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Abstract

In this paper we derive a model for the evolution of the particle radius density in the
space of radii for a system of many particles that evolve according to the Mullins-Sekerka
problem. The derived model is a correction of the classical LSW theory that takes the effect
of the fluctuations of the particle density into account. The main difference between the
model derived in this paper and the classical LSW theory is the presence of a second order
term yielding a boundary layer effect for large particles. In particular this model provides a
possible solution for the so-called ”selection problem” in the LSW theory.
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1 Introduction

Ostwald ripening denotes the late stage coarsening of heterogeneously nucleated particles within a
first order phase transition. If the particle phase is very dilute, one can use the classical theory by
Lifshitz, Slyozov and Wagner (LSW) [6, 16] to describe the evolution of the distribution of particle
radii by a mean-field equation. The model is based on the assumption that each individual particle
interacts with all surrounding particles only by some average mean-field which is the same for all
the particles. The LSW model has a scale invariance and a family of self-similar solutions which all
predict a rate of growth for the average particle radius of the form (R) ~ Ct'/3. While it has been
predicted in [6, 16] that only one of these self-similar solutions is stable, it is by now well-known
[3],[11] that the asymptotic behavior of solutions depends sensitively on the initial data. More
precisely it depends on the largest particles, and even non-self-similar asymptotics can appear for
certain types of data.

This lack of a selection criterion of self-similar solutions and even more so a significant discrep-
ancy with experiments, which shows larger coarsening rates and broader size distributions than
the mean-field theory [15], was the motivation to investigate additional effects which have not been
taken into account in the LSW model.

In [9, 14] diffusive effects in the particle sizes due to nucleation of particles are taken into
account, which yields via an asymptotic analysis a selection of the LSW solution as the only possible
self-similar state. In [2] an asymptotic analysis of the different time regimes in a Becker-Déring
model is performed, which predicts a quite narrow size distribution as initial data for the coarsening
regime. However, such a theory does not account for the effect of positive volume fraction of
particles, which is commonly believed to be responsible for the deviation of the predictions with
experimental data.

In [7] a perturbative theory, in the following referred to as Marder’s theory, has been developed,
which takes the build up of correlations between particles in systems with positive volume fraction
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into account. This theory has also been rederived in a mathematically more rigorous way in [4].
However, as it is pointed out in the review article [10], this theory is not self-consistent since it
assumes that correlations between particles are uniformly small. Such an assumption, even if true
initially, does not remain satisfied during the evolution for the largest particles in the system.

Thus, the effect of pair correlations between the largest particles has to be studied by different
methods, introducing a suitable boundary layer. In this paper we present a method that allows to
derive a corresponding model, which will consist of the LSW model plus an additional diffusive type
term which is only relevant for the largest particles. The model is self-consistent and it provides
a selection criterion for a self-similar solution which is a perturbation of the self-similar solution
singled out by LSW.

An effect, which will not be considered in the present paper, but has already been discussed in
[6], is the fact that particles can come close to each other, which leads to so called ”encounters”.
Then the particles merge and form a larger particle. In [6] this effect is taken into account in an
ad-hoc manner by an additional term in the LSW model which is of the form of a coagulation term
with additive kernel. A mathematical analysis of this model will be presented elsewhere, however,
it turns out, that in fact this mechanism provides a selection criterion for self-similar states and the
induced deviation to the mean-field theory is indeed much larger than the one given by Marder’s
theory [7] or the model considered in the present paper. However, a self-consistent derivation of a
model with encounters from the Mullins-Sekerka evolution does to our knowledge not exist yet.

In the following Section 2 we first present the starting point of our analysis, which is a simplified
Mullins-Sekerka evolution for spherical particles. We briefly review the main aspects of the LSW
theory and give a brief account of Marder’s theory. We also refer to the review article [10] for a
more exhaustive summary of the derivation of the theory, its advantages and disadvantages and
for further references. Section 3 is the main part of this paper, which contains a derivation of the
model which takes fluctuations of largest particles into account. The final result is presented in
Section 3.6. In the last Section 4 we show, that the model has a self-similar solution which is a
perturbation of the LSW self-similar solution with a Gaussian tail.

2 Basic concepts

2.1 Evolution equations

The starting point of our analysis is the so-called Mullins Sekerka problem

Au=0, z€Q\|JBr, (z:) (2.1)
u—i x € OBg, (z;) (2.2)
- R,L 9 Ri 7 .

0
V, = 8_Z , T E BBRl (J,'l) (23)

where, Q C R3, n is the outer normal, x; is the center of the particle i and R; is its radius.
Throughout this paper we will consider the case that the volume fraction of the particles,
denoted by ¢, is small, that is ¢ < 1. The evolution under the set of equations (2.1)-(2.3) does not
preserve the position of the center of the particles or its sphericity. However, in the case of small
volume fraction it has been shown in [1] that these are effects of higher order than considered in
this paper (cf. also [7], where an argument is given that the error is of order ¢2/3). This justifies

to replace (2.3) by

. 1 ou

Ri= —— ——dS; (2.4)
|0Brg, (zi)| JoBy, () O



For definiteness we assume from now on that € in (2.1) is the unit cube enclosing the particles
under consideration and that u satisfies periodic boundary conditions.
The model (2.1), (2.2), (2.4) is equivalent to a system of ODEs that we can write as

dl‘i
=0 (2.5)
dR; 1 K

- - J 2.6
dt 47 (Ri)2 Z Rj ( )

where C;; are the electrostatic capacity coefficients (see e.g. [5]) defined as

ov;
OZ = —/ —ZdSz (27)
” 9B, (z:) N
where v; is the solution of
Av; =0 , T € Q \ UBRx (:vz) (28)
v = 51’,3‘ , T €& 8BRj ({EZ) (29)

with periodic boundary conditions on 0f).
The capacity coefficients C;; are functions of the positions and radii of all the particles of the

system
OJZ :Cj,l (xl,Rl,IQ,RQ,...,I’N,RN) (210)

and satisfy the following properties
Clﬂ' >0, C@j <0 if 4 75 7, Ci)j = Cj)i. (211)

Moreover, integrating (2.8) over Q\J; Bg, (z;), using Green’s formula and the periodic bound-
ary conditions, we obtain

N

> Cij=0 foralli=1,...,N. (2.12)

j=1

Particles might dissappear in finite time and the evolution of the system after those events

must be described in order to completely determine the dynamics of the system. We just eliminate
the vanishing particles and continue with the evolution of the remaining ones. Another singular
event that can take place is the collision of two or more particles. However, the fraction of particles
involved in collisions is small (cf. [12]) and we do not consider this effect in the present paper. As
pointed out in the introduction though, the effect on the long-time behavior might still be large.

2.2 Stochastic initial data

We will assume that the initial values for the variables (z;, R;) are prescribed by a probability
measure of the form

N
dv (z1,0, R1,0, 22,0, R2,05 .-, TN,0, RN,0) = H fo,n (Rk,0) dxg,0dRy 0 (2.13)
k=1

where fo v is a nonnegative probability density with compact support. (For the normalization
recall also that |Q| = 1.)



We assume that all the particles have a similar order of magnitude 7y, where

rN = <R0> = /OOO Rfo (R) dR (214)

is the average radius.

We can now formulate the precise problem that we will consider in the rest of the paper. Our
goal is to study the solution of the system of ODEs (2.5), (2.6) where C;; is as in (2.7)-(2.9) and
the initial data 1,09, R1,0, 22,0, 2,0, .-, Zn,0, Bn,0 are chosen randomly according to the measure
(2.13) with fo v as in (2.13), where ry — 0 as N — oo and the volume fraction ¢ := N (ry)® is
small but fixed.

2.3 Screening length and approximation of C; ;

A crucial length scale in the study of Ostwald ripening is the concept of the screening length that
was introduced in the context of this problem in [8] and is similar to the classical Debye-Hiickel
screening length. It can be understood as follows. Suppose that we release a Brownian particle
at a point g in a perforated domain IR® \ |J; Bg, (=;) with trapping boundaries dBg, (z;) . The
screening length £y is a characteristic distance that measures how far the Brownian particle
diffuses before being trapped in some of the boundaries OBpg, (z;). In the limit of small average
radius rn and for small volume fraction ¢ a convenient measure of the screening length is

1
€= N (2.15)

Observe, that in Ostwald ripening, the average radius (R), the number density N and consequently
also the screening length ¢ depend on time.

One way of deriving (2.15) heuristically can be taken from electrostatics. Consider a point
charge at a point zp = 0 in a sea of conducting balls Bg,(z;) of small volume fraction which
are homogeneously distributed in space with a number density N. The point charge at 0 creates
an electric potential G and induces a negative charge on the boundary of the balls. This induced
charge roughly equals —47 R;G(z;), where 47 R; is the capacity of a single particle in R®. In a dilute
system of balls the capacity of the particles is approximately additive whence the total negative
charge is approximately —47 N (R)G(x). Hence, the electric potential satisfies approximately the
equation

—AG (z) = (x) —4nN(R)G (z) (2.16)
whose explicit solution is given by

e_%‘
 Ar |z

G (z) (2.17)
Equation (2.16) is the basic screening equation that allows to measure the effect of one particle on
the surrounding ones. In [4] it has been shown, that for independently distributed particles, the
error between (2.17) and the exact electric potential is of order ¢'/2. In principle, the argument is
valid only in the whole space. However, we are interested in the case where the screening length is
smaller than the domain size, and then the argument is also valid (see also [13]).

