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THE REGULARISATION OF THE N-WELL PROBLEM BY FINITE
ELEMENTS AND BY SINGULAR PERTURBATION ARE SCALING
EQUIVALENT

ANDREW LORENT

ABSTRACT. Let K := SO (2) A1 U SO (2)Az...S0(2) Ay where Ay, As,... AN are ma-
trices of non-zero determinant. We establish a sharp relation between the following two
minimisation problems.

Firstly the N-well problem with surface energy. Let p € [1,2], Q be a convex polytopal
region. Define

» ('u,):/ & (Du(2), K) + ¢ | D?u (2)|* dL?z
Q
and let Ar denote the subspace of functions in W22 (Q) that satisfy the affine boundary

condition Du = F on 9 (in the sense of trace), where F' ¢ K. We consider the scaling
(with respect to €) of

P.= inf IP .
me = Inf It (u)

Secondly the finite element approximation to the N-well problem without surface energy.
We will show there exists a space of functions D% where each function v € D% is piece-
wise affine on a regular (non-degenerate) h-triangulation and satisfies the affine boundary
condition v = lp on 9N (where I is affine with Dlp = F) such that for

ap (h) = inf / & (Dv (2), K)dL%=
veDh Jo

there exists positive constants C1 < 1 < C2 (depending on Ai,...An, s, p) for which the

following holds true

Ciap (Ve) <mP < Coap (Ve) for all € > 0.

The main goal of this paper is to show the equivalence (in the sense of scaling) of two dif-
ferent regularisations of a non-convex variational problem that forms a model of crystalline
microstructure, specifically regularisation by second order gradients (otherwise known as sin-
gular perturbation) and regularisation by discretation via finite elements.

We focus on the simplest problem with non-trivial symmetries, the N-well problem in two
dimensions. To set the scene let us take the Ball-James [3], [4], Chipot-Kinderlehrer [7] approach
to crystal microstructure. We have an energy function Z on the space of deformations u : 2 C
IR® — IR® which has the form

T (u) = /QW(Du (z))dL?z, (1)

where W is the stored energy density function that describes the various properties of the
material. The function W has its minimum on a set of matrices known as the wells

K =80 (3) A1 USO (3) Az... SO (3) Aw. 2)

Roughly speaking the Aj, As,... Ay are symmetry related and represent the lattice states of
the material.
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Since w must be invariant with respect to rotation of the ambient space the wells K must
have form (2). Functional Z is minimised over the space of functions that have affine boundary
condition F' ¢ K.

A key point is that functional 7 is not weakly lower semi-continuous. Minimising sequences
form finer and finer oscillations, as is to be expected in any model designed to capture properties
of microstructure.

Surprisingly for F' ¢ K there exists an exact minimiser of Z, this follows from work of Miiller-
Sverdk [29], [30], see Sychev [34], [35] and Kirchheim [16], [17] for latter developments and
Dacorogna-Marcellini [12] for a different approach to some related problems. The approach of
Miiller-Sverak uses the theory of “convex integration” (denoted by CI from this point) developed
by Gromov, it is one of the simplest results of the theory.

Functional Z does not constrain oscillations of the gradient, it does not give a length scale or
any restriction on the fine geometry of the microstructure. For many materials, the observed
length scale of the microstructure is many orders larger than the atomic scale and for these
materials functional 7 is only a first approximation. To overcome this the following adaption
of the functional 7 is commonly made, see [33] Section 6

7. (u) = /Q W (Du(2)) + ¢ |D?u (2)[* dL?=.

Roughly speaking this is a regularisation of Z that starts to constrain oscillations in the gradient
below the /e scale. There have been a number of studies of simplified versions of functional
Z., [19], [8] and [27]. However these works focus on the case where the wells of 7 are given by
two rank-1 connected matrices. In this case (scaling) sharp upper and lower bounds has been
proved. For functional with wells that have rotational invariance, i.e. of the form (2), nothing
is known about the energy of minimisers.

Another way to constrain oscillation in the gradient is to minimise Z directly over the space
of functions that are piecewise affine on a +/€ sized triangular grid. This is known as the finite
element approximation of Z. There are have been many studies of finite element approximations
to functional of the form Z, again for the simplified case where the wells are given by two or
three rank-1 connected matrices, [5], [6], [20] and [25].

Our main achievement in this paper is to show that for the specific stored energy func-
tion W (-) ~ dP (-, K) for some p € [1,2], we have that these two regularisations are scaling
equivalent.

For the case where the wells of 7 are given by sets of two or three matrices it is possible to
calculate the scaling of the minimiser of Z, and the minimiser of the finite element approximation
to Z, ([6], [20]), as such in this case the scaling equivalence of the energy is trivial.

The point of this paper is that we study functional Z. with wells of the form SO (2) A; U
...S50 (2) An and for these wells the scaling of the minimiser of Z. is completely unknown,
for this case our main theorem allows us to replace this question with a discrete minimisation
problem.

To state our theorem we need to give some background. Given a polytopal region 2 and
some small constant ¢ € (0, 1) we say a collection of triangles {7;} is an (h, ¢)-triangulation of Q
if |J; 7 = Q and every triangle 7; contains a ball of radius ¢h and has diameter less than s 'h.
Given w € S! we denote by AS (w) the set of regular triangulations with respect to axis (w),
w™ axis, by this we mean every triangle 7; of distance ¢~'h from 0f is a right angle triangle
with sides parallel to (w), w'. Finally we let f}’h (w) denote the space of functions that
are piecewise affine on some triangulation in Aj (w) and satisfy the affine boundary condition
u = lg on 0N, where [ is a fixed affine function with Dip = F.
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For given triangulation {7;} and function v € }"}’h (w) and triangle 7; we define the neigh-
bouring gradients by

Ny () = {{Dum T N7 #£0} for i such that 7; N 99 = 0

3
{Dup,, :75n7T # 0} U{F} for i such that 7 N OQ # 0. 3)

And for u € }"f,’hwe define the jump triangles by
J(u):={i:3 A, B€N;(u) suchthat [A—B|>¢ '}, (4)

Finally given two connected subsets of matrices M, N C M?*? we say M and N are rank-1
connected if and only if there exists A € M and B € N and v € S! such that Av = Bv. The
set of rank-1 directions connecting M, N are the set of vectors v € S! satisfying Av = Bv for
some A€ M, B€ N.

Our main theorem is the following.

Theorem 1. Let K := 50 (2) A; USO (2) Az...50 (2) Ax where Ay, Aa, ... Ax are matrices

of non-zero determinant. Let o = max {||A1|,...||An|. |AT"], ... AR}
Let ¢ < 1J5 be some small positive number. Let wy € St be such that for wa € wi,

w1, Wa, \zi:zil are not in the set of rank-1 directions connecting SO (2) A; to SO (2) A; for

any i # j. Let  be a polytopal convex domain. Define

€

1P (u) = /de (Du (), K) + €| D*u (z)[* dL?=.

Let F ¢ K and let Ap denote the subspace of functions in W22 (Q) that have boundary condition
Du = F on 02 in the sense of trace. Let

’D}’h (w1) =< wve ]-"f;h (wq) : Z Z | Doy, — M|2 < g_le_l/ d? (Dv, K)
i€J(v) MEN;(v) Q
and define
ap(h):= inf I (w) and m? := inf I? (u)
wED;}L(w1) UEAFR
there are positive constants C; < 1 < Cqo (depending only on o, ¢, p) for which the following
holds true

Ciay (\/E) <mP < Coayy (\/E) for all e > 0. (5)

In truth our main motivation for establishing Theorem 1 was that we hoped to use it as a
tool to understanding the minimiser of I?. To explain this further we will simplify and take
K =S0(2)U SO (2) H where H is a diagonal matrix of determinant 1 and we take p = 1.

As mentioned, nothing is known about the minimiser of the functional I}. In particular it is
completely unknown if for very small € the minimiser is something like the absolute minimiser
of Iy provided by CI'. In some sense this might seem reasonable, we refer to the / |D2u|2 term
as the “surface energy” and the [ d(Du, K) term as the “bulk energy”, as e — 0 the surface
energy becomes less and less important, the main thing to be minimised is the bulk energy and
of course C.I. solutions have zero bulk energy.

This question is best expressed by considering the scaling of m!. An upper bound of m! < ced
is provided by the standard double laminate which follows from the characterisation of the
quasiconvex hull of SO (2) U SO (2) H provided by [36] (we refer to [33] for background and
precise definitions), see figure 1.

1We know it can not be a function u with In (u) = 0 because the result of Dolzmann Miiller [13], that any u
with this property and with the property that Du is a BV has to be laminate
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If me ~ €67 for a > 0 then the minimiser will have to take a very different form than the
double laminate. On the other hand if « = 0 then energetically the minimiser does no better
than the double laminate.

This question is important because CI solutions are important, many counter examples
to natural conjectures in PDE have been achieved via CI, [31], [16], [32], [11]. Minimising
functional I, is the simplest problem that constrains oscillation in some slight way where we
can hope to see the effect of the existence of exact minimisers of (1).

In the proof of Theorem 1 we have to work quite hard to establish the result for p = 1, we
do so because functional I} is particularly clean in the sense that it is not necessary to consider
laminates with “domain branching” to construct upper bounds (contrast this with the case
p =2, [8], [19]) as such the upper bound is given by ces and is domain independent.

w1 —wWso

Let wy; € ST be such that for we € wll we have wy, wa, Twor—wa] do not belong to the rank-1

connections between SO (2) and SO (2) H. If u € f;h (wi) and 71,72 € A} (wy) are such that
d (Dii,, S0 (2)) = 0 and d (Di,,, SO (2) H) ~ 0, it is not too hard to see 71 can not touch
T2, i.e. there must be a triangle 73 between 71 and 7 for which d (Du/.,, K) > o(1).

For example if we have an interpolant of a laminate, and triangle 7; cuts through an interface
of the laminate the affine map we get from interpolating the laminate on the corners of 7; will
have its linear part some distance from the wells. See figure 2.

So we can not lower the energy of Iy over ff,’h (w1) by simply making a laminate type
function with finer layers, there is a competition between the surface energy as given by the
error contributed from the interfaces and the bulk energy which in the case of the laminate is
the width of the interpolation layer. N

Let B; := diag(1,0), Bs := diag (-1, 1), Bs := diag (—1,1). See figure 1 (b). Define I (u) :=
Jod(Du(z),{B1, B2, Bs}) dL*z. F.E. approximations of I over f};h (where Fy := diag (0,0))

1

have been studied by Chipot [5] and the author [20]. It has been shown inf,¢ 4n I(u) ~ h3,
0

see [6] for an earlier, similar result. From Sverak’s characterisation [36] we know the exact
arrangement of rank-1 connections between the matrices in the set SO (2) U SO (2) H and a
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FIGURE 2

matrix in the interior of the quasiconvex hull of SO (2) U SO (2) H, see figure 1 (a). As we

can see from figures 1 (a) and (b), the finite well functional I precisely mimics these rank-1
connections.

Conjecture 1. Let K = SO (2) U SO (2) H where H is a diagonal matriz with eigenvalues

o, 07l Let wy € St and wy € wi be such that wy, wa, Itlﬁi:lwuzl are not in the set of rank-1

connections between SO (2) and SO (2) H. Let Q be a polytopal convex region, < € (0,135).
Given F € int (K9). Let function space ff;’h (w1) denote the space of functions that are
piecewise affine on some regular triangulation {7;} € A (w1). There exists co = ¢ (0,5) >0
such that )
inf I3 (u) > coh® for all h > 0.
u€FG"
So from Theorem 1, if Conjecture 1 could be proved it would imply the scaling m} ~ €s.

Unfortunately even though the minimisation of I} over ffgh is discrete problem, it appears to
be quite hard to prove lower bounds.

1. SKETCH OF THE PROOF

Written out in detail, the proof of Theorem 1 is not short, however the basic ideas are quite
simple. We give a sketch of the proof based on two lemmas that are only “morally true”, by
this we mean that either we can not prove them, or only a weaker form hold true. This may
be a bit unconventional, but it seems to us to be the best way to get to the heart of the matter
without being flooded with details.

