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Abstract

We study the appearance of anomalies of the Master Ward Identity, which
is a universal renormalization condition in perturbative QFT. The main insight
of the present paper is that any violation of the Master Ward Identity can be
expressed as a local interacting field; this is a version of the well-known Quantum
Action Principle of Lowenstein and Lam. Proceeding in a proper field formalism
by induction on the order in #, this knowledge about the structure of possible
anomalies as well as techniques of algebraic renormalization are used to remove
possible anomalies by finite renormalizations. As an example the method is
applied to prove the Ward identities of the O(N) scalar field model.

PACS. 11.10.Cd Field theory: Axiomatic approach, 11.10.Gh Field theory:
Renormalization, 11.15.Bt Gauge field theories: General properties of perturba-
tion theory, 11.30.-j Field theory: Symmetry and conservation laws
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1 Introduction

In the quantization of a classical field theory symmetries and corresponding conserva-
tion laws are in general not maintained: due to the distributional character of quantum
fields the arguments valid for classical field theory are not applicable. Therefore, in
perturbative quantum field theory (pQFT) symmetries resp. conservation laws play
the role of renormalization conditions (the "Ward identities’).

In [1] a universal formulation of Ward identities was studied and termed Master
Ward Identity (MWTI). This identity — which originally was proposed in [2] — can be
derived in the framework of classical field theory simply from the fact that classical
fields can be multiplied pointwise. However, in pQFT the MWI serves as a highly
non-trivial renormalization condition, which cannot be fulfilled in general due to the
well known anomalies appearing in QFT.

In traditional renormalization theory (e.g. BPHZ renormalization or dimensional
renormalization) the question whether certain Ward identities can be fulfilled, is usu-
ally treated by means of algebraic renormalization'. This method relies on the Quan-
tum Action Principle (QAP), which was derived by Lowenstein and Lam in the early
seventies [3, 4] and proved in several renormalization schemes [5]. The QAP character-
izes the possible violations of Ward identities and, hence, allows one to derive algebraic
conditions whose solvability guarantees the existence of a renormalization maintaining
the Ward identities. These conditions often lead to cohomological problems involving
the infinitesimal symmetry operators which appear in the considered Ward identities.

IThere is a huge literature about algebraic renormalization. For shortness we cite only some of
the founding articles and a few textbooks and reviews, which should suffice to understand this paper.



The application of this procedure to Yang-Mills theories lead to a detailed study of
BRST cohomology [6, 7, 8, 9, 10, 11].

Traditionally, perturbation theory is done in the functional formulation of QFT
which starts from the path integral. However, we take the point of view of algebraic
pQFT [12, 13, 14, 15, 16], which is based on causal perturbation theory (Bogoliubov
[17], Epstein and Glaser [18]) and concentrates on the algebraic structure of interacting
fields. Starting with some well defined free QFT one separates UV-problems from
IR-problems by considering solely interactions with compact support. Whereas the
UV-problem concerns the construction of time ordered resp. retarded products (in
terms of which interacting fields are formulated), the IR-problem appears only in the
construction of states on the algebra of local observables. The restriction on compactly
supported interactions leaves it possible to construct the whole net of local observables
[12]. Therefore, this approach seems to be well suited for a rigorous perturbative
construction of quantum Yang-Mills theories, for example, where an adiabatic limit
seems to be out of reach. However, in the non-Abelian case the construction of the net
of local observables is still an open problem within the framework of algebraic pQFT.
As it was worked out in [2], the decisive input to reach this goal is the MWI resp. certain
cases of it. Motivated by this, the aim of our present work is to transfer techniques
from algebraic renormalization theory into the framework of algebraic pQFT in order
to gain more insight into the violations of the MWI and to find concrete conditions
for the solvability of the MWI in relevant cases.

The paper is organized as follows: Sect. 2 deals with classical field theory for lo-
calized interactions. We generalize the treatment given in Sect. 2 of [1] to the off-shell
formalism, i.e. the values of the retarded products are off-shell fields. In Sect. 3 we
summarize the quantization of perturbative classical field theory worked out in [16]
and give some completions. Algebraic renormalization proceeds in terms of the 'vertex
functional’ (or ’proper function’) I' (which is usually derived in the functional formula-
tion of QFT along a Legendre transformation). Hence, to make accessible techniques
of algebraic renormalization, we develop a proper field formalism, which describes the
combinatorics of 1-particle-irreducible (1PI) diagrams in a purely algebraic setting
(Sect. 4). This is done by reformulating perturbative QFT as a classical field theory
with a non-local interaction I" which is a formal power series in 7.

After these preparatory sections we turn in Sect. 5 to the maintenance of the
MWTI in the process of renormalization. Starting from a derivation of the MWI in the
off-shell formalism [16], we prove an identity ("anomalous MWI’) which gives a charac-
terization of the possible violations of the MWI. More precisely, we find that the most
general violation can be expressed in terms of a local interacting field. Translation of
the anomalous MWTI into the proper field formalism (introduced in Sect. 4) yields an
identity which contains solely the 'quantum part’ (loop part) of the original version
and which is shown to be formally equivalent to the QAP. Crucial properties of the
violating local terms appearing in the anomalous MWI are proved, in particular an
upper bound for the mass dimension. Equipped with this new insight, we transfer
basic ideas of algebraic renormalization into the setting of causal perturbation the-
ory. Usually, in the latter the maintenance of Ward identities in renormalization is
proved by induction on the power of the coupling constant. In contrast, we proceed
by induction on the power of A similarly to algebraic renormalization. We find explicit



conditions, whose solvability guarantees the existence of a renormalization prescription
satisfying corresponding cases of the MWI. In addition, we prove that the MWI can
always be fulfilled to first order in the coupling constant (that is to second order of
the corresponding time ordered products). We apply these results to models fulfilling
(classically) a localized off-shell version of Noether’s Theorem and find simplifications
of the mentioned conditions. Finally, as a simple application of the method, we prove
the Ward identities of the O(NN) scalar field model by using cohomological arguments.

2 Classical field theory for localized interactions

In this section we generalize the formalism developed in Sect. 2 of [1] to off-shell fields.
This will provide us with the necessary framework to derive the off-shell version of the
MWT in Sect. 5.1. In order to keep the formulas as simple as possible, we study the
theory of a real scalar field ¢ on d dimensional Minkowski space M, d > 2. We interpret
¢ and partial derivatives thereof as evaluation functionals on the configuration space
C =C>®(M,R): (0%)(x)(h) = 0*h(z), a € Nd. Let F(C) be the space of all functionals

F(p) : C— C, F(p)(h)=F(h), (2.1)

which are localized polynomials in (?:

N
F((p) = Z /dml .odxy @(xl) T @(xn)fn(xla cee 73311) = Z<fn ) (p®n> ) (22)
n=0

n

where N < oo and the f,’s are C-valued distributions with compact support, which
are symmetric under permutations of the arguments and whose wave front sets satisfy
the condition®
11 —n
WE(fo) N (M" x (V,UV>)=0 (2.3)
and fo € C. F is a commutative algebra with the classical product (Fy - Fp)(h) :=

Fi(h) - F»(h). By the support of a functional F' € F we mean the support of g—i.
The space of local functionals Fioc(C) C F(C) is defined as

N N
Fioe(©) /da: S Aihi(@) =Y Ah) [ A€ P i e DD} (24)

where P is the space of all polynomials of the field ¢ and its partial derivatives. This
representation of local functionals as smeared fields can be made unique by introducing
the subspace of balanced fields Py, C P [16, 20]:

def

Poat & { P01, 00)(@1) -+ @) o1=..ma 2 | PO, ) € P50 € No |

(2.5)

2A generalization to non-polynomial (localized) interactions is possible, see e.g. [19].
3V 1 denotes the closure of the forward and backward light-cones, respectively, and V; their n-fold
direct products.



where P! is the space of all polynomials in the 'relative derivatives’ (9 — 9;), 1 <
k <1 <n. With that it holds: given F' € F,. there exists a unique h € D(M, Ppa)
with F = [dz h(z). Proofs are given in Proposition 3.1 of [16] and in Lemma 1 of [20].

Since we are mainly interested in perturbation theory we consider action functionals
of the form Sioy = So+ A S where Sy = fd;v (Oppdtp— m?2¢?) denotes the free action,
A a real parameter and S € F(C) is some compactly supported interaction, which may
be non-local.* We denote by Arsefot the retarded Green function corresponding to the
action Siot, which is defined by

2
/dy et ()OI (p ) = /dy&w (2)  (26)
5p(y)dp(z) dp(x)dp(y) 7

and Agefot (z,y) = 0 for z sufficiently early. In the following we will assume that for
all actions Sio; under consideration the retarded Green function exists and is unique
in the sense of formal power series in A. Analytic expressions for Ag’i“m are in general
unknown. However, perturbatively the retarded solution of (2.6) can be given in terms
of the (unique) retarded Green function A§*(z,y) = At (z —y) of the Klein Gordon
operator:

Lemma 1. In the sense of formal power series in A, the retarded Green function
AS' \g 1s given by the following formula [1]:

?;_MS(;U?y) fgegt x,y) Z / ul,...,un)d(vl,...,vn)Age;(x,ul)
528 5%S
X A1, Uy —————— AR (v, y). 2.7
Solunop(on) A5 O ) G Sy 250 (oY) 27)

Its support is contained in the set
{(z,y)lr € supp(32) + V4 Ay esupp(32) + VYU {(z,9)lr cy+ Vi) (28)

In case of a local interaction S € Fioc(C) the support can be stronger limited:

bupp(ﬁ) C{zy)lzey+ Vi) (2.9)
Our assumption ensures that the pointwise product of distributions in (2.7) exists.

Proof. We multiply the left equation in (2.6) by A*(z,u) and integrate over z after-
wards to obtain the relation

528
ret z,u) = A% (2, u) — )\/dydz At T,y 7Aret 2.10
SQJr)\S( ) SQ( ) SQJr)\S( )5()0(2/)5()0( ) ( ) ( )

which can be solved by recursion on the powers of A (2.7). For local interactionb S e

D) c{(wy)le e

Floc(C), the support property (2.9) follows immediately from supp(

4Note that the free action is not an element of F(C). Therefore we interpret Sp as functional on
the subspace of compactly supported functions in configuration space C. However, this restriction is

not necessary (and, hence, will not be done) for the free field equation: % is an element of P.



y+V .} and W = 0 for u # v. In the general case S € F(C) we use supp(‘szs) C

supp(gi) X supp( ) to conclude that = has to lie in the future of u; € supp( ) and

y in the past of v, € supp (2 ) to get a non vanishing contribution of the mtegral in
(2.7). 0

The space of all smooth solutions of the Euler-Lagrange equation with respect to
the action Siot will be denoted by Cg,,, C C. Interacting fields Fyg, corresponding to
some functional F' € F(C), could be defined by restricting F' to the space of solutions
Csprs: Fs = Flcg,,s - However, the idea of perturbative algebraic classical field
theory is to mtroduce interacting fields as functionals on the space Cg, of free solutions.
This corresponds to the usual interaction picture known from QFT where interacting
fields are constructed as operators on the Fock space of the underlying free theory.
Therefore one introduces retarded wave operators which map solutions of the free
theory to solutions of the interacting theory [1]. As it turns out, it is convenient to
construct such a map on the space C of all field configurations (off-shell formalism)
and not only on the space of solutions, as it was done in [1]:

Definition 1. A retarded wave operator is a family of maps (rs,+s,s,)ser(c) from C
into itself with the properties

(i) rso+5.5,(f) () = f(x) for x sufficiently early

(S, +S S
(ii) 2t orgy5s, = G2

Lemma 2. The retarded wave operator (rs,ys,s,)ser(c) erists and is unique and
invertible in the sense of formal power series in the interaction S.

Proof. To determine rg,+g,s, we multiply S in Def. 1,(i) by a real parameter A and
differentiate with respect to this parameter, ending up with

S+ AS) o) o Lr LS iy
y&p(m)&p(y) So+AS,So - P\Y ax So+AS,So —5<P(33) So+AS,5, = 0.

After multiplication of this equation with A¥* ,¢(z,x) and integration over z, we
obtain the following differential equation for rg s, s,

d . 5S
@(z) o N S0kAs.So =~ /dm(ASotJr)\S(zam) : m) O T'S)+AS, S0 (2.11)

Finally, integration over \ leads to the equation

! o 5S
©(2) 0 T50458,5, = ¥(2) —/O dA /dl’(ASotﬂs(z,m) ' W) OTS+AS, 505 (2-12)

which can be solved iteratively in the sense of formal power series in the interaction
S. O



We define the retarded wave operator rg,4s,,5,+5, connecting two interacting the-
ories by

T'So+51,50+52 *= T'Sg+51,50 © (T50+52750)_1 . (213)

Obviously it fulfills Def. 1(7) and M O TSy+51,50+5s = ‘S(sti;:s” and

T'So+51,S0+852 © T'So+52,50+S5s = I'Sp+51,50+5Ss - (214)
Retarded fields (to the interaction S and the free theory Sy and corresponding to
the functional F' € F(C)) are defined by

Féﬁts L Fo rSy+5,5, : C — C. (2.15)

A crucial property of classical interacting fields — which does not hold anymore for
interacting quantum fields — is their factorization with respect to the classical product

(F-G)ls=F&'s G5 . (2.16)

This is why certain symmetry properties of classical field theory in general cannot be
transferred directly into quantum field theory (see Sect. 5.1).