Imfmi‘

If we use the approximation (2.17) for the solution of (2.8)-(2.9), that is v; (z) = fe—=

lz—x;]

we find

[zj—=il

47TRjRi67

|25 — @i

Cji= A, (2.18)



while to leading order we can approximate C;; by the formula of the electrostatic capacity of an
sphere in the whole space, that i

2.4 Evolution of statistical distributions

As indicated in Subsection 2.2 the initial distribution of particles is prescribed using the probability
measure (2.13). The Liouville equation for the distribution density Dy of particles is given by

0Dy =[O . o -
o + ; {a—xz (z;Dn) + 3—Rl (RiDN)] =0,

or using (2.5) and (2.6) by
Dy 1 e
ot 4r 2.2

i=1 j=1

=0. (2.20)

o Oy
R 7’D
OR; ((Ri)2 R; N)

The initial data DN (', O) :DN (Il.,Ov Rl,Oa T2,0, ngo, <y TN,0, RN,O; O) are given by

dv (z1,0, R1,0, 22,0, R2,0, ..., N0, RN.0)

N
Dy (21,0, R1,0, 72,0, R2,0, .-, ®N,0, RNn,0,0)
= ’ ’ ’ ’ : : [dxy,0dRy0] (2.21)
() 11
or, equivalently,
N
N!
Dy (21, Ry, @2, R, v, Ry, 0) = o ] [fow (Be)] (2.22)
k=1

Notice that with this choice of Dy (-,0) we have the normalization

/DN (n,t)dNn = N! (2.23)

where from now on we use the abbreviations

N
n; = (z;,R;) , n=(m,m2,...,1N) , dn; = dz;dR;, dNn = Hdnj.

j=1

The motivation for the normalization (2.23) is that we want to compute particle densities
instead of probability densities. Therefore Dy is the density in the space of ordered N —tuples
(771-(1),171-(2), 0i(3)> > 771'(N)) where {i(1),i(2),...,4(N)} is a permutation of the integers {1,2,..., N}.

We define the distribution functions for s particles by

1
fs (77177727 "'77787t) = m /DN (nat) d775+1d775+2---d77N , = 1727 ..N (224)

that due to the normalization condition satisfy

/fs (1,2, -y Ns, t) dnrdnz...dns = (2.25)

(N —s)!’



such that in particular [ fidyn = N. Integrating (2.20) with respect to the variables
Ns+1, Ns+2, - NN and using (2.24) we obtain

N
1 ).
~ | Dndnss1dnsyo...d =0 2.96
6t 47TZ(9R Ri2 (N—s)!/ j:lej NATs4-107s+2---ANN (2.26)
fors=1,2,...N.

2.5 LSW theory

The LSW theory provides a closed equation for the one-particle distribution function f;. It is based
on the assumption that the measure Dy is approximately uncorrelated during the whole evolution
of the system, i.e. that it has the form

N
DN (77177727---77757 H fl Rku . (227)

That f; is independent of z is due to the fact that the system is homogeneous. Now we use (2.26)
for s =1 and (2.27) to find

(9f1(R1,t) 1 0 ( 1 0171 1 012
(R1)

8t — Ea—]-{l 3 R—l — R_% R f (Rg, )dl‘g ng) =0. (228)

Employing the approximations (2.18) and (2.19), we find, due to

_lzi—=o| 22\

/ dxy ~ 4me?,
|21 — fC2|

and the relation 47&2 = N<1R> implies that

9 E;:lat) +8iR1 (<_ﬁ+®;&> fi (Rl,t)> =0, (2:29)

which is just the classical LSW model. It is well known that it admits a family of self-similar
solutions of the form

1 Ry 1/3
hn=omme (1%). @)=y (2.30)
with v € (0, 2]. Each of the profiles ®, has compact support, the largest support for v = é For
each v € (0, 5) there is a unique p € ( 1 oo) such that ®. behaves like a polynomial of power D
at the end of its support, whereas for v = 5 we obtain
2 —p
p° exp — 3\1/3
Orsw :=P4(p) =C [pLSW 7 for 0 < p < prsw = (5) ;
9

773 L\
(1 + 2PLSW) (1 o PLSW)

where C is a normalization constant such that %7’ J p3<I>V(p) dp = 1. We call this solution &1 gw
since it was singled out by LSW as the unique stable self-similar solution. While Wagner rules out
— seemingly by some numerical error — the existence of solutions for v < %, Lifshitz and Slyozov



realized their existence, but argued that only ®;sy would be stable. The argument includes
additional regularization terms by accounting for encounters of particles.

After a lively discussion in the applied literature in the end of the eighties, it was predicted in
[3] by numerical simulation and shown rigorously in [11] that all self-similar solutions can appear
as the large time limit of (2.29). Roughly speaking, a solution converges to the self-similar solution
with a certain power law at the end of its support if the initial data have the same polynomial
behavior (more precisely, if they are regularly varying with the same power) at the end of their
support.

2.6 Marder’s theory

In [7] Marder considers the BBGKY-hierarchy for the N-particle distribution function. Under a
closure assumption a closed system of equations for f; and fy is derived, which takes the build
up of correlations between particles into account. The same model has been rederived under
a natural closure assumption in a mathematically more rigorous way in [4] (see Section 3.2.2).
The assumption is that the N-particle distribution is given by a cluster expansion, in which pair
correlations are of order ¢/ and higher order correlations are even smaller. It is easily checked
that the model is self-consistent in a regime where f1(R) is of order 1. However, it was realized
later (cf. e.g. [10]), that the model is not self-consistent for the largest particles where fi(R) is
small. For the largest particles correlations become of order 1 during the evolution, even if they
are small for the initial data. Thus, a boundary layer appears for the largest particles in the
system and it is not enough to study the hierarchy of distribution functions or, equivalently, of the
correlation functions. In the next section we will describe how one can correct the LSW model in
order to take this effect into account.

3 A correction to the mean-field model for large particles

3.1 Defining a formal evolution for extinct particles

It is more convenient to work with a system containing a fixed number of particles, in order to
avoid handling distribution functions with a changing number of variables. To this end we define
artificially the evolution of the particles that vanish during the evolution of the system. The
evolution of nonextinct particles is given by (2.5), (2.6). We define the evolution of the extinct
particles by

dR; 1 1 .

=—— =1,.,.N 3.1
dt (R1)2 + <R> Ri ) ¢ LR ( )
dx; .

=0 =1,.,N 3.2
dt y L ey ( )

Notice, that (3.1) implies that if R;(t.) < 0 for some t,, that then R;(t) < 0 for all ¢ > ¢,.
We will also assume that a missing particle does not interact with the remaining ones, or
equivalently

Cij=0, i#] (3.3)

if R; > 0 and Rj <0.

From the physical point of view extinct particles are important because during their life span
they contribute to the "noise” that influences the evolution of the surviving particles. Equations
(3.1), (3.2) will keep track of this effect. However, there are other methods of introducing this
physical effect in the model. The definition of the artificial evolution (3.1), (3.2) is just a convenient
mathematical trick.



In the rest of this section we will describe the evolution of the system of particles whose initial
distribution
R; (0) = Rip, z; (0) = zip (3.4)

is determined by means of the density function (2.22) and where the particles evolve by means of
the differential equations (2.5), (2.6), (3.1) and (3.2). Notice that all the arguments in Subsection
2.4 might be applied to this problem.

3.2 A closure relation

A key ingredient in our analysis will be a certain closure relation which provides an approximation of
the two-particle distribution function fs by fi evaluated at a suitable shift in R; plus an additional
term which will turn out to be neglible in the self-similar regime. In this subsection we will derive
this closure relation. The main task in the following subsections will be to explicitly compute the
shift to leading order in terms of f;.

We recall that f; and fa are given by

fl (771=t) = /DN (771777277737 777N7t) d772d773d77N7 (35)

(N —1)!

/DN (M1, m2,m3, -, NN, ) dnpzdng...dnn (3.6)

T

where Dy (91,m2,73, ..., N, t) solves the Liouville equation (2.20) and its initial data are given by
(2.22). For further reference also recall that

_ IS Rifi(Ry) dRy 1
fooo fl (Rl) dRy R> fooo f1 (Rl) dRy '

We now introduce two sets of ”Eulerian” variables that allow to integrate the Liouville equation
(2.20). More precisely we define a new set of variables

and E(t) = (3.7)

Mk,0 = Mk,0 (M1, M2, M3, 1N, t) , k=1, N (3.8)

that are the initial values for the characteristic equations of the Liouville equation (2.5), (2.6). The
solution of the Liouville equation (2.20) can be written in terms of these new variables as

0 (771,07 712,05 713,05 -5 77N,0)

Dy (m1,72,m3, ..., t) = DN (11,0, 72,0, 73,05 --s N0, 0 3.9
( ) ( ) 8(771577257737"'777]\7) ( )
N
(IV)! 0 (11,0,712,0, 13,05 -+ 1IN,0)
= — R 2 2 2 2
NN kU [f07N( kyO)] 8(771777277737 777N)
With the changes of variables
(7715 72,73, 777N) - (7715 712,05, 713,05 "'77]N70)
(771777277737 777N) - (77177727773,07 "'777]\/,0)
we can rewrite (3.5) and (3.6), using (3.9), in the limit N — oo as
2
a(771 0)
(m,t / [fo,n (Rk,0)] ~=dn,0dvN 3.10
11 & () (310)
(771 0,72, 0)
(11, M2t / [fo.n (Ri0)] ————=—dvn 3.11
1572 H 0, 0) 2 (o) (3.11)



where
N

H [fo,n (Rk,0)] dns,0dnao-..dnn.o (3.12)
k=3

dVNEW

From now on we will write for simplicity
Wo,N = (773,07774,0--'7771\/,0)