1.1. Lower bound. We focus on the case p = 1 and take Q@ = @ (0). Let M = [e*%}. We

cut the square €2 into M? sub-squares of side length ﬁ, let ¢1,ca,...cp2 be the centres of these
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squares. So Q)1 (0) = Uz 1 Q ( i). Let C; = C; (o) be some small constant we decide on later.
Now we define the “bad” squares to be

B := z/ |D2u|2201
1 (i)

“Morally true” lemma 1. For any i € {1,2,...M?}\B define v; (2) = u (¢; + &) M we
have that there exists affine function L; with DL; € K such that

2
|Ui—Li||Loc(Q1(0))§c/Q (O)d(Dvi,K)+|D2yi| . (6)

1

“Morally true” lemma 2. The minimiser u of I, is a Lipschitz.

Let us make it once again clear we can not prove either “morally true” lemmas 1 or 2,
they are simply a device to show the strategy of the proof. Now we split every sub-square
Qﬁ (¢;) into two right angle triangles, denote them 7;, 7;, a2 so the set {71, 72,...Top2} is a
triangulation of ). Let u be the piecewise affine function we obtain from u by defining /,,
be the affine map we get from interpolating w on the corners of 7;.

Now for any i ¢ B let wi,w),wi denotes the corners of 7;, so [, ¢ € {1,2,3}

B Wz —w wl —w
Dum - —DL;
|wl—w’| |wl—w’|

—u(wy)) = (s (wi) = L ()]

=M |(u (w‘ - L; (w;)) — (u (Wé) —L; (wé))|

< fvi (M (w] = ¢)) = Li (M (w] = )]
+Jvi (M WS—Cz)) Li (M (wg — i)
(©) L
< c/ d(Dv;, K |D vl|
1(0)
< c/ M2d (Du, K) + | D?ul” . (7)
Q1 (ci)

Since (7) holds true for every I, q € {1,2} we have |Di|,, — DL;| < cfQ M d(Du, K) +

|D2u| In exactly the same way ‘DuLT — DL, a2

<cfQ M2d(Du K)+|D2ul’.

+M2

oz — DLigar2 | L2 (Tigr2)

S |Dis, — DL| L2 (%) —i—‘DuLT
ie{1,2,.. M2}\B

<ec Y / d(Du, K) + €| D?ul*
ie{1,2,..M2}\B Q4 ()

fu(w]) - u ()

jwi — wi|

<ec




THE REGULARISATION OF THE N-WELL PROBLEM BY FINITE ELEMENTS 7

thus d (Dﬂm,K) < c and in the same way d (DﬂLTHMz , K) <cso

> |Diitr, = DLi| L2 (7) + |Ditys,,.,,o = DLisasz| L* (i are)
i€B
C
S WCard (B)
C 2
< — / | D?u
M? iEZB Q1 (i)
< eml. 9)

So as {r;} is a (\/€, 135 )-triangulation and from (8), (9) we have o (y/€) < cm! which establishes
the lower bound.

It is easy to construct a counter example to the “morally true” lemma 1, however as a
substitute we have Proposition 1, see Section 4. Since i € B it should seem reasonable that
there exists kg such that

/ d (Dv;, SO (2) Ag,) < c/ d(Dv;, K). (10)
Q1(0) Q1(0)

This follows from a kind of capacity type argument that is Step 1 of Proposition 1. Alter-
natively imagine we had slightly more integrability of D?v; and hence we could show that

1
( le(o) |D2vi|2+5) s “small” (in fact v; satisfies a fourth order elliptic PDE coming from
the Euler Lagrange equation of u so we could indeed establish such higher integrability via
reverse Holder inequalities), then by Sobolev embedding we would have that Dwv; stays in a
neighbourhood of some well SO (2) Ay, and so (10) trivially follows.

Now if we were considering the dP (-, K) distance from the wells then we could apply Theorem
2 to obtain sharp LP control of the distance of Dv; from a matrix in K. For the p = 1 case
Theorem 2 is false [9] and so we need to use the fact that the “tangent space” to the set SO (2)
around the identity is the set of skew symmetric matrices. This allows us to apply the Korn
type Poincaré inequality given by Lemma 1 to gain sharp control of the L' distance of v; from
the affine function.

Note that Proposition 1 is not enough since in the argument given in (7) we need to control
the function exactly at the corners of the triangles. The trick to overcome this is the following.
Let v : Qar (0) — IR? be defined by v (2) = u (&) M. By the Co-area formula we can find
a grid of squares of side length 1, labelled S1, 5o, ... Sy2_4as such that for each i there exists
affine function L; with DL; € K such that

c/ lv—L;| + |D2v’2 +d(Dv, SO (2)sym (DL;))
08

i

§/ d(Dv,K)+|D2v’2 =y (11)

(where sym (A) denotes the symmetric part of matrix A we obtain by polar decomposition).
We can split S; into disjoint triangles 7;, 7;1p2. Let a;,b;,¢; be the corners of 7; where
[a;, b;i] U [bi,¢;] = 01 N S;. The important point is that Dv along [a;, b;] varies by at most
v/@; and so its not hard to show Dv (2) € B. /a; (DL;) for all z € [a;, b;]. For simplicity let us
assume sym (DL;) = Id.

Given b; € [a;, b;], by trigonometry this allows to conclude

‘v (a;) — v (52)

2(1—0&0 ai—bi .
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And very easily from (11) (since we have assumed sym (DL;) = Id) we have
’v (a;) — v (52)

The point l;z can be easily chosen so that ’v (51) - L; (51)

ai—bi

< (1 + COZZ‘)

< ca;. In exactly the same way we

can find ¢; € [a;, ¢;] such that |v (&) — L; (&)] < cay and ||v (a;) — v (&)] — |a; — &]| < cay. Let
"= and v2 = |a; — & so (defining N5 (A) := {z : d(z, A) < §}) we have

ai—bi

v (a;) € Nea, (8371 (b)) A Nea, (9B, (). (12)

See figure 4. From (12) it is not hard to show v (a;) € Beq, (Li (a;)). We can control the corners
b;, ¢; in the same way. Therefor if we define [; to be the affine map we get from interpolating
v on {a;, b, ¢;} we have d (Dl;, DL;) < cay. Since )y, o < ce 1mP this gives the lower bound.

1.2. Upper bound. To obtain the upper bound we will have to convert a function v that is
piecewise affine on a (1/€,)-triangulation into a function u € W22 (Q) with affine boundary
condition Du = F on 09 (in the sense of trace), recall we denote the space of such functions
by Ap. The most natural way to do this is to convolve v with a function ¢z where ¥ () :=

el (7) and ¢ € Cg° (By (0) : R..) with ¢ = 1 on By (0).

Let Go := {z :d(Dv,,, K) < W} and define E (z) := {i : 5N Bz () #0}.
Suppose z € 2 is such that E(z) C Gy, for simplicity we will assume d (DULT”SO (2)) =
d(Dvy,,,K) for every i € E(x). Since for any k,l € E(z) with H' (7, N7;) > 0 we
have that there exists w € S' such that Dvj,,w = Dv,w and thus |Dvj,, — Dv,| <
c¢(d(Dvy,,,50(2)) +d (Dv,,,S0(2))) because if Dv,, € SO (2) and Dv,, € SO (2) the
fact that Dv ., w = Dv| ;w would imply Dv|, = Dv|, so the difference between Dv|,, and
Duv|,, is controlled by the distance of these matrices from SO (2).

A relatively easy generalisation of this is that for any x where E (z) C Gy

|Dv,, — Dv,,| < emax {d (Dv,,,K) :i € E(z)} for any k,l € E (z) (13)

SO

Du(z) = /D’U(Z)’(/)\/E(Z—.’E)dL2Z

Z Dvm/ Ve (z —x) dL*z. (14)

i€E(x)

Lets pick ig € E () we then have

Du(z) — Dv|,,

= Z (DULﬂ. _Dv["'io)/ ’L/J\ﬁ (z —x) dL2z

i€E(x)
(13)
< cmax{d(Dv,,K):i€ E(z)}. (15)
So for any x € § such that F (z) C Gy, d(Du(x),K) is comparable to d (DUL”D,K) with
error given by max {d (Dv|,,, K) : i € E ()} and thus
/ &’ (Du(z),K)dL?z < Y d’(Dv,,K)+cY d’ (Dv,,K)
{z:E(z)CGo} i i

< ¢y d (Dv, K).
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Now from (14) we know

|Du (z)]

Z Dvm/ Yz —x) dL*z

i€E(x)

c Z |DULn

1€E(x)

IN

and thus dP (Du (z),K) < ¢ (ZieE(I) d? (Dv|,, K) + 1) SO as

L*({z €Q:E(x) ¢ Go}) <cL? U 7| <em?
i€Go

we have f{w:E(z)(ZG’o} d? (Du (z),K) < em?.

So all that remains is to control the [, |D2u|2 term. For z € Q such that E (x) C Gy this is
relatively easy since

D?*u(z) = — / Dv (2) @ DY e (2 — ) dL?z (16)
and as [ D sz (z — ) dL?z = 0 we have
D%u(z) = —/ (Dv (z) — DUL%) ® DY se (2 — z) dL?z
je E(m)} L2 (Sptb,e)

:jeE(x)}.

ce~ 3 max { ‘Dvm — Dvm0

< ce™ 2 max { ’Dvm - Dvm0

So

IN

oy 3= )
< ! (max{‘DULrj — Dvmo‘ (j € E(m)})p

ce ' max {d” (Dv|,,,K):i€ E(z)}.
Thus

IN

/{ o |D2u (2)| dLx ce 'y " d? (Dvy,,, K) L? (7;)
x:E(x)CGo i

< cetml.
So far everything goes well simply by using (13), however for z € Q such that F (z) ¢ Gg
we have a problem because the quantity we are interested in is |D2u (x) |2 and from equation

(16), if the jump from Dwv|,, to Dv|,, is much greater than 1 we can not estimate ’D2u’2 by

any L' control of the distance of Dv from K. Quite simply if we have an arbitrary function

v € f?’ﬁ)

Jod? (Du,K) + |D2u|2 >> mP. In order for the estimate we want to hold true we need some
condition that bounds the square of all the jumps of order > 1 by the quantity e 'm?. The way
we deal with this problem is by circumventing it: in establishing the lower bound we showed
that from a function u € Ap we can create a function @ that is piecewise affine on a (1/€,¢)
triangulation and [, d (Du, K) < cm?, if we were smarter we could show the function @ that
we created had even stronger properties. For example if v was Lipschitz then @ would also
be Lipschitz and our problems would be over. Unfortunately we can not prove u is Lipschitz,

and we form function u by convolving it with ¢ £ it could be the case that
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however what we have for free is that fQ ’DQu’2 < eflm’;. It turns out that for sufficiently
careful choice of triangulation this is strong enough for us to be able to construct a function @
such that if we define N; (@), J (@) by (3), (4) we have that

S Y |pap, - M < ce (17)
ieJ(@) MEN; (i)
So we define a function space we call ’Dl(:\/g) to be the set of piecewise affine functions

in F 1(;\&) that satisfies (17) and we will show in the “lower bound” part of Theorem 1 that

given u € Ap with I? (u) < em? we can construct function @ € Dgf’ﬁ) from it such that

Jod? (D, K) < em?.

To prove the “upper bound” we will need to show that if v € Dl(:’\/g) then we can construct

function u € Ap and I? (u) < ¢ [, d? (Dv, K). It turns out that proceeding in the “naive” way
and simply defining u = v, ¢ inequality (17) is strong enough to conclude fQ |D2u|2 <elmp,
in some sense from equation (16) this should come as no great surprise. Since we have already
shown [, d? (Du, K) < m? the upper bound is completed.

For the case p > 1 we can replace the bulk energy d” (-, K) by a function J, : M?*? — R
where J, (-) ~ d? (-, K) and J, (M) = |[M|" for any |[M| > 100052, Let I? (u) := Jo Jp (Du) +
€ |D2u|2. Clearly the energy of fg’ is within a constant of I? and for the minimiser % of fg we
can apply Theorem 1.1 of [28] to conclude @ is Lipschitz in any interior domain Qg CC Q. If we
could conclude that @ is Lipschitz on the whole domain 2 we could greatly simplify the proof
and the statement of Theorem 1: it would allow us to simply define D}’h to be the space of
Lipschitz functions in ]—'}’h.

Given the method of proof of Theorem 1.1. of [28] it seems reasonable to hope the same
result holds true for p > 1 for the whole domain 2, which would lead to a strong improvement
of Theorem 2 for the case p > 1. We hope to pursue this in a future paper.