In classical field theory retarded products R are defined as coefficients in the
expansion (with respect to the interaction) of interacting retarded fields [1]:

e dTL
Rcl : ]_-(0)®n & .7:(0) - f(c)v RCI(S®naF) = W A*OF O TSy+AS,S0- (217)
Interacting fields can then be written as
FEtg ~ Z Ra(S®", F) = Ra(e, F) (2.18)

where the r.h.s. of ~ is interpreted as a formal power series (we do not care about
convergence of the series). In the last expression R, is viewed as a linear map

Ra : TF(C) ® F(C) — F(C), (2.19)

where TV = C & @
space V.
By introducing the differential operator
0S )

A déf—/da:d ARt (T Y) s
O,S( ) Yy Sg—i—AS( y) 580(3/) 590(‘%)

we obtain from (2.12) the following explicit expression for the interacting field:

o2 V®™ denotes the tensor algebra corresponding to some vector

Dy (2.20)

A1 n—1
Fittg ~ F + Z/ d)\l/ da .. / d\p Dsy.5(An) ... Dsy.s(M)F. (2.21)
To first order in S this formula reads (see also [1])

Ra(S,F) = /d;vdyAret( Y)—— 05 oF

Sp(y) dp(a)’

To complete the Poisson structure of classical fields we introduce the (off-shell)
Poisson bracket using Peierls definition [21] (see also [22] and [1])

(2.22)



Definition 2. The Poisson bracket associated to the action S € F(C) is the map

{}s : F(C)® F(C) — F(C) (2.23)
{F,G}s < Rs(F,G) — Rs(G, F). (2.24)

where
Rs(F,G) = d%\ )\:OG OTSHAR,S - (2.25)

The properties

e Rs(F,G) = — [dxdy &ggﬁ) AS (z,y) &g@) (which is a generalization of (2.22))
and

e {-,-}s is indeed a Poisson bracket, i.e. it satisfies the Leibniz rule and the Jacobi
identity,
are proved in [1] for the on-shell restrictions Ry~ **!'(F, @) = Rs(F,G)|cs and
{F, G}g“*She“ = {F,G}s|cy. These proofs can easily be generalized to Rg and {-,}s.
The Jacobi identity is derived from

{Rs(H,F),G}s +{F,Rs(H,G)}s = Rs(H,{F,G}s) {F,G}siam s

(2.26)

T o

which is the infinitesimal version of the statement that the map F(C) 3 F — F o
rs;.s, € F(C) is a canonical transformation:

{F OTS1,525 Go T51752}52 = {Fa G}S1 0TSy, - (227)

In [1] only the proof of the infinitesimal version (2.26) is given. We are going to show
that integration of (2.26), written in a suitable form, yields indeed (2.27).%> First note
d

d
— F = —— F = — H F). 2.2
o ’)\:0 0TS S+AH g oSS Rs(H,F) (2.28)

Let H := S, — 51, S(A) := 81 +AH and F) := Forg, g(»). With that we obtain
d
dX ’)\:)\0 {Fors, 500, GoTs,s00 500 0 Ts0.81 =

d
J‘A:AO ({F)\o O T5(7),S(\)> GAo © TS(Xo),S(A\) FS(N) © TS(A),S(AD)) °Tg(N),s =0 (2.29)

by using (2.25), (2.28) and the infinitesimal version (2.26). Integrating this equation
over \g from Ay = 0 to A\g = 1 it results the assertion.

Due to the perturbative expansion around the free theory only the Poisson bracket
associated to the free action, {-,-}a = {-, }s,, Will be used in the following sections.

As one can easily check, the retarded products (2.17) have the same properties as
the on-shell retarded products in [1] (which are related to (2.17) by RO —s!l(§%n F) =
R (S®", F)lcs, )- These are the properties which are used to define retarded products
in perturbative QFT in an axiomatic way.

5This proof is due to Klaus Fredenhagen.



3 Perturbative Quantum Field Theory

We summarize the quantization of perturbative classical fields as it is worked out in [16]
on the basis of causal perturbation theory [17], [18] and work of Steinmann [23]. Since
the direct quantization of an interacting theory is in general not solved, we quantize

the free theory, around which the perturbative expansion is done (see Sect. 2), by

using deformation quantization: we replace F(C) and Fioc(C) by F¥ F(C)[[h)] and

Floe & Froc(C)[[A]] resp. (i-e. all functionals are formal power series in /) and deform

the classical product into the x-product, x : F x F — F, which is still associative but
non-commutative and is defined by

o"F
(1) -+ 0p(n)

o0 hn
F = — |dxy...dxpdy; ... dyy
(FxG)(e) = 30 [aordomiyr ..o

oG
do(yr)---00(yn)

] Hon i — i) (3.1)
i=1

There is a freedom in the choice of the 2-point function H,,(x): it is required to differ
from the Wightman 2-point function A} (z) by a smooth and symmetric function of
x, to be Lorentz invariant and to satisfy the Klein Gordon equation. The ’vacuum
state’ is the map (see (2.2))

wo : F—C[R], Fr—F(0)=fo. (3.2)

For the interacting quantum field Fg, (F,G € Fioc) one makes the ansatz of a
formal power series in the interaction G

Fg= ZO %le(G@", F)=R(eS, F) . (3.3)
The 'retarded product’ R, 1 is a linear map, from .7:1%: ®RFloc into F which is symmet-
ric in the first n variables. The last expression in (3.3) is understood analogously to
(2.19). We interpret R(A1(x1),...; An(xs)), A1, ..., An € P, as F-valued distributions
on D(M™), which are defined by: [ dz h(z)R(...,A(z),...) := R(... ® A(h) ® ...) Vh €
D(M).

Interacting fields are defined by the following axioms [16], which are motivated by
the principle that we want to maintain as much as possible of the classical structure
in the process of quantization:

Basic axioms:

Initial Condition. R(F) = Ry.1(1,F)=F.

Causality. Fgipy = Fg if supp (g—i) N (supp (%—g) + Vi) =0.

6With respect to factors of A, our conventions (R) differ from [16] (RP¥"), namely R(eg,F) =

RDF(eg/h, F). However, for the T-products we use the same conventions.



GLZ Relation. In the classical GLZ Relation we replace the Poisson bracket { -, -}a

by
of 1
{2l = Jat o) (3.4)
(where [H, F), = H* F — F x H). This gives
d
{Fa, Ho} = o+|,  (Fosam — Hoar) - (3.5)

Based on these requirements, the retarded products R, ; can be constructed by in-
duction on n. However, in each inductive step one is free to add an arbitrary local
functional, which corresponds to the usual renormalization ambiguity. This ambiguity
is reduced by imposing the following further axioms:

Renormalization conditions:

Unitarity. (Fg)* = Fg.

Poincare Covariance. For L € ”Pi we set ¢, (z) == (L7 x) and hy(x) := h(L™'x),
h € C, and define an automorphism

Br + F = F; Bu({fn, 0®") = {fu: (0r-1)®") , (3.6)

that is (8 F)(h) = F(hy-1). P-Covariance of the interacting fields means:
BL(Fo) = (Br F)s, ¢ VL € PL.

Field Independence The interacting field Fg depends on ¢ only through F' and
G: &0( 5 = = 0. This condition is equivalent to the requirement that R fulfills the

causal Wick expansion [18], that is

Rn—l,l(Al(xl) & ®An 1(3:11 1 Z ll
o A; aij;
Xwo( n—1 1( a“za” a 8,111@ a(aaulw z e )) }__[18 <P xz 3 7)

with multi-indices a;;, € Ng.

Field Equation.

pa(@) = plz) - /Azs%x—y)(%)gdy VG EFie.  (38)

Smoothness in m. Through the GLZ condition the interacting fields depend on the
2-point function H,, and with that they depend on the mass m of the free field:
Fg = (Fg)"™. We require that the maps

OSmH(Fg)Hm R F,GG-:Floca (39)

10



are smooth. In even dimensional spacetime this excludes the 2-point function A
due to logarithmic singularities at m = 0; more generally, homogeneous scaling
of H,, is not compatible with smoothness in m > 0. As in [16] we work with
the 2-point function H¥ (and the corresponding Feynman propagator) which is
distinguished by almost homogeneous scaling [19]. HY depends on an additional
mass parameter ¢ > 0 and is explicitly given in Appendix A of [16]. For the
corresponding star product, retarded product and interacting fields we write
*m.uy R and (Fg)(™#) = (Fg)Mm, respectively.

p-Covariance. The *-products (x,, )0 (and the x-product with respect to A}f,) are
equivalent, that is there exists an invertible operator (ua/j1)" which intertwines
these products (see e.g. [14]):

Fotns G = (/i)™ (/1) ™" F ) s (12/00) ™77 @) ) (3.10)

where 7T 1 4+ >ne i 7 (log(r) - T)¥ (for r > 0) and
52
dp(x)dply) -

(The smooth function f is explicitly given by formula (A.9) in [16].) The axiom
p-Covariance requires that (/)" intertwines also the retarded products:”

r=rpme /dx dym®=?% f(m*(x —y)?) (3.11)

_1(m)

RO™#2) = (ug /i)™ 0 RO 0 T(juz /i) (313)

Scaling. The mass dimension of a monomial in P is defined by the conditions

dim(9%p) = % +]a|] and dim(A;Az) = dim(A4;) + dim(Az) (3.14)

for all monomials A;, Ay € P. The mass dimension of a polynomial in P is the
maximum of the mass dimensions of the contributing monomials. We denote
by Prhom the set of all field polynomials which are homogeneous in the mass
dimension. A scaling transformation o, is introduced as an automorphism of F
(considered as an algebra with the classical product) by

0 (s 027 2 22 /dxl...dmn Fual@1s ) (1) p)e0(@n)p) . (3.15)

For A € Phom we obtain pi™Ag,(A(pz)) = A(x). Our condition of almost
homogeneous scaling states that

op0 R ) o (a;l)®("+1) : neNg, m>0, p>0, (3.16)

n,1

is a polynomial in (log p).

"Given a linear map f : V — V (where V is a vector space) we define

Tf : TV — TV; (Tf)(c © Pj1 ® ... ® vj;)) = c® P (f(v1) ® ... ® f(v55)) - (3.12)

j=1 j=1

11



The construction of the retarded products proceeds in terms of the distributions
R(Ai(x1),...; An(2n)), A1,...,Ap € P. Since the retarded products depend only on
the functionals (and not on how the latter are written as smeared fields (2.4)), they
must satisfy the Action Ward Identity (AWI) [16]:

85Rn_1’1(. .o Ak(l‘) . ) = Rn—l,l(- .o ,8HA]€($), . ) . (317)

The AWTI can simply be fulfilled by constructing R(A;(x1),...; An(zy)) first only for
balanced fields Ag € Ppa Vk, and by using the AWT and linearity for the extension to
general fields Ay € P.

The axioms Smoothness in m, u-Covariance and Scaling can be replaced by the
weaker axiom Scaling Degree, which requires that 'renormalization may not make
the interacting fields more singular’ (in the UV-region). Usually this is formulated in
terms of Steinmann’s scaling degree [24]:

sd(f) inf{5 e R | %péf(px) =0}, feD®R" or feDRF\{0}). (3.18)

Namely, one requires
sd(wo(R(Al, e A) (@ — T, )) <3 dim(4;), VA; € Prom - (3.19)
j=1

In the inductive construction of the sequence (Ry, 1)nen (given in [16]), the problem
of renormalization appears as the extension of C[[A]]-valued distributions from D(R"™\
{0}) to D(R"). This extension has to be done in the sense of formal power series in
h, that is individually in each order in . With that it holds

lim R = R . (3.20)
h—0
Namely, the GLZ Relation is the only axiom which depends explicitly on k& and in the
classical limit it goes over into the classical GLZ Relation, due to (3.4).

The retarded product, having two different kinds of arguments, can be derived from
the time ordered product ("T-product’) T' : TF,. — F, which is totally symmetric
i.e. it has only one kind of arguments. The corresponding relation is Bogoliubov’s
formula:

R(e3, F) = —iS(S) "'« %ITZOS(S +7F), S(S)=T(e), (3.21)

The axioms for retarded products translate directly into corresponding axioms for
T-products, see Appendix E of [16]. There is no axiom corresponding to the GLZ
Relation. The latter can be interpreted as ’integrability condition’ for the ’vector
potential’ R(e3 , F), that is it ensures the existence of the ’potential’ S(S) fulfilling
(3.21); for details see [19]. (A derivation of the GLZ Relation from (3.21) is given in
13].)

In [16] it is shown that there exist retarded products which fulfill all axioms. The
non-uniqueness of solutions is characterized by the 'Main Theorem’; we use the
version given in [16]:
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Theorem 3. (a) Let R and R be retarded products which fulfill the basic axioms
and the renormalization conditions Unitarity, Pl—C’ovam’ance, Field Independence and
Field Equation. Then there exists a unique, symmetric and linear map

D : TFoe — Froc (3.22)

with D(1) = 0, D(F) = F (VF € Fi,), such that for all F,S € Fioc the following
intertwining relation holds (in the sense of formal power series in \)

AS
R(eXS,F) = R(e2® ) D(e} @ F)) . (3.23)

In addition, D satisfies the conditions:

(i) Supp((SD(F1 @;JP"@F")) C Nien supp(”‘), F; € Foc

D(e® ® 5F)

(iii) D(ef @ @(h)) = @(h), VF € Fioc
(iv) D(F®")* = D((F*)®")

(v) BoD=DoTB,, VLeP,

(vi) (A) If R(™m R gre smooth in m >0 and satisfy the azioms p-Covariance
and Scaling, then the corresponding D™ is also smooth in m, invariant under
scaling

—1
g,0 D) o gt = Dl (3.24)
and p-covariant

Dmp2) — (M2/M1)F<m> o D(msp1) o T(N?/Hl)_r(m . (3.25)
(B) Alternatively, if R and R satisfy the aziom Scaling degree, then

sd(wo(D(Al, s A)) (1 — s )) <Y dim(4)), VA € Puom - (3:26)

(b)Conversely, given R and D as above, equation (3.23) gives a new retarded
product R which satisfies the axioms.