We define two functions R, R2o defined as the values of the initial radii R; and Ry for
particles characterized by the values 77 and 72 at time ¢. These functions depend also on the initial
positions of the remaining particles wy n, so that

Rio = Rio(n1,m2,wo,n,1)
Ra o = Rao (N1,M2,wo,N,t)

Using the functions Ri o and Ry we can rewrite (3.11) as

0 (R0, R2,0)

8(R1,R2) dI/N (313)

(11,72, ¢ /H [fo.n (R0 (111, m2,wo,n, 1))]

In the following we denote by Rﬁ)} = R%(m,wo ~,t) the function Rig in a system where

particle 2 has been removed. Correspondingly we define Rélg
In order to compute fa (11,72,t) for particles n; and 79 which are placed within the screening
radius we introduce two functions U; = U; (1,12, wo. N, 1), @ = 1,2 via

Rio (n1,m2,wo,n,t) = Rﬁé(m + Ui, wo,n, 1) , (3.14)
Ry (n1,m2,wo,N,t) = Réé( N2 + Uz, wo,N, t) | (3.15)

where we use the notation n; + U; = (R; + Ui, 2;) , @ = 1,2. Notice that U; — 0 if |21 — z2| >>
max(g<s<¢} & (5) . Combining (3.13), (3.14) and (3.15) we obtain

(71,m2,1) /H fON (77k+Uk7w0N,t))} (3.16)

0 (R% (m + U, wo,N, 1), RQ& (n2 + U27wO,N7t))
0 (R1, R2)

dl/N

where we use the notation m = 2 and 7 = 1.

In Section 3.3 we will show that the terms U; have a relative size of order \/¢. Moreover, it
turns out that to leading order the functions U; depend only on 71,72 and ¢, but not on wo n.
Then we can rewrite (3.16), keeping only the terms up to order /@, as

f2 (77177727t)

3R(Tk) (77k + Uk, w J\/,i)
= 1"’2 /H [fON ( k + Uk, wo, Nﬂf)) k708(Rk+Uk)0 dvy  (3.17)

We integrate (3.17) with respect to Re and neglect lower order terms to find

2
/fz (m,m2,t) dRy = / </ H F (nx + Uk, wo,n, 1) dl/N> dR; (3.18)
k=1
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where
8R7(€7,—S) (T]kv Wo,N t)
ORy,

We are going to derive a second-order evolution equation for f; (see (3.71) below), where the second-
order term will only play a relevant role in a small boundary layer. Therefore, such boundary layers
will give a negligible contribution in the integration with respect to the Ry variable and it is possible
to approximate (3.18) to leading order by

F (g ,wo,n,t) = fon (R;(JS) (M, wo,N, t)) (3.19)

/fz (M1, m2,t) dRy = / (/F(m + Ur,wo,n,t) F (n2,wo,n,t) dVN) dRy

Using (3.18) and that F'(n2,wo, n,t) is a stochastic variable with average fi(n2,t) with respect
to the measure dvy, we find

/ (/F(m + Ui, wo,n,t) F (12,wo,N, t) dVN> ARy

:/(/fl (m + U, t) fr (772,t)dz/N> ARt

/ (/ [F (m 4+ Us,won,t) — f1 (m + Ur, )] [F (n2,wo,n,t) — f1 (n2,t)] dVN) dRy

We will show in the next section that the relative size of U; is of order ¢!/2. Hence we have to
leading order that

/</F(’I]1 + Ul,waN,t)F(’qg,wo_’N,t) dI/N> dR>
Z/fl (m + Ui, t) f1 (n2,t) dRo+ (3.20)

/ </ [F (o, 8) = f1 (0, O] [F (20,50, 0) — fi (e )] duN) aR,

The right hand side of (3.20) consists of two different types of terms. The first one measures the
change of the radius of particle 7; due to the presence of the particle 7o and will be computed in
the next Subsection 3.3. The second one comes from the fluctuations of F' and will be computed
in Subsection 3.4.

3.3 Computing U; (1, m2,1) .

The goal of this section is to compute to leading order the function U, which was introduced in
(3.14) and which measures the effect on the evolution of particle 71 due to the presence of particle
72. To that aim we recall that the evolution of the radii R; is given (cf. (2.6) and (2.19)) by

N
dR; 1 1 Ci; .
= — = J o i=1,.,N (3.21)
dt (Rz)2 R; ; 47TR1RJ
Ri(t)=R1 , Re(f)=Ry , Ry0(0)= Ryp. (3.22)

The radii of the particles in the system without particle 72 are given by

N 0(2)

dR? . .
= (R<2) 2) Z i=1,.,N, i#2 (3.23)

)

i R(z) R
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with the same initial data as in (3.22) except for the fact that the particle n, has been removed.

The coefficients C'L(,2j) are the corresponding capacity coeflicients with positions x; and radii R§2).

‘We write

TP =T (t,f, 771,772,(.007]\]) =R; — R§2) . (324)
and obtain with (3.21) and (3.23) after a linearization that to leading order r; satisfies
(2)

d?"i 2
— = 3.25)

@n3" (2) 2 Z (2) (
dt (R- ) R &, anRP RV

&)
Z Oi)j . Oi,Q )
R<2> 47TR R ~4xRPRP | 4r (R Ry

We approximate the last term in (3.25) by the expression (2.18), that is we use
Cip = —(4mR;) (47 R2) G(zi — x2). (3.26)

Ci 0(2)
4mR; R; 47TR(2)R(2)

To compute the second last term in (3.25) we need to compute the difference [

for i # j. In Appendix A we show (cf. (5.6)) that

C . c®
b Y — (4mRy) 4nG (z; — 12) G (z2 — ;) + (3.27)
47TRZ'RJ‘ 47TR1(2)R§2)
2) ~(2
cilol)  n L
+ o\ s 7 b2
k#i,j,2 47T(Rk ) AmR;" R;
Using (3.26) and (3.27) in (3.25) we find
N (2)
d’l‘i 2 C
% - (R@))BT R(2) 2 224 R(2)R(2) (328)
) VE)
N N (2) ~(2)
(4mRy) 1 i O
- G(i—$2)z47TG(.CC2 xj) — —= Z Z .J
2 J 2
Rz( ) G#i0,2 Rz( ) k#i,5,2 | j#i,2 (47T) (Rl(c )) REQ)R?)
4
—TrG ({EZ - IQ) .

In the last term we also replaced R; by RZ@), which is admissible since we only need the leading
order terms. We also recall that G(x2 — x;) is to be read as G (z2 — ;) X{r,>0}, that is we only
sum over the particles with R; > 0.

Since [ G(z)dx = [ G(x —y) dx = g we can approximate

XN: 4nG (3 — 3;) = 47r/

4,2 {F2>0}

fl(Rlat)de/G(Iz—y)dy—%.

On the other hand we use the approximation (2.18) in order to approximate the second and
fourth term on the right hand side of (3.28). Therefore, using similar integral approximations as
before, we obtain

d?"i (2) 47TG (Il — IQ) ( RQ >
— =a(R) > AnG (2 — ap) g+ ——— o (1= (3.29)
dt ( ) R k?fz 2 R1(2) <R>
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fori=1,....N, i 2, where
2 1

W= me
These equations must be completed with suitable initial and boundary conditions. Taking into
account the initial conditions for Ry, Ry and Ry, k = 3,..., N, we assume

a

r (£ =0 (3.30)
ri(0)=0 , i=3,..,N (3.31)

We now make the following key assumption. The term ), 2i2 47 G (x; — xk ) T contains the
sum of many small, roughly independent, contributions. This is due to the fact, that correlations
between the particles are small except for the largest particles. Those are however few and do
not contribute to leading order to the sum. Hence, the above term can be approximated by
I (z; — xa,t,t) where I (z,t,1) is a smooth function in x.

Second, we approximate R§2) by Rp(t,t, R;), where Ry, is given by

dRy (t,t,R) _ 1 n 1 _ (3.32)
dt (Ry (1,5, R))®  (R)(t) Re (t,4, R)
Ry (5,4, R) = R. (3.33)

Such an approximation is valid to leading order as long as t ~ O(¢). For t < ¢, however, particles
11 and 72 do not interact because for those particles which are still alive at time # their distance
at time ¢ is much larger than the screening length. Hence, (3.29) can be approximated by

d’l‘i_ — ) o I(,Ti—,fg,t,l?) 47TG(,TZ'—LL'2) _&
a(Ry (bt Re))ri = 1 (t.T,R)(R) Ry (4,4, R:) (1 <R>)

= (3.34)

This equation describes the effect of an additional particle 75 in the system. The last term measures
the direct effect of particle 12 on the particle 7;, whereas the second term on the right hand side
is a mean-field like term, due to the change of the radii of all the other particles.

Taking into account (3.31) we can approximate r; for i = 3,..., N as

§ texp ([ a(Rp (AT, R;))dA
ri (b1, B o) = /0 d Ri (i iRy ) ' (3.35)
. _RL(S,t_,Rz) _I(,TZ‘—{,LQ,S?E) S

for i = 3, ..., N. Using the definition of I (x,t) we obtain
I(x—xo,t,1) = Z4wG(x—:vk)rk
k+£2

; exp (f; a(Ry (M1, Rk))d)\)
= 4”/0 CRA)

k#2

(R) (s (R) (s)

and we can now approximate the sum in this formula by an integral. To this end we remark that
the distribution of radii Ry at time ¢ is fi (R,%). On the other hand the distribution of particles

4G (z), — z2) <1 _ Bi (st 1)‘%)) I (ay —xz,s,z)] N
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is homogeneous. Therefore, using also the invariance of the problem under translations, we obtain
the following integral equation for I (x,t)

t exp (fsta(RL (At R)) d)\)
I(z,t,1) = 47T/0 /[0 . /R>R ) f1(R, 1) ) Gz —y,t)- (3.36)
_RL(,E,R) _I(y,s,f)
G lwe) <1 (R)(5) ) (R)(5)

where R (t,t) < 0 is the value of the radius such that Ry, (¢,¢, R) > 0 for R > R (¢,t). Notice that
in (3.36) we are integrating over a set which includes negative particles. The meaning of this is
that extinct particles have generated some noise during their life span.