Acknowledgements. Firstly we would like to thank Georg Dolzmann for pointing out
the connection between finite element approximations and problems which constrain surface
energy. In some sense this paper is nothing more than a precise formulation of this observation.
Secondly we owe a great debt to discussions with Stefan Miiller, particularly with reference to
Proposition 1. Suggestions from him lead to a cleaner statement and a drastic simplification of
proof.

2. BACKGROUND

We will need a couple of not so well known Poincaré inequalities. Firstly a Korn type
Poincaré inequality from [18], for a form more convenient for our purposes we refer to Theorem
6.5 [1]. The lemma we state is highly simplified version of Theorem 6.5.

Lemma 1. Let u € Wh (Q : R™) we have a constant co = co (n) such that for any B, (x) C Q
there exists vectors ag r, by » € R™

Du (z) + Du® (2)

5 dL™z

/ |u(z) —byyr-(z—2) —ag,|dL"z < cor/
B, (x)

B, (x)

Secondly a version of the more standard Poincaré inequality.
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Lemma 2. Let ag > 0 be a fized small constant. Let p > 1. Suppose u € WP (By (0)) is such
that

L™ ({z : u(x) = 0}) > ao.
There exists constant ¢c1 = ¢1 (ap,n)
/ lu () dL" = < e / |Du ()P dL"> (18)
B1(0) B1(0)

Proof of Lemma 2. Since this lemma is essentially standard we only sketch its proof. Suppose
(18) is false, then we have a sequence u,, € WP (Bj (0)) such that

(/ [un (2)|° dL”z) (/ | Du,, (2)|” dL”z) — 00. (19)
B1(0) B1(0)

-1
Let wy, (7) = uy, () (fBl(o) [y, (2)|F dL"z) . S0 ||wa|| e By (0)) = 1 and || Dwy || £y (B, (0)) 9 4
as n — co0. By BV compactness theorem (see Theorem 3.22 [2]) there exists a subsequence of w,
that has a limit w € BV (B (0)) where Dw = 0 and fBl(o) w =1 with L? ({z : w (z) = 0}) >
ag, which is a contradiction.

A theorem that we will use many times is the following [15].

Theorem 2 (Friesecke, James, Miiller). Let U be a bounded Lipschitz domain in IR"™, n > 2. Let
q > 1. There exists a constant C (U, q) with the following property. For each v € W4 (U, IR")
there exists an associated rotation R € SO (n) such that

1D = Rll oy < C (U, q) |dist (Dv, SO () || o(or- (20)

3. ROUGH LOWER BOUNDS ON m?P

Lemma 3. Let p > 1, define

mP = uiGrgF /Q d” (Du(z),K) +€¢|D*u (z)|2 dL?z. (21)
We have positive constant ¢1 (depending only on o, p) such that
mP > c1e? for all € > 0. (22)
Proof. Let
do = %infﬂA —B|:A€SO(2)A;,Be SO(2)A,,i#j} (23)

By density of smooth functions in W22 () we can find a smooth function u satisfying
u(z) =g (x) for x € 9Q with

/ & (Du (z), K) + €| D?u (2)|” dL%z < 2m?. (24)
Q

Now suppose (22) is false, so for some small positive constant ¢; < dy we have mP < c1e%. By
Cauchy Schwartz inequality we have

/ d* (Du(z),K)|D?u ()| dL?x < 2¢y. (25)
Q

Let U; :={zx €Q:d(Du(zx),SO(2) A;) < c1}. There must exists ig € {1,2,... N} such that

2 ) LZ(Q)—ceﬁ _ gk 2 . 2 _
L2 (U;,) > =595, Let E(z) = d* (Du(z),K)|D?u(z)| and . : R* — [0,27) be de
fined by |z — z| e=(*) = 2 — 2. Note 1), is smooth in ]R2\{(z1,zQ +A):AeR;} = U, and
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| D3, ()] < =z for any 2 € U.. Let ¢ := = /g = $|dL2z. We know via Fubini theorem

/Q/QE(m)\Dwz (z)|dLPxdL?z = /QE(.T) (/Q | D), (m)|dL2z> dL*z
/QE(x) (/Q |Zix|dL2z> dL?x

< CO/E($) dL?x
Q

(25)
S 20061.

IN

So we can find a subset G C 2 such that L? (Q\G) < 20001% and for every z € G we have
/ E (z) |Dy. (z)| dLz < ¢ .
Q

Now by the Co-area formula, for each z € G we can find ¥, C [0, 27) with L! ([0, 27)\¥,) < cl%

1
for every 6 € ¥, we have fz+<€bg yna £ (x)dH'z < ¢j. We can assume c¢; is sufficiently small
so GNU;, # 0. Now we claim for each z € GNU;, we have that

sup {d(Du (2),S0(2)A;) 1z € ( U (z+ (ew))) DQ} < 4613(2%13). (26)

0w,

Suppose (26) is false. So there exists 20 € GNUs, and Oy € V., with 21 € (20 + (")) N Q
such that d (Du(z1),S0 (2) Ai,) > 403(2“’). So as d(Du(z0),S0 (2) Ai,) < ¢1 we can find
za, 23 € |20, 21] with the properties

2 2
d(Du(z2),80 (2) Ayy) = ¢;*™ and d (Du (23), S0 (2) A;)) = 4e;C.

In addition we have

d(Du(z),S0(2) Ai,) € [cf@“’) ,4013@“’)} for any z € |29, 23] . (27)
So
1 #3
g > / E(z)dH"'z
= / d (Du(2),S0 (2) Ay, | D?u(2)| dH" 2

Y

P z3
et / |D2u (z)| dH'z
Zo

@ )
32+p) 3@ +p
3¢y c

1
— 3
= 3¢

which is a contradiction. So pick zp € GNU;, and let A = (U9€\Ifzo (20 + <ei‘9>)) N Q. Note
that

L2(ON\A) < L2 U o+ () | N Batame) (0)
0€[0,2m)\ ¥+,

2rdiam () L* ([0, 27) \¥,)
2mdiam (Q) cl%. (28)

IA

A
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So as for any z € Q\A we have d (Du (z),S o) <d(Du(x),K)+ c thus

0(2
/ d(Du (x),S0 (2) Ay,) dL?x / d(Du (x),K)dL*z + cL* (Q\A)
Q
§ 2mrdiam (2) cl + ce.
So applying Proposition 2.6 [10] we have that there exists Ry € SO (2) such that
/ |Du (z) — RoAy,y| dL?x < cclé.
Q

Since RyA;, # F there must exist w € S! such that RgA;,w # Fw. We must be able to find
¢ € wh N Baiamee (0) such that
10

/ |Du (2) — RoA;,| dL*z < ccll%.
QN (et (w))

Let a, b denote the endpoints of 2 N (¢ + (w)). We have

[F'(a=b) = RoAiy (a = b)| = [u(a) —u(b) = Rodi, (a — )|
< /b (Du (2) — RoAi,) wdL'z
< ccl%2

which is a contradiction assuming c¢; is chosen small enough. O

4. PROOF OF THEOREM 1

Proposition 1. Suppose u € W22 (B1 (0) : IRQ) satisfies the following properties

/ & (Du(z), K)dL2 < 3 (29)
B1(0)
/ |D?u(2)|* dL?z < B (30)
B1(0)
then in the case p > 1 there exists matric M € K such that
/ |Du (2) — M|P dL?z < ¢B. (31)
B1(0)

And for the case p =1 there exists igp € {1,2,...N} and affine function L : By (0) — R? with

DL € S0 (2) A, such that
/ lu (2) — L(2)| dL2= < o8 (32)
B,2(0)
and
/ d(Du(2),80 (2) A;,) dL?z < cB. (33)
B1(0)
Proof.
Step 1. Recall definition (23) of do, let dy = {5do and let
Ui:={x€B1(0):d(Du(z),SO(2)A;) <di} fori=1,2,...N. (34)
We will show there exists ig € {1,2,... N} such that
L* (B1 (0)\Uy,) < ¢B. (35)

As a consequence we will establish (33).
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Proof of Step 1. Since for any x € By (0)\ (Ufil Ui) we have d (Du (z),K) > d;. So

N
1
L* | B (0 Ui < = d” (Du (2),K)dL*z
(m\(H )) @ OuE.K)

(29)
< ¢f (36)

which implies there must exists ig € {1,2,... N} such that L* (U;,) > <.

Define Py : M**? — Ry by Py (M) = (d(M,SO (2) Ai,) — d1),, so note for any M €
Ng, (SO (2) A;,) we have Py(N) = 0. By a well known result of Stampachhia f(z) =
Py (Du(2)) is in WH1(By (0)) with Df = DPy (Du) D*u a.e. since Py is Lipschitz and D?u €
L? (By (0)) this gives f € W2 (By (0)) and we have |Df (z)| < ¢|D?u (z)], hence

/ IDf ()| dL2= < ¢f.
B;1(0)
We also know we have f (z) = 0 for any z € U;, and so by Lemma 2 we have that

/ 1 (2)2dL?= < cb.
B1(0)

As f(z) = dy for any z € U;cq12, . Ny (i0} Ui together with (36) this implies (35).
Note (d (Du(z),K) +c)’ <dP (Du(z),K)+c

/ " (Du (2), SO (2) Ay, ) dL2=
B1(0)

§/U d? (Du(z),K)dL"z

i0
+ / (d(Du(z),K) +c)P dL?z
By (0)\Us,
< / " (Du (2), K) L2 + cL2 (B (0)\Us,)
B1(0)

(29),(35)
< B (37)

Now for p > 1 by Theorem 2 there exists Ry € SO (2) such that
/ |Du (2) — RoA;, [P dL?z < ¢
B1(0)
which establishes (31). Obviously inequality (37) also gives (33) for p = 1.

Step 2. Let Py be the affine function with Py (0) = 0, DPy = A;OI. Define v : B, (0) — IR?
by v (z) = u (Py (z)). We will show there exists and affine function L; such that

/ v () — Ly ()| dL22 < ¢B. (38)
B, (0)

Proof of Step 2. Firstly we apply the truncation theorem Proposition A.1. [15]. So there

exists a Lipschitz function ¥ with || D9 (g, 0)) < C and
L*({x € B, (0): 9 (x) #v(2)}) < c/ |Dv (2)| dL?z
{x€B,(0):|Dv(z)|>C}

< i (39)
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and

IN

|Dv — Do|| 115, (0)) |Dv (2)|dL?z

g
{z€B,(0):|Dv(z)|>C}
. (40)

IN

Note

/ d(Di(2), SO (2)) dL2= (4_<0)/ d(Dv (%), S0 (2)) dL2= + ¢
Bs(0) B, (0)

= / d (Du (P (2)) A;.', SO (2)) dL?z + ¢f3
B, (0)

(37)
< ¢p. (41)

Thus by Theorem 2 we have that there exists Ry such that

/ |D% (z) — Ro|” dL*x
B, (0)

IN

c / & (Db (z), S0 (2)) dL2z
B, (0)

< ¢ / (Db (z), S0 (2)) dL2z
B, (0)

(4§1) cB. (42)

Let lg, be an affine function with Digr, = Ry and lg, (0) = 0, we define w (z) = ¥ (Ir, (x)). So
from (42) we have

/ |Dw (z) — 1d)* dL?x < ¢f. (43)
B, (0)
Now Linearising d (-, SO (2)) near the identity we have

d(G, S0 (2))

1 T 2
‘§(G+G )—Id’+o(|G—1d|)

= Jsym (G = 1d)| + o (|G — 1d]*) .
So we have

/ sym (Dw (2) — Id)|dL%x < ¢ / \Dw () — 1d|? dL2x
B4 (0) B, (0)

e / d(Dw (z), SO (2)) dL2x
B, (0)

(43)

< sy / d(Db (in, (z)), SO (2)) dL2z
Bs(0)

(41)

< ep.

Now by Lemma 1 we have that there exists an affine function Lg : B, (0) — IR? such that
/ lw (z) —x — Lo (z)|dL*x < c3 (44)
B, (0)
which gives us an affine function L; : B, (0) — IR? with the property that

/ |9 () — Ly (z)|dL?z < cB. (45)
B4 (0)
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Now note by Lemma 2 we know that

/ 1o (z) — v (z)|dL?z < / |D% (x) — Dv (2)|dL?x
Bo(0) Bs(0)

(40)
< 0.

Thus
/ (@) - L1 ()| dl%x < / 15 () — L1 (2)] dL2z
B, (0) B, (0)

+/BU(0) [0 (z) — v (z)| dLx

(45),(46)
< cp.

Step 3. We will show there exists Ry € SO (2) such that
‘DLl - Ro‘ S Cﬂ.