Since the classical limit of the axioms has a unique solution (which is R.1), the map
D is trivial to lowest order in A, i.e.

D(ef)=S+0(h) and D(ef ® F)=F+O(h) . (3.27)

The relation (3.23) can equivalently be expressed in terms of time ordered products,
A q [ e
(e =1 (e ") (3.28)

where T and T are the time ordered products belonging to R and R, resp., according
o (3.21).

8The claim in [16] that D(™#) is independent of u, is wrong, cf. [19].
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4 Proper vertices for T-products

Proper vertices? are an old and standard tool in perturbative QFT. In terms of R-
products the basic idea is the following: a perturbative QFT can be rewritten as
classical field theory with a non-local interaction ('proper interaction’) which agrees
to lowest order in A with the original local interaction. Since R is the sum of all
(connected) tree diagrams (as explained in Appendix A), this rewriting means that
we interpret each diagram as tree diagram with non-local vertices ("proper vertices’)
given by the l-particle-irreducible (1PI) subdiagrams. This structural decomposition
of Feynman diagrams can just as well be done for T-products and it is this latter form
of proper vertices which is well known in the literature. Since T-products are totally
symmetric, it is simpler to introduce proper vertices in terms of T-products than in
terms of R-products and, hence, we work with the former (for the introduction of
proper vertices for R-products see Appendix A).

A main motivation to introduce proper vertices is that the renormalization of an
arbitrary diagram reduces to the renormalization of its 1PI-subdiagrams. Indeed, due
to the validity of the MWI for tree diagrams (i.e. in classical FT), the MWI can
equivalently be formulated in terms of proper vertices (i.e. in terms of 1PI-diagrams),
see Sect. 5.3. This 'proper MWI’ formally coincides with the usual formulation of
Ward identities in the functional approach to QFT (for an overview see e.g. [10]).

4.1 Diagrammatics and definition of the 1-particle-irreducible
part T'F! of the time ordered product

To introduce proper vertices we need the tree part Tt for non-local entries and, for
later purpose, the 1PI part T'FT of the time ordered product T. The definition of
Tiree can obviously be given in terms of Feynman diagrams; but in case of T we
are faced with the problem that for loop diagrams the decomposition of T'(41(z1),...)
into contributions of Feynman diagrams is non-unique, due to the local terms coming
from renormalization.

To motivate the definition of T'F!T we first study a ’smooth and symmetric *-
product’: let f € C*(R* C) with f(z) = f(—z), Vz. We define x; : F@F — F
by replacing in the definition (3.1) of the x-product the 2-point function H,, by f.
This product, %, is associative and commutative. By definition x; satisfies "Wick’s
theorem’. Due to that, x% ;| F; = Fy x¢ ... x¢ F}, can uniquely be viewed as a sum of
diagrams. In spite of the possible non-locality of the Fj’s, we symbolize each F; by
one vertex. The contractions are symbolized by inner lines connecting the vertices,
which are not orientated due to f(z) = f(—z). (We do not draw any external lines.)

The contribution of the connected diagrams (denoted by (x} ;_; F;)) is obtained
from *% ;_; Fj by subtraction of the contributions of all disconnected diagrams; this

91n the literature proper vertices (or the ’proper interaction’) are sometimes called ’effective ver-
tices’ (or ’effective interaction’ resp.). However, differently to what we are doing here, the notion
‘effective field theory’ usually means an approximation to the perturbation series. For this reason we
omit the word ’effective’ and use the terminology of Sect. 6-2-2 in [25].
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gives the recursion relation (see e.g. [15])

K B =57 0 Fy = Y [ Geraes i) (4.1)
|P|>2 JeP

where the sum runs over all partitions P of {1,...,n} in at least two subsets and []
means the classical product. One easily sees that the linked cluster theorem applies
to xg:

*f *f ny\c
eff = exp,(ef;) , where ff dofy 4 Z F el. dﬁf Z % (4.2)
n=1
(with F*#™ being the n-fold product F %5 ... s F') and exp, denotes the exponential
function with respect to the classical product.

Analogously to (4.1) the contribution of all 1PI-diagrams to *fj 1 Fj (denoted by
(%7 ;21 F5)'F"), is obtained from the connected diagrams (x} ;_, F;)¢ by subtracting the
contributions of all connected one-particle-reducible diagrams. To formulate this we
need the contribution of all connected tree diagrams to (x f ¥ j=1F5)¢, which we denote
by (*% ;—1F}){ree- This diagrammatic definition of (¥} ;_; F;){ic. fulfills the following
unique and independent characterizations:

e By recursion: one easily finds that the connected tree diagrams satisfy the re-
cursion relation

n 5hF,
AL F) e = 3 [ daycday dyy oy, ————H
( f.i=1 )tree - / L1 Lk AY1 Yk 5¢(x1)...5<p($k)

Hf(xj _yj)y Z )(*fJGIIF)tree""

j=1 C U UTe={1,...,n} Sy

W( fJEIkF )tree ) (43)

where I; # () V5, Ll means the disjoint union and the product of the
éw((syz)( ijILF )eees L = 1,..., k, is the classical one. (Note that in the sum over

I, ..., I the succession of I, ..., I} is distinguished and, hence, there is a factor
of £.)
3

e By the power in h: as explained in Sect. 5.2 of [15] it holds
(*?’jlej)C = O(hn_l) for Fl, 7Fn ~ ho , (44)

and the contribution of all tree diagrams is given by the terms of lowest order in
h
(*f] 1F )tree - hn_l }1111,1%) h_(n_l) (*?,j:le)C . (45)
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The contribution of all tree diagrams to *?,j:lea which we denote by (*?leFj)tree,

is related to the connected tree diagrams by the linked cluster theorem: ef’ =

* f tree
exp,(ef? _.)- (This follows immediately from (4.2) by selecting all tree diagrams.)
We now give the (above announced) unique recursive characterization of the 1PI-
diagrams:

(KFjm F)T = (R B = Y (*fJeP(*f,jeJFj)lpl)tree : (4.6)
|P|>2

The formulas (4.1), (4.4) and (4.5) hold also for the usual x-product (i.e. with H,,
instead of f) [15]; but (4.6) needs to be refined, because H,, is not symmetrical and,
hence, g, is not commutative (in particular (Fy*g,, ...xg,, F1)§ e 1S DOt symmetrical).

Turning to the time ordered product T, we will use (4.1) and (4.6) as motivation
for the (recursive) definition of the connected part 7¢ and the 1PI-part T'F! of T
respectively. So we define [15]

c n def n c
@7 F) S T(@1 Fy) — Y [] T°(®5esF)) - (4.7)
|P|>2 JEP

It follows that 7" and T are related by the linked cluster theorem (4.2): T(el') =
expu(T*(eF)).

The following definition of the connected tree part Ti..
local entries:*9

of T applies also to non-

three,n : ]:®n - '7:7 three,n((g)?:le) = (Fl KAF oo KAF n)gree ) (48)

i.e. we replace in the definition of (x...)
propagator

the smooth function f by the Feynman

c
tree

AT(z) = AL (2) = O(°) HYy () + ©(=2") Hf (—2)

m

= i A" (2) + H (—2) = AP (=2) . (4.9)

For tree diagrams the resulting expressions are well defined, since pointwise products
of Feynman propagators do not appear. Obviously 7., fulfills the recursion relation
(4.3). In case of local entries another unique characterization of T, is possible: doing

renormalization individually in each order in %, T¢ satisfies (4.4) and i~ (=1 Teen

10Tn QCD the interaction S = kS1 + k253 is a sum of a term of first order in the coupling constant
K, S1 ~ [gAADA (g € D(M,R)), and a term of second order in , S ~ [g?AAAA. One can
achieve that the order in x agrees with the order of the T- (or R-)product [26]. Namely, one starts
with 77 (S1), the term Sz is generated by a non-trivial renormalization of a certain tree diagram: in
Ty (3{82) ~ [dxdy gAA(z) gAA(y) DOAT (z — y) + ... the propagator 9#9¥ AF (z — y) is replaced by
MY AT (x —y) —1/2 g*Y §(x —y). Due to the inductive procedure of causal perturbation theory this
additional term propagates to higher orders such that this modified T-product, TV, yields the same

. . 2
S-matrix: TN(eg"Sl) = T(el(ﬁlerK 52)) in the sense of formal power series in k. (The corresponding
renormalization map D (3.22) is given in [27].) Our definitions of T, (4.8) and Tiree (4.10) do not

contain this 1/2 g*¥ §-term, in agreement with the definition of R (2.17). Generally, in this paper
all terms S, of the interaction S = Zn>1 Kk™Sy enter the perturbative construction of the S-matrix

(or interacting field) already to first order of the T- (or R-)product.
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is the classical limit of 4~ ("~ T¢ similarly to (4.5). (This is the translation of (3.20)
into T-products, see Sect. 5.2 of [15].) Analogously one defines the tree part Tiyee Of
T by

Tireen (@01 Fj) & (F %ar o %ar Fp)uee » Fj € FVj . (4.10)

Obviously the linked cluster theorem for (kf,tree,*% 100) 18 valid also for f = AF:

Ttree(e%F) = €XP, (Ttiee(e%F)) .
Since Tf.,, is totally symmetric we may define T'F7 in analogy to (4.6) by the
recursive formula

ny def 1¢ . n n'
T Fe™) = T¢(F® )_Z Z YRS
k=2 l1+”'+lk‘:n,lj21 Vj byt g
. tcree,k(TlPl(F®l1) ®...Q TlPI(F®lk)) ] (4.11)

The renormalization conditions listed in Sect. 3 are satisfied by T¢., = TS™)

Throe = Tt(r?é“ ) and, provided that 7' fulfills these conditions, also by T1PT = T1P1 (mop)
(apart from the Field Equation). This can be verified by using the definitions (4.8),
(4.10), (4.11) and corresponding properties of the Feynman propagator. Or, in case

of local interactions, these properties can be derived for 1%, by the classical limit of

i~ (=1 T¢; the linked cluster theorem implies then their validity for Tiree.
4.2 Definition and basic properties of the vertex function I'y
Note that T and Ti,ee satisfy the relations

T(tree)(l) =1, T(tree)(F) =F, T(tree)n+1(1 QRF® ) = T(tree)n(Fl ® ) ) (412)

which imply the following conclusions for Tiyee and T

T(tree) (e%:?:l Fn & io: Gn)\n) =0 = G,=0V%n (413)
n=0
Ttree) (e%:?:l F")‘n) = T{tree) (e%fj:l G")‘n) — F, =G, Vn (4.14)

(where F,,,G,, € F are independent of \), as one obtains by proceeding by induction
on the order in A.

R- and T-products can be obtained from each other by Bogoliubov’s formula (3.21),
which we will use in the more explicit form

R(e,F) = T(eg""'™) » T (5" @ F) (4.15)

where the anti-chronological product T is defined by

Tieg®) =T(ei) =3 (1- T(eig))*" . (4.16)

n=0
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(T(e)~! is the inverse with respect to the x-product.) Although R contains solely
connected diagrams (see Appendix A), disconnected diagrams of 7" and T' contribute
to (4.15). Unitarity reads

T(tree) (eéiG) = T(tree) (eg* )* ; (417)

in this form it holds for the tree diagrams separately, where Ti,ec is defined by (4.10)
with A¥ replaced by the Anti-Feynman propagator A4¥ () = A¥ (z)*. However, note
that Tiree(id) * Three(elS )* is not equal to 1.

