. In this case one can only

c1 Im{p} _ ca>t!
a - V2

4(a+1)

V2
4(a + 1)+’

. Now we set . Then we

determine Im{p}, namely Im{p} =
have

a =

and consequently
8(a + 1)2/\2(“+1)|w|2“|dw2\

ds? =
S (‘wa+1 _w0|2_|_,/)2
where wg = (o, tg) for some real number xg and ¢y = % Set
8 1 2)\2(a+1)
u = log (a+1)

(|wa+1 _ wO‘Q + l/)2 .
Then it follows from the definition of the conformal metric that u is a solution of
(1)-(2). Hence we have v = A\2*+2_ This implies

8(ar 4 1)2A2( D) g 2| dup? |

2 _
ds” = (Jwo+T — w2 + A20+2)2

In the second case, a # k,k = 0,1,2,.... For any ¢; and ¢g, one can then find a

Im{p} _ ¢a>t?
a - V2

unique complex number p. In this case, we also set . Then we have

B V2
TG
and consequently we have
8(a + 1)2/\2(“+1)|w|2“|dw2\

ds? =
S (‘wa+1 _w0|2_|_,/)2

where wo = (z0,19) is a fixed point for

XeFL(c cos(ma) — c2)
o =

VZsin(ma) and to= 7 (33)
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Then as in the first case, we can get
8(a + 1)2)\2(0‘+1)|w|20‘|dw2\
(JwotT = wp|2 4 A2a+2)2

We complete the proof. O

ds® =

Since the domain @\{O} is simply connected, in this paper we consider z!*®
as a well-defined function, even if for non-integer . In polar coordinates, we have

8(ar + 1)2 N3 +D)
((ritecos(1+ )0 — x0)? + (ritasin(l + a)f — tg)? + A2e+2)2’

where xy and ¢ are given by (33).
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