(46)

(47)

Proof of Step 3. Tt is immediate from (30) that [, ) |D%v (:E)|2dL2x < ¢f. And so by

Holder fB,,(O) |D?v (z)| dL?z < ¢/B. We also know that

(37)
/ d(Dv(z),50 (2)) L2z < cp.
B, (0)

Let C3 be some large positive number we decide on later
Hy:={zx € B, (0):|L1(2) —v(2)] < C38}.
Assuming constant Cs is large enough we have from (38) that

2

L* (Bo (0) \Ho) < 7555+

Let w € S'. We define

Gl .= {y € P, (Bs (0)) :/71
Pl (y)NBg (0)

and

Gy = {y € Py (B3 (0)) : / | D% (2)|" dH'z < Csﬁ} :
P (y)

NBa (0)
w 2
Assuming C3 was chosen large enough we have that

2

o
and L' (P (Bg (0)\G}) < 1555

2
1 1 g

Now by (50) we can pick y € G, N G2 such that

w

7
100°

So we can pick a,b € P! (y) N Bg (0) N Hy such that |a — b| > 135. We have that

L' (Pi (y) N Bg (0) N Ho) >

d(Dv(2),50(2)dH'z < ¢f3
[a,b]

and

/ ’DQ’U (z)’dle < e/
[a,b]

d(Dv(z),S0 (2))dH'z < Cgﬁ}

(48)
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For each z € [a,b] let R(z) € SO (2) be such that d(Dv(z),SO(2)) = |Dv(z) — R(2)|.
From (51) and (52) we have that there exists Ry € SO (2) such that

sup {|Dv (2) — Ro| : z € [a,b]} < /. (53)
Now note
(v(a) —v (b))  Rovy = ( Dv (2) 111dH12> - Rovy
[a,b]
> R(2)n ~R0’U1dH12—/ |Dv (2) — R(2)|dH"z
[a,b] [a,b]
(51)
> R(2)e; - RoerdH'z — cf3. (54)
[a,b]

(53)
By definition of R (z), we have that |Dv (2) — R(2)| < |Dv(2) — Rg] < ¢y/B. So

|R(2) = Ro| < [Dv(2)~ Rol+|Dv(2) - R(2)|
(53)

< /P
Let 9 € [0, 27) be such that

_( siny  cosy
RO_(—cosw sinw)

and ¢ (z) € [0,27) be such that

[ siny(z) cosy(z)
R(Z)_(—cosw(z) sinw(z))’

We know sup {|¢) — ¢ (2)| : 2z € [a,b]} < ¢/ so

_ sin v (2) sin ¢
i R(2) ey -RperdH'z = /[a’b] (_ cosq/)(z)) . (_ 0081/1) dH"z

- / cos (1 (2) — ) dHz
[a,b]

v

|a—b|—c/ W (2) — [ dH 2
[a,b]
> la—b|—cp.

Putting this together with (54) we have (v (a) — v (b)) - Rov1 > |a — b] — ¢f which of course
implies
[o(a) — v (B)] > |a— b| — cB. (55)

Now

[v(a)—v(®)] < H'(v(a,b])

Jo

/ 1+ d(Dv(2), S0 (2)) dH >
[a,b]

a—2>b

dH!
ja—o|“" ¢

Do (2)

IN

IN

la — b + ¢B. (56)
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Since a,b € Hy we have

(49)
ILi(a=b)—la—=bl] <  [lv(a)—v(b)]—|a—bll+cp
(55),(56)
< B
which gives
||Ly (w)| — 1] < ¢f for all w € S*. (57)
Let us take three points x7, z2, x3 that form the corners of an equilateral triangle, i.e.
|z — ;| = 1 for 4,5 € {1,2,3}. So Li(x1), L1 (z2), L1 (x3) form the corners of a triangle
which we denote by T7.
Let 6; denote the angle of the triangle T at the corner Ly (x;). Let Ay = |L1 (x2) — L1 (z3)],
As = |Ly (z1) — Ly (x3)], A3 = |Ly1 (z1) — L1 (22)|. Now by the law of sins 181 — sinfz _ sinf;

Aq Ao A3
Let 4,5 € {1,2,3},
sinf; sinf; sin0; +sing, i B i
A A A T\A; A
So A4
sinf; — sinf; . i — A
TJ =sind; ( Ain]> .
(57)
Note Ay = |Ly (z1 —x3)] € (1 —¢B,1+ ¢B). In the same way
1—-cf<A; <1+4+cBfori=23
SO
|sin@; —sin6;| < c|A; — Aj| < ¢f. (58)

Now assuming 3 is small enough we must have

9997
i Y annn f .:1a27
0; € (0 2000) or i 3

since otherwise
L . . 1
max {|Ly () — Ly ()] : 4,5 € {1,2,3},i # j} > V2 — =

which contradicts (57). So

6, —0;] < ¢

0;
/ cosz dL'x
0

i

< c|sinf; — sin ;]|

(57)
< cep.

Since 01 + 03 4+ 03 = 7 this gives ’92» — §| < ¢f for 1 = 1,2, 3 which implies there exists rotation
Ry € SO (2) such that |[DL; — Ry| < ¢ which completes the proof of Step 3.

Proof of Proposition 1 completed. Let Ly be the affine function with Lo (0) = L1 (0) and
DLy = Ry where Ry € SO (2) satisfies (47) of Step 3. So from (38) we know

/ |v (%) — Lo (z)|dL?z < cB. (59)
Bs(0)
As u(z) = v (Py ' (2)) we have that

/ lu(2) — Lo (Py " (2))] dL?z = / v (Py' (2)) — Lo (Py " (2))] dL?=.
B,2(0)

B,2(0)
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Let y = Py ' (2), dL?y = det (A;,) dL?z so

/ lu(2) = Lo (P (2))|dL?z < c/_ v (y) — Lo (y)| dL?y
B_2(0) Py ' (B,2(0))

(59)
< cep.

Define L := Lg - Pofl, so DL = DLy - DPJ1 = RopAp € K so L satisfies (32) which completes
the proof of Proposition 1. O

Proposition 2. We will show that for some enough ¢ = (o) we can find @ € D}’\/E such that
/Q d? (Dii(z), K)dL?z < em?. (60)
Proof. Let Cy = Cy (0, ¢) be some small number we decide on later. We claim we can assume
m? < Co. (61)
Suppose (61) is false, then we can simply define @ = [, clearly Ip € D}"/E and
/Q d? (Dlp,K)dL*z < c,

so inequality (60) is satisfied. So we can assume (61) or there is nothing to show.
Let u € Ap be such that IP (u) < em?. So we [, |D%u (z)|2dL2z < ce~tmP. Define

v(z):= u(ﬁz) Recall @ _; = e~ 2. Note

d? (Dv (2),K)dL*z < ce *m? (62)

S~

(S

€

and
/ |D*v (z)|2 dL?z < ce”tmP. (63)
Q1

e 2
Let T} := {kwa + (w1) : k € Z} + twe and T? := {kw; + (w2) : k € Z} + twy.
Define Ly : Q 1 — [0,1] to be such that L7 (s) = T} N Q_yandLy: Q
such that L7 (s) = TN Q 1. It is easy to see |DL,| <1, |DLy| < 1.
Now Dv = F in the sense of trace on 0f2 By Theorem 2 Section 5.3 [14] this implies

€

— [0,1] to be

_1
€ 2
1.
2

lim |Dv (2) — F (2)|dL?*z = 0 for H'a.e. x € 6Q
r=0JB, (z)nQ

€

(64)

_1.
€ 2
1
2

Let Sq,...S,, denote the sides of 895—%' For simplicity we make the assumption that none
of the sides S1,S2,...S,, are parallel to wy, we. Let i € {1,...po}, there exists S, C S; with
Lt (Sl\gl) = 0 such that for any = € S; we can find r, € (0,¢) with the property that for any
r € (0,7,] we have fBr(a:)ﬂQ L |Dv(2) = F ()] dL?z < er?.

e 2

So there exists 0 € (0,1) such that for each ¢ we can find subset S; C gl with Lt (FSvl\Sz) <e
and for each z € S;, r, > 6.

Let ¢ € {1,2}, i € {1,...po}. The set of intervals {quL (Bs (z)) 1z € Si} forms a cover
of P,i (S;) and so by the 5r Covering Theorem, Theorem 2.1 [26] we can extract a subset
{xl,mqg, ...z j,} CS; such that

{quL (Bg (:vn)) :ne{l,2,... Jo}} are disjoint (65)
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and
Jo

Pys (Si) € | Puy (Bs ().

n=1

Let Ci := {z € Bs(x,)NQ _

1
€ 2

L' (Pw; (Bs (#n)) \ Py 1 (CZ)) < ced.
Let X; = Ui‘;l Ci. We have

LY (Pug (S0 H (0.w0) \Puy (50 H (0,,))

(66)

:|Dv () — F| < 1} s0 L2 (Bs () \C) < €62, This implies

(67)

:L1< wa (S; N H (0,wy) \(U PwJ_ Cl N H (0, wq))>>

Jo

<L (Pw; (Si N H (0,w,))\ (U Pyt (Bs (zn))

n=1

—FE:L1 ( wi ((Bs (22)\Cy,) mH(O,wq)))

(6 ),(67)
< edoed

(65)
< ce.

By exactly the same argument

Ll (-Pwé- (SZ nH (07 _wq)) \-Pwé- (EZ NH (07 —’LUq))) < ce.

Define
Ao = EOJ 2.
Note that -
Ao C Ny (age_%).
Let g € {1,2} and let [ be such that {i} = {1,2}\ {¢}. Let
Q1 =int {k € Z: (buy + (wg) N0y #0}

2

and let
Qg:sup{kGZ:(kwl—i—(wq))ﬂQ _

€

#@}.

N

Step 1. For ¢ € {1,2} and I be such that {I} = {1,2}\ {¢}

Pr={te[0,1]: (wgRy + (t + k) w;) N Ag # 0 for every k € {Qf,Qf +1,...

and

P, ={tc[0,1]: (wgR_ + (t 4+ k) w;) N Ag # 0 for every k € {Qf,Q] +1,...

we will show L* ([0,1]\P}) < ¢y/e and L' ([0,1]\P;) < cy/e.

Proof of Step 1. We argue only for the set P} For each ¢ € [0,1] \P{ let

)

Q5 — 1} (72)

Q3 — 1} (73)

Ny = {k: (wiRy + (t+k)w2)NA =0, ke {Q}.Q1 +1,...Q5 —1}} (74)
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FIGURE 3

and let? n (t) := min N;.
So [0,1]\PT = Uke{Q},Q}H,... -1} n~! (k) and thus there must exist ko such that
L' ([0,1]\PY)
Q1+ 1Q3]
gﬂ ([0,1]\P}). (75)
However by definition since for every t € n=! (ko), ko = n (t) € N; and by (74) we have

L' (n™" (ko))

Y

(w1 Ry + (t + ko) wa) NAg =0 for any t € n~" (ko) (76)

2We define n (t) to be the minimum only to produce a well defined function, we could just as well take the
maximum
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hence ((t + ko) w2) N Py,r (Ao N H (0,wy)) = 0 for any ¢ € n~1(ko), ie
((n=" (ko) + ko) w2) N Pyt (Ao N H (0,w1)) = 0. (77)
Since ko € {Q},Q1 +1,...Q3 — 1} we have
(" (ko) + ko) wa © Py (@) = Py (09 _y)

and by convexity of €2 this implies

[N

(™" (ko) + ko) wa C Pys (aQ )

Wl
—~
JO

S
iy
-
———

so for some a € {1,2,...po} we must have

Lt (n‘l (k‘o))

L (P (Sa NVH (0,00)) 1 (07 (ko) + o) w2) ) > —

(78)
and by (77) (and recalling definition (70)) we have
Pi (Sa N H (0,w1)) N ((n™" (ko) + ko) wa) C Pyr (Sa NVH (0,w1)) \P,1 (X N H (0,w1))

and thus from (68), (78) we have ce > L' (n™! (ko)) by (75) cy/e > L' ([0,1]\P{), this com-
pletes the proof of Step 1.

Step 2. Let {¢; : 1 =1,2,... Ny} be an ordering of the set of points
{k1w1 + kows : k1, ko € Z, kqwy + kows € QE—%\NZ’QU—? (896,%)} .

