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Abstract

In this paper we extend Hojman’s approach of the non standard Hamiltonian struc-
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1 Introduction

The geometric approach to dynamical systems by means of vector fields suggests us to consider
additional compatible structures. In a recent paper [1] Hojman proposed a general technique for
finding an admissible Hamiltonian structure for a given equation of motion using one infinitesimal
symmetry transformation and one constant of motion, valid for systems of both ordinary and partial
differential equations, and it was extended in subsequent papers by him and his coworkers [2, 3]
for dealing with dynamical systems in field theory without using any Lagrangian. For a recent
updating of Hojman’s approach see e.g. [4].

The geometric approaches to mechanics used first symplectic and later presymplectic and Pois-
son structures. Later, Nambu proposed in 1973 [5] a generalisation of the classical Hamiltonian
formalism for the study of a system defined on a three-dimensional phase space with coordinates
(z1,22,23) and a new class of bracket for three functions (f1, fo, f3) given by

_ O(f1, far £5)
{fl)f27f3} - M7

where the right hand side denotes the Jacobian determinant, allowing us to express the time
evolution of a function f by

df
- = hi,ho}.
7 {f,h1,ha}
Here hy and hg are two ‘Hamiltonian’ or ‘Nambu’ functions for such dynamics.

Like Poisson geometry, the existence of a Nambu-Poisson bracket is equivalent to the existence
of a skewsymmetric contravariant tensor N of order m satisfying a condition equivalent to the
fundamental identity.

Shortly after that, Takhtajan [6] introduced the concept of Nambu-Poisson (or simply Nambu)
structure using an axiomatic formulation for the n-bracket operation and this paper motivated a
series of papers on the same subject (see e.g. [7, 8, 9, 10]. Another generalisation was the so-called
generalised Poisson brackets [11, 12, 13].

Like Poisson geometry, the existence of a Nambu-Poisson bracket is equivalent to the existence
of a skewsymmetric contravariant tensor N of order m satisfying a condition equivalent to the
fundamental identity. It has been proved [14, 15] that a Nambu-Poisson tensor N of order m > 3
is decomposable, as a consequence a Nambu-Poisson manifold is locally foliated.

Our aim in this paper is to analyse the existence of a Nambu structure for a given dynamical
system, I', and how we can find such a structure when two commuting infinitesimal symmetries of
the dynamical vector field and two constants of motion are known.

The organization of the paper is as follows: Section 2 is devoted to introduce notation and
basic definitions and we summarise the relevant properties of Nambu—Poisson manifolds. The
possibility of finding a Nambu structure making the vector field I' Hamiltonian when two commuting
infinitesimal symmetries of I and two constants of the motion are known is proved in Sections 3
and finally Section 4 contains several illustrative examples.



2 Notation and basic definitions

Let M be a smooth n-dimensional manifold and C°°(M) denote the algebra of differentiable real-
valued functions on M. A Nambu structure is given by an m-dimensional multivector

N : A\ M)x o< NN M) — F(M)
which in local coordinates (z1,z2,...,Zy) is given by

0 0 0

A RRVAN
81'1'1 8332-2 al‘z‘m ’

N =n; i, (x)

where summation over repeated indices is understood, which allows us to define the bracket of m
functions by

{f17f27"'>fm} :N(dfbdf%"'adfm)a

in local coordinates (x1,...,x,) this is

{fi fi, o fam1} = Nagin,im o Gio SO 1+ Dyt frn—1,

in such a way that the following conditions be satisfied:

1. Skew-symmetry
{flaf?a T fm} = (_1)6(0){f0(1)7f0(2)7 s afa(m)}y

where o € S;,, (symmetric group of m elements) and €(o) denotes its parity.
2. Multilinearity: if k, and k; are real numbers,
{kaga + kogos fos- -+ fim} = ka{ Gas for s fm} + kol gbs for -+ fn}
for any m + 1 functions gg, gp, f1, .-+, frn—1-