Taking into account (3.35) it follows that we can approximate r; as

T (t7t_7 ﬁ17ﬁ27w0,N) =@ (tut_a R27Ri7$i - (EQ) 3 1= 37 7N (337)

where 7; = (:ci, RZ—) and

o £ exp (fsta(RL 1, R))d)\)
) /0 Ry. (s,t, R) '

_RL(,ER) _I(:as,f) .
47 G (z, 3) (1 R (5) ) R (5) ]d (3.38)

The set of equations (3.36)-(3.38) yields the procedure to approximate the change of the radii of
the particles that are within the screening distance of 72. Notice that the function ¢ (t, t, Ry, R, :1:)
yields also the procedure of computing r; that is the required change of radius in order to compute
Us. Indeed, (3.30) and (3.34) yield

] rexp (JLa (Rp (VL Rr)) dr)
! (tvtvﬁlaﬁ%wO,N):_/ . .
t

Ry (s,t, Ry)
(e —on) (1 B ) et

In particular we have due to (3.24) that

R0 (11,72, wo,n» ) — Rf& (711, wo,N, 1)

t
=11 (0,,71, 72, wo,N) = — €xp <—/ a(Ry (A1, Ry)) CD\) ¢ (t,t, Ry, Ry, z1 — 32)
0

If we use (3.14) and linearize we obtain
OR?)
8R

which together with (3.39) implies

(771,100 N, 0)Ur =711 (0,8, 71, 72, wo,N)

; o
- - cpttR,R,x—x
Ui (t,71,72) = —exp <—/0 a(Ry ()\,t,Rl))d)\> ( 28R(1?1()) - 2).

OR,
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) o
The term 88}2;0 can be approximated to leading order using the approximation Rf& ~ Rp, (O, t, Rl) .
Differentiating (3.32), (3.33) it follows that

whence o o
U, (t, 1, 772) = —p (t, t,Ro, R1, 21 — ZEQ) = —1/) (t, Ry, Ry, z1 — {EQ) (340)

Before we proceed we also estimate the order of magnitude of the function U. In equation (3.34)
the main source term is the last term on the right hand side. Hence, we can expect, recalling the
time scale (R)3, that

(3.41)

Ty~

(R)? fo—aalfe
—e€ .
¢

If we use this ansatz in the second term on the right hand side of (3.34) we obtain that the second
term has the same order of magnitude as the third one and (3.41) is self-consistent.

3.4 Estimating the fluctuations of F

Our goal is to approximate the term in (3.20) which is due to the fluctuations

I= / (/ [F (1, wo,n+t) — f1 (1, )] [F (02, wo,5+ 1) — f (12, 1)] dVN) dR, (3.42)

To this end we recall the definition of F in (3.19). We can approximate the function
RI(JS) (K, wo,N,t) using a stochastic differential equation. We can rewrite (3.23) as

LS WS W W ) | S R
2 2 2 2 2
dt ( R}gz)) (R)R®  RP | 57, anRP R (R)

We are interested in computing the fluctuations to the leading order. Thus it suffices to approximate
Cf2) by (2.18) to obtain

e
dRr? 1 11 1 e 1
=- + o=y + Y ———X(Ry>0} — v (3.43)
dt (R,@)Q (R)RP " RD | 4, low — i AR

As in the last subsection we use again the key assumption that for all times most of the particles
are to leading order independently distributed.

With this assumption we can approximate the term between brackets in (3.43) by means of a
“noise” term that we will denote as Z (x,t). Then

dRr 1 1 1 Z(at)
=— + = + (3.44)
2 2 2
dt ( R}f)) (R) R RY

where
(Z (z,t)) =0
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due to the definition of the screening length.
Using (3.19) and (3.44) we find that F evolves according to

or 9 1 Loy 2] F|=0 3.45
at  OR R? R - (345)

In a strict mathematical sense, we should take the initial data F' (n,0) = fo (R) . However, such
an approximation would fail for very long times. In practice we will use (3.45) for self-similar
solutions where it is possible to argue as in some previous approximations for the characteristics
(cf. (3.32), (3.33)). For a given time ¢ we can use the approximation (3.45) for times ¢ < ¢, and
this is the only range of times where we will need to compute the fluctuations because their effect
disappears in (3.42) for particles that are separated distances longer than the screening length as
it will be seen below.

We conclude this section by deriving some further properties of Z. In the limit ¢ — 0 we can
also assume that the noise Z is Gaussian and it is possible to compute its correlations in time and
space. We have with

===y

et 1
Z (x,t) = e . - —
J#2
that

€t) e €(t2) 1 1

7\11*21‘\ 7|z2*mz|
e
A t1)Z to)) = . -
< (xlu l) (1'27 2)> ZZ < |ZZ?1 _ IJ| |$2 _ $l| X{R](t1)>O}X{Rl(t2)>O}> <R> (tl) <R> (tQ)

J#2 1#2

_|z1*mj| _|I2*Il\
Z Z <e £(t1) e &(t2)
- o _ X{R;(t1)>0}X{R,(t2)>0}
73 1iareg \ 171~ Tl w2 =]

o1 —=;] o2 —=;]
1 1 4 Z e £t1) e £(t2)
() () () (&) o= 2] Tz — ] AR50 X R0}

The measure is [ ], [Wd:cjd]%j] and includes negative particles. Hence we find in the limit
N — oo that

_l=zi—yl _ Jzo—vyl
£(t1) e  &(t2)

(&
(Z (21,11) Z (2. 12)) = / dy /
lz1 =yl 22—yl {R1(t1)>0, Ry (t2)>0}

f(R1,t1)dR,

Assuming that t; < to and using the definition of Ry, (t1,%2,0) in (3.32), (3.33) it follows that

o0

(Z (w1,11) Z (w2,t2)) = A (22 — xlvtlth)/ f(Ry,t1)dRy
Ry (t1,t2,0)

where
_lzi—yl _ Jzo—yl

e £t1) e &(t2)
A($2_I17t17t2):/ |$
1

dy
=yl |z2 =y

If t; and to are comparable then A (xy— x1,t1,t2) is of order &, and the integral
f;‘z(tl 120y f (Bi,t1) dRy is of order N. Then (Z (w1, 1) Z (w2, t2)) is of order NE = NE¢ = 17z =

v <R1>2 = %, whence |Z]| is of order ¢i<%>.
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3.5 Evolution equation for f;.

In order to compute the evolution equation for f; we start from the Liouville equation (2.20)
integrated with respect to the variables 19,73, ..., nn, which gives (2.26) with s = 1, that is

afi 1 8 1 1 a

Cia
T 4r — | Dndnadns...d =0. 3.46
ot 4Am OR, (R1)2 (N—l)!/ Z R; NaTn2an3...aNN ( )

j=1

Using the approximation (2.19) and the symmetry properties of the capacity coefficients we obtain

ofi (Ba,t) 0 [ fi(Ba,1) 9 1 2 (m1,7m2) _
ot ORy ( (R1)? ) OR <(R1)2 / (N —2)!R; d"2> - (340

with
Dy (m1,12) = /Cl,2DNd773~--d77N~ (3.48)

Here we assume, due to the screening property, that N is large and that the quantity is independent
of N in the limit NV — oo. This assumption is crucial in order to obtain a closed equation for ®,.
We are going to approximate the integral ®o (11,72) for measures with small correlations in
most of the space of variables except possibly in some small boundary layer.
Let us denote as K (z — ;) the solution of the problem

—AK(x—x;)=[0(xr—x;)—1] in Q (3.49)

with periodic boundary conditions where € is the unit cube. The function K () is uniquely
determined up to a constant and

1
K (z) = pr (1+blz|) as |z —0 (3.50)

where b is a fixed constant that is independent of N.

In order to compute the coefficients C; ; we will use the monopole approximation that is we
assume that dipolar and higher order monopolar terms give a negligible contribution in the ap-
proximation of the solution v; of (2.8), (2.9). More precisely, we make, for j = 1 say, the ansatz

N
U1 (JJ) =v+ Z Cl)iK(LL' — ;)
i=1
with a constant v which has to be determined such that
N
> Cii=0. (3.51)
1=1

Using the boundary condition vy (x) = 0 for € OBg, (z;), yields
Ci2

et > CLK (3 —2) + 0 =0. (3.52)
1=1,l#£2
If we multiply (3.51) by Dy and integrating over g, - -+ , N, We obtain

Crai(N = 2)!f1(R1) +/‘1>2(771,772)d772 =0. (3.53)
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Similarly we obtain from (3.52) that

Oy (11, 72)

ArR, + (N - 2)!(01711( (acl - wz) + ’lj)fg (771,772)

+ (N - 2)/0173DNK (LL'Q - ,Tg) d773...d/l7N =0.