We define the ’'vertex function’ I'p implicitly by the following Proposition:

Proposition 4. There exists a totally symmetric and linear map
Ly @ THoc — F (4.18)
which is uniquely determined by
T(5/™) = Tireo (eg“@%)/ h) . (4.19)
To zeroth and first order in S we obtain
r(1)=0, Tp(S)=S. (4.20)
The defining relation (4.19) also implies

i il (e3)/h

TS/ & F) Tme(e@ﬂ DM @ Tr(ed ® F)) , (4.21)
For § = 0 this gives F' = I'r(1 ® F'). The Proposition remains true if, in (4.19), we
replace the time ordered product (7', Tiyee) by the anti-chronological product (T, Tiree );
we denote the corresponding vertex function by I'z.
Proof. We construct I'r(®7_, F;) by induction on n, starting with (4.20). Let I'r of
less than n factors be constructed. Then, (4.19) and the requirements total symmetry
and linearity determines I'r(®7_; Fj) uniquely:

Pr(@j= Fy) = (/0" T(@5aF) = Y (/)77 Tee (R Tr(@5e0F))  (4:22)
|P|>2 JeP

where P is a partition of {1,...,n} in |P| subsets J. Obviously the so constructed 'y
is totally symmetric and linear. O

“eo). Hence, a totally symmetric
and linear map T’ can be defined analogously to (4.18)-(4.19), that is by

The proof applies also to the connected parts (7°¢, TE

. i eS
TS/ = T (e ") . (4.23)
The linked cluster theorem for T" and Ti,ee and the definitions of I'r and I, give
. S - S
Ttree (egC(e®)/h) = Ttree (egT(e®)/h) (424)
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and with (4.14) we conclude
Lp=T,. (4.25)

Therefore, on the right-hand side of (4.22) we may replace the time ordered products
T and Tiree,x by their connected parts:

s rnm—] e s @ ” i/h)k=1nl
RO LSRN SRS SR U
=2 4+t le=n
l;j >21Vj

Tiroe i (D1 (557 @ . 0 Tr(5°1)) . (4.26)

Now let S ~ A% and F ~ h°. From (4.26) and T¢(S®") — TE..(S®") = O(h"™) we
inductively conclude

Tr(ef)=S+0(h), Tr(el®F)=F+0(h). (4.27)

Motivated by this relation and (4.19) we call I'7(eg) the 'proper interaction’.
By comparing the recursion relation (4.26) for I'r with the recursive definition of
T (4.11) we conclude:

Corollary 5.
Tr(el) = (/i) TP (S") . (4.28)
Analogously to the Main Theorem it holds:
Lemma 6. The validity of the renormalization conditions for T(= T(™M) implies
corresponding properties of T'r(= I‘gpm’“)):
° Pl-Covariance: OBpolr =TroTBL forall L € 73_1 ;

e Unitarity: FT(eé)* = fT(e%*) ’

S
e Field Independence: 6F§fj®) = I‘T(g—f} ® e%) ;

e Field Equation: I'z(e2 ® p(h)) = ¢(h) ;

e Smoothness in m > 0: ngmw is smooth in m >0 ;

e u-Covariance: ngm“z) = (p2/m)’ o ngm’ul) o T(pz/pa)™" ;

e Almost homogeneous Scaling: In contrast to the map D of the Main The-

1
orem, T'r scales only almost homogeneously; o, o T ™" o To,' = rims 4

O(log p) is a polynomial in log p .

o If, instead of Smoothness in m, u-Covariance and Almost homogeneous Scaling,
T satisfies the axiom Scaling Degree, then

sd(wo(l“T(Al,...7An))(x1 —xn,...)) <> dim(4)) . VAj € Puom - (4.29)
j=1
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Proof. Each property can be proved for T'r(S%™") (or I'r(S®" @ p(h)) resp.) by
induction on n: we work with the recursion relation (4.22) and use that 7 and
Tiree satisfy the corresponding axiom. In case of the property Scaling Degree we
take into account that wo(Tiree(...)) is a tensor product of distributions ¢; and apply
sd(®;t;) = >_;sd(t;).

Only the Field Equation is somewhat more involved. We use that T and Tiyee fulfil
the Field Equation and the Field Independence. This implies

T(eh) @ 1 ® .0 F,) = h/dw dy h(z) AT (z —y) T(F1®..®F,) (4.30)

]
3 (y)
and the same equation for T¢,.. In the latter case Fi,..., F),, may be non-local. (It
is not necessary to work with the connected parts, but this simplifies the formulas.)
With the recursion relation (4.26) and the inductive assumption we obtain

Pr(p(h) @ Fi © .. ® F) = T5(0(0) © Fi © .. © Fu) = Y Thee () © Q Tr(F))
P Jep

- h/d;v dy h(z) AT (z — y) %(y) (Tc(Fl ®..0F,) - ;Tgee(g%m(m)) ~0,

(4.31)
where Fj = ®;csF; and P runs through all partitions of {1,...,n}. O

Analogously to the conventions for R- and T-products we sometimes write
Jdz g(z) T (A(z) @ F»...) for Dp( [dz g(x) A(z)® F»...). Since I'r depends only on the
functionals, it fulfills the AWI: 04T (A(x) @ Fy...) = Tp(0*Ax) @ Fs...).

In the proper vertex formalism a finite renormalization T — 7' of the T-products
is reflected in a finite renormalization I'y — fT of the corresponding vertex functions.

~ . iA eS
To derive this we insert T(eg/h) = Tiree (eéT( ®)/h) and (4.19) into (3.28) and obtain

S iTr (eg“%))/ﬁ
Ttree (61®T(5®)/ ) = Ttree (€® ) . (432)

(Note that the tree part Tiree is independent of the normalization of the T-product.)
By using (4.14) we conclude

~ D(e2
Pr(eS) = Tr(en®) . (4.33)

4.3 Comparison with the literature

Definition of the ’vertex functional’ (or ’proper function’) I' in the liter-
ature, see e.g. [10]. Usually I'(h), h € S(M,R), is defined as the Legendre trans-
formed 7 — h of the generating functional Z(j) of the connected Green’s functions
(where j is the ’classical source’ of ). With that I'(h) is the generating functional
of the 1PI-diagrams of T'(e’) (see [28]). We are going to express the latter fact in
our formalism. To simplify the notations we study a scalar field ¢ with free action
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So(p) =1/2 [dx ((dp(x))? —m? (p(x))?). Green’s functions are obtained by the Gell-
Mann Low formula [29], which contains the adiabatic limit g — 1:

G i wo (T(Qo(xl)...(p(gjn)eiS(g)/h))
e ol wo (T(eis(g)/ﬁ))

, (4.34)

where S(g) = >0, k" [dz (9(x))™ L,(z) and £ is the coupling constant. All diagrams
with vacuum-subdiagrams are divided out. These diagrams are disconnected and,
hence, not of interest for our purposes. Namely, to obtain the vertex functional I" one
selects all diagrams of G(x1,...,z,) which are 1PI after amputation of the external
legs. The contribution of these diagrams is given by

Gy, ..., z,) = ;LIIll /dyl...dyn Ap(x1 — Y1) Ap(xn — Yn):
w (5—
0 5p(y1)---09(yn)

From this expression I'(h) is obtained by replacing each external leg Ap(z; —y;) by the
classical field h(y;). In addition one multiplies with (—i)/n! and sums over n > 1:!!

T'(h) = So(h) + ? 5@1 Z % /dyl...dynh(yl)...h(yn)'
n>1

- (5—"

*\3p(y1)...00(yn)

Note that the term Sp(h) comes from the 6, 2 A¥-term in (4.35).

Relation to our proper interaction I'7(eg(g)): We compare (4.36) with the
5(9)y.
® )

TlPI(el'S(g)/ﬁ)) + 6pa AF (21 — 22) . (4.35)

Tlpl(e”(g)/ﬁ)) . (4.36)

Taylor expansion in ¢ of I'r(e

Sy _ §~ 1 o" S(9)
Ir(eg”) = 7%% o /dyl...dyn @(yl)...@(yn)wo(éw(yl)m&p(yn) I'r(eg )) (4.37)
and use Corollary 5. This yields
D(h) = So(h) + lim (Pr(eZ”)(h) = wo(Tr(e2”))) - (4.38)

(On the right-hand side the functionals Sp, T’ T(eé(g)) € F are evaluated on the clas-
sical field configuration h € S(M, R).)

5 The Master Ward Identity

5.1 The classical MWI in the off-shell formalism

In [1] the MWI for on-shell fields (i.e. the retarded products are restricted to the
solutions of the free field equation(s)) was derived in the framework of classical field

N Usually it is assumed that limg—1 wo(¢gz(z)) = 0, which implies gl}:EZ; |h=0 = 0, i.e. the sum

runs only over n > 2.
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theory. Since here, we work throughout in a general off-shell formalism [16], we shall
derive an off-shell version of the classical MWI. In addition, we give an equivalent
formulation of the classical MWI in terms of T} ee-products that will be useful for the
proper field formulation of the MWI in Sect. 5.3.

The classical off-shell MWTI follows from the factorization (2.16) and the defini-
tion of the retarded wave operators. Let J be the ideal generated by the free field
equation(s),

N
der )
J = {E/dwl ... dz, (p(xl) .. .(p(xnfl)i&p(xn)fn(xl, R ,!,Cn)} c F,
with N < oo and the f,,’s being defined as in (2.2). Every A € J can be written as
0.5
AE [deQ(x 0 , 5.1
@50 (5.1)
where @ is of the form
N
Qz) = Z /dxl coodxg o(x1) (@) fas1 (T, oo T, T) (5.2)
n=0

Note that in the present framework of classical field theory ) does not need to be a
local functional. Given A € J we introduce a corresponding derivation [1]

)
64 = / dz Q(z : 5.3
, @5 (53)
From the defining property of the retarded wave operators Def. 1 (i) we obtain
0(So+ S5
(A+6aS)orsytss, = /dﬂ? Q(z) o TSo+S,SO% 0 T'So+5,50
050
= d e .4
/ iEC)(:E) O TSo+5,50 5@(1‘) ) (5 )
which reads perturbatively
S S 58()
Ra(eS, A+645) = [dzRa(el,Q(z)) Sol) © J. (5.5)

This is the MWI written in the general off-shell formalism. Indeed, by restricting (5.5)
on solutions of the free field equation, the right-hand side vanishes and we obtain the
on-shell version of the MWI, as it was derived in [1]. Note that for the simplest case
Q@ = 1 the MWI reduces to the off-shell version of the (interacting) field equation

5(So+5)\ 48
Rt 50m ) = hptay >0

which is an alternative formulation of the axiom Field Equation in Sect. 3.
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The classical field equation (5.6) can be expressed in the time ordered formalism:

5(304—5)) 550

Sol@) ) Gpla) 5-1)

This identity holds even for non-local entries and can be obtained easily by using the
definition of Tiee given in (4.10) and the fact that AF is a Green’s function of the
Klein Gordon operator. Similarly to R, the tree diagrams of the time ordered product
factorize, that is

Tiree (eg &

Tiree (eg & F) Tiree (eg ® G) = Tiree (eg & FG) . (58)

We now multiply the field equation for Tiyee with Ttree(eg ® Q(z)) and integrate
afterwards over x. This yields the MWI in the time ordered formalism:

~ 6So
dp(z)

We point out that the MWI for Tiee (5.9) holds also for non-local entries S, Q(x)
and A.

ﬂm@g®m+aa):/Mﬂm@g®mm) . (5.9)

5.2 Structure of possible anomalies of the MWI in pQFT

The classical MWI was derived for arbitrary interaction S € F and arbitrary A € J.
For local functionals A € Jioc = J N Floc and S € Fioc it can be transferred formally
into pQFT (by the replacement R, — R), where it serves as an additional, highly
non-trivial renormalization condition. It is impossible to fulfill this condition for all
A € Jioc. We aim to find a general expression for the possible violations ("anomalies’)
of the MWI. Later we will use this result as starting point for a proof of relevant
cases of the MWI. This procedure is motivated by algebraic renormalization, where
the QAP serves as the crucial input to prove Ward identities (see [10] and references
cited therein).

The main insight into the structure of possible anomalies of the MWTI is the fact
that they can be expressed in terms of a local interacting field:

Theorem 7. Given a retarded product R fulfilling the basic axioms Initial Condition,
Causality and GLZ Relation and given a local functional

0S
Az/@%@@@%a%€$m,heMM% Qe DM, P) | (5.10)
there exists a unique, linear and symmetric map
AA : T-:Floc I -:Floc (511)
e --®F, — As(FA® --QF,)

which is implicitly defined by the ‘anomalous MWI’

AR@%H4+5AS4—AA@%D::/ﬁthUR@%JQ@D (5.12)

de(y)
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As a consequence of (5.12) the map A4 has the following properties:

(1)  Aa depends linearly on A ;

(ZZ) Supp((SAA (Fl (?(p e ® Fn)) C ﬁ Supp((;i )7 E € -:Floc (lOC(lthy) )
=1

(i) Aa(1) =0
(iv) Asa=0 & R(e3,A+5aS) = /dx h(z) R(e2, Q(x)) 52‘?’;) 7

(v) As(F®---®@F,)=0(h) VYn>0, F,~h, (5.13)

VS € Floc;

and
(vi) We set AT, = AA|fl®n . For gj e DIM), L; € P it holds

AN (L1(g1) ® ... ® Lp(gn)) = /da:l...dxn dy g1(x1)...gn(zn) h(y)
A™M(L1(71) ® ... @ Ln(72); Q(Y)) » (5.14)

where the distributional kernel A™(Li(z1) ® ...; Q(y)) is inductively given by

AM(Li(21) ® ... ® Lp(2n); Q(y)) = _R(®;‘Z:1Lj(xj); Qly) - 52?2))
; 0
- R(®j(5ﬁl)LJ(xj)§ Qy) > _(96) (i — ) a(;ﬂ;) (xz))

=1 a

— Y R(®ieriw) A @ere L) Q) )
Ic{1,...,n},I#0

650

do(y)

Note that (5.12) differs from the MWI (5.5) only by the local term A 4(eZ), which
clearly depends on the chosen normalization of the retarded products. Therefore,
property (iv) means that the MWI for A is fulfilled if and only if the corresponding
map A 4 vanishes identically.