3. Leibniz rule
{gagb7f27“'7fm} :ga{gb7f27"'>fm} +{ga7f27"'>fm}gb'

4. Generalised Jacobi identity, usually called Fundamental identity (shortened as F.I.):

{fl7--~7fm—la{gm7--~792m—1}} = {{fl7--~7fm—l7gm}7gm+l7--~792m—1}+---
...—i—{gm,..-,g2m—27{f17---af2792m—1}}

The last property, (iv), that is also known as the “Takhtajan identity”, is the appropriate gen-
eralisation of the Jacobi identity characterising the standard Poisson bracket. As an example for
m = 3 and m = 4 it reduces to

{f17f27{937g4795}} = {{f17f27g3}7g47.g5} + {937{f17f2794}7g5} + {937947{f17f27.g5}}

and

{{f17f27f3vg4}7g57967g7} + {g4v{f17f27f3vg5}796797}

{f17f27f37{g4795796797}} =
+ {947957{f17f27f3796}7g7} + {g4ag5ag67{f17f27f37g7}}'



Lemma 1 Let {-,-,---,-} : C®°(M) x C®°(M)--- x C®(M) — C®°(M) be a multi- derivation
that satisfies FI iff

1. {-,-,---,-} satisfies FI for generators.

2. It satisfies quadratic identities.
Z{qba flv Ty fn—2) fn-i—k—l}{qb,) fn) e )fn:-;—lv e 7f2n—1} (1)
k=1
+{¢,) fl) e )fn—2) fn+k—1}{¢7 fn—i—l) e )fn:-;—lv U 7f2n—1} =0.

Note that a set of m — 1 functions, fi,..., fin—1, defines a vector field, to be denoted Xy, 7 .,
by contracting N with dfy A -+ Adfpm—1, ie. Xg £ .9 ={f1,-.., fm—1,9}. Such a vector field
satisfies Lx S N =0, which is equivalent to the F.I.. Actually Lx " N = 0 means that

----- Fm—1 e fm—1

XL oos oot} = DXrfs oo Fomet 4 Lo X s Fomet
Definition 1 f € C>®(M) is a first integral of Xy, ...t if and only if
{f7f17f27"'7fm—1} = 0.

Note also that as a consequenece of the F.I. the Nambu Bracket of m constants of the motion
for a Hamiltonian vector field is a constant of motion too.

The vector field Xy, ;. , is said to be Hamiltonian. A vector field Y in M for which there
exist m functions g, f1,..., f;u—1 such that gY = Xy ¢ | is said to be quasi-Hamiltonian. The
functions f; defining such a vector field are constants of the corresponding motion by the skew-
symmetry of .

More generally for any k < n we can define a map
N#:T(\ M1 M) — T((\ "~H(TM)))
by contraction of N with each k-form in M.

An interesting particular case is when m is equal to the dimension of the manifold M. For
instance, if ) is a n-dimensional manifold and M = T*(Q is endowed with its natural symplectic
form wp, then the multivector in M which is dual of the 2n-form wA -*- Aw defines a Nambu
structure (in this case it is the dual of the Liouville structure).

Finally the F.I. also implies that [10]
m—1
[Xfly"ﬁfmfl’Xfmv"':f2m72] = Z Xfmv"'vfm+k—27Xf1,~~~,fm71fm+k—1,"',f2m72'
i=1

A remarkable property is that, when n is an even number, the F.I. holds if and only if the
Schouten Bracket [N, N] vanishes (see e.g. [11, 13, 16])). Moreover we recall that the Nambu
Bracket of two decomposable m-vectors is given by

[XiA AXn, YIA-AY] = S ()™[X, VIAXL - AX A X AYI A AYG A A, (2)
ij=1

where X means that the vector field X is omitted and the same for 17]
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3 The main theorem

Theorem 1 Let T" be a dynamical system on a manifold M. Suppose that

1. T possesses two commuting infinitesimal symmetries represented by the vector fields X1 and
Xs.

2. There exist two functions, hy and he, which are constants of the motion for T.

Then the 3-vector field Nog1o = I' A X1 A Xo is a Nambu structure on M and the dynamical system
T is ‘quasi-Hamiltonian’ with respect to Ngyio. Moreover a new Nambu structure J, proportional
to No12, can be defined so that ' is the Hamiltonian vector field of the functions hy and ho with
respect to J.