Let us denote by Cﬁ? the capacity coefficient induced by the particle 77; on the particle i3 if the
particle 7 is eliminated from the system. Then

o
P2 (W) (oo K (1 — w2) + ) fo (1)
47TR2
+(N—2){ CADNK (25 — x3) dijs...dyy + [C —0(2)}D K (22 — x3) dijzeediiy b = 0
1,3VN 2 3)ans...anN 1,3 1,3 N 2 3)ans...ann

(3.54)

The coefficient Cl( 5 is independent of 72. As before we assume that particles whose distance is
larger than the screening length are uncorrelated. Then we obtain in the limit N — oo

/C DNK (z2 — x3) dns...dny = fi (R2)/‘1’2 (m,m3) K (22 — x3) dns (3.55)
If we combine (3.54) with (3.55) we obtain the following integral equation for ®

Dy (11,72)
47TR2

+ (N — 2)/ {0173 — 01(,232} DyK (:EQ — .rg) dns...dny = 0 (356)

+h <R2>/<1>2 () K (3 — 3) di + (N = 2U(Cr1 K (1 — w2) + ) fo (1, 72)

It is not hard to derive an estimate of the order of magnitude of the last term in (3.56). Indeed,
(5.3) implies that to leading order

Ci3 — CY) = (4nR,) (47 Ry) (47R3) G (21 — 2) G (w3 — 3) (3.57)

In view of (3.67) we are interested in computing [ Mdng . Using the screening approximation

(2.18) we can see that the order of magnitude of ® (771, n2) for nearly uncorrelated measures is

Do (n1,m2) = (N = 2)!R1 Ry f1 (Ry) f1 (R2) G (21 — x2) ,

/ %Zmdm ~ (N - 2)!%f1 (R1) ~ (N = 2)lfs () (3.58)

Equation (3.57) implies the following order of magnitude

whence

(N — 2)/ [01,3 - C(z)} DyK (z3 — x3) dipdns...dny ~ /¢ (N = 2)!f1 (Ry) . (3.59)

dny which contains only the leading order

. L ®
We want to derive an approximation for [ %

terms for fi (R;) and the terms containing derivatives of fi (R;) larger than \/¢. Therefore the
contributions of the terms in (3.59) yield terms containing derivatives of f; (R1) which are smaller
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than /¢ since these derivatives arise from translations in the variable R; of order U, i.e. v/¢. Thus
we can approximate (3.56) by

D2 (m1,72) +fi (RQ)/QJQ (m1,m3) K (z2 — x3) dns

4Ry (3.60)
+ (N = 2)(C1 1K (21 — 22) +0) f2 (n1,m2) = 0.
We define
W (,22) = [ 2 (. e) R (3.61)
Multiplying (3.60) by 47 R2 and integrating on Ry we obtain
1
)\ (771,(E2) + 5—2 /K (.IQ — .Ig) )\ (7’]1,I3) dIg
(3.62)

+ (N =2)(Cr11 K (z1 — 22) + 77)/47TR2f2 (m1,m2)dRy = 0.

Then, eliminating the integral term in (3.60) in ®5 with the help of (3.62), integrating the resulting
formula with respect to 72 and using (2.19), we obtain

/%}éf)dnz = 47T1<R> /\I] (m, z2) dza — (N — 2)!5/f2 (m,1m2,t) (1 - %) dns

(3.63)
— (N — 2)' (47TR1) /K (.CCl — ZCQ) f2 (771,7’]2,0 (1 — %) d?’]Q
In the following we denote
h(n,t)=—=F(n,t)+ f1 (R,t) (3.64)
With (3.64) we can rewrite (3.20) as
/f2 (m,m2,t) dR2 = / (/ J1(m + Ui, t) f(n2,1) dVN) dRy
(3.65)
+ [ e 0) b, ) dBe.
Similarly we obtain
/f2 (11,m2,t) RodRy = / (/ Ji(m + Ui, t) f(n2,t) del/N> dRy
(3.66)
+ [ ) b, 0) RadBe.
Using (3.65), (3.66) and (3.63) we find
(N i 2)' / @24(:2;72) d772 = _%fl(Rl) — 47TR1 /K(Il — IQ)fl(Rl + U)fl(RQ)(l — %) d?’]Q
_ Rs
_ U/fl(Rl + U) fl(RQ)(l — @) d772
Ry
—4nR, /K(a:l — 29)(h(n1, ) h(12,)) (1 - ﬁ) dns .

(3.67)
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Taylor expansion in the second and third term on the right hand side yields furthermore

1 P2 (1, m2) _hi(Rt)
/7 ’

inR, | (N—2)4nR, "~ " 4x (R)
_ %}F;ll’t)(/lf (Il — IQ) U (Rl,RQ,.Il — .Ig,t) (1 — %) fl (RQ) d772 (368)
_ 47TUR1 /U(Rl,RQ,Il — IQ,t) <1 — %) f1 (RQ) d772)

= [ K =) b ) b ) (1 = ) e

We now argue that the second last term in (3.68) is of higher order than the other terms in the
equation.
To this end we integrate (3.62) with respect to x2 and use (3.53) and (3.66) to obtain

—47TR1f1(R1 /K d$+47TR1/K 1 —LL‘2)/47TR2f1(R1 +U)f1(R2)d772
(3.69)

+1_)/d172/47TR2f2(771,772) dRQ :O

Again we use Taylor’s expansion and recall that 47(R)£? = 1 to find after some cancellations that

of
OR

+1_)/d$2/47TR2f2(771,772) dRQ =0.

—47TR1f1(R1)+47TR1/K £L'1 —l‘g)dl‘g/47TR2 Ufl(Rg)ng

(3.70)

We compare the order of size of the different terms. The first one is of order (R)f1, whereas the
second, in view of (3.41)
2
U~ S —alve
]

is of order (R >2f1 »/?(R >f1 Finally, the last term is of order ﬁé—jfl where L = 1 is the box

(R)
LS

size. Hence, ¥ is of order
which are of order ¢'/2.
We can now conclude and use (3.67) and (3.68) in (3.47) to find

afl(Rlat)_i<fl(Rlat)>+ 9 (fl(Rlat))

= ¢1/2( ) and can be neglected compared to the other terms

ot ORi \ (R)* ) OB\ Ri(R)
+ 6iRl <% (/K(xl — 22)U (Ry, Ry, 11 — 12,t) (1 - %) h (RQ)dm) %ﬁ) (3.71)

+om; @Tﬁ [ =i ). (1 - 775) dng) 0.

We remark that equation (3.71) contains a term with second order derivatives that is small but
plays a relevant role for the largest particles. The effect of this term will be to introduce boundary
layer effects in the region of largest particles.
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3.6 The final result

In our last step we use the results from Section 3.3 in (3.71). It turns out that we can slightly
simplify the equations which define 1 (f, Ro, Ry, 21 — J:Q) and consequently U;. To that aim it is
convenient to define

- = — 4n o s _RL(,ER) _I(I,S,E)
J (z,8,1, Ry) = 47G (x, )(1 10 ) 10 (3.72)

ex (R, (\E, R)) A
H(f,s,i);:/R>R(” f(RD) » (Jy« (L 7 )dR (3.73)

With these definitions (3.36) can be expressed as

4 ! .
J (z,t,1, Ry) +—7T/ H(t,s,t)G(x—y,t) J (y, 5,1, R2) dyds
<R> 0,1]3

B Ry (t,t, Ry)

and (3.38) and (3.40) yield

7 exp (f (R, (M, R)) d)\)
RL (S, t, R)

& (£, Ra, R x) = o (LT, R, R, ) :/ (o5 L R)ds  (3.75)
0

The equations (3.40) and (3.73)-(3.75) provide the algorithm to compute U; (¢, 71, 72) . In order
to simplify the computations we remark that

ORL(T,I,R)

T
n 1
exp ( / a(Ry (A,t,R>>dA> = s = SEiGEE
° oOR OR

Therefore (3.73) and (3.75) can be written as

ORL(t,t,R)

Htst) = [ ot fi (R,7) dR (3.76)
R:Ro(tER)>0} Ry (8,1, R) %;t’m

o N | (z,s,t,Ry) ds
1/} taR27R7I = / — T (377)
( ) 0 RL (S,t, R) BRL(;;t,R)

The problem can be further simplified taking into account that the relevant quantity that must
be computed in (3.71) is the integral

/K r1— T2) 771#72@( R>)f1(R27t_)d772
_ _/{R2>0}¢(z, R, Ry.2) K (2) (1 - <R2>) f1 (Foa, ) dfizd

With (3.77) we find that

B o R _ ¢ W (s,t,x
Z(t,Rl,ZE) :—AR2>O}¢(t,R2,R1,$)f1(RQ,Q<1—W) dRQ—/O ( t( ) 11 stR1)
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where _
t,x) = z, 8,1, R _ 1 p
W(S,t,i[:) = /{R2>0} J( s ,t,Rg) fl (Rg,l_f) (1 <R> (a> dR2 (378)
Hence
/K(,Tl —xg,E)U(’Ih,T]Q,E)fl (Rg,{) die = —/Z(t_,Rl,;v)K(:v,f)dac (379)
B L [W (s, T,2) K (x,1) do

= - ——ds
0 RL (Svta Rl) w

If we multiply (3.74) by f1 (RQ, f) and integrate with respect to Ry we obtain that the function
W (s,t,z) defined in (3.78) satisfies

_ 47 ¢ _
W (t,t,z) + oI0] /0 H (t,s,t) < o Gz —y,t) W (s, t,y) dy) ds (3.80)

e CRLER)) (. R o
= 4G ’”/{R2>o}<l ) 0 )(l ) () i

Let us now formulate the resulting model. Combining (3.71) and (3.79) it follows that the
function f; solves

dfi (Ri) 9 1 1
~ot R <<W_W> /i mﬂ) o
o ([ar 7 (oup Wt K@dr) T op (rD
—@( E/o Ry (s,f, R) 2ielal ) oR

_ % / K (o1 = 22){hm, 1) hlne, ) (1 - <R?> ) d”z‘)

where the function W satisfies the integral equation (3.80) with the kernel H as in (3.76). Notice
that the left-hand side is the classical LSW model. The term on the right yields a corrective effect
due to pair interactions between particles.