R Ly (2, Q) (5.15)

Proof. To show the existence and uniqueness of A4 we construct its components A’}
by induction on n using (5.12). In this inductive procedure we also prove the properties
(1), (i), (iii) and (vi). To lowest order in S the condition (5.12) gives Ay(1) = 0.
Given n > 0, we assume the existence and uniqueness of linear and symmetrical maps
Ak FEF 5 Fioe, 0 < k < n, which depend linearly on A, are local and satisfy (vi),

loc

such that (5.12) is fulfilled to all lower orders in S:

k
k
R(S®k,A) + kR(S®kfl75AS) + Z (Z)R(S@’kl’AfA(S@l)) =
=0
050

dp(x)

/ dx h(z)R(S®*, Q(x)) (5.16)
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for all k < n. We define A"} in terms of the inductively known A% | k < n:

. 0.5
AR @ o) /da:h(x)R(F B Fp, Q)
A ' e
— (R © - @ Fy A+ R®ien 1y Fis04F)
k=1
+ 3 R(®ie1E,A[{'(®jeJFj))) , (5.17)
IuJ=n,|J|<n

where we used the notation n = {1,...,n} and I U J for the disjoint union of I
and J. For F; = ... = F, = S the formula (5.17) agrees with (5.12) to order n in

S. Obviously, A’} is linear and symmetrical and it is uniquely determined by these
properties and (5.12). We also see that A’} is linear in @ resp. A.

The main task is to show the locality (i¢) of the right-hand side of (5.17) (which
also implies A% (Fy ® --- ® F},) € Fioc). To this end we denote by

Mai(La(@r)s s Ln(00)i Q) 2 R (GienLi(i), QUy) 5525

+

M=

R (®i€ﬁ\{k}Li(xi)’ @) 5?:}8;‘))

1

+
] -

R (@ierLi(e), AV (@5esL5(2;); Q)

Iuj=n,|J|<n

the distributional kernel of the three terms in brackets in equation (5.17), where F; =
Jdx gi(x)Li(x) (9 € D(M), L; € P) and we use (5.14) for AL“” to lower orders
|J| < n. We will show that M, 1(L1(x1),...;Q(y)) coincides outside the total diagonal
Dy = {(z1,...,7p11) € M 2y = ... = x,,,1} with the distributional kernel
R(L1(21)®- - ® Lp(xn), Q(y))éi—‘?oy) of the first term in (5.17). This shows the locality
of A% (Fy ® --- ® F,). Since M, 1 has retarded support

supp(6M,,1/6¢) C {(x1,...,zn,y) €My x, €y +V_} (5.18)

and is symmetrical under permutation of the first n entries, it is thereby sufficient to
consider the particular case where x,, € y + V_\{y}. In this case it holds

Moi(Li(en), Q) = R (@ien1Lilws) @ Lu(en), Qy) 5252

+ Z R (®i€ﬂ\{k} Li(z;) ® Ly (), Q(y) 6§;E$) ))
k=1

+ Z R(®ier Li(x:) ® Lu(xn), AV (@5esLi (2); Q1))
IuJ=n-1

where the locality of the distributions AlI(®;esL;j(2;); Q(y)) for |J| < n is used.
Now we apply the GLZ Relation to each term and take the support property of the
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retarded products into account. This yields

My 1(L(x1),...;Q(y)) = Z {R(@ieILi(xi)a Lyn(ry)), R(®jesLj(xy), Q(y)(si—tiz))}

IuJ=n—1

n—1
Y Y {R®erLi@) La@a), R(@jes L), Q) 5 }
k=1 1uJju{k}=n—1

+ > Y {R@iexLi@), Lu(en) R(@ier Liw), AN (@je,Li(w;): Qw))) }-

IuJ=n—1KUL=]
(5.19)

To transform the last term we use the induction hypothesis (5.16) written in distribu-
tional form,

Y. R(@erLi(@m), AV (@jesL;(25); Q) = R(®ienLi(x:), Q(y)) 2555
LUJ=H

—R<®16HL¢(x¢),Q<y>5is<g)>—;IR(@iEH\{j}Li(xi),Q(y) My)' )) (5.20)

for all H C n — 1. After rearranging the sums the last term in (5.19) is equal to

= Y {B®erLi@), L), R@es L), Q)5 |

IuJ=n—1

Y Y B, L) B L), Q) L))

k=1 ITUJuU{k}=n—1

+ > {R@ier L), La(@a), R@jesLi(@;), Q) 5255 | (5.21)
IuJ=n—1

The last term in (5.21) can be transformed by using the identity

{F, P(2)23%5} = {F, P(2)} 322, F,P(x) e F (5.22)

(which follows from the fact that the 2-point function H,, is a solution of the free field
equation) and by applying the GLZ Relation:

> {B@erLi). Lo@a)) R(S5esL(;), Q)52 |
IuJ=n—1

= Z {R(®¢€1Li(xi),Ln(xn)),R(@)ngLj(xj),Q(y)) 5?0—5(2)

IuJ=n—-1
= R(Li(21) ® - ® L), Q1)) 5232

Summing up the first two terms in (5.19) and the first two terms in (5.21) cancel and
we get the desired result

050

M1 (La(21), - Q) = R(L1(21) @ - -+ @ L (), Q(y))&p(y)

(5.23)
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Y(z1,...,%n,y) ¢ Dpt1 which proves the locality of A’j.

The statement (5.14)-(5.15) about the distributional kernel of A7} is verified as
follows: we insert the distributional kernels of the retarded products into the right-
hand side of (5.17) and use

oL

64 L(g) = /dﬂf dy g(z) h(y) Qy) Y _(9"6)(x —y) W(w) (5.24)

a

and the inductive assumption.

The conclusion =" of property (iv) is obvious from (5.12) and ’<=’ follows induc-
tively for A% (S®"), because the right-hand side of (5.17) (for F} = ... = F, = S)
vanishes in that case if A% =0 Vk <n.And Ay(ed) =0 VS implies Ay = 0 by the
polarization identity.

The crucial property that Ay (Fy @ --- ® F,) = O(h) for all n > 0 and F; ~ h°,
follows immediately from the validity of the classical MWI and limj_.g R = R by
using property (iv). O

Mostly we will omit the index n of A’} and its kernel A™.
Up to here we only assumed that the R-product satisfies the basic axioms. If it
fulfills renormalization conditions, then corresponding properties of A4 are implied.

Lemma 8. (i) The axioms Pi—(]ovariance, Unitarity, Field Independence and Field
Equation, respectively, imply corresponding properties of A :
- Pl-Covariance BrAa(ed) = AﬁLA(egLS) , VL e 771 ;
— Unitarity Aa(ef)* = Aus (eg) ;
— Field Independence

) 08

5o() AA(S®") = Au (SP™) + n A (S g 5<p(x)) , (5.25)
where A, is obtained from A (5.10) by replacing Q(y) by ggé;’; :
e ] 05,
A, / dy h(y) 53((5)) 52 (;) € Jso ; (5.26)
— Field Equation
Asa=0 if A:/da:h(x) 05 , YheDM) ; (5.27)
dep(x)

(i1) Let gj € DM), L; € P. Assuming that the R-products satisfy the axiom Field
Independence, there exist linear maps P : P(HY — P (where a runs through
a finite subset of (N)™), which are symmetric in the first n factors, such that
A"} can be written as

A% (L1(91) ® ... ® Lulgn)) =

3 /da: h(w) 0 g () ... 0% gu(z) PM(In ® ... @ Ln; Q)(z) . (5.28)

ae(Ng)™
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Proof. (i) We prove all properties for the components A", of A4 by induction on n.
We verify that the right-hand side of (5.17) fulfills the assertion by using the pertinent
property of the R-product and the inductive assumption.

In case of the Field Independence we additionally take

JA 5250
s = At [ i) QW) s (529)
5(5485) 5S
So(e) = 04xS + ( 5005) ) (5.30)

into account.

Field Equation: for A = [dxh(x ‘;Sg the MWI reduces to the off-shell field
equation in differential form, which is equivalent to the integrated version (3.8). The
assertion follows by means of property (iv) of A4 in Theorem 7.

(i4) The statement is a simplified version of Proposition 4.3 in [16]. The proof,
which is given there in words, is carried out here explicitly, since these formulas will
be used below in the proof of part (i7) of Prop. 10.

The Field Independence (5.25) translates into a corresponding relation for the
distributional kernel (5.14):

wia:) A®)=1Li(2;): Q) =
ZA(@)J(#)L (z;) ® 5ng ))7Q( )) ( ;P_le(xj);%(xy;) . (5.31)

=1

We insert this identity into the Taylor expansion of A(®"_; L;(z;); Q(y)) with respect
to ¢. This yields the causal Wick expansion

l
A(®] lL mJ Z Z Calu (A1l yee3@1...QL

slaig,;,aj
oL N 0'Q
=Lo(9eing).. 8(8‘“% ©) (a); 9(0%1¢)...0(0% p) (y)))

“wo (A (®
no L 1

H(H 3“”1'%0(%)) JTo%ew) (5.32)

i=1 ji=1 j=1

1
where Clllu Q11 5--03Q1...00
1
...®F,) is a local functional. Therefore, the support of wg (A(% (21)®...; %—Q(y)))
is located on the diagonal {(x1, ..., 2, y) | z; =y Vj}. Hence this distribution is of the
form

is a combinatorial factor. Now we crucially use that A4 (F; ®

wO(A(a(;lfl (€1) ® .. %(y))) =3 (86 (@1 — Yy —y), (5.33)
b

with constant numbers C}, which depend on the field polynomials in the argument of
A. The term with index b gives the following contribution to A4(L1(g1)®...® Ly (gn))
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(5.14):

(—1)“’| /da:l...dxn dyd(xy — Yy ooy Ty — Y)
n l; l

()08, o (91@)wgn(en) - TT(T] 0%0@n) - T 0%etw) . (5.34)

i=1 ji=1 j=1

where we have omitted constant factors. By reordering the sums we write A 4(L1(g1)®
... ® Ly (gn)) in the form (5.28). Since A4 (L1(91) ® ... ® Ly (gn)) is multilinear in the
fields L4,...,L,,Q and symmetric in Ly,...,L,, the maps P must satisfy corre-
sponding properties. O

We turn to the scaling behaviour of A4. Assuming that the R-products satisfy the
axioms Smoothness in m > 0, u-Covariance and almost homogeneous Scaling (3.16),
the map (S®" ® A) — A" (5%1) does not scale almost homogeneously in general.

Namely, for non-vanishing mass we are faced with m-dependent inhomogeneous poly-

(m)
nomials: Sém) = 50 € Phom , 65# ¢ Phom and, hence, A™ = A is in general not

in Phom- In typical applications of the MWTI (see e.g. the O(N)-model in Sect. (5.4.4)
or current conservation in QED) the simplification appears that @); is independent of
550

m and the m-dependent terms of g%?_ cancel in A = [dz > Qj(x) oty But even

with that, o, Affp;;;n’“)((ap_l S$)®m) is in general not a polynomial in (log p): proceed-
ing inductively the first term on the right-hand side of (5.17) does not scale almost
homogeneously due to the mass term in %ﬁ.m

For this reason, we assume here the axiom Scaling Degree (3.19) instead of
Smoothness in m, p-Covariance and almost homogeneous Scaling.

With this weaker assumption we are going to derive a corresponding scaling degree
property of A4 and an upper bound for the mass dimension of A 4(S®™") which does
not depend on n if S is a renormalizable interaction. For the latter purpose we have
to define the mass dimension of a local functional. We use that every F € Fc can
uniquely be written in the form

Fe Z/dwgi(x) P(z), g€ DM), P Pou . (5.35)

With that we define
dim F ' max; dim P, (5.36)

This definition is minimal in the following sense:

12In detail: from the derivation of the classical MWI (5.4)-(5.5) it follows that the scal-
ing of the right-hand side of the anomalous MWI (5.12) must be such that the mass m in

(m)
R(™#) and in 6i()(y) has the same value that is the scale transformation reads [dyh(y)o, o
ssle” ™

Sely) -

_ o'_IS _
R ma (e 7 o7t Q(y))
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Lemma 9. Let
F = Z/dwgi(x) Bi(z), g e€DM), B;eP. (5.37)
Then it holds
dim F' < max; dim B; (5.38)

Proof. Every B; can uniquely be written as B; = ) ; pi;(0) Pij, Pij € Ppal, where
pi;(0) is a polynomial in the partial derivatives [16]. Inserting this into (5.37) and
shifting the derivatives to the test function we obtain the unique representation (5.35)

of F'. The assertion follows from dim P;; < dim B; Vi, j. O
From A = [dyh(y) Q(y) 5‘;—‘?;) we conclude
dim(A) < dim(Q) + dim(‘;ﬁ) where dim(‘;ﬁ) — dim((0 + m?)p) = # .
P 14
(5.39)
Analogously the relation d45 = [dy h(y) Q(y) % implies
: : : : . i d—2
dim(d45) < dim(Q) + dim(S) — dim(p) = dim(Q) + dim(S) — —— . (5.40)

With these tools we are ready to formulate and prove the following Proposition.

Proposition 10. (i) Scaling Degree. If the R-products fulfill the axiom Scal-
ing Degree (3.19), then the scaling degree of the wacuum expectation value’ of
A(L1(21) ® ...; Q(y)) is bounded by

d+2

sd wo (A(®y:1Lj(xj); Q(y))) < dimLi+dimQ+ —— . (5.41)

i=1

(i1) Mass Dimension. If the R-products fulfill the azioms Field Independence and
Scaling Degree (3.19), then the mass dimension of As(F1 ® ... F,) is bounded

by
. -~ . , d+2
dmAL(F1 ®...Q F,) §Zdlm(ﬂ)+dlm@+?—dn . (5.42)
i=1

For a renormalizable interaction, that is dim(S) < d, this implies

2
dim Ay(e) < dimQ + d% . (5.43)

Note that for a renormalizable interaction the upper bounds on the mass dimension
of A (5.39), 645 (5.40) and A4 (ef)) agree, as one expects because the sum (A+ 845+
Aa(ef)) appears in Theorem 7.
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Proof. (i) Proceeding by induction on n we apply wg to (5.15) and estimate the scaling
degree of the resulting terms on the right-hand side by using

sd wo (R(®;L;11Lj(xj); Ln(:cn))) <Y dimI; , (5.44)
j=1

which follows from (3.19). (In contrast to (3.19) we do not assume L; € Phom.) For
example we obtain

s () L3235 Q00) (07t — ) 5 (a0)

<y diij+dimQ+dim( oLy )+sd(8“5)

i) 9(9%¢)
n 2
=> dimL; +dimQ + d% : (5.45)

j=1

The same bound results for all other terms. (The vacuum expectation value of the
last term vanishes.)

