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1 Introduction

The geometric approach to dynamical systems by means of vector fields suggests us to consider
additional compatible structures. In a recent paper [1] Hojman proposed a general technique for
finding an admissible Hamiltonian structure for a given equation of motion using one infinitesimal
symmetry transformation and one constant of motion, valid for systems of both ordinary and partial
differential equations, and it was extended in subsequent papers by him and his coworkers [2, 3]
for dealing with dynamical systems in field theory without using any Lagrangian. For a recent
updating of Hojman’s approach see e.g. [4].

The geometric approaches to mechanics used first symplectic and later presymplectic and Pois-
son structures. Later, Nambu proposed in 1973 [5] a generalisation of the classical Hamiltonian
formalism for the study of a system defined on a three-dimensional phase space with coordinates
(x1, x2, x3) and a new class of bracket for three functions (f1, f2, f3) given by

{ f1, f2, f3} =
∂(f1, f2, f3)

∂(x1, x2, x3)
,

where the right hand side denotes the Jacobian determinant, allowing us to express the time
evolution of a function f by

df

dt
= {f, h1, h2} .

Here h1 and h2 are two ‘Hamiltonian’ or ‘Nambu’ functions for such dynamics.

Like Poisson geometry, the existence of a Nambu-Poisson bracket is equivalent to the existence
of a skewsymmetric contravariant tensor N of order m satisfying a condition equivalent to the
fundamental identity.

Shortly after that, Takhtajan [6] introduced the concept of Nambu-Poisson (or simply Nambu)
structure using an axiomatic formulation for the n-bracket operation and this paper motivated a
series of papers on the same subject (see e.g. [7, 8, 9, 10]. Another generalisation was the so-called
generalised Poisson brackets [11, 12, 13].

Like Poisson geometry, the existence of a Nambu-Poisson bracket is equivalent to the existence
of a skewsymmetric contravariant tensor N of order m satisfying a condition equivalent to the
fundamental identity. It has been proved [14, 15] that a Nambu-Poisson tensor N of order m ≥ 3
is decomposable, as a consequence a Nambu-Poisson manifold is locally foliated.

Our aim in this paper is to analyse the existence of a Nambu structure for a given dynamical
system, Γ, and how we can find such a structure when two commuting infinitesimal symmetries of
the dynamical vector field and two constants of motion are known.

The organization of the paper is as follows: Section 2 is devoted to introduce notation and
basic definitions and we summarise the relevant properties of Nambu–Poisson manifolds. The
possibility of finding a Nambu structure making the vector field Γ Hamiltonian when two commuting
infinitesimal symmetries of Γ and two constants of the motion are known is proved in Sections 3
and finally Section 4 contains several illustrative examples.
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2 Notation and basic definitions

Let M be a smooth n-dimensional manifold and C∞(M) denote the algebra of differentiable real-
valued functions on M . A Nambu structure is given by an m-dimensional multivector

N :
∧

1(M)×
m
· · · ×

∧
1(M) → F(M)

which in local coordinates (x1, x2, . . . , xm) is given by

N = ni1... im(x)
∂

∂xi1

∧
∂

∂xi2

. . . ∧
∂

∂xim

,

where summation over repeated indices is understood, which allows us to define the bracket of m
functions by

{ f1, f2, . . . , fm} = N(df1, df2, . . . , dfm),

in local coordinates (x1, . . . , xn) this is

{f, f1, . . . , fn−1} = ni0i1,...im−1
φi0fφi1f1 . . . φin−1

fm−1,

in such a way that the following conditions be satisfied:

1. Skew-symmetry
{ f1, f2, . . . , fm} = (−1)ǫ(σ){ fσ(1), fσ(2), . . . , fσ(m)},

where σ ∈ Sm (symmetric group of m elements) and ǫ(σ) denotes its parity.

2. Multilinearity: if ka and kb are real numbers,

{ kaga + kbgb, f2, . . . , fm} = ka{ ga, f2, . . . , fm} + kb{ gb, f2, . . . , fm}

for any m + 1 functions ga, gb, f1, . . . , fm−1.

3. Leibniz rule

{ ga gb, f2, . . . , fm} = ga { gb, f2, . . . , fm} + { ga, f2, . . . , fm} gb.