4 Self-similar solutions

4.1 The equation in self-similar variables

We now look for self-similar solutions of the model (3.76), (3.80), (3.81) in the limit of small volume
fraction. Notice that the volume fraction filled by the particles is

/ / fi (R, t) R*dRdx = ¢ (4.1)
[0,112 J{R>0}

Hence we look for self-similar solutions of the form

(R =0t (p) , p=t"'*R, (4.2)
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such that

/ p°® (p)dp =1 (4-3)
{p>0}
For such solutions the screening length £ (¢) has the form
1 (e o)
£(t) = &tt/3 with 7] = (;5471'/ p® (p)dp=: 4w B, (4.4)
0 0

the average radius (R) (t) is given by

T p®(p)d
(RY(t) =rot/®  with o= Jo_r®(p)dp (4.5)
fo ® (p)dp
and Ry, (t,t, R) has the functional form
Ry (6,8, 1) = %71 (7, p) , (4.6)
t
T=In (?) , (4.7
p=(@""R. (4.8)
Taking into account (3.32) and (3.33) it follows that
ory, (1, p) 1 1 1 1
=- += —2rn(7,p) 4.9
Y T G )
r(0,0) = p. (4.10)
Notice that this formula is valid both for positive and negative values of rp, (7, p).
We write also G (z,t) and K () in self-similar form via
G (a,t) = ——g (-2 4.11
(:E7 )_§0t1/3g(67/3) ’ ( . )
1 y
where 7 is as in (4.7) and
—lzl
e x
g(z)= and Yy=—— (4.13)
i R
Using (4.2) and (4.6) we obtain with x = % the following formula for H (t, s, t)
A =0 | () (a.1)
t,8,) = ¢ —=—= —F— P (p)dp .
B2 X S rorrzoy i (x, p) 2222)
B
=:¢ @—4/3H (x.7) -
It is natural to look for self-similar solutions of equation (3.80) of the form
- 3/2
W (t,t,x) = (1,9) (4.15)

07"
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We plug definitions (4.14) and (4.15) into (3.80) and change variables accordingly. Notice that in
the limit ¢ — 0 the integration in the cube [0, 1]3 becomes integration in the whole space. Recalling
also (4.4) we obtain

L y—y .
w(T,y)JrW/O k(X 7) (/JRSQ (ﬁ) w (X, 9) dy) dx

4/ 4B rr (T,
e () [, () () e
e (& {p>0} To To

We also need to introduce self-similar variables for the function F'. It is more convenient to work
with the integrated function and thus we define

(4.16)

/OO F(\t)dx = ?S(p, T) (4.17)
" t

such that due to (3.45), (4.7) and (4.8) the function S satisfies

1 1
S (p,y,T) 1 1 Ty +¢>4C(y,7)} 1 ) aS(p,y,7)
—1= _F — =yS - ——p| ———2=0
5 (pyy,7) Y y (0,y,7T) + p + 5 3P a :
(4.18)
where
1/4
Z(xv t) = W((nv T)'
In a similar manner we define -
U(p) := / D(A)dA. (4.19)
P
The characteristics of equation (4.18) are given by
dy Y
7 —_Z 4.20
dr 3 ( )
dFL (pa T) 1 1 1 1 'FL
TLT) (L = -z 4.21
= i R A A ol (4.21)
ds
— =5 4.22
dr ( )
with initial values for 71, given by
710, p) = p. (4.23)
We can compute the stochastic properties of ¢ (y,7) as follows
(C(y;7)) =0

and

(€ nsm) € (y2m2)) = Vakoe N (g = gn)e 57 e ) / ® (p) dp (4.24)

£(0,em2771)

for 7 < 79, where

To —

2—T1
(ra=r)  _(r2=71) (ro—r) [ e 1EleT T ely—2l
/\(ye 3 e 3 ):e 3 dz .
2| |y — 2]




24

Finally, due to (4.2), (4.6), (4.11), (4.15) and (4.17) we find that self-similar solutions to equation
(3.81) are given by

4 1 d®(p) d 1 1
o454 ()]

7 ( (y)) dy

),
AnB p 3L (x, p) arL(X p)

d [(4r 2
- — K — C 1 — =) dpad
dp ( / (yl y2)8p18p2 (pl;p%yhy?)( ro ) P2 y2>

dp

e (f’)) (4.25)

where
C(p1,p2,y1,y2) == (S(p1,y1,7) S(p2,y2,7) — V(p1)¥(p2))

is stationary, since S is a stationary stochastic process.

In the rest of this paper we will study solutions of (4.25). This equation is a singular perturba-
tion of the classical LSW equation. We will see later that the main effect of the term on the right
hand side of (4.25) is to introduce a boundary layer near the end of the support of the classical
LSW solution. As a first step we will show in the next subsection that the last term in (4.25) is
negligible.

4.2 Estimating the correlation function C(p1, p2,y1, y2)

Due to the exponential decay of the correlations the main contribution to the integral

02
I(p1) /K 8 s (pl,pz,yl,yz)(l - —) dp2dys

comes from points y;,y2 whose distance is of the order of the screening length, which is now
normalized to 1.

Due to (4.20) the distance between two characteristics y;1(7) and y2(7) increases exponentially
as T — —oo. As a consequence, the functions S(p1,y1(7),7) and S(p2,y2(7),7) are independent
variables as 7 — —oo. This fact will be used repeatedly in the following.

Let us begin with the formula

(S (p1,91,0) S (p2,2,0)) =V (p1) ¥ (p2)
= ((S (p1,y1,0) = ¥ (p1)) (S (p2,91,0) = ¥ (p2)))
=((S(rr (p1,0),y1,0) = ¥ (rr, (p1,0))) (S (rL (p2,0),91,0) — ¥ (r (p2,0))))

The characteristics (in the radius variable) for S are the ”stochastic” curves 7r, (p1,7) . It will
be convenient to define a new function S evolving by means of the characteristics rp, (p1,7) that
are the characteristics for the equation satisfied by ¥. By assumption S (p1,41,0) = S (p1,41,0).
Notice that S solves the same equation as W. (There are some additional corrective terms that are
very small, of order \/@. Moreover, since they are the same in both equations they would cancel in
the next arguments). Using then the evolution by characteristics for the difference S — U we can
write

We now use the fact that the functions S (rr (p1,0),y1,0) and ¥ (rr (p1,0)) evolve according
to the same equation. Notice that we are ignoring the term 71, (p1,0) in this argument. Using the
evolution by characteristics, and neglecting for the moment the small noise term that would be
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the same both for S (rz, (p1,7),41,7) and ¥ (rp, (p1,7)) it follows that their effect cancels out and
we are left only with the "leading part”. Then

((S(re (p1,0),91,0) =¥ (rL (p1,0))) (S (7L (p2,0) ,y2,0) = ¥ (r (p2,0))))
= <(§ (TL (plvo) 7y170) -V (TL (pl,O))> (S’ (TL (p270) 7y270) 4 (TL (p270)))>

=2 (3 (ralon ) me T 77) = W s (o1,7)
(3 (i tonr) e F7) =0 o) )

It is not completely obvious that the variables (5’ (TL (p1,7%) e~ T*) — ¥ (rg (p1, T*))> and
(S’ (rL (p2, ") ,yge_%,7*> -V (rg (pg,T*))) are uncorrelated, because although the
points yle’%*, ygeNTT* are very separated for 7 — —oo we are using the value of S (p1,y1,0)
in the definition of S, and the difference between ry, (p1,7), 71 (p1,7) for 7 of order one could give
some contribution. Therefore, we need some additional computations. Let us use the notation

Sv1 - S’ (TL (phT*) 7y167%77—*) 9 512 = g (TL (p277—*)7y267%k77—*)

Sl =S (TL (phT*) 7yle_%77—*) ) S2 =5 (TL (9277—*) 7y26_ 77—*)
Uy =W (rp (p1, 7)), Vo=V (rL(p2,7"))

4
w‘*

We then need to compute

((Br=w) (=) ) = (((81-81) = (01 = 50) (82 = 52) — (%2 = 5) )
_ égjgl__ss;)(qgéi—512>)> - <(31 - Sl) (U — 32)> - <(\111 —5) (5*2 - 32)>

The variables ¥; — S7 and Wy — Sy are uncorrelated, and (¥ — S7) = (Ug — So) = 0. Then,
the last term dissappears. In order to estimate the remaining terms we need to approximate

(S’Z — Si> , ©=1,2. Integrating by characteristics
S (plu Y1, 0) = e_T*S (/FL (plu T*) ) yle_% 3 T*)

S(p1,y1,0)=e"" 8 (TL (p1,77) ,yle_%ﬁ*)

whence ) i )
S (FL (plvT*) 7yle_TaT*) =5 (T’L (Pl,T*) 7y1€_T,T*> = Sl

and an analogous formula holds true for So. We introduce
E(phyiu’r*) = fL(phyiuT*)_T‘L(piaT*% 1= 172
such that

gl - Sl =5 (FL (plvT*) ,y167%77_*) -8 (TL (plaT*) aylei%aT*)

ov

= gp; e (e (1,7
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Notice that it is enough to obtain the linear approximation, because all the terms above are

quadratic. Hence

(5 -m) (2 -w2))
=((51-5) (8- 52)) = (51 = 81) (¥ = 92)) = (0 = ) (82 = 52))

N g—t\i (re (p1,77)) g—i (re (p2, 7)) (e(p1, 41, 77) €2(p2, y2, 77))

_ g—j}l (TL (pl,T*)) <g(p1,y177_*) (\112 _ 52)> _
_ g—i (rr (p2, 7)) (U1 — S1) (pa, ya, 7))

Now &(p1,y1,7") and Wy — So are uncorrelated, and the same is true for U1 — 57 and &(p2, y2, 7).