(iv) We may assume F; = L;(g;) with L; a balanced field, L; € Pypa. With that
it holds dim(L;) = dim(F;). We use the formulas derived in the proof of part (iz) of
Lemma 8, in particular the causal Wick expansion of A(®;L;(z;); Q(y)) (5.32). (In
the formulas given below the indices have precisely the same meaning as in that proof.)
Looking at (5.33), we get an upper bound for the scaling degree of the left-hand side
by means of (5.41). This implies that the range of b on the right-hand side of (5.33) is
restricted by

n 1
- d—2
< i - -~
bl +dn < ;(dlmBl JZ_IQ%J + =5 ))
!
. d—2 d+2
+dlmQ_;(|aj|+T) L2 (5.46)
All terms of Ax(L1(g1) ® ... ® Ly, (gn)) are of the form (5.34) where |b| is bounded by
(5.46). Due to Lemma 9 the mass dimension of the functional (5.34) is bounded by

n I 1
- d—2 d—2

S (lawl + =) + - (lasl + =) + 1o

i=1j;=1 J=1

- d+2
< dim(B;) + di —— —dn. 4
< ; im(B;) +dim @ + 5 n (5.47)
This implies the assertion (5.42). O
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5.3 The MWI in the proper field formalism, and the Quantum
Action Principle
In the literature the Quantum Action Principle (QAP) is formulated in terms of time

ordered products. Hence, to be able to compare our results with the QAP, we first
rewrite Theorem 7 using T-products:

Lemma 11. Using the assumptions and notations of Theorem 7 the anomalous MWI
(5.12) can equivalently be written in terms of the time-ordered product:

i i S0
T(ES/" @ (A+ 645+ Aa(el)) = /dyh( e e Qs
Proof. Using the formula of Bogoliubov (4.15) and the identity
05 550
F x =F R F. 4
(F*G)- o * (G 690) VF,G € F (5.49)
(cf. (5.22)), where - denotes the classical product, we obtain
T(ex ™M) * T (" @ (A+ 645+ Au(el))) =
=1 T 5
T(eg"™) x (/dyh( )T ("™ @ Q(y) SO ) (5.50)
Multiplication by T(eg/h) from the left yields (5.48). O

As shown in (5.9) the MWTI is satisfied by Tiree, i-€. it can be violated only by the
contribution of the loop diagrams. To concentrate the study of the solvability of the
MWTI to that terms for which the MWTI is a non-trivial condition, we reformulate the
anomalous MWT (5.12) within the proper field formalism introduced in Sect. 4.

Corollary 12. The anomalous MWI in Theorem 7 can equivalently be expresses in
terms of the vertex function I'p (defined in Prop. 4):

5(50 + FT(e%))
op(x)
Proof. Applying (4.19) on both sides of (5.48) we obtain

/da: h(z)Tr (e ® Q) —Tr(eS @ (A+ 645 + Aa(l)). (5.51)

Tosee (e D" @ Tr(ed ® (A + 645 + Aa(ed))))
e 55,
/dyh oo (™" 9T (5 © Q) ) 1=

dely)

On the right-hand side we use the classical MWT in terms of T-products (5.9) and
obtain

(S0 + FT(e%)))
de(y) ’

which leads, by means of (4.13), to the assertion (5.51). O

1 T ES
=T (2" 0 [y gPr(ed © Q)
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def

To compare this result with the literature, we introduce I'(Sp, S) = Sy + I'r(e3)
and, motivated by (4.27) and (4.38), interpret I'(Sp,S) as the proper total action
associated with the total classical action Si,y = So + S. In addition, we introduce
‘insertions’ (see [10]) in our algebraic formalism: let P € P be some field polynomial
and p € D(M) some testfunction (in the literature often called ’external field’). We
define the ’insertion of P(z)’, usually denoted® by P(z) - T'(Sp,S), as follows:*

P(z) - T(So, §) & 5/}‘;) ‘pEOF(SO,S+ /dmp(m)P(m)) =Tr(ed @P). (5.52)
We denote by S = S + [drp(2)Q(z), p € D(M) the modified classical interaction
containing a coupling to the external field p, and write A4 (e3) = [dz h(x A(e®, Q(x))
with A(e2; Q(z)) € D(M,P) (Lemma 8(ii)). Using this notation and the fact that
the anomalous MWI (5.51) is valid for all h € D(M), we rewrite (5.51) in terms of the
proper total action:

0I'(So, S") 6T'(So, S7)
op(z)  dp(x) lp=0
where the local field A(z) is given by A(z) = Q(x)*2t2) + A(eS;Q(x)). This
formulation of the anomalous MWTI is formally equivalent to the general formulation
of the QAP in [10]. Note that due to property (v) in Theorem 7 and (4.27), the
hi-expansion of the right-hand side of (5.53) starts with

= A(z) - T(So, S), (5.53)

5(So +9) 5(So+5) (S0 + 5")
() ép(z) dp(z)  lp=0

which is completely analogous to the expansion of the right-hand side of the QAP in
[10]. Moreover, for a renormalizable interaction S, the mass dimension of the local
insert[ion] A(z) is bounded by dim@ + d—;r? = dim@ — dimp+d (Prop. 10), in agreement
with [10].

A(z)-T(S0, 8) = Q(x) +O(h) = +O(h), (5.54)

5.4 Removal of violations of the MWI
5.4.1 Fulfillment of the MWI to first order in S

Before we are going to investigate the question whether the MWI can be fulfilled in
a concrete model (i.e. for a given A € Jioc and a given interaction S € Fioe), wWe
will show that the MWI can always be fulfilled to first order in the interaction 5.
Apart from the interest in its own, this result will be needed in our proof of the Ward
identities of the scalar O(NN)-model (Sect. 5.4.4).

13The dot does not mean the classical product here!

4Note, that in the setting of causal perturbation theory the introduction of external fields in
order to express ’'insertions’ or nonlinear symmetry transformations is — in contrast to conventional
perturbation theory — not necessary.

I5E.g. the axial anomaly of QED is of second order in the interaction.
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Proposition 13. Given A = [dyh(y)Q(y) 5(;?;) (with Q@ € DM, P)) and S € Fioc

there exists a retarded product Ry 1 which fulfills all renormalization conditions (spec-
ified in Sect. 3) and

050
dply)

Proof. We start with T-products resp. retarded products satisfying all renormalization
conditions. For simplicity we work in the proper field formalism. From the anomalous
MWTI (Cor. 12) we obtain to first order in S

(550 (550 )
5 (y) dp(y)/

By inserting the Wick expansion (3.7) of I'r (which holds since I'r fulfills Field Inde-
pendence), we find that the terms containing no contraction of 55% cancel. It remains:

Ri1(S, A) 1648 = / dy h(y)Rur (S, Q) (5.55)

) —Tr(S @ Q(y)) (5.56)

8a(8) =~ [dyhty) (Pr(s @ Q)

550
dp(y)

Ba(8) == [drdyg@hp) 3 wo(Tr(Z(@) ©Tw)

LCL,QCQ

))L@QMy) (5.57)

where we write S = [dxg(z)L(z), ¢ € D(M) and sum over all subpolynomials
J— 1 . a

P = W of P e P (for P = L, Q), denoting by P = ﬁnézla i the
corresponding ’counterpart’ (see (3.7)). Due to locality of A4(S) the distributions

wo (I‘T (L(z)@Q(y) 5‘;‘?2) )) are supported on the diagonal {(z,y)|z = y}, cancellations

of non-local terms on the right-hand side of (5.57) are impossible. We are searching
a finite renormalization I'y — I'py which removes the violating term A4(S). Due to
(4.33) a renormalization of I'r(S ® F') must be of the form

Ir(SQF)=Tr(S®F)+D(S®F), VF € Foc, (5.58)

with D satisfying the properties listed in the Main Theorem. To obtain a field in-
dependent D we construct it from its vacuum expectation values by the causal Wick
expansion (3.7). Obviously, setting

et def — _ 58
5@(2))) = —uy (Tr(Z(2) © Q) 5@(;))) : (5.59)

the corresponding I'; satisfies the MWI to first order in S. Here we essentially use
that the distribution on the right-hand side has local support. One verifies easily that
D (and hence the resulting I'r) satisfies all renormalization conditions. O

wo(D(Z(2) 2 Q)

5.4.2 Removal of possible anomalies by induction on the order in &

The formal equivalence of the anomalous MWI (written in the form of Cor. 12) and the
QAP makes it possible to apply basic techniques of algebraic renormalization within
the framework of causal perturbation theory. The main idea underlying algebraic
renormalization is to start with an arbitrary renormalization prescription; with that
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the considered Ward identities are in general broken. Proceeding by induction on the
power of A, the question whether one can find a finite renormalization which removes
the possible anomaly (i.e. the local terms violating the Ward identity) then amounts
— by means of the QAP — to purely algebraic (often cohomological) problems.

We will apply this strategy to the MWI in the proper field formalism (which is
given by (5.51) with AA(e%) = 0): given A € Jioc and S € Floc, We are going to
investigate whether possible anomalies of the corresponding MWI can be removed
by finite renormalizations of I'r (4.33). Proceeding by induction on the power of A,
we assume that for a given map ngk ) (which satisfies the renormalization conditions

Unitarity, ’P_L—Covariance, Field Independence, Field Equation and Scaling Degree, see
Lemma 6) the MWI is violated only by terms of order i*; that is in the anomalous

MWTI (Cor. 12) for Fgc),

) (eé ® (A+ 5AS)) +T7 (e © AP (e3)) =

(k) (.8
®) (.S 6(So + 'y’ (ez))
dy h(y) TW (5 ® 0T CT el 5.60
[T (£ 0 Q) =t (5.60)
the violating term can be written as
TP e 0 AW () = AP () +omr+Yy, AP () = o@rb) , (5.61)

where (4.27) is used. Note that, due to Theorem 7 (v) and (4.27), any vertex function

I'r fulfills this assumption (5.60)-(5.61) for £ = 1 and, hence, can be used as I‘gpl).

To fulfill the MWI to k" order in A (and to maintain the other renormalization
conditions), we have to find a renormalization map D) (with the properties ()-(v)
and (vi)(B) of the Main Theorem) such that

iy (e% ® (A + 5AS)) +O(r*) =

6(So + F(k+1) e
Javnwd (e 0 @) 5o ) e
with ch + given by
(B) (o F
T+ (o F) — plb) (eg ( ®)) VF € Fioe - (5.63)

To maintain the validity of the MWI to lower orders in & we choose D) to be of the
form

DW (k)= F+ D¥ (L), DY (L) =0(h"), VF e Fipe, F~R .  (5.64)

This implies
#) (F
eo ) = el + ef @y DU (eE) + O(HFTY) (5.65)
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(where ®gym denotes the symmetrized tensor product) and

TED(eS) = TP () + DY) (e5) + O+ | (5.66)
Ppeg @ F) =T (e @ F) + DX(G @ F) + O, (5.67)

We insert the latter two equations into our requirement (5.62) and use the inductive
assumption (5.60)-(5.61). It results

AP EE) = DI (S @ (A+645)) —5aDE)(ed)
/dyh ) DY) (eS @ Q(y) St L o). (5.68)

The violating term A(k) (e®) is inductively given by I‘(k). If we succeed to find a
corresponding map D fulﬁlhng (5.68) and the properties of a renormalization map,

then the pertinent ﬁmte renormalization removes the ’anomaly’ qu)(e@)). However,

since D(>k1) appears in (5.68) several times with different arguments it seems almost

impossible to discuss the existence of solutions in general.

5.4.3 Assumption: localized off-shell version of Noether’s Theorem

In various important applications of the MWI the search for solutions D(>k1) of (5.68)
is simplified due to the validity of the following assumption. In the given model the
total action'®

So+S(g) (with S(g Z K" Sn(g9), Sn(g) = /d;v (g@)™ Ln(z), g€« DIM), L, € P)

n>1

is invariant with respect to the symmetry transformation

0a = /dy h(y) Q(y) 5o = Z k"84, (correspondingto A = Z K" An, An € Jioe)
n>0 n>0

in the following way: there exist
o acurrent j#(g) = Y00 K" j2(g) . j2(9)(x) = (9(x))" j#(x) (with ji € P) and

o a Quvertex’” LWK(g) = o k" LY (g), LD (g)(@) = (g(x)" 1 £ (2)
(with £ * € P)

such that

SalSo + 8(9) = A+ 8aS(9) = [ duhi@)(8,4"(9)(@) ~ £V (9)(x) ugle)) (5:69)

164 denotes the coupling constant.
17The name ’'Q-vertex’ is due to ’perturbative gauge invariance’ [30], which is related to BRST-
symmetry.
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in the sense of formal power series in k. To zeroth order in x the assumption (5.69)
reads

54,50 = Ao = / do h()d, 0 () | (5.70)

where jy is the symmetry current of the underlying free theory. This simplifying as-
sumption can be interpreted as the validity of an off-shell version of Noether’s Theorem
for the case that the interaction and the symmetry transformation are localized. It
is satisfied e.g. for the scalar O(IN)-model treated in Sect. 5.4.4 and for the BRST-
symmetry of (massless) Yang-Mills theories, massive spin-1 fields and massless spin-2
fields (gravity). For the interacting scalar O(N)-model (see Sect. 5.4.4) the simplifica-
tions A = Ag, 645 =0, L) = 0 and j = jy appear. However, for the BRST-symmetry
04 and j are generically non-trivial deformations of 44, and jo, and J45 and £® do
not vanish.