4. Generalised Jacobi identity, usually called Fundamental identity (shortened as F.I.):

{ f1, . . . , fm−1, { gm, . . . , g2m−1}} = { { f1, . . . , fm−1, gm}, gm+1, . . . , g2m−1} + . . .
. . . + { gm, . . . , g2m−2, { f1, . . . , f2, g2m−1}}

The last property, (iv), that is also known as the “Takhtajan identity”, is the appropriate gen-
eralisation of the Jacobi identity characterising the standard Poisson bracket. As an example for
m = 3 and m = 4 it reduces to

{ f1, f2, { g3, g4, g5}} = { { f1, f2, g3}, g4, g5} + { g3, { f1, f2, g4}, g5} + { g3, g4, { f1, f2, g5}}

and

{ f1, f2, f3, { g4, g5, g6, g7}} = { { f1, f2, f3, g4}, g5, g6, g7} + { g4, { f1, f2, f3, g5}, g6, g7}
+ { g4, g5, { f1, f2, f3, g6}, g7} + { g4, g5, g6, { f1, f2, f3, g7}}.
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Lemma 1 Let {·, ·, · · · , ·} : C∞(M) × C∞(M) · · · × C∞(M) −→ C∞(M) be a multi- derivation

that satisfies FI iff

1. {·, ·, · · · , ·} satisfies FI for generators.

2. It satisfies quadratic identities.

n∑

k=1

{φ, f1, · · · , fn−2, fn+k−1}{φ
′, fn, · · · , ̂fn+k−1, · · · , f2n−1} (1)

+{φ′, f1, · · · , fn−2, fn+k−1}{φ, fn+1, · · · , ̂fn+k−1, · · · , f2n−1} = 0.

Note that a set of m− 1 functions, f1, . . . , fm−1, defines a vector field, to be denoted Xf1,...,fm−1
,

by contracting N with df1 ∧ · · · ∧ dfm−1, i.e. Xf1,...,fm−1
g = {f1, . . . , fm−1, g}. Such a vector field

satisfies LXf1,...,fm−1
N = 0, which is equivalent to the F.I.. Actually LXf1,...,fm−1

N = 0 means that

Xf1,...,fm−1
{fm, . . . , f2m−1} = {Xf1,...,fm−1

fm, . . . , f2m−1} + · · · + {fm, . . . ,Xf1,...,fm−1
f2m−1}.

Definition 1 f ∈ C∞(M) is a first integral of Xf1,···fm−1
if and only if

{f, f1, f2, · · · , fm−1} = 0.

Note also that as a consequenece of the F.I. the Nambu Bracket of m constants of the motion
for a Hamiltonian vector field is a constant of motion too.

The vector field Xf1,...,fm−1
is said to be Hamiltonian. A vector field Y in M for which there

exist m functions g, f1, . . . , fm−1 such that gY = Xf1,...,fm−1
is said to be quasi-Hamiltonian. The

functions fi defining such a vector field are constants of the corresponding motion by the skew-
symmetry of N .

More generally for any k ≤ n we can define a map

N# : Γ(
∧

k(T ∗M)) → Γ((
∧

n−k(TM)))

by contraction of N with each k-form in M .

An interesting particular case is when m is equal to the dimension of the manifold M . For
instance, if Q is a n-dimensional manifold and M = T ∗Q is endowed with its natural symplectic
form ω0, then the multivector in M which is dual of the 2n-form ω∧

n
· · · ∧ω defines a Nambu

structure (in this case it is the dual of the Liouville structure).

Finally the F.I. also implies that [10]

[Xf1,···,fm−1
,Xfm,···,f2m−2

] =
m−1∑

i=1

Xfm,···,fm+k−2,Xf1,···,fm−1
fm+k−1,···,f2m−2

.

A remarkable property is that, when n is an even number, the F.I. holds if and only if the
Schouten Bracket [N,N ] vanishes (see e.g. [11, 13, 16])). Moreover we recall that the Nambu
Bracket of two decomposable m-vectors is given by

[X1∧· · ·∧Xm, Y1∧· · ·∧Ym] =
m∑

i,j=1

(−1)i+j [Xi, Yj ]∧X1 · · ·∧X̂i∧· · ·Xm∧Y1∧· · ·∧Ŷj∧· · ·∧Ŷm , (2)

where X̂i means that the vector field Xi is omitted and the same for Ŷj .
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3 The main theorem

Theorem 1 Let Γ be a dynamical system on a manifold M . Suppose that

1. Γ possesses two commuting infinitesimal symmetries represented by the vector fields X1 and

X2.

2. There exist two functions, h1 and h2, which are constants of the motion for Γ.

Then the 3-vector field N012 = Γ∧X1 ∧X2 is a Nambu structure on M and the dynamical system

Γ is ‘quasi-Hamiltonian’ with respect to N012. Moreover a new Nambu structure J , proportional

to N012, can be defined so that Γ is the Hamiltonian vector field of the functions h1 and h2 with

respect to J .

Proof.: The expression
N012 = Γ∧X1 ∧X2 (3)

defines a 3-vector field on M and the fact that X1 and X2 are infinitesimal symmetries of Γ,

[X1,Γ] = 0 , [X2,Γ] = 0 , (4)

implies that it is invariant under Γ

LΓ (Γ∧X1 ∧X2) = Γ∧ [Γ,X1]∧X2 + Γ∧X1 ∧ [Γ,X2)] = 0 .