Proof.: The expression
Noi2 =T'AN X1 AN Xy (3)

defines a 3-vector field on M and the fact that X; and X5 are infinitesimal symmetries of T,
[X1,T] =0, [X2,T] =0, (4)
implies that it is invariant under I"

Lr (F/\Xl /\Xg) :P/\[F,Xl]/\Xg+F/\X1/\[P,X2)] =0.

Using the expression (2) we see that the vanishing of the Lie Bracket of the two symmetries, that
is [X1, X2] = 0, together with (4) leads to the vanishing of the Schouten Bracket

[ Noi2, Noi2] =0,

and thus Nyio is a Nambu structure invariant under the dynamics.

Denote by (z1,x2,23) a local set of coordinates in a 3-dimensional manifold M and suppose the
following coordinate expressions for the three vector fields

0 0 0
r=s Xp = o(2) =, Xy =2 .
f (QT) aﬂl’a ’ 1 21(33) 83:1, ) 2 22($) 8.’176
Then Nyp2 is given by
a b c
0 o o o
Noi2 = Nabe 5— N 5 » Mabe =det | 2f 25 23 ).
Oz, Oz, Ox 0 b e
25 zy 2%

The action of Ng&’;2 on the two differentials, dhi and dhs, of the two assumed constants of motion
for I' is
N (dhy, dhy) = by T,



where the function his is given by
hio = X1(h1)Xa(ho) — X1 (ho)Xo(h1) .

Hence the dynamical vector field I' is ‘quasi-Hamiltonian’ with respect the Nambu structure Nypo.
On the other side the vanishing of the Lie brackets [X;,T'] means that the corresponding Lie
derivatives, Lx and Lr, also commute. Therefore the function hqs5 is a constant of the motion for
I' because from LrLyx, — Lx,Lr = 0 we obtain that

Lrhis = ﬁr(ﬁxl (hl) £X2(h2) + £X1 (hg)ﬁxg (hl)) =0.
When his # 0, we can define a new structure J by

1
J - h—12 N012.

The property I'(h12) = 0 implies that J is also Nambu and that
T = J#(dhy,dhs).

Thus I' is the Hamiltonian vector field of the functions h; and ho with respect to J.

4 Three Examples

4.1 Isotropic harmonic oscillator

Consider a six-dimensional phase space M with local coordinates (xi,z9,3,y1,y2,y3) and the
dynamical vector field

) )
=X+ Xo+ X3, Xi:yi£+w2mia—y, i=1,2,3.

Note that [I', X5] = [[', X3] = 0, and [X;, X;] = 0 for 4,5 = 1,2,3. Then we can define the
3-vector field N by
Noas =T'AXo A X3

or, in an equivalent way, Ngog = Niog3 with Nis3 being given by

Niosg = X1 AN Xo A X3

On the other hand the functions

hy = x3y1 —x1ys  and  hg = x1y2 — 221,
are I'-invariant, i.e. I'(ha) =I'(h3) = 0.
The vector field defined by the functions hy and hg is

N, (dhy, dhs) = hos T,
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where the function heg is given by
hos = — (y1y2 + wa122) (Y1y3 + w>z123) -

Such a function is also I'-invariant, I'(hes) = 0 and consequently

1
J = — Npog issuch that [J,J]=0.
has

Therefore J is also Nambu structure and the dynamical vector field corresponding to J is

I = J#(dhy,dhs).

4.2 Kepler problem

In a similar way, if we remove the points (0, 0,0, y1, y2, y3) in the preceding phase space and consider
the dynamical vector field

0 0 0 k 0 0 0
F=y1—+y2—+y3—+—(x1@+x2—+x3—), r2:x%+x%+x§,
1

0x1 0z Oxs 13 Oy oy3
then the vector fields Xy and X793 given by
[P R N R )
2 = I3 e 1 O3 Y3 ) n s
X3 = X1+ X+ J3X3 (5)

are infinitesimal symmetries of ' such that [X3, X123] = 0 and we can define a 3-vector field Nyo3
by
Nogs =T'A Xo A Xq93

which is invariant under I'.