Let C; be some small positive number we decide on later. Let

By := {z €{1,2,...No}: |D?v (z)|2dL2z > cl} (79)
Byye—2(ci)
and
By = {z €{1,2,...No}: / d? (Dv (z),K)dL*z > C1}. (80)
Note
2 2 972
Card (By) + Card (Bz2) < Ci Z |D?v (2)|" dL?z

i€B1 B32r7_2( )
+C1 Z/ Duv (z2),K)dL?z
i€ B2 325—2(“1

1

(62)(63)
< ce mP. (81)

Define GO = {1, 2, ‘e No} \ (Bl U BQ)
For the case p = 1, for each ¢ € Gy by Proposition 1 we have the existence of ¢ (i) €
{1,2,...N} and an afﬁne function L; : Bss (¢;) — IR? with DL; € SO (2 ) Ag(iy and

/ lv(2) — L; (2)] dL?z < / d(Dv(2),K) + |D% (2)|” dL?= (82)
B3z (ci) 3320—2( )
and

/ d(Dv(z),S50 (2)Aq(i))dL2z§/ d(Dv(z),K)+ |D*v (z)|2dL22. (83)
BSZ(CL) 3320*2( )
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For p > 1 for each i € Gy by Proposition 1 we have a matrix M; € K such that

/ Do (2) — M| dL22 < / & (Do (=), K) + | D% (2)[* dL?z.
By,,—2(ci) By, —2(ci)

Define

P(Z) _ {ZieG’o XBsa(ci) (|U (Z) - L; (2)‘ -l—d(D’U (Z) 750 (2) A‘Z(Z))) ’ ifp =1
0, if p € (1,2]

And define

0 (2) = { Ticto Xbuien [PV () = Mil", ifpe (1,2

Note

Q(2) + P (2)dL*z < ce 'mP.

_1
2

Q

€

By the Co-area formula we can find o1 € P} NP7 and o2 € P§ NP, such that
/ d?P (Dv (z),K)—|—|D2v(z)|2dle§ce_1mf fori=1,2
L7 (o0)

and

/ P(2)+Q(2)dH"2 < ce *mP for i = 1,2.
L7 (o4)

Now set

A:=Q 4\ (L7 (01) ULy (02)).-

Let R1, Ra,... Ry, denote those among them that form complete squares. Let {7y, 72, .

be a collection of right angle triangles with 7; U5, = R; for each i = 1,2,... Nj.
Let

Gi={ie{l,2,...Ni} :Rin{c; :i € Go} #0}.
Note that from (81) we have

Card (G1) > Ny — ce_lmi’.
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(84)

(86)

(87)

(91)

(92)

For each ¢ € {1,2,... N1} let I; denote the affine function we obtain from interpolation of v on

the corners of 7;. We will show

> d” (DI, K) + d? (Dliyn,, K) < ce'm?.
1€Gq

Proof of Step 2. Case p > 1. Firstly we will deal with the simpler case.

(93)

For any i € Gy, 7; has two sides parallel to wy, wz. Let {a,b,e} denote the corners of 7;

where we have order them so that \Z:Z| = w; and % = wa.
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)

/ (Dv (2) — M;) widH" 2
[a,0]

|Dliw1 - Miwl\ =

= Ja—b"

IN

c/ |Dv (2) — M;| dH" 2
[a,b]

< c(/ |Dv(z)—Mi|de1z>
[a,b]

(86) C
< ¢ (2)dH'z | .
a,b]

=

So [Dljwi — Myur[” < c [, ) Q (2) dH'z, in the same way |Dl;wy — Mws|” < ¢ Jipq @ (2) dH'z.

Assume without loss of generality |Dl;w; — M;wq| < |Dljws — Miws| so

|Dl; = M|" < e(|(Dli — My) wi| + |(Dl — M;) wal)”
S C|(Dll —Mi) wg\p
< ¢ (2)dH'2
[B.e]
< ¢ (2)dHz.
OR;

Sod? (Dl;, K) < ¢ [5r Q (2) dH"z in exactly the same we have d” (Dly1n,, K) < ¢ [y Q (2)dH" 2.

Thus

> d (D, K) +d? (Dliyn,, K) < > Q(2)dH'z
i€Ch i€Gy Y ORi

< c/ Q(z)dH'z
L=1(o1)UL~1(02)

< ceilmf.

Case p = 1. Now we tackle the more difficult case. Let i € Gy. So there exists p (i) € Go
such that ¢,y N Ri # 0. Let

ai:/ P (z)+|Dv (z)\Qdle—i—/ d(Dv(z),K)+ P (2)+|D*v (z)|2dL2z. (94)
OR; Byoo—2 (Cp(i))
So there exists R,;) € SO (2) such that DL,y = Ry As;) for some s (i) € {1,2,... N} (note

that s (i) = ¢(p(i)), see (83)). Let {a,b,d,e} denote that corners of R; where IZ:Z\ = wi,
e—b

Te—p] = W2 -
By definition of «; there exists x1, 22 € [a,b], |z1 — z2| > ¢, P(21) < ca; and P (z2) < cq;.
So

|11 (w1) — Lpg) (m1)| < cay, |11 (w2) — Lpg) (m2)| < coy
thus
|v (1) — v (22) — Ry As(iy (21 — x2)| < cq;. (95)
Since f[a,b] |D2v (z)| dH'z < c\/a; there exists Ry such that

sup {|Dv (2) — RoAsi)| : 2 € [a,b]} < e/as. (96)
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r1 — T
|v(21) — v (22) — RoAs) (11 — x2)| = L2 gH',

/[x o] (DU (Z) - R()As(i))

|21 — 22|

(96)

< ey
Putting this together with (95) gives

Ry~ Ry | < e/, (o7)
For z € [a,b] define R (2) € SO (2) be such that d (Dv (z), SO (2) Ay;)) = |Dv (2) — R (2) Ay |-
So note that f[a . d(R(2),S0(2))dH'z < ca;. Note also that from (96) and (97) we have
sup {|R (2) — Ryi)| : 2 € [a,b]} < ev/au.

(
. . . sinf (z) —cosf(z)
Arguing as in Step 3, Proposition 1. Let 6,0 (z) € [0, 27) so that R (z) = cos0(z)  sinf(z)

98)

and R = <31n9 TS 9). We have
cosf  sinéd
R(z)er-Rer = sinf(z)sind + cosf (z)cosb
= cos(0(z)—0)
(98)
> 1—ca; for any z € [a,}]. (99)

We can pick point @ € [a,b] with |b —a| > c and é € [b, ] with |6 — b| > ¢ where

|v(€) = Ly (8)] < cai and |v (@) — Ly (@) < ca. (100)
Let v1 = |a — b |As(i)w1| and v = | — b |As(i)w2|. We claim
v(b) € Nea, (0B, (v(a))) (101)
and
v (b) € Nea, (0B, (v(€))) . (102)
To see this note that
(v (@) = v (1) RyyAsgiy (—wn)| = ‘(/{ ) —Dv (Z)wldH12> - Ry Aseiy (—w1)
> R(z) As(i)wl . Rp(i)As(i)wl dH'| — co;
[a,b]
> |As(i)w1 |2 R(z)ey - Rp(i)eldle — coy
[a,b]

(99) 2
2 |As(i)w1| \a—b\(l —CO[Z‘).

Which implies [v (@) — v (b)| > [Agpwi||a —b] (1 — ca;) =71 — ca;. Now

jv(a) —v(®)] =

/ —Duv (2)widHz
(a,b]

A

+ co;

/ —R(Z)Aiowldle
[@,b]

IA

Y1 + coy.
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Which establishes (101). Inclusion (102) can be shown in exactly the same way. So putting
(100) together with (101), (102) we have established that

0 (b) € Nea, (0B, (Lyiy (@) O Nea, (9B, (Lpiiy (8))) -

Now the set Nea, (0B, (Lp(i) (@))) N Nea, (0B, (Ly(iy (€))) consists of two disjoint connected
components which we denote C7 and Cy, see figure 4. It is quite straightforward to see that
diam (C;) < cay for i =1,2.

FIGURE 4

Let C; be the component that contains L, (b). We will show v (b) € C1. We argue by
contradiction, suppose v (b) € Cy. By Proposition 1, inequality (33) (recall s (i) = g (p (7)) we
know

(85)
/ d(Dv(2),50(2) Ayp)) dL?z < c/ P(z2)dL?z
B32(Cp(i)) 332072(6p(i))

(94)
<  caq;.
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So by Proposition 2.6, [10] we have that there exists Ry € SO (2) such that

/ |D11 (2) — RoAsqs ’ dL?z < clog (a;l) Q. (103)
Bs2(cp(iy)
Now by Sobolev embedding theorem there exists matrix M; such that
: !
(/ |Dv (z) — Mi3dL2z> < ¢ (/ |D*v (z)|2 dL22>
B2 (cp(iy) Bsa(cpei))
< ooy (104)
So
|M; — Ro Ay < c (/ |Dv (2) — M;| dL*z + / |Dv (2) — RoAy(s| dL22>
332(%(1)) Bs2 Cp(i))
(103),(104)
< evan (105)
Let A; : Bso (cp(i)) — IR? be such that DA; = RoAgi) and A; (0) = 0. Define
w; (2) = A (2) —|—][ v(z) — A; (z) dL?z,
Bsa (Cp(i))
SO
][ v(2) — wi (2)dL%2 = 0. (106)
Bsa (Cp(i))
And
3 3
(/ |Dv (z) —Dwi3dL2z> < (/ |Dv (z) —Mi3dL2z>
BSQ(Cp(i)) BSQ(Cp(i))
+c|M; — RoAy))
(105),(104)
< cy/a;.
So by Morrey’s inequality Theorem 3, Section 4.5.3 [14] together with (106) this implies
10 = will o (B (e )) S V- (107)

Since (82), (94) stz( ) v (2) = Ly (2)| dL?z < ca; we have

Cp(i)
/ |wi (2) = Lyy (2)| dL?2 < e/
Bsa(cp@i))

Since w; and Ly are both affine this implies |Dwi — DLp(i)| < ¢y/a; and thus
1wi = L) | oo (Bya (00 )) S V-
Putting this together with (107) we have that
10 = L) | Lo (Bya (00 )) S V- (108)

Recall we are arguing by contradiction, as we supposed v (b) € Cy, from (108) this implies
that L, (b) € N, /z (C2) however as we also know L, ;) (b) € C1 and d (C1,C2) > c this is a
contradiction.

Thus we have that

v (b) eCh C Beq, (Lp(z) (b)) . (109)
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Arguing in exactly the same way we can establish the same thing for the other corners of
R;, i.e. we can show

v(a) € Bea, (Lp(i) (a)) ,v(d) € Bea, (Lp(i) (d)) ,v(€) € Bea, (Lp(i) (e)) . (110)

Recall I; and l;4n, are the affine maps we obtained from interpolating v on the corners
of triangle 7; and 7;4 N, where 77 U Ty, = R;. Recall also that DL,y = Rp;)As) where
Ry € SO (2), s(i) € {1,2,...N}. From (109) and (110) we have

(552) - (555)

< caq;.

| Dliwi — Ry Asywn| =

In the same way we can show |Dliw2 — Rp(i)As(i)w2| < ca; which gives |Dli — Rp(i)As(i)| <
ca; and hence d (DI;, K) < ca;. In exactly the same way we can show d (Dl n, K) < coy.
Thus using (62), (63), (87), (88) and (89) for the last inequality

Z d(DllaK)+d(Dl2+N17K)

i€Gq
<c E Q;
i€Gq
(94)

2 2 5
< CZ[?RiP(Z)+|D v (2)|"dH"z

1€Gy

+e d(Dv(2),K)+ P (2) + | D? (2)|* dL22
/3325—2 (cp(i)) | |

gc/ P(z)—i—’DQv(z)’delz
Ly ' (o1)UL; ' (02)

+e Y d(Dv(z),K) + P (2) + | D> (2)|* dL?2
i€Go 3320—2(%)

< ce 'm

€

Thus we have shown (93) in the case p = 1. This completes the proof of Step 2.