Using the expression (2) we see that the vanishing of the Lie Bracket of the two symmetries, that
is [X1,X2] = 0, together with (4) leads to the vanishing of the Schouten Bracket

[N012, N012 ] = 0 ,

and thus N012 is a Nambu structure invariant under the dynamics.

Denote by (x1, x2, x3) a local set of coordinates in a 3-dimensional manifold M and suppose the
following coordinate expressions for the three vector fields

Γ = fa(x)
∂

∂xa

, X1 = zb
1(x)

∂

∂xb

, X2 = zc
2(x)

∂

∂xc

.

Then N012 is given by

N012 = nabc

∂

∂xa

∧
∂

∂xb

∧
∂

∂xc

, nabc = det

∣∣∣∣∣∣

fa f b f c

za
1 zb

2 zc
3

za
2 zb

2 zc
3

∣∣∣∣∣∣
.

The action of N#
012 on the two differentials, dh1 and dh2, of the two assumed constants of motion

for Γ is
N#

012(dh1, dh2) = h12 Γ ,
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where the function h12 is given by

h12 = X1(h1)X2(h2) − X1(h2)X2(h1) .

Hence the dynamical vector field Γ is ‘quasi-Hamiltonian’ with respect the Nambu structure N012.
On the other side the vanishing of the Lie brackets [Xi,Γ] means that the corresponding Lie
derivatives, LX and LΓ, also commute. Therefore the function h12 is a constant of the motion for
Γ because from LΓLXi

− LXi
LΓ = 0 we obtain that

LΓh12 = LΓ(LX1
(h1) LX2

(h2) + LX1
(h2)LX2

(h1)) = 0 .

When h12 6= 0, we can define a new structure J by

J =
1

h12
N012.

The property Γ(h12) = 0 implies that J is also Nambu and that

Γ = J#(dh1, dh2).

Thus Γ is the Hamiltonian vector field of the functions h1 and h2 with respect to J .

4 Three Examples

4.1 Isotropic harmonic oscillator

Consider a six-dimensional phase space M with local coordinates (x1, x2, x3, y1, y2, y3) and the
dynamical vector field

Γ = X1 + X2 + X3 , Xi = yi
∂

∂xi

+ ω2xi
∂

∂yi

, i = 1, 2, 3.

Note that [Γ,X2] = [Γ,X3] = 0, and [Xi,Xj ] = 0 for i, j = 1, 2, 3. Then we can define the
3-vector field N by

N023 = Γ ∧ X2 ∧ X3

or, in an equivalent way, N023 = N123 with N123 being given by

N123 = X1 ∧ X2 ∧ X3 .

On the other hand the functions

h2 = x3y1 − x1y3 and h3 = x1y2 − x2y1 ,

are Γ-invariant, i.e. Γ(h2) = Γ(h3) = 0.

The vector field defined by the functions h2 and h3 is

N#
012(dh2, dh3) = h23 Γ ,
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where the function h23 is given by

h23 = − (y1y2 + ω2x1x2)(y1y3 + ω2x1x3) .

Such a function is also Γ-invariant, Γ(h23) = 0 and consequently

J =
1

h23
N023 is such that [J, J ] = 0 .

Therefore J is also Nambu structure and the dynamical vector field corresponding to J is

Γ = J#(dh2, dh3) .

4.2 Kepler problem

In a similar way, if we remove the points (0, 0, 0, y1, y2, y3) in the preceding phase space and consider
the dynamical vector field

Γ = y1
∂

∂x1
+ y2

∂

∂x2
+ y3

∂

∂x3
+

k

r3

(
x1

∂

∂y1
+ x2

∂

∂y2
+ x3

∂

∂y3

)
, r2 = x2

1 + x2
2 + x2

3 ,

then the vector fields X2 and X123 given by

X2 = x3
∂

∂x1
− x1

∂

∂x3
+ y3

∂

∂y1
− y1

∂

∂y3
X123 = J1 X1 + J2 X2 + J3 X3 (5)

are infinitesimal symmetries of Γ such that [X2,X123] = 0 and we can define a 3-vector field N023

by
N023 = Γ ∧ X2 ∧ X123

which is invariant under Γ.

Moreover, one can check that the functions

h2 = R2 , h3 = R3 , and Ri = ǫijl Jj yl − k
xi

r

are Γ-invariant, i.e. Γ(h2) = Γ(h3) = 0. The Hamiltonian vector field defined by the functions h2

and h3 and the Nambu tensor N023 is given by

N#
023(dh2, dh3) = h23 Γ ,

where the function h23 is given by

h23 = R1(J1R3 − R2J3)

and is Γ-invariant, i.e. Γ(h23) = 0.