Ezxample: BRST-symmetry. We are going to verify that the above mentioned models
satisfy the assumption (5.69). Our argumentation is based on conservation of the
classical BRST-current. For constant couplings (i.e. g(x) = 1 V) there is a conserved
Noether current j = > < K" jn, due to the BRST-invariance of the total action. We
use these j,,’s to construct the BRST-current of the corresponding model with localized
coupling kg(z) (g € DM)): we set j(g)(x) := 3, ~o(kg(x))" jn(x). The violation of
the conservation of j(g) is expressed in terms of the Q-vertex [13, 2, 1]: in Sects. 3
and 4 of [27] it is shown that for the considered models there exists a Q-vertex £(1)(g)
such that

Ra (e, / Az h(2)(Dj(9) (@) — LD (9)(@) ug(@))) € T . (5.71)

Proceeding by induction on the order in k£ and using the MWT (as it is worked out in
formulas (190)-(191) and (152)-(157) of [1]) one finds that (5.71) is equivalent to the
sequence of relations

Ay = /dx h(z) 0jo(z) € Jioc (5.72)

and

n—1
Api= =3 64,Suilg) + / dz h(z) (ém(g)(x) - LM (g9)(x) 39(%)) € Joe  (5.73)
=0

for n > 1. This yields our assumption: with (5.72) the condition (5.70) holds true
and (5.73) implies A,, = §4,S0 and with that (5.73) gives (5.69) to nth order in .
da =D ,>0kK" 04, is a localized version of the usual BRST-transformation.

We point out that the nilpotency of the BRST-transformation is nowhere used.
Every model fulfilling the local current conservation (5.71) (with S(g), j(g) and £ (g)
of the above form) satisfies our assumption (5.69) if the symmetry transformation 04
is defined by (5.72)-(5.73).

Assuming now the validity of (5.69), we are going to derive a simplified version of
(5.68). For shortness and coincidence with the notations of the preceding Sects. we
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write S, j and L) for S(g), j(g) and LM (g), respectively. For the time being, we
additionally assume that the testfunction h satisfies h(z) = 1 for all « € supp(d S/d¢p).
With that Aff) (%) is independent of the choice of h within this class and h can be
replaced by the number 1 (see Lemma 8(%i)). h does not appear also on the right-hand
side of (5.68): namely, due to our assumption and the locality of the map D(>k1) (see
Theorem 3, (i)) we obtain

DY) (e o (4+618)) = [y (97 DL (5 @ () ~DE (e 0 £V (0) 0,9(0)

=0 for y¢supp(85/dp)

(5.74)

and, using again the locality of Dg? , (5.68) simplifies to the condition

A9(ed) =~ [dy (DY (e3 Q) L2 + DY (e2 £ w) 9(w))
—sDH) (8) + oy (5.75)

where A®) (e2) < AW (¢5)],,=1 and § is the non-localized version of 6 4:

5 def )
dz Q 5.76
J ez (5:70)
(5.75) is a simpler condition than (5.68) for the following reasons: Since in (5.75) the
localization of the derivation d 4 is removed (i.e. h is replaced by 1), techniques of alge-

braic renormalization can be used to find a D! 1) which solves (5.75) (see Sect. 5.4.4).

In addition the D(>1) (2, ® 0j)-term vanishes.

However, we want to solve the MWI for general h € D(M).!1® To investigate
whether (5.75) is also sufficient for the more involved condition (5.68) for arbitrary
h, let a solution D(>1 of (5.75) be given. We point out that the map D(l) is not
completely determined by that, only the combination of Dgcl) (e2), D(>1 (ef ® Q) and
Dgcl) (e2 ® LW) appearing on the right-hand side of (5.75) is fixed. We claim that,

given such a D(>1), there exists a linear map K* : TF,. — D(M, P) with the property

AP (e3) = /dyh<y>(auK“<e%><> DY) (e8 © Q(y)) LD
—D¥) (2 ®L<1()ag(y))>—5Apff(e®)+0(hk+1) (5.77)

for all h € D(IM) and with K#(1) = 0. The latter condition is compatible with (5.77),
because to zeroth order in « the condition (5.77) reduces to [ h 0K (1) = O(h*T!), due
to DX (1@ F) = DF)(F) = 0 (VF, see (5.64)).

To show the ex1stence of K*, we first prove the following Lemma, which describes
the difference between d4 and ¢ with respect to their action on local functionals:

I8For example this is used in the derivation of our version of the QAP (5.53) from the anomalous
MWI.
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Lemma 14. Let be given F' € Fioc, | € D(M,P) and a localized derivation &, =
[dx h(x)Q(x)%(w), h € DM), Q € P, such that the corresponding non-localized

derivation § = [dx Q(x)ﬁs(z) satisfies
OF = /d;vl(x). (5.78)

Then there exists a k¥ € D(IM,P) such that the following localized version of (5.78)
holds true:

OnF = /da:h 2) + Ok (x)) - (5.79)

Proof. Let f € D(M,P) with F' = [dy f(y). Carrying out the functional derivative in
(5.78) we conclude

=) 0Q f () 4 0,k () (5.80)

aeNg SD)

for some ki € D(M,P). On the other hand we obtain

— di of
SpF = /da: ae%da a(aa )( )
f
= dz h(z °Q () + [ dxh(x)0, kb () (5.81)
/ a%\f:d (P) /

for some other k5 € D(M,P). Hence, setting k* = —k|' + ki we obtain the assertion
(5.79). a

To prove (5.77) we use that Aff) (e5) can be written as
AP (e5) = / drh(z) AR (e5:Q(z)) with AW (e3:Q(x)) e DM, P),  (5.82)

due to Lemma 8(ii). Hence, (5.75) can be written in the form 6 F = [+ O(hF*1)
(5.78) with F = D{¥)(e2) and
k k X
() = DY) (e Q@) 222+ DY (e 2LD () dg(2)+AM (5 Q(x)) € D(M, P) .
(5.83)

With that Lemma 14 yields our assertion (5.77).

We conclude that a solution of (5.68) can be obtained from a solution of (5.75) by
setting

DY) (e @ "(y)) = K*(e2)(y) . (5.84)
provided this does not lead to any contradictions with the partial fixing of D in terms
of D) (ef), DY) (ef ® Q) and D) (e2 ® LW). Due to the causal Wick expansion
(3.7) and the Field equation D(>k1) (e ® 8%p) = 0 (see Theorem 3,(7ii)), this is the
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case whenever the intersection of the subpolynomials of j with the subpolynomials

of Q, LMV or £,, (¥n € N) contains only numbers and terms which are linear in the

field ¢ itself or partial derivatives thereof.!® Note that (5.84) satisfies the condition
k), .

DY (j) =o0.

Remark: If @ is linear in ¢, the maintenance of the Field Equation requires Dgcl) (e% ®
Q@) = 0 (Theorem 3). With that the right-handed side of (5.75) vanishes to first order
in x up to terms of order A**!. That is the condition (5.75) can only be satisfied if
AP (S)) = O(K*+1). Hence, following the proof of Proposition 13, we first perform a
finite renormalization which maintains the considered renormalization conditions and
removes the term ~ h* of A%)(Sl). This can be done such that Aff) (e2) = O(RY)
is preserved. Namely, since A%)(Sl) = O(R*) the vacuum expectation values on the
right-hand side of (5.57) are of order A* and, hence, the pertinent renormalization map
D (5.59) can be chosen of the form (5.64).

5.4.4 Proof of the Ward identities in the O(N) scalar field model

As an application of the developed formalism we will prove that an off-shell general-
ization of the Ward identities expressing current conservation in a scalar O(NV)-model
can be fulfilled to all orders of perturbation theory. Our strategy is based partially on
techniques of algebraic renormalization described in detail in [10].

We consider a multiplet of N scalar fields ¢;(z), i = 1,..., N, transforming under
the defining representation of O(N) — the group of orthogonal N x N matrices —2°

p; — Aij‘Pj R Ac O(N)Ql (585)

Let {X“|a=1,...,3N(N — 1)} be a basis of the Lie algebra o(N) of O(N), and fb
the corresponding structure constants,

(X, X°) = fabexe . (5.86)
The dynamics of our model is given by the free action

So = %/dm (0" 0i(2)upi(x) — m*pi(x)pi()) (5.87)

and the localized, O(N)-invariant interaction

S = /da: g(x) (tpz(a:)gpl(x))Q with g€ DM) . (5.88)

Since the free action Sy is invariant under the transformation (5.85), there exist
$N(N — 1) conserved Noether currents j¢ = X{ ;0. ie. the local functionals

19Tn QED this condition is not satisfied; one has to discuss the individual cases to see that the
definition (5.84) does not lead to contradictions (see e.g. [13]).

20By setting ¢ = %(gpl +ip2) and ¢ = %(cpl —ip2) the O(2) model can be seen to be equivalent
to the well known U(1) model of a complex scalar field ¢.

2lrepeated indices are summed over;
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A* = [dx h(x) otj;(z) (with arbitrary h € D(M)) are elements of the ideal J gener-
ated by the free field equations:

A =640 80 € T, with g0 = /d;v h(z) Xi: @j(x) (5.89)

dpi(z)

Essential simplifications of this model are the validity of (5.69) in simplified form and
additionally that @ (5.10) is linear in ¢.

The conservation of the interacting currents (jj;)s = R(eZ, Jji;) follows from the
MWTI for the given A% and interaction S:

0Sg
dpi(w)

Regarding the question whether (5.90) can be fulfilled to all orders, we start with an

‘/ﬁxh(mﬁwlﬂe%,ﬂﬂmﬂzzfﬂe%,A@):t/ﬁmhcw (€, Xtipy()) (5.90)

R-product satisfying the renormalization conditions Unitarity, Pl—Covariance, Field
Independence, Field Equation and Scaling Degree. Then, the Ward identities (5.90)
may be violated; however, Theorem 7 guarantees the existence of local maps A 4a :
TFioc — Floc such that

050
dpi(x)
To find a finite renormalization of the R-product which removes R (e, A4« (e3)),

we follow the technique described in the preceding sections: we assume the existence
of a I‘g,fc) such that (5.90) is fulfilled up to terms of order i, i.e.

R(e®,A“ + Aga (e®)) /d;v h(z )R(e®,X”g0j( x)) (5.91)

3(So + T (e2))
dpi(y)

where Affa) (e5) = O(R*). (The Field Equation for Fg,fc) (Lemma 6) is taken into
account.) First we perform a finite renormalization which maintains Aff(? (ef) = O(h¥)
and the mentioned renormalization conditions and which removes the terms ~ h* of
Ag?(S). Due to the requirement Dgcl) (e, ® ¢) = 0 (Theorem 3, (iii)), the condition
(5.75) simplifies to

r§?>(eg®Aa)+A;< 5)+ O(RF) /dyh ) X8 0i(y) (5.92)

AP (e8) = —5,DF) (e5) + O(RF ) | (5.93)

where we set ALY (e)= AAa (e2)],_, and 6a = [dz X ¢;(x )5%J - To fulfill (5.90)
up to terms of order A1, we have to solve (5.93) and to extend the definition of this
Dgcl) in such a way that condition (5.68) (for general h) holds true. The latter can be
done by means of (5.84), because the intersection of the non-trivial subpolynomials of
Jii with the subpolynomials of @ or (ipi)? is a subset of C .

It remains to show the solvability of (5.93). For this purpose we temporarily restrict
the functionals (2.1) in (5.92) to the space D(M) of compactly supported test functions
on Minkowski space. This permits us to perform the limit?? A — 1 in (5.92), ending

22This limit is done as follows: let h € D(M) such that there is a neighbourhood U of 0(€ M) with
h|y = 1. Then we replace h(z) by he(z) = h(ez) (e > 0) and perform the limit € — 0.
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up with the equation
5a(So + T (e2)) = AP (e8) + O(rF ). (5.94)
Furthermore, using (5.86) we obtain the identity
[0a;0b] = fabede (5.95)
which we insert into [dg, 0] (So + I‘gpk ) (e2)). This yields the consistency condition
3 AP (e2) = 5,00 (€3) = fure AP (e5) + O(RFF1Y . (5.96)

Due to the compact support of S, and the locality of Agk), each term in (5.96) has
compact support as well. Therefore, this equation holds true on the entire configuration
space C(M, R), i.e. the restriction of the functionals to D(M) can be omitted.

The consistency condition (5.96) is the cocycle condition in the Lie algebra coho-
mology corresponding to the Lie algebra generated by the derivations {d,} acting on
Floc. Trivial solutions are the coboundaries,

AR (ef) = —6,AW (e) + O(hF ) (5.97)
for some linear, symmetric and local map A®)  TFoe — Foe. If Ac(lk) (e%) is a
coboundary, the condition (5.93) can be solved by setting

PE(1) o, DH(S)L0o and DP)(5%7) L AR (%) vj>2,  (598)

due to AL (S) = O(RF1).