Step 3. We will show
> & (DI, K)+d” (Dl n, K) < ce 'mP. (111)
i€{1,2,...N1}

Proof of Step 3. Let i € {1,2,...N1}\G1 and let {a;, b;, ¢;} denote the corners of 7; where
we have ordered them so that |‘“*b?‘ = w; and =% = y. Let DI; denote the affine map we
obtain from interpolation of v on the corners of ;. Note

ai—b1 ‘Ci_bil -

) — P
|Dlun " = ple) —v(b:)
|ai — bi
bs
< c/ |Dv (2)|P dH" 2
<

c/ d? (Dv (2),K)dH"z + c.
OR;
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In exactly the same way we have |Dljws|” < ¢ [, dP (Dv(2), K)dH"z + ¢ which gives
DL < c/ & (Do (), K)dH'z + ¢
OR;

in exactly the same way [ Dl n[" < ¢ [, dP (Dv(2),K)dH'2+4c. Asd? (Dl;, K) < ¢|Dli["+c
and d? (Dlj1n, K) < ¢|Dli1n|" + ¢ thus
> d? (Dl;, K) 4+ d” (Dliyn, K) < > ¢|DL|P + ¢|Dliyn|”
iE{l,Q,...Nl}\Gl i€{1,2,...N1}\G1
+cCard ({1, 27 . Nl} \Gl)

< e ) / & (Dv (2), K)dH'z
ie{1,2,. N1 }\G, Y ORiVOTi+ N,

—|—cCard({1, 27 .. Nl} \Gl)

< ce tmP (112)
Putting (112) together with (93) gives (111).

Step 4. Recall {R1,Rs,...Rn,} denote the connected components of A (see (90)) that form
complete squares, and {71, 72, ... 72N, } are triangles where 7; U T, = R;. Let

Vo(i):={je{l,2,...2M}: H' (FN7T5) >} (113)

For any j € {1,2,...2N;} let [; denote the affine map we get by interpolating v on the corners
of 7. Define

Yo :={i € {1,2,...2N;} : There exists j € Vj (i) such that [Dl; — Dl;| >¢~'}.  (114)

We will show
> > DL - Dl|* < ce'm?. (115)
i€Y0 jEVo (4)
Proof of Step 4. For any i € {1,2,...2N;} define

i i itie{1,2,...N)
1) =
r i — N 1fZ€{N1+1,2N1}

To start we will show that if ¢ € {1,2,...2N1} and j € V; (4) then
1
2

|Dl; — Dly| < ¢ (/ D20 (2)|* dH1z> : (116)
O(Rp)UR(5))

So see this we will argue as follows. Note mum forms a rectangle, thus 7; U7; must form
a regular parallelogram with two opposite sides that intersect 9 (R ;) U R,(;)) see figure 5.

Let U; denote the side of d7; that intersects 9 (R ;) U R,(;)) and U; denote the side of 97
that intersects 0 (R,;) U R,(j)). Let ¢ € {1,2} be such that U; and U; are parallel to w,. Now
by the fundamental theorem of Calculus (and Holder’s inequality) there must exist M € M?2*2
such that

3

|D%v (z)|2 dH1z> .1

sup{\Dv(z) —M|:z€ 8(Rp(i) U’Rp(j))} <c (/
(R o) UR(5))

Let {w},w},wi} denote the corners of 7; and {w{,w%,wé} the corners of 7; where we have

chosen to label these points such that w) — w) = w) — w] and w} = wj, wh = wj, see figure 5,
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Ui (1)
Ti

FIGURE 5

note {wg,wé} = 0U; and {w%,w{} = 0Uj, again see figure 5. Recall we know triangles 7;, 7;

are conjugate to each other and hence |w§ — w%’ = ’w% — w{ ‘ By definition

|W3_W2| |W3—W2|

I C I C) (118)
|wh — w|

And in the same way

DL, ( wj — w{‘) _ (wg)‘ Y (“i)‘ (119)
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Let Ij; denote an affine function with Dl = M

) o) ) = [ e a4 )
“"3"‘-’2 ’w?) w2|

IN

/[ ] |Dv (2) — M|dH'z

(117) ) >
< ¢ / |D v(z)| dH z | . (120)
O(Rp(i)UR () )
In the same way

o (ed) — o () - ZM(%_%)\<c</a(ww,D%(z)mmz)_ (121

Thus as w) — w! = wi — wj (see figure 5) we have from (120), (121)

=

g () )
O(Rp(i) URp(5)

w’—w’| Jo_ ]
|3 2 Wy — wj

Which from (118) and (119) implies
2

DI, (u) _ Dl (u) <c (/ D%y (z)|2dH1z> . (122)
|wh — | |w§ — wi (Rp)UR () )

Recall again (see figure 5) the endpoints of 7; N 7; are given by w}, wi. So

Dl; (w} — wh) = DI;j (w] — wh) (123)
and as ' ' 4 4
WiTwp  WiTWh
jwi —wh|  [wh — w
o (116) follows from (122) and (123).
Thus
2N, (116) 21 ,
S pu-py? < Y Y / D20 (o) dH'
i=1 jEVp (4) i=1 jevo (i) 2Ry URo())
< c/ |D%v (z)|2dH1z
Ly (o1)UL; ' (02)
(88)

< ce'mP.

Step 5. Recall R1, Ra, ... Ry, are the connected component of A (see (90)). Let Dy, Dg, ... Dy,
denote the connected components of

e ()

Note that each D; forms a polygon. As before for simplicity we will assume none of the sides
of Q) _1 is parallel to wy. Let co denote the length of the shortest side of 02, we can assume

without loss of generality /e < cq, so we have that any D; will intersect at most two sides of
Q. Let By := {i € {1,2,... Ny} : OD; has 4 sides }. So any i € {1,2,... Ny} \FE} is such
that 0D; has 5 or 3 sides.
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Let Ey :_{z €{1,2,... Ny} : OD; has 5 sides }. For any i € Es let a;, b; be the endpoints
of 89;% ND; and let ¢;, d; denote the corners of the polytope D; that do not intersect aQe,% .

Define ﬁ = conv (a;, b;, ¢;,d;) for i € Es and define ﬁ = D, for ¢ € F,. Finally define
T; := D;\D; for i € Es, note each T; forms a triangle.

For each i € Ey U Ey we can split each D; into two triangles 71, 72, each of which has a
side parallel to w; (i.e. D; = U 7T2). Let {Tan,+1, 2Ny 42, - - - TNs } denote the additional set

of triangles that are formed by
{T;IZ’L'G FEi1UEs, g€ {172}}7{2)1 NS {1,2,...N2}\(E1 UEQ)} and {Tz NS EQ}
And let

By := {z €{1,2,... N3} : 73 C Nggo-2 (age,%)} . (124)
Firstly will show that
N3 —2N; < ce~% and Card (By) < ceT3. (125)
Secondly let [; be the affine interpolation of v on the corners of 7; for i € By we will also show
Z |DI|* < ce'm?. (126)
i€By

1
€ 2

1))

Proof of Step 5. To start with since |
any i € By. So

Ti C Nggo—2 (89 ) and since L2 (7;) > ¢ for

1€By

Card (By) < cL? (NMU% (aQ

N

< ce”

note also {2N7 + 1,... N3} C By which gives (125).
For any i € Fy U E> we will order the triangles 7}, 72 so that two of the corners of 77
intersects dQ 1 and two of the corners of 7' intersects | J,, {(1,2,.2N,} Ri

1
€ 2

So let {a;,b;,c;} denote the corners of 7! we can order them so that ai—b;

lai—bi] —
ﬁ:g‘ = wy. So [a;,b;] C ]Ll_1 (1), [cibi] C ]LQ_1 (02). So by definition of ]Ll_1 (o1) we have
that

wi and

[ai, bi] € (Rywi + (t+ k1) wa) U (R_wy + (¢t + k1) wa)

for some ki € {Q1,Q1 +1,...Q3 — 1}, o1 € P{ NP . By definition (72) and by (71) we have
that [a;, b;] N Ag # (0. So there exists x; € [a;, b;] such that d (Dv (x;),K) < 1. Thus

sup {|Dv (2)] : = € [as, b)) U [br.ci]} < e+ / D2 (2)] dH. (127)
[@i,bi]U[bi,ci]

Let L} be the affine function we obtain from the interpolation of v on the corners of 7}. We

have

L; (a:) — L (b)
la; — by

clv(ai) — v (bi)|
< c/ |Dv (2)|dH' 2
[ai;bi]

(127)
< c+c/ |D21)(z)’dle.
[ai,b-]U[bi,ci]

|DLjw:|

IA
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And in exactly the same way we have

Lj (ci) = Lj (b))
! = |z T\
[DLiva] = ‘ |ci — bi
< c+c/ D% (2)| dH .
[ai,bi]U[bs,ci]
Thus
L = c(|pLiuf + DLl f)
2
< c—l—c(/ |D2v(z)’dle>
[@i,bi]U[bi,ci]
< C+C/ |D2v(z)|2dle. (128)
artn(Ly M (o1)UL; (02))

Now let us consider the triangle 72. Let {a;,b;, c;} denote the corners of 72 where we have
ordered a;, b;, ¢; such that IZ?:Z%\ = wy and b;, ¢; € 0N 1 Let Lf denote the affine map we
get from interpolation of v on the corners of 72. Arguing exactly as we have before we can

show that

|DL?w1|2 Sc—i—c/ |D2v (z)|2dH1z.
a2 (Ly M (o1)U(L; H(02))

2
Now ’DL? (b;")’ < c|lp(b;) —lp (ci)\2 < ¢. Since w; and ﬁ::ci are not parallel this

[b; —cil cil
implies

|DL?|2 Sc—i—c/ |D21}(Z)|2dH12. (129)
or2n(Li (e1)UL; ™ (02))

Now for any i € {1,2,... N2} \ (E1 U E»), D; forms a triangle with the corners in 896_%, let I;
be the affine map we obtain by interpolation of v on the corners of D;, then I; has the property
that

|DIZ| < ¢ for anyie {1,2,N2}\(E1UE2) (130)

For any i € E5 let J; be the affine function we get from interpolating v on T;, since again the
corners of 7; belong to 9 _1 we have

1
€ 2

|DJ;| < ¢ for any i € Es. (131)

Let I; be the affine map we obtain from interpolating v on 7; for ¢ € By. For any i €
Ba\ {2N1 +1,... N3} let {a;,b;,c;} denote the corners of 7; where ““_bi = w; and “i_b?‘ =

a;—bi| [ci—bs;
wo. Exactly as in the case where we considered triangle Til for i € F1 U Ey we must have
that [a;,b;] C ]Ll_1 (o1) and [¢;, b)) C ]L2_1 (02). We will assume a;, b; are ordered so that

d (ai,age_l) <d (b 896_%). Let d; € 9 3 be such that [a;,b;] C [di, bi]. By definition of

2

By we know |d; — b;| < 32072, Let I; := [d;, b;] U [b;, ¢;], by arguing exactly the same way as
we did to show (128) we have

IDL* < c+ [ |D?(2)] dH" 2 (132)
I;
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So let [; be the affine map we obtain from interpolating v on 7; for i € B; we have by (128),
(129), (130), (131) and (132)

d IpL? < cCard(Ba)

1€By

+ Z / . |D2v(z)|2dle

i=2N, YOmnN (L' (o1)U(Ly *(o2))

+ / D2 (2)|* dH
zEIBd\{QNlJrl .N3}

(125) i ) >
< ce 2—|—c/ |D?v (2)|" dH' 2
Ly H(o1)U(L; ' (o2)
(22),(88)
< ce'mP. (133)

Step 6. Let w € }}/E’g be defined by w(z) =1; (2) for z € 74, i = 1,2,... N3. We will show
that

Z Z |Dw,, — M|2 < cetm?. (134)

i€J(w) MeN;(w)
Proof of Step 6. Let
Vi(i)={je{1,2,...Ns} : H' (n7;) > 0}. (135)
Let
Iy := {’L S {1,2, .. Ng} T C Q\N320—2 (89)} . (136)
Note that for any i € {1,2,... N3} \Ip, V1 (i) C B4. So

S Y |pw,, - M| < 3 > Dl - Dy + |DI; - FP?
J(w)\Ip MEN;(w) i€ (w)\lo \JEV1(7)
< ¢ |DLi|* + cCard (B)
i€Byg
(125),(126),(22)
< ce tmP. (137)

Also note that if ¢ € Iy then V4 (4) C {1,2,. 2N1} and V7 (1) = Vp (4) (see definition (113)) in
addition we know 97; N9Q = 0 so N; (w) =V, (4) and J (w) NIy = Yo (see (114)). So

> X Dw M = 33 IDL- Dy
i€J(w)Nlp MEN; (w) i€Yo jEV (3)

(1)

< ce'mb. (138)

— €
Now

Y Y unMf =YY [pu ]

i€J(w) MeN;(w) i€ J(w)NIo MEN;(w)

+ Z Z |Dwm —M|2

1€J(w)\lg MEN;(w)

(137),(138)
< ceilmi’.
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Step 7. We will show
-1
E d” (Dw|,,, K) < ce 'm?. (139)

Proof of Step 7. Since for any j € {2N7 +1,... N3} we have
d (DwLTj’K)

IN

c+ |DwLTj |P
c+ ’DwLTj’2 (140)
so using the fact {2N; +1,... N3} C By for the last inequality

A

Ny 2N, N3
> d (Dwy,,, K = > & (Dwi,, K)+ > d (D, K)
=1 =1 J=2N;+1
(111),(140) Ns )
< ce 'mP 4+ ¢(N3 — 2Ny + 1) + Z |Dwm|
j=2N1+1
(22),(125),(126)
< cetmP.