The 3-vector field

J =
1

h23
N023 ,

is then a Nambu structure as well and Γ is Hamiltonian with respect to J

Γ = J#(dh2, dh3) .
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4.3 Calogero-Moser system

Consider now a six-dimensional phase space M with coordinates (x1, x2, x3, y1, y2, y3) and the
dynamical system in M given by

Γ = y1
∂

∂x1
+ y2

∂

∂x2
+ y3

∂

∂x3
+ 2c0

[( 1

x3
21

−
1

x3
13

) ∂

∂y1
+

( 1

x3
32

−
1

x3
21

) ∂

∂y2
+

( 1

x3
13

−
1

x3
32

) ∂

∂y3

]
,

where use has been made of the notation xij = xi − xj.

Let N be the multivector
N023 = Γ ∧ X2 ∧ X3 ,

where X2 and X3 are given by

X2 =
∂

∂x1
+

∂

∂x2
+

∂

∂x3

X3 = (y2
1 + V21 + V13)

∂

∂x1
+ (y2

2 + V32 + V21)
∂

∂x2
+ (y2

3 + V13 + V32)
∂

∂x3

+ Γ(y2
1 + V21 + V13)

∂

∂y1
+ Γ(y2

2 + V32 + V21)
∂

∂y2
+ Γ(y2

3 + V13 + V32)
∂

∂y3

and Vij denotes the function Vij = c0/x
2
ij .

Note that the vector fields X1 and X2 commute: [X2,X3] = 0.

Moser proved [32] that the n-dimensional Calogero system can be presented as a Lax equation
and that a fundamental set of constants of the motion is given by

Ik =
1

k
tr Ak , A = A1 + i c0A2 , k = 1, 2, . . . , n ,

where A1 and A2 denote the diagonal and nondiagonal matrices

A1 = diagonal [y1, y2, . . . , yn] , (A2)ij =

[
(1 − δij)

1

xij

]
.

Wojciechowski proved the superintegrability of this system [33] by showing the existence of an
additional family of integrals (see also [34, 35, 36, 37]). If we make use of the matrix Q defined by

Q = diagonal [q1, q2, . . . , qn],

then the additional constants of the motion can be given as the traces of products of the matrices
Q and A [35]. In the particular case we are considering, if we denote by Lij the functions Lij =
xiyj − xjyi, the following two functions

h2 = [tr(QA)] I1 − [tr(Q)] (2I2)
= L21(y2 − y1) + L32(y3 − y2) + L13(y1 − y3) + terms of lower order

h3 = [tr(QA2)] I1 − [tr(Q)] (3I3)
= L21(y

2
2 − y2

1) + L32(y
2
3 − y2

2) + L13(y
2
1 − y2

3) + terms of lower order (6)

are Γ-invariant, i.e. Γ(h2) = Γ(h3) = 0. The action of N023 on the 1-forms dh2 and dh3 is

N#
023(dh2, dh3) = h23 Γ ,
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where the function h23 is given by

h23 = (y2 − y1)
2(y3 − y2)

2(y1 − y3)
2(y1 + y2 + y3) + terms of lower order.

Taking into account that Γ(h23) = 0 we obtain

J =
1

h23
N023 , [J, J ] = 0 .

In other words J is a Nambu structure and the dynamical vector field Γ is Hamiltonian with
respect to J .

Γ = J#(dh2, dh3) .

5 Conclusion and outlook

This is a second paper of the project to understand Hojman’s programme of nonstandard con-
struction of Hamiltonian structures. Recall that this construction is a general technique to find a
Hamiltonian structure for a given equation of motion using one infinitesimal transformation and
one constant of motion. In this paper we have studied the generalization of degenerate quasi-
Hamiltonian towards the Nambu-Poisson case. We have given several interesting examples in sup-
port of our construction. In future we will study the noncommutative generalization of degenerate
quasi-Hamiltonian structure.
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[4] J.F. Cariñena, P. Guha and M.F. Rañada, Quasi-Hamiltonian Structure and Hojman Con-

struction, J. Math. Anal. Appl. 332, 975–88 (2007).

9



[5] Y. Nambu, Generalized Hamiltonian Dynamics, Phys. Rev. D 7, 2405-2412 (1973).

[6] L. Takhtajan, On foundation of the generalized Nambu mechanics, Comm. Math. Phys. 160,
no. 2, 295–315 (1994).

[7] F. Bayen and M. Flato, Remarks concerning Nambu’s generalized mechanics, Phys. Rev. D

11, 3049-3053 (1975).

[8] N. Mukunda and E.C.G. Sudarshan, Relation between Nambu and Hamiltonian mechanics,
Phys. Rev. D 13, 2846-2850 (1976).
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