Hence, we only have to show that the present cohomology is trivial. In the literature
(see e.g. [10] and references therein) it is shown that every Lie algebra cohomology
corresponding to some semi-simple Lie group and some finite representation is trivial.
This result applies to our problem. Namely, O(N) is semi-simple and, since the mass

dimension of Agk)(e%) is bounded (5.43), the anomaly terms indeed span a finite
representation of o(/V). It does not matter that, in contrast to the literature, our
(k) (.8

(e

functionals are local. Note that D7 (e2) is not uniquely defined by this procedure.

6 Conclusions and Outlook

In algebraic renormalization the QAP is used to remove possible anomalies of Ward
identities by induction on A. We have worked out an analogous procedure for the
MWTI in the different framework of causal perturbation theory. The main difference is
that we work solely with compactly supported interactions S and localized symmetry
transformations § 4. Our main result gives a crucial insight into the structure of pos-
sible anomalies of the MWI, in particular with respect to the deformation parameter
h, and allows the transfer of techniques from algebraic renormalization into causal
perturbation theory.
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This yields a general method to fulfill the MWI for a given model. A first non-
trivial application is worked out (Sect. 5.4.4). The developed method seems to be
applicable to many models (as suggested by [2], [11] and [10]). Together with the
powerful tool of BRST cohomology it should make possible a proof of that cases of
the MWI which are needed for the construction of the net of local observables of
Yang-Mills type QFTs. (This would complete the construction given in [2].) A main
advantage of this approach to quantum Yang-Mills theories is that there seems to be
no serious obstacle for the generalization to curved spacetimes where the techniques
developed for scalar fields in [12] and [31] can be used.

A Proper vertices for R-products

A.1 Definition and basic properties

Before we introduce proper vertices in terms of R-products, we shortly consider the
diagrammatics of retarded products R(A;i(x1), ...; An(xr)).

For the unrenormalized expressions (i.e. for z; # x;, Vi # j) the diagrammatic
interpretation is unique. One can show that there are two kinds of inner lines which
symbolize A™" and HF , respectively, and are orientated. For tree diagrams only AT™*
appears and all inner lines are pointing to the distinguished vertex A, (x,). Solely
connected diagrams contribute to R; and R, is precisely the contribution of all tree
diagrams. Both statements follow from the inductive construction of the (R 1)nen
[16]. The decisive step is the GLZ Relation: {Fg, Hg} = ... . In the quantum case
there is at least one contraction between Fz and Hg, and in classical FT there is
precisely one contraction in {Fg, Hg }a.

For the renormalized retarded product we use these results as definition of the
connected and tree part: R° = R and Riree = Rel.

Analogously to (4.12)-(4.14) the property R(c)(1,F) = F implies the following
conclusions

R (e§?=1F"A",§:GnA“) —0 = Gn,=0 V¥n, (A1)
n=0
oo "= 6F, © Gaa" = 0Gn |,
A wo(Fp) =wo(Gp) Vn =— F,=G, Yn, (A.2)

which hold for the R-products of classical FT (Rc1) and of QFT (R). In classical FT
the statement (A.1) can be proved also non-perturbatively: 0 = Rcl(eg()‘), G(\) =
G(N) o 730 tF NS0 implies G(\) = G(\) o 750 FF NS0 o pSo.50+F(A) — ),

The concept of proper vertices has a clear physical interpretation when applied
to R-products, since Riee = Re. As explained in Sect. 2 the entries of R. may
be non-local. We want to rewrite an interacting QFT-field R(e3, F) as a classical

Tr(es . .
field Rd(e®R(e®),1}et(e%,F)) where the ’proper interaction’ I'z(ef)) and the 'proper
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retarded field’ T}et (e%, F’) are non-local and agree to lowest order in /& with the original
local functionals S and F' respectively. This is indeed possible:

Proposition 15. (a) There exist
— a totally symmetric and linear map

I'r : THoe — F (A.3)

— and a linear map
Let @ TFoc ® Floc — F (A4)

which is totally symmetric in the former entries (i.e. Thet (®;-L:1F,Tj, F) =
Let(®51 F, F)),

which are uniquely determined by the conditions

R(eS, F) = Ry (egﬂe%%rm(eg,m) , (A.5)
Eet(eév p(h)) = p(h) , h € DM) , (A.6)
Tr(1)=0,  wo(Tr(ed)=0. (A7)

(b) T'r and Tiey are related by

oTa(ed) | (s 65
e~ () )

that is, with (A.7), T'r is uniquely determined by Liet.

Compared with the defining condition (4.19) for I'p, there is more flexibility in
(A.5) since it contains two kinds of 'vertex functions’, I'r and LLet. To define the latter
uniquely, we additionally require (A.6) and (A.7).

Proof. (b) First we show that the defining conditions for I'r, Tlet given in part (a)
imply the statement in part (b). The off-shell field equation

5 ) 50 (S 5s )
Riap [ €2, = — Ry lez, —— |, A9
(e ( > 5o@) )~ Sp@) 0\ o) (8.9)

holds for R (QFT) and R (classical FT), in the latter case even for non-local entries.
With that and using the conditions (A.5) and (A.6) and finally (A.1) we obtain the
assertion (A.8).

(a) By expanding (A.5) in powers of S and using (A.8) and (A.7) we find an
inductive construction of I'g and I}¢ in terms of R and R:

Le(L, F) = R(F) = F7, (A.10a)
dp(z) E‘“(l’ Mx)) “ G TR =5, (A.10b)
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Eet(sv F) = R(S7 F) - Rcl(Sv F) (A]'OC)

6L R(S5%%) < dS ) ( sS ) ( 0S5 >
5o() 2Lt | S, ) RS, 5o() 2Raq | S, o) ) (A.10d)
Let(S¥%, F) = R(S®%, F) = Ra(S%%, F) = Ra(Tr(S%?), F) = 2Rai(S, Lee (S, F)) -
(A.10e)

We explicitly see that [}e¢ is not totally symmetric, it is retarded with respect to the
last entry.

Now let I'z(e3) and Lt (e, F') be constructed up to order n and (n—1) respectively
in S. Then, the condition (A.5) determines L (S®™, F') uniquely:

n e .
Lot (S¥", F) = R(S®", F) = ) <Z>Rcl (W‘A_ eg Ales) Eet(S®nk7F))

k=1

n n k k J
_ ®n Rn—k
“rsn -3 (1) 3 gt (@ e Bk p ).

k=1 =y i -1

R
(A.11)

From that and with (A.8) and (A.7) we uniquely get T'p(S®"+1). O

Remark: The roles of the conditions (A.6) and (A.8) can be exchanged. In the list
(A.5)-(A.7) of defining conditions, (A.6) can be replaced by (A.8). Then, (A.6) can
be derived from (A.5), (A.7) and (A.8) analogously to (4.30) and (4.31): proceeding
inductively we use (A.11), the integrated field equation for R and R, and (A.8).

Following the construction (A.10)-(A.11) we inductively prove the following prop-
erties of 'r, Tiet:

e h-dependence:

I‘ret(eg F) =F+ O(h) : 0

) f F,S~h". A.12

Tr(el) = S+ O(h) ' (4.12)

. Pl-Covariance, Unitarity (I'g(el)* = Ir(e3) and similarly for L),
Field Independence, Smoothness in m > 0, u-Covariance and Almost
homogeneous Scaling of I'y = an,p) and Lo = I‘YEET’”) (or, alternatively,
Scaling Degree).

In the proof of (A.12) we use R = Re + O(h), Ra ~ h°. The other properties rely on
the validity of the corresponding axioms for R and R, analogously to Lemma 6.

We point out that T'r(e3 ® ¢(h)) differs in general from ¢(h), in contrast to the
Field equation for 'y and (A.6). Namely, inserting (A.5)-(A.6) into the GLZ-relation
for [R(e3, ¢ (h)), (e®, (9))] we obtain

)
[ 1(6 =€3) o ),Rcl(egR( ®),s0(g))] =
(

Rae2r <e®>®pR<e®®¢g» o)) ~ Ra(eg™ © Ta(ed @ p(h), o(9)) - (A13)
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Due to the GLZ Relation for R, the left-hand side is equal to

Ra(e5" ) © o(0). o)) — Ra (6" © o). ¢(9))

+% {Rcl (egR(e%)wﬂ(h)) , Rer (egR(e%),w(g))} (A.14)

x(>2)

where £[-,],z2) = £[-, ]« — {-,-}a1. The assertion follows from the non-vanishing of
the [, -]*<22)—term.

Finally we study a finite renormalization R — R. To express the corresponding
renormalizations of I'p and I}e; in terms of the corresponding map D of the Main
Theorem we insert the defining relation (A.5) into both sides of (3.23). In the resulting
equation

D(eS)
A N I'r (e ® ) &S
Ra(ey ) D, F)) = Ra(eg *~ 7 Tafeg @D @ F)))  (A15)
_ 85 o 5 STR(eg)
we choose F' = 52 With that we may replace I'.e¢ (€3, F') by 5o and
e eD(e%)
Let (eg( ®), D(ef, ® F)) by %ﬁi). By means of (A.2) we conclude
A D eS
Pr(ed) =Tr(en ). (A.16)

We insert this into (A.15) and apply (A.1). This yields

A D ES
Pree(eS, F) = Tt (e®< ) D(eS ® F)) , (A.17)

A.2 Comparison of the vertex functions in terms of 7- and
R-products

The vertex functions I'p and I'g defined in terms of T- and R-products, respectively,
are both totally symmetric, nevertheless they do not agree. This follows from the
different forms of the unitarity property or, alternatively, from the non-validity of
Ir(ed ® ¢(h)) = ¢(h) for T'r. We are going to compare I'r with T'g to lowest orders
in S.

By using the definitions of I'r, I'yet (A.5) and I'r (4.19), as well as (4.15)-(4.16) we
obtain

Tr(ed
Rcl (6®R( ®)arret(e%7F)) =

i (1 — Three (egﬂeé)/h))*” " Tme(egﬂeé”h ®Tr(ed ® F)) . (A.18)

n=0

If we interpret I', 't and I'r as one vertex, then the lLh.s. contains solely tree
diagrams, but on the r.h.s. there appear also loop diagrams! This indicates that the
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relation of I'g to I'r is rather involved. To zeroth and first order in S we obtain

Tet(1,F)=T7r(1® F) = F | (A.19)
Tret(S, F) + Ra(S, F) = i/h Toneo(S® F) + T (S@ F) —i/h Sx . (A.20)

The terms ~ A~! and ~ kY of (4.15) read
Ra(S,F) =i/h Tiee(S® F) —i/h S xSV F (A.21)

where
onS
dp(x1) -+ dp(n)

h’l’b
S P =3 —'/dxl cdzndyy . dy,
n.

n<l1
o"F
6p(y1) -+ 00(yn)

T s~ w2) (A.22)
=1

In the same way we define S (22 F (i.e. S« F = S+ED F + §x(22) F) and e.g.
S+ F. With that (A.20) reads

Tr(S®F) =Tyet(S, F) +i/h S« F
1
=3 (rret(s, F) + Tyet(F, S) +i/h (S x22) F 4 F £(22) S)) . (A.23)
Using additionally the Field Independence of I'r and (A.10d) we find
0 i OF 08
—(r F)-T F)) = — (5+322 — 4+ Fx2 2 | A.24
590( r(S®F) —Tr(5® )) h(S* 5o T &p) (A.24)

Selecting the terms of second order in S from (A.18) we find

1/2T0et(S®%, F) + Raa(S, Tres (S, F)) 4+ 1/2 Ra(S®2, F) +1/2 Ra(Tr(S%%), F) =
1/2T70(S%? @ F) 4 i/h Tiree(S @ Tp(S @ F)) +i/2h Tiree(T1(S®%) ® F)
—1/21? Tiee(S®2 @ F) —i/h S« T (S @ F) + 1/h? S % Tiree(S @ F)
—i/2h D7 (S®?) % F +1/2h? Tiree(S®?) % F — 1/h* S« S+ F . (A.25)

To simplify this formula and to eliminate all vertex functions I'yet , I'g, I'r with two
arguments, we use (A.23), (A.10d), the Field Independence, as well as

G
5e(y)

and the corresponding expression for T (G, H), in addition (A.21) and the corre-
sponding identity

oH

5()@(33) A ({E - y)

Ra(G,H) = /dx dy (A.26)

1
1/2 Ra(S%%, F) = — (—1 /2 Toreo(S®2 @ F)

F(S*T(S @ F))ireo +1/2 (T(S92) % Fireo + (S % S % F)tree) , (A.27)
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and also
Tiee(SQF) —ihTp(S@ F)=T(S® F) (A.28)

(which follows from Corollary 5 and (4.11)). It results
1/2 (Teat (852, F) = (S @ F)) =

: 7 .
%/dxdy(S—Aret(x — ) (5*(22) ﬁ) + iRcl(S, S =2 )

dp(x) do(y) h
i 30 (5 S FY b (SAED (50 F)) — (55 (5 - F)Joee
a+b=3
-|-2ih2 ((T(S®2) (22 ) — (5. 8) «? F)tree) ) (A.29)

In comparison with (A.25) a main simplification is that on the right-hand side solely
connected diagrams contribute and the cancellation of all tree diagrams is obvious
(i.e. the right-hand side is manifestly of order #).

We have not succeeded to generalize the results (A.23), (A.24) and (A.29) to a
general formula relating I'p to T'yey or I'g.
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