Step 8. We will show that (for small enough ¢) there exists function @ € D}h such that
/ d? (D K)dL?z < em?. (141)

Proof of Step 8. Recall definition of dy, see (23). Let
g ‘= {Z S {1,2,...N3} : d(Dw[n’K) < do}
Recall V1 (i) is defined by (135). Let V (i) := Uygey, () V1 (k) and (recall the definition of Io, see
(136)) let Ggy :={i € Iy : V(i) C G4}. Note Card (V (¢)) < 12. Let A := UieHO\Ggi T, SO
L? (Ag) > cCard (Ig\Gyi) - (142)
Let O; := U ev(i) 75> to by applying the 5r Covering Theorem (see Theorem 2.1. [26]) we
can find a subset {i1,d2,...7p, } C Iy\Ggy; such that

Py
Ag C U Neo (0i,,) (143)
k=1
and {0;,,0;,,... Oip, } are disjoint. Note (143), (142) imply P; > cCard (I\Gg;) and since for
every k € {1,2,... Pi} since V (i) ¢ Gg; (by definition of Gg;) we can find ¢ € {1,2,... N3}
such that 7, C O;, and d (Dwtqu , K) > do. We also know that {74, ,7q,,...7qp, } are disjoint.
So

Py
dgp1 S de (DwLqu ,K)
k=1
(139)
< ce tmP.

— €

(61)
Thus Card (In\Ggi) < ce 'mP < cCpe~!. Now Card (Iy) > ce~! so
Card (Ip N Gg;) > R
Assuming constant Cy at the start of Proposition 2 was chosen small enough we have

Card (Ty N Gy;) > ce ™t (144)
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Note that again by applying the 5r covering Theorem we can find subset {j1,j2,...jp,} C
I[o N Ggi such that

Py
U T, C U NGO (Ojk) (145)
i€lpNGgy; k=1

and {0O;,,0j,,...0;,, } are disjoint. Inequalities (144) and (145) imply that

Py > ce L. (146)
We denote the corners of 7; by {w},w?,w?} foranyi=1,2,...N3. Let g € {1,2,... P>} and pick
¢ € {wl w2 W L Let W(j,) € V(j,) be defined by W (j,) i= {k € V(j,) : 7 N, # 0},

Jq’ " Ja’ g
Note that for any k € W (j,), since V (j,) C G4 we have

lw (wi) —w (cq)| < 40! for any a € {1,2,3}. (147)
For each k € W (j,) define the affine map Iy : 7o — R? by
~ {w(b) for b € {w},w?,wi}\ {cg}

w(cy) +3007 ey  for b=c,.

For simplicity we order the corners {w},w?, wi} so that w} = ¢,. Note

o w—w? 15 -
D (A2 )| = fed el [ ) - o)

= |wi- w,%|_1 |w (wi) — w (wp) + 300 e

> 150! — |w (w,i) —w (wi)|
(147)
> 1007 L.

In exactly the same way we have

DIy, ( “”}“"E )’ > 100! which implies

|wh—wi|
‘Dik > 100, (148)
In a very similar way we can show
5 1,2 5 1_,,3
’le (%)‘ < 600" and ‘le (M)’ < 600",
|wi — wil jwy, — wil
And thus
‘Dik‘ < 600 (149)

From (148) we know

S @ (D K) 12 m) > @ (D, K) I (n,)

KEW ()
(148)
> 90 PL*(15,). (150)
And
- (149)
> @ (DinK) ) < e | ow
REW (i) REW (i)

< 120%072 x 10062 (151)
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1 (61) ,pp . . . ~
Note recall from (146) Py > ce > —= so we can define piecewise affine function o : Qe_% —
R? by
w(z) forzem,ie{l,2,...N3}\ (U[ }W(jq)>
0(z) =1 [e~tme]
li(2) forzem, i€ (Uq_1 ‘ W(jq)> i
So
| ewie g - ) & (Dwy,,, K) L (r)
Q1 el
a ie 2N\ (UL W)
+ 3 v (Dl}, K) L2 (r;)
ie (UL " wiiy))
(139),(151)
< ce 'm? + ¢ [e7'm?]
< cetmbP. (152)
And
[e’lmf}
/ d? (Do (2),K)dL?*z > > d? (Do (2),K)dL*z
01 q=1 “/Oiq
(150)
> cle'm?] (153)
e 'mP
Let Y := {Z c {1,2, .. Ng} : ‘/1 (Z) N (Ut[z_l E] W(jq)> = @} Note
Card ({1,2,... N3} \Y) < ce 'm?. (154)
And note
. 2 2 . -
> |Db,, — M| > |Dwir, = M|" +cfor any i € J (8)\Y (155)
MeN; (v) MeN;(w)
soas J(0)NY = J(w)NY and D¥|,; = Dw|,, for every j € U,c s5)ny V1 (i) we have
- 2 2
> > Db, - M = > Y |Dw, - M|
i€J () Ny (9) i€J(w)NY MEN; (w)
2
+ Z Z ’DULT M’
i€J(9)\Y MEN; (D)
asy,as5) )
< ce”mP + cCard (J (0) \Y)
(154)
< cetmP. (156)
Thus
(153) (156)
/ d? (Do (2),K) dL?z c Y Z ]DvLT - (157)
Qef% i€J () MeN,(
Define @ (z) = © (y/ez) e2. We have that
& (Dii (2), K)dL2: — e/ i (Do (2), K) dL22 (158)
Q Q
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And thus

/ & (D (z), K)dLQz e S S Doy, - M[. (159)

Q i€ J (%) MEN; (%)
Now (for small enough <) {\/er;} forms a (h,<) triangulation of  and it is easy to see that
2
I S I ML
ieJ(u) MEN;(u 1€J(0) MEN; (v

Thus (again assuming ¢ is small enough) we have from (159)

> Z ¢|Da| e, — M|? <—/dp K)dL?z. (160)

ieJ(a) MeN;(
Thus we have that v € D}’\/E. We also know from (158) and (152) that @ satisfies (141). O
Proposition 3. Let w; € S be such that wy € wi we have that wy, wy and \31:5; are not
in the set of rank-1 connections between SO (2) A; and SO (2) A; for any i # j. Let F ¢ K,

gwen function u € D}’ﬁ we define w : Qo — IR? by
] Q
B(z)=4" ) Ve (161)
lp(z) if z€Q2\Q

We will show there exists a small positive constant n = n (w1, A1, ...AN) such that for w =
W py /e and

w(z) = (ﬁ)( NG (162)

then w € Ap and w satisfies
/d” (Dw (), K) + ¢ |D?w ()[* dL?= < c/ i (Du(2), K) dL2. (163)
Q Q

Proof. Firstly note u is piecewise affine on a triangulation which we will label {7y, 72, ... 7}
Given triangle 7; we define the neighbouring gradients N; (u) by (3) and we define the jump

triangles J; (u) by (4). Now since u € D}’\/E we have

> > |Dug, - M ggflefl/dp (Du(z),K)dL*z. (164)
Q

i€J(u) MEN; (u)

Let v (z) = u(yez) e 2. Let

0 = / i (Do (2), K) dL%z. (165)
Ut

Let V (j) := {k: H' (7x N7;) > 0}. Define Vy (i) := Ujevy V () and Vi (4) := Ujev, ) V (4)-

Let Go = {z : (Dvm, ) < 77}. Let Ay, As, ... Ay, denote the connected components of

Uie Go T . Let

Gr = {i: 7 C Ay} and define Ay := U i (166)
{3:V1(i)CGr}
Define
E(z)={i: TN By (2) #0} forany z€Q 4 (0). (167)

Note Card (E (2)) < ¢ and note
E (2) c Vy (i) for any z such that B?"( 2) N7 #£ 0. (168)
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Step 1. Given k € {1,2,... N1} we will show there exists ko € {1,2,... N} such that
d (D’UL.,-“SO (2) Ako) =d (DULT“K) for every i € Gg. (169)
Proof of Step 1. Suppose this is not true. So we can find kg € {1,2,...N;} and some Ny €

2,3,...N} for which we have disjoint subsets Q1,s,...Qy, C Gk, with No Q; = G, and
0 0 =1 0
for each k € {1,2,... Ny} there exists pi, € {1,2,... N} such that

d(Dvy.,,50(2) Ap,) = d (Dv|,, K) foralli € Q for k=1,2,... No.
Since Uiggk0 i = Ag, and Ay, is connected we must be able to find i1 € 1 and i2 € Q2 such
that H' (0r;, N O7;,) > <. Let a,b be the endpoints of d7;, N A7y, since (by definition of Gy)
d (DUL”1 , S0 (2) Apl) <n,d (Dvm2 ,S0 (2) Ap2> <nand Dv,, (a—0b)=Duv, (a—0b)we
must have that for some Ry, Ry € SO (2),
|R14,, (a —b) — R2A,, (a—b)| < 3n (170)

since u € Dc V€ the edges of the trlangles are parallel to wy, we and “’1 :ﬁz‘ Thus (as-

suming a, b are ordered correctly) 2 Ta=o] b‘ € {wl,wg, m} Recall we chose wi, we so that

w1 —wsa
|w1 —wa]

So 4y, (=) # |4 (5=5) |

¢y = ¢4 (w1, wz) > 1 such that ‘Apl (Ia bl)‘ > ¢y ‘APZ (‘a bl)" Assuming we chose n small

w1, Wa, are not in the set of rank-1 connections between SO (2) Ap, and SO (2) A

we can assume without loss of generality there is a constant

enough this contradicts (170) this completes the proof of Step 1.

Step 2. Given ko € {1,2,... N1} and z € Ay, we will show that
max {|Dv,, — Dv|,,| 14,1 € E(x)} < cmax{d (Dv,,,K):j€ E(z)}. (171)

Proof Step 2. Firstly by change of variables we can assume ko is such that Dv|,, € N, (SO (2))
for any ¢ € Go. We introduce some notation, let j € {1,2,... N3} for any p € V (j) deﬁne

a (j,p) := max {d (DULTj,SO (2)) ,d (DULTP,SO( ))}
so there exists R; € SO (2), R, € SO (2) such that
’DULTI) - Rp’ S 20’ (jvp)v

— Rj| < 2a(j,p). (172)

Since H' (7, N7;) > ¢, let a, b denote the endpoints of 7,175, so as Dv|, (a —b) = Dv|,, (a —b)
we have |R;, (a — b) — R; (a — b)| < 4a (j,p) which implies | R, — R;| < 4¢7a (j,p). Putting this
together with (172) gives

|Dvm — Duv|, | < ca(j,p). (173)

Pick i,1 € E (x), now (see figure 6) we must be able to find 3 i1,4s,...90, € F (0) with the
following properties

(1) i =1, ing, =1

(2) try1 €V (ip) for r=0,1,...M; — 1

(3) ipy F iy, for 1 # 1o

(4) B (o) < UV (in).

3Since By (z) is open and 7; N By (z) # O, 7 N By(x) # ® we have H! (8B, (z)N7) > 0 and
H! (8B, () N) > 0. Pick point so € 7; N dBy (z) and a point sy, € 7, N By (x), since all but finitely
many points on 9By, (z) are contained in Uj 7; we can go clockwise from s1 to spz,, the first triangle 7; we
encounter after 7; with H! (7; N 0By (z)) > 0 will have the property that 7; N By, (z) # 0 (and hence j € E (z0))
and j € V1 (4) so define iy = j. We can then define i3 to be the first 7, we encounter going clockwise on 8By, (x)
after 7;;, N 9By (x), continuing in this way gives us the sequence 1,42, ...45;, with the properties we want.
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In
X0
Tl
FIGURE 6
We have
Mi—1
Do, — DanMl < Z ‘Dan Dvr, .,
r=0
(17r3) M-l
< Z ca (bpytrs1)

r=0

< cMimax{d(Dv, ,SO(2)):r € E(z)}.