The we arrive at

<S(p1,y1,0) S (Pz,y2,0)>

P ) ) (4.26)
=W (p1)V(p2) + lm ——(p1) 35— (p2) (e (p1,y1,7") € (p2, 92, 77)) -
T ——00 3P1 3/)2
In the final step we compute (¢ (p1,y1,0,7*) € (p2,Y2,0, 7*)) . Linearizing (4.21) we obtain
de (p1, 1, B) 1 11 (¢ (y,
delpoynr) 0 (1 11 1) () oy, 05w
dr orr, T ToTL 3 rL
E(pluyho) =0
whose solution is given by
10r 7)) [T 5),s ds
E(p17y7 ) ¢1 L(pl / C(y( ) ar
op1 s TL (P1,8 L (p1,5)
y(s) =ye
Hence
< (p17 *) (p27 *)>
_ \/_8TL P1, T 8TL (an )
6[)1 8p2 (427)

/TT i /TT dséz (p2.52) <C (ylefsl/?’,Sl) ¢ (y26752/3752)>

= rr (p1,81) gpl (p1,81) Jo+ 1L (P2, 52) apl

Using (4.24) and the invariance of ¢ under translations we find

<< (yle_sl/?’, 81) ¢ (y2e_52/3, 82) > = << (0,51)¢ (ye‘52/3,82)>

oo (4.28)

(s3-51) (s3-51) (s3-51)
=V¢&e T A(yze_”/36 e )/ ® (p)dp
rr(0,51—52)

where
51 = min{sy, s2} , 2 = max{s1,s2}
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We also recall that /@& = (4rB)~1/2 = O(1).
We now use (4.27),(4.28) and the identity

[ sw=cr
rr(0,7)

for some suitable normalization constant C. For sufficiently large |7*| we arrive after some com-
putations at

| ) e ) ] T )

/T dsq /0 d326252/3 251 -52)
. &
—oo 7L (p1,51) gm (phsl) oo 71 (P2, 52) o= (p2, 52)

e—\z|e 25 e—\)\—z\
K (N) dzd)
[ ==
(4.29)

We can simplify this formula for p; & prsw. Indeed, in such a region rp, (p1,51) = prsw and
gx (p1,81) = 1. Then, combining (4.26) and (4.29), we find

o) = 250 [| 2 o Qel] (1- 2 ) dpe (430)

where

Qlp) = ~ —— [\/_50} Jadrulent),

dp2

2(T—s2)
d - s |2 |8 3 —[A—z|
/ d$1/ S0~ " 3 2( 251 -5) //e e K (\) dzdA
oo T'L pz,Sz (pQ,SQ z

After integrating by parts we find

1) = =2 [ 02) @ ) |

Since €51/ ~ 1 it seem that Q is of order v/@. Notice however, that 272827 converges to 0 as

Op2
% — —00if pa < prsw. Then [ ®(p2)Q(p2) dp2 = o(1/¢), whence this term is negligible in (4.25).

4.3 Perturbative analysis of self-similar solutions

The results of the previous subsection show that it suffices to study solutions of

4 1 d®(p) d 1 1
—5‘1’ (n) — §p—dp - d_p <<W - %> ® (P))

43
d / IJR% Wk@)dy | d®(p) (431
dp \/@ p (X ) BTL(X”)) X dp
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We are are now going to construct solutions of (4.31) that are perturbations of the LSW
self-similar solutions. In fact, the appearance of the other self-similar solutions to leading order
can be ruled out in principle by the argument already given in [6]. In that case the structure
of the characteristic curves in self-similar variables implies that a fraction of the particles would
remain trapped in some region of the form {R > at'/ 3. This is however incompatible with the
conservation of volume of particles.

Self-similar solutions satisfy the equation

_é@(p)_lp@_(f’)_i«i L )cp(p)> —0 (4.32)

Y

Let us denote by ®rsw (p) the solution of (4.32) with maximal support. Therefore

T (4.33)

where

and where o > 0 is a constant such that (4.3) is satisfied. We define

1 ' re Wy k(y) dy

X
VIrB Jo (0% rp (. p) 2e)

D (p):= (4.34)

In order to be able to apply perturbative arguments it is crucial to determine if the function
D (p) is positive at least in a neighborhood of p = prsw.

It turns out that the proof of positivity is somewhat tedious. In Appendix B we present a
method to reformulate the problem such that it can be solved numerically in an efficient way.
Simulations indeed show, that D is positive and has the form as shown in Figure 1.

4.4 Boundary layer structure

In this section we study the solution ® (p) of (4.25) in the limit ¢ — 0 using asymptotic WKB
methods. Combining (4.25) and (4.34) we obtain

4 1 do(p) d 1 1 = d ([D(p)] d® (p)
‘5“’”‘5”?‘%((@‘@)“’”)—ﬁdpq 25

In the region where ® (p) is of order one we can approximate the solution of (4.35) by ®rsw
as given in (4.33).
Integrating (4.35) and using (4.19) we obtain

—W(p) - (%H 1 L) dq;_;f’) Y <[D_P>} dw(m) (4.36)

(
P2 rop p
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1.6 18 2

Figure 1: Diffusion coefficient

To leading order ry can be approximated as (%)2/ °. However, the presence of a boundary layer

for p1 = prsw introduces a small correction in the value of ro. We write
ro = 7o + ¢4 (4.37)

where 79 = (3)2/3

In order to study the behaviour of the solutions of (4.36) away from the critical region p ~ prsw
it is convenient to introduce the WKB change of variables

W (p) = exp (672U () (4.38)

such that . ()2

11 U'( 1 D(p LU
1 (zp+ - — _ 1D 4.39
(3p T Top) B p Vo ) (4.39)
We see that there are two possibilities for U. Either U ~ O(y/¢), then
1+( p+—— ) =0, (4.40)
Top

or U ~ O(1) where
1 1 1 / 7 D (p) ’ 2

For p > prsw we do not have physically reasonable solutions of (4.40). In fact, it is easily seen
that U(p) ~ \/Elnp for p — oo, whence ¥(p) ~ p% and thus [ p>¥(p) dp is not finite. Therefore
the asymptotics of the solutions is given by (4.41) for supercritical particles. Taking into account
(4.19) we obtain the following approximation of ® (p) for p > prsw

® (p) = Bexp ( = pjsw % [%H % - TOLJ d)\> (4.42)
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for some suitable constant (3. Notice that the resulting solution decays exponentially fast as it
could be expected.

We are going to show that there is a unique value of 1, such that the solution in (4.42) can
be matched with ®,gy as given in (4.33). In the transition region we have p ~ prsw and using
Taylor’s expansion we obtain with (4.37) the following approximation for (4.36)

1/3 / r
—W(p) - ((g) (p— prsw)® + ¢ 4,1 2) d\I:l/()p) =V <{D<pLSW)] d2\1}<p)> (4.43)

prsw (7o) PLSW d (P1)2

We now introduce the change of variables

p—prsw = (¢)"*x S =¢34 (4.44)
Then, (4.43) becomes
9\ 1/3
A ()5 S+ A(S2)" + (5) 2® +To| Sp+1=0 (4.45)
where D
Ty = T1 _— and A= [ (pLSW):| '
prsw (7o) PLSW

This equation can be approximated to leading order, away from boundary layers, by

9 1/3
<§) I2+F0

The solution of (4.46) that matches with the solution of (4.40) in the region where

PYE < (prsw — p) < 1, is
1/3 1/3
2 2
(g) 2+ T (§> x24T
3\1/3 1

Notice that S, ~ — (5) -7 848 T — —00.
We argue now that if follows from (4.47) that 44 > (I‘O)2 . Indeed, otherwise the function S,
in (4.47) is smooth for any # € IR and has the asymptotics S ~ C + (%)1/3 % as © — 00. Such a

A(S,)? + S, +1=0 (4.46)

2
S ! —4A (4.47)

solutions matches in the region (p — prsw) << 1, (p — prsw) >> (¢)*/® with a nontrivial solution
of (4.40) which is not possible as explained before. Therefore, in the limit ¢ — 0 we must have
4A > (Iy)” . Let us now examine the case in which 44 ~ (I'g)” as ¢ — 0, since a similar argument
will rule out the possibility 44 > (I'g)*. To this end we define a new variable § as

To = (44)% + 6
where § — 0 as ¢ — 0. We define a new set of variables by

= (A" <§> g (4.48)
_ : .

1/8
VAS, +1=(4)"® (;) ¢'/16y) (4.49)
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Then (4.45) becomes to leading order

) 3 1/4 5

with the matching condition, as a consequence of (4.47), which reads
Y~ |X] as X — —o0 (4.51)

An analysis of the phase portrait shows for any value of o there is a unique solution of (4.50)
and (4.51). There also exists for any o a unique solution of (4.50) with the asymptotics

h~—X as X — 00 (4.52)

It turns out that the only value of o for which the solution satisfies both, equations (4.51) and
(4.52), is 0 = —1. This can be seen with the change of variables ¢ (z) = —z + ¢(z). Then (4.50)
becomes

¢z =220 — " + 0+ 1

and we see that the only value for which ¢(z) — 0 as |z| — oo is for o = —1.
After the transition described above the resulting solution matches with the behaviour

9\ 1/3 9\ 1/3 2
(g) 2?2 +To| — [(g) x24T
and this behaviour yields a exponential decay according to (4.41). To leading order

12\ (o= prsw)®
¥ = yexp <_ﬂ <§> T

as ((;5)1/8 << p—prLsw << 1, where v is a multiplicative constant which can be determined by
the higher order terms in the matched asymptotic expansion described above.