Moreover, one can check that the functions
"y
ho =Ry, hy=Rz, and R; ZEilejyl—k?Z

are [-invariant, i.e. I'(hy) = I'(hg) = 0. The Hamiltonian vector field defined by the functions hs
and h3 and the Nambu tensor Ngo3 is given by

Nby(dha, dhs) = hos T,
where the function heg is given by

hes = Ri(J1R3 — RaJ3)
and is I'-invariant, i.e. I'(ha3) = 0.

The 3-vector field

1
th—%NOQ?H

is then a Nambu structure as well and I' is Hamiltonian with respect to J

I = J#(dhy,dhs).



4.3 Calogero-Moser system

Consider now a six-dimensional phase space M with coordinates (x1,x2,23,¥1,¥2,y3) and the
dynamical system in M given by

Py 2 2 by d o [(L_L)i%i_i)i%i_i)i}
Yow P 0wy 7P Ous O\a3, B oy 3y a3/ Oys 3y 23,/ Oys |’
where use has been made of the notation z;; = x; — x;.

Let N be the multivector
Noz2z =T' A Xo A X3,

where X9 and X3 are given by

P
2= 81‘1 81‘2 81‘3
X3 = (924-‘/21-I-V13)i‘1'(2;12-1"/32-1-‘/21)1-i'(yQ-i-V13+V32)i
! 8%5 2 8%28 3 8953
+ T(yf + Vor + Vig) =— + T(y3 + Vo + Vor) =— + T(y3 + Vig + Vao) =—
(y1 + Va1 + Vi3) i (y3 + Vaa + Va1) s (y3 + Viz + V32) 993

and V;; denotes the function Vj; = ¢o/ mfj
Note that the vector fields X7 and X5 commute: [X5, X3] = 0.
Moser proved [32] that the n-dimensional Calogero system can be presented as a Lax equation

and that a fundamental set of constants of the motion is given by

1
Ik:EtrAk, A=A +icAy, k=12,...,n,

where A; and As denote the diagonal and nondiagonal matrices

. 1
Ay = diagonal [y1,y2,...,¥n], (A2)ij = [(1 — di5) :1:_] :
ij

Wojciechowski proved the superintegrability of this system [33] by showing the existence of an
additional family of integrals (see also [34, 35, 36, 37]). If we make use of the matrix @) defined by

Q = diagonal [q1, g2, - - - , qn],

then the additional constants of the motion can be given as the traces of products of the matrices
@ and A [35]. In the particular case we are considering, if we denote by L;; the functions L;; =
x;y; — ;¥ the following two functions

hy = [tr(QA)] Iy — [tr(Q)] (212)
= Loi(y2 —y1) + L32(y3 — y2) + L13(y1 — y3) + terms of lower order
hy = [tr(QA)] L — [tr(Q)] (315)
= Loi(y3 — i) + Laa(y3 — y3) + L1a(y} — y3) + terms of lower order (6)

are [-invariant, i.e. I'(hy) = I'(hg) = 0. The action of Ny3 on the 1-forms dhy and dhg is

Nibo(dhy, dhs) = hos T,

8



where the function heg is given by

has = (ya — 91)2(93 - y2)2(y1 - y3)2(y1 +y2 +y3) + terms of lower order.

Taking into account that I'(ha3) = 0 we obtain

1
J = — Npos, [J,J] =0.
ha3

In other words J is a Nambu structure and the dynamical vector field I' is Hamiltonian with

respect to J.
I = J#(dhy,dhs).

5 Conclusion and outlook

This is a second paper of the project to understand Hojman’s programme of nonstandard con-
struction of Hamiltonian structures. Recall that this construction is a general technique to find a
Hamiltonian structure for a given equation of motion using one infinitesimal transformation and
one constant of motion. In this paper we have studied the generalization of degenerate quasi-
Hamiltonian towards the Nambu-Poisson case. We have given several interesting examples in sup-
port of our construction. In future we will study the noncommutative generalization of degenerate
quasi-Hamiltonian structure.
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