Since from property (3) we know M; < ¢Card (E (20)) < ¢ this gives (171).

Step 8. Let v := v * p, we will show

Ny
_ d? (Do (2),K)dL*z < cay.
k=1 Ar

(174)

Proof of Step 3. Let D := {i : 91; N 9Q # 0}. We define p : Qe‘%-m (0) — {1,2,... N3} by

min{i:z €7} for z€Q _

p(z) = {min{ieD:B%(Z)ﬂ?i#@} for z € Q _

€

+n\Qe

N N

_1.
2

(175)
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Fix ko € {1,2,... Ny}, assume Ay, # 0. Let y € Ay,. Pick ig € E (y) and let Ry € K be such
that d (DvLTiO,K) _ ’Dvmo - RO‘. Now

Do)~ Rl = | [ (Dl 2) = o)y )

A Il
o
S .\
<]
= b
(]
5
:U
N
e}
3
0
|
=
h
[\

JEE(y)
< ¢y ’D% Dopr,, | + |Dvir, = Rol
JeE(y)
(171)
< cmax{d(Dv,,,K):j€E({y)}. (176)
Define ¢ (i) € V1 (i) to be such that
A (Do, K) = max {d(Dopr,, K) € Vi ()} (177)

Note for any z € QE,%+W (0) from (168) we know (recall definition (167)) that E (y) C V1 (p (y)),
S0
(176),(177)

& (Do (y),K) < edb (D’UL.,.C(IJ(U)),K) (178)
Now
/~ d" (Do (2),K)dL?z = Z / d? (Do (z), K) dL?z
‘A Ti
ro { ’Co} '
< Z L? (r;)sup {d” (D% (2),K) : z € 7}
{iV1(4)CGxq }
(178)
< > cd (Do, K).
{i:Vl( ko}

Now max {Card (¢™* (i)) : i € Gk, } < ¢ and so

/~ &’ (D (z),K)dL?z < ¢ Y d* (Dv|,,,K).
Ao €0k,

Thus summing over kg = 1,2,... Ny gives (174).

Step 4. We will show that

-

/ d? (D% (2),K)dL?*z < cog + cne™ 2. (179)
Q;%M(O)

Proof of Step 4. Let D := {i : 97; N 9Q # (}. Note (recalling definition (175), (167))

p(z) € E(2) for any 2z € Q (180)

1
2
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S0
|Do(2)] = ’/Dv (z + ) py (v) dL?x
= F/ pn (a—z)dL%a + Z Dvm/ pn (a— 2)dL%a
By(\2 _y i€E(2) Ti
< c|F|+ec Z ’DULW
i€E(z)
(168)
< c+e Y d(Du,,K). (181)
i€Vi(p(2))
Thus
" (Di(2),K) < (|[Dv(2)]+¢)"
< cDu()P +e
P
(181)
< c+ec Z d(Dvm,K) +c
i€Vi(p(2))
< c+ec Z d? (Dv|,,,K). (182)
i€V1(p(2))

Let B := {i: V1 (¢) ¢ Go}. Note that if ¢ is such that Vy (i) C Gp then V; (i) C G, for some
ke {1,2,...N1} (and recall definition (166)) and hence 7; C Ay, thus

Ny
UWZQE;\(U ﬂk) (183)
k=1

i€B
So
(182)
/ d? (Do (2),K)dL?z < ZL2(TZ') c+e Z d” (Dvy,,K)
Uiea ™ icB JEVL(3)

(165)
< cog + cCard (B) . (184)

By an easy application of the 5 Covering Theorem (Theorem 2.1. [26]) we know

Card (B) < ¢ ({1,2,...N3}\Go) < cap. (185)
Now
Tp(z) € _1 \Q R for any z € QE,%M]\QE,% (186)
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Let {l1,l2,...lx,} be an ordering of the set {p (2): z € QE,%H]\QG,%} we have that X; <
ce2. And thus

/ d? (Do (2),K)dL*z
Q 1 \2 3
e 240 2
X1
= Z/ d? (Do (2),K)dL?z
oo
(182) X1
< Z/ c+ Z cd? (DUL”,K) dL?z
k=17P7 LN\ i€Vy (1)
X1
<e L (p )\, %)+Z S ed? (Do, K)
k=1 k=14eVi(ly)
(165) 1
< cne” 2 + cayp. (187)
So putting things together, by (174), (183), (184),(185) and (187) we have
/ d? (Do (2),K)dL?z = / d? (Do (2), K)dL*z (188)
Qe,%_'_n Uier ™

+ / d? (Do (z),K) dL*z
Ut Ay,

—|—/ d? (Dv (2),K) dL?z
Q_1 (O\Q _1
e 240 T2

< cag+ene 2,
which completes the proof of (179).
Step 5. We will show
Ny
2~ 2 72
Z/~ |D?3 (y)|” dL?y < cay. (189)
=17 Ak

Proof of Step 5. Let y € Ug:ll /~1k, for each j € E (y) define A; := ij Dp, (z — y) dL?z, note
Z]GE(y) Aj - 0. SO

D) = [-Duly+2)® D, ()L
— Z —Dv|;, @ Dpy (v — y) dL?x
JEE() "
= Z _D,ULT]’ X Aj.
JEE(y)

So we have D27 (y) = Y ieE) (Dvm - DvLTp(y)) ® A; and so

¢ Z ’DULTJ' —D’UL-,—p(y)
JEE(y)

2

D% ()|

IN

(171),(180) )
< ¢ (max {d (Dv,,,K):l€ E(y)})". (190)
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Thus (recall the definition ¢ (), (177)) we have

/~ D% (y)|* dL2y
Ag

/|D2 y)|* dry
{zV1 )CGR} T

< > c(max{d(Duv,,,K):1€Vi(i)})

{3:V1(4)CGr}

Z cd? (D”Lmi) , K)

{3:V1(4)CGr}

c Z d2 (D’UL.“.,K

i€Gk

¢ d (Dv,, K

i€Gk

2

IA

IN

Thus summing over k = 1,2,... Ny gives (189).

Step 6. We will show

/ ]DQf) (z)’2 dL*z < cag + cne*%. (191)
Q1 (U A)

Proof of Step 6. Now let y € Qe‘§+n' Note that if B, (y) ¢ ©Q _4 then define 4, :=

2 €

an e, Dp, (z — y) dL?z otherwise define A, = 0.
-2
As in Step 5 for each j € E(y) define 4; = ij Dp, (x —y)dL*z. So we have

> Aj+A, =0 (192)
JEE(y)
So as in Step 5
-D*(y) = /Dv (y +2) ® Dpy, (2) dL?z

— / F @ Dpy (x—y)dL?z+ Y /DvLT ® Dpy, (z — y) dL*x
Bn(y)\Qe_% JEE(W) YT

F@Ay+ Z D’UL.,.]. ®Aj
JEE(y)

= (F-Duy,, ) @4+ > (Do, - Doy, ) @45
JeE(y)

Thus for any y € Qe_7+7] (0)

2

N 22
D% W) < e[F=Dug,, | 1A +e D Doy, - Doy,

JEE(y)

2
‘A| te o ) ‘Dvm—Dvmw
J€V1(p(y))

(168
‘F Do 7o)

(193)
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Now as in Step 1 for any 4, j € Vi (p (y)) we can find a finite sequence Iy, l2,...In; € Vi (p(y))
such that Iy =i, lo41 € V (lg) fora=1,2,...N; — 1 and In, = j so

N]‘—l
’DUW —D’UL.,.].|2 < ¢ Z ‘DULTZGH _Dvl"’la 2
a=1
< ¢ Z Z |Dvm—Dvm|2
16{11,12,...1N].,1}k€‘/(l)
= Z Z |DvL"'l _DvLTk|2'

leVi(p(y)) keV (1)

So from (193) for any y € QE,%JFU (0) we have

2
|D21~1(y)’2 < C‘F—Dvm(y) \Ay\2—|—c Z Z |D’ULTZ—D’ULT,C’2
1eVa(p(y)) keV (D)
2
< C’F—DULTP(?/) \Ay\2—|—c Z Z |D’ULTZ—D’ULT,€|2+C.(194)

LeVa(p(y)NJ(v) keV (1)

Recall D = {z 10miNoN _y # @}. Note if y € U;gp 77 then By (y) C Q _, andso 4y =
For i € B let y; € 7; be such that |D217 (y2)| = sup{|D2f) (y)| NS Ti}, thus

2

- 2
D%*% (y)| dL?y

/ﬂgé\(uffllﬁk) |

= / D25 (y)|* dL?y
Uier 70

1€B
<> L2 (n) | D% ()|
1€B
(194)

<cey, > > |Dups, - Do, |”

1€B\D 1€V, (i)NJ (v) keV (1)

+c Z |F — Do, 2 |4, )7 + Z Z |Dv|,, — DULTk|2 + cCard (B)
i€BND levi(i ) J(v) keV (1)
< CZ Z Z |Dvm — DvLTk te Z |F — Duv|, ’2 + ¢Card (B)
i€B 1€V, (i)NJ (v) keV (1) i€BND
<c Z Z |Dv|,, — DULTk|2+cZ|F—DULTi|2+cCard(]B§)
leJ(v) keV (i €D
(185)

CZ Z |Dvm M|2—|—ca0

leJ(v) MeN()

(164),(165)
<  cap. (195)

Now to estimate |, |D 0 ( )|2dL2z we argue as in Step 3, let {l1,l2,...1x,} be

1
e 2

e
1

+n
an ordering of the set { (2) 1 z € QE,%+W\Q€,% }, recall we have X; < ce~2. And of course,
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from (175) we have {l1,l2,...1x,} CD. So

X1
/ D% (2)[PdL?> < Z/ D23 (2)|* dL?=
QE_%M(O)\QE_% a=17r"1(la)
(194) X1 ) )
= ZC|F_DULT1(1| +c Z Z |DULT1_DULTk
a=1 1€V, (Ia)NJ (v) keV (1)
X1
+CZCL2 (p ! (lb))
b=1
N3
< CZ Z ’Dvm —DvLTk|2—|—cZ|F—Dvm 2—1—@776_%
1=1 keV (l) ieD
(164)

< c/ d? (Dv (Z),K)dL2Z+C77€_%
Q

1
2.

< cog + cne
Putting this together with (195) gives (191).

~ _1
Proof of Proposition 2. Let w(z) := 1((:7%”, it is clear w can also be defined by
€ 2+4n
equation (162). So from (191) and (189) we have

/ |D*w (z)|2 dL?z < cag + cne 2. (196)
Q
And

/de (Dw (2),K)dL?: = /de (DT) ((e*% +77) z) ,K) L2z

~ _1 -2 2
= @ (Do (y) K) (¢ +1) ar?y
Q 1
e 2+4n
Jo . @ (Di(y),K)dL?y
675+77
6*14—26_%77-1-772
Jo | @ (Do(y),K)dL%

e 2+4n

14 2e2n + en?

1
2

< ceap + cne?. (197)
Putting this together with (196) gives

/ d? (Dw (z),K)+e€ |D2w (z)|2 dL?z < ceap + cne%. (198)
Q
Now by (22) we have that there exists some small constant ¢; = ¢; (o) such that
crez < / d? (Dw(z),K)+e€ |D2w (z)|2 dL*z
Q

so assuming we have chosen 77 small enough we have that

/dp (Dw(z),K)+6’D2w(z)’2dL22—cne% > %/dp(D’LU(Z),K)+6|D2’LU(Z)|2dL2Z
Q Q
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hence from (198) we have

/ d” (Dw (z),K) + €| D*w (z)|2 dl?z < ceag
Q

ass) / & (Dw (2), K) L2
Q
which completes the proof of (163). O

4.1. The proof of Theorem 1 completed. By Proposition 2 for any ¢ > 0 we can find
u € D}"/E such that [, d? (Du(z),K)dL*z < em? which obviously implies there must exist
constant C; < 1 such that Cra (v/€) < mP.

Let u € D}’ﬁ be such that [, d? (Du (z),K)dL*z < cay (y/€). By Proposition 3 function w
defined by (161) and (162) has the property that

I (w) < c/ d” (Du(z), K)dL?z < cay, (V)
Q
which implies there exists a constant Co > 1 such that m? < Caav, (1€). O
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