1

5 Appendices

5.1 Appendix A: Change in capacity coefficients

In order to approximately evaluate the second term in (3.25) we compute the difference

)
Ci,j Cilj . . . . . . . . .
TRR ~ RO R® for ¢ # j. This difference in the capacity coefficients is due to two dif-
i ]

ferent effects, namely the presence in the computation of the coefficients C; ; of an additional
particle 72, and the difference on the radii of the remaining particles. In order to measure these
effects we make the dependence on the radii explicit by writing

@)
Cij Yy (5.1)
ArRiR;  47RP R '

(2) (2)
-l ey - o ) + | 10D SR
4mR:R; L% " ATR;R; 4rRP R
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In order to compute the first term on the right-hand side of (5.1) let us denote as v the difference

of the potentials associated to the computation of the capacities C; ; ({ R }) and Ci(i-) ({Rk}). This
potential vanishes at the boundary of all the particles except the particle 72. Taking into account
(2.16) and (2.17) we find

v=—47R;G (x; —x2) at OBg, (x2)
and thus

o(v; —wv
Cus (R - 0 (repy = - [ 20 ) g

J

d(v; —v'?)
= — — I 4. dS
/maj on !

= / Vo - V’Uj
Q\UB;
avj
= — —vdS
/(?Bz an
~ CQJ'U = 47TR7:CQ7J‘G (J,'l — ,TQ) .
Using the approximation (3.26) we find
Cog ({Ri}) = CFF) ({Ri}) = (4nRy) (4mRa) (4mRy) G (i — 22) G (w2 — ;) i# 5. (5.3)

To treat the last term in (5.1) we need to compute the change in the capacity coefficients C ({R 13
due to the change of the radii. Let us suppose that we modify just the radius of a s1ngle particle
Ri — Ry + 6Ry; where for the moment k& # i4,j. The difference of the potentials associated to
the corresponding capacity coefficients, denoted by v, vanishes at all the particles except at the
boundary of the particle ;. Near the particle xj, the potential associated to the capacity coefficient

@)
({Rk}) can be approximated by v = ilﬁk (ﬁ — ﬁ) such that
k
C(Q)
v = 75}%;c at OBg, (zx) ,
ir (R<2))

whence the charge induced at the particle 7; by this change of the radius is

C(Q)
CP) 2k SRy k#1042 (5.4)
k,j 4 (R ) ’ ’

Next, we are going to show that the change of the magnitude under changes of the radii

Ci;
InR,
R; and R; are quadratic in OR; and OR;. This can be expected, since in view of (2.18) we see
that the quantity % basically does not depend on R; and R;.

it

Indeed, let @; be the potential for Br, and u; be the potential for Br,tsr,, such that a; ~

R;
|z—X;]|
and u; ~ }‘%;"")S(Rf close to 0BpR,. Hence, we find that the difference v = w; — @; approximately
satlsﬁes 9% on @Bp, and vanishes in all the other particles. Consequently, arguing similarly as in

(5.2) above we find that the change induced in C;] 2) is O} 2) 53
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Similarly the difference in potentials corresponding to C;; when R; is changed to R; + 6R;

satisfies approximately Ci#;{jj, whence the change in the capacity coefficient is Cj ; C;;g?"f
2 j
—Ci’;é‘;Rj . In summary, the change of 47%:& is given by
C.. Cij(1+ %= + F2) Cij OR;0R;

4nRR; am(1+ ) (1+ ) " 4rR:R; R; R,

and is thus quadratic in éR;, dR;.
Therefore, in order to compute the last term in (5.1) it is enough to add the contributions due
to the changes in the radii d Ry with k # i, 7, 2. Then to leading order

(2) (2) 2) ~(2
c® ({Ry}) G ({Rk }) - @) - 5.5
‘R (2) p(2) o 2 (2) p(2) ‘
ATR;R; 4R R, b2 A (Rl(f)) Ar R R;
and combining (5.1), (5.3) and (5.5) we obtain
2,7 7,7
= (47TR2) (47TG (,Ti — ,TQ)) G (1‘2 — LL’j) + (56)

4nRiR; 4z RP

2) ~(2
CikCi)

+ 2 2 2 k) Z # Z’.]
k#i,5,2 4T (R,(f)) 47TR1( )R§' :

5.2 Appendix B: Positivity of the diffusion coefficient

In this appendix we sketch a procedure to transform the original problem (4.16) and (4.25) which
determine the coefficient D(p) (cf. (4.34)) into an equation which is more convenient to solve

numerically.
To that aim it is convenient to introduce
gios (14 5o )+ s (1 250 )+ G
J =—-log 1+ +=log(1-— + . 5.7
1(p) 3% ( 2pLsw 38 PLSW (pLsw — p) (5.7)

Using this function the equations for the characteristics in self-similar variables take the simple
form

Ji(rosw (T.p)) = Ji(p) = —7 (5.8)
where J; (p) is as in (5.7).
We can now transform (4.16) making the following changes of variables z = rpsw (7, p) , dz =

Msaiwdp. After introducing this change of variables in (4.16) we take the Fourier transform
with respect to 1. Then we obtain after some lengthy computations we obtain

Dip) =5 / 0 (l(Jfl(Jl(p)_s))egw (s>> @, (5.9)

=) 7 ()

where

(5.10)

W (s) = /m <e2“3” (1 - W) /(;Oof(T,T) dr> dr (5.11)
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and f is the solution of

(1 + TQeZTT) flrr)+ ’ G(r—s)f(s,r)ds=e3 (1 - M) (5.12)

— 00

where

G(r) = e 3 /0<OO e s J; (‘]1_1 (s+ 7’)) ds (5.13)

o JN s+ I (ITN(s)
Formula (5.9) is valid for p < prsw. In the region p > prsw the computation is similar with
Ji replaced by Js given by

J: =_log |1+ + =1lo -1+ — 5.14
2(7) 38 ( 2prsw 38 PLSW (pLsw — p) (5.14)

Acknowledgments. Acknowledgments This work has been supported by the DFG Priority
Program 1095 “Analysis, Modeling and Simulation of Multiscale Problems” under Ni 505/2. Juan
Veldzquez also gratefully acknowledges support through the DGES Grant MTM2004-05634, a
Humboldt prize, awarded by the Alexander von Humboldt foundation, and the hospitality of the
Max-Planck Institute for Mathematics in the Sciences and the Humboldt University.

References
[1] N. Alikakos and G. Fusco. Ostwald ripening for dilute systems under quasistationary dynamics.
Comm. Math. Phys., 238, 3:429-479, 2003.
[2] Y. Farjoun and J. Neu. Aggregation kinetics - from nucleation to late stage coarsening. 2006. Preprint.

[3] B. Giron, B. Meerson, and P. V. Sasorov. Weak selection and stability of localized distributions in
Ostwald ripening. Phys. Rev. E, 58:4213-6, 1998.

[4] A. Honig, B. Niethammer, and F. Otto. On first-order corrections to the LSW theory I: infinite
systems. J. Stat. Phys., 119 1/2:61-122, 2005.

[5] J. D. Jackson. Classical electrodynamics. John Wiley & Sons Inc., New York, second edition, 1975.

[6] 1. M. Lifshitz and V. V. Slyozov. The kinetics of precipitation from supersaturated solid solutions. J.
Phys. Chem. Solids, 19:35-50, 1961.

[7] M. Marder. Correlations and Ostwald ripening. Phys. Rev. A, 36:858-874, 1987.

[8] J. A. Marqusee and J. Ross. Theory of Ostwald ripening: Competitive growth and its dependence on
volume fraction. J. Chem. Phys., 80:536-543, 1984.

[9] B. Meerson. Fluctuations provide strong selection in Ostwald ripening. Phys. Rev. E, 60, 3:3072-5,
1999.

[10] B. Niethammer, F.Otto, and J. J. L. Veldzquez. On the effect of correlations, fluctuations and collisions
in Ostwald ripening. In A. Mielke, editor, Analysis, Modeling and Simulation of Multiscale Problems,
pages 501-530. Springer, 2006.

[11] B. Niethammer and R. L. Pego. Non-self-similar behavior in the LSW theory of Ostwald ripening.
J. Stat. Phys., 95, 5/6:867-902, 1999.

[12] B. Niethammer and J. J. L. Veldzquez. Homogenization in coarsening systems II: stochastic case.
Math. Meth. Mod. Appl. Sc., 14,9:1-24, 2004.

[13] B. Niethammer and J. J. L. Veldzquez. Screening in interacting particle systems. Arch. Rat. Mech.
Anal., 180 3:493-506, 2006.



35

[14] J. J. L. Veldzquez. The Becker-Doring equations and the Lifshitz—Slyozov theory of coarsening. J.
Stat. Phys., 92:195-236, 1998.

[15] P. W. Voorhees. The theory of Ostwald ripening. J. Stat. Phys., 38:231-252, 1985.

[16] C. Wagner. Theorie der Alterung von Niederschlagen durch Umldsen. Z. Elektrochemie, 65:581-594,
1961.



