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Abstract

In this note we prove that any integral closed k-form ¢*, & > 3, on a m-dimensional
manifold M™, m > k, is the restriction of a universal closed k-form h* on a universal
manifold U™ *) as a result of an embedding of M™ to U mk),

MSC: 53C10, 53C42

Key words: closed k-form, universal space, H-principle.

1 Introduction.

Let a manifold M™ be equipped with a tensor of degree o and a manifold N™ equipped
with a tensor $*. Suppose that n > m. We want to know if there is an immersion
f : M™ — N"™ such that f*(8*) = of. This problem has a long history, the Nash
embedding theorem for (M™,a?) being a Riemannian manifold and (N”, 3%) being the
standard Euclidean space is one of most spectacular results in this field. Gromov in his
seminal book [Gromov1986] developed many methods for solving this problem.

In this note we apply the Gromov theory to obtain the existence of a universal space
UYmk) - equipped with an integral closed k-form k¥, k > 3, for any m-dimensional man-
ifolds M™ equipped with an integral closed k-form ¢* (Theorem 3.6). Theorem 3.6 is a
generalization of Tischler’s theorem [Tischler1977] on the existence of a symplectic embed-
ding from an integral symplectic manifold (M?" w) to CP"™ equipped with the standard
Kaehler symplectic form.

This note also contains an Appendix written in communication with Kaoru Ono which
contains a new “soft” proof of a version Theorem 3.6 on the existence of a universal space
for manifolds equipped with an integral closed k-form. Our soft proof does not use the
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Nash-Gromov implicit function theorem, but we do not get a CY-perturbation result as in
Theorem 3.6.

2 H-principle and Nash-Gromov implicit function theorem.

In this section we briefly recall some important notions and results in the Gromov theory
[Gromov1986] which we shall use for our proof of Theorem 3.6.

Let V and W be smooth manifolds. We denote by (V, VV)(T)7 r > 0, the space of r-jets of
smooth mappings from V to W. We shall think of each map f : V — W as a section of
the fibration V x W = (V, W)(© over V. Thus (V, W) is a fibration over V, and we shall
denote by p" the canonical projection (V, W) to V, and by p? the canonical projection
(V, W) — (V, W)™ for any s > r.

A section s : V' — (V,W)" is called holonomic, if s is the r-jet of some section f : V —
(V,W).

We say that a differential relation R C (V, W)(r) satisfies the H-principle, if every con-
tinuous section ¢g : V' — R can be brought to a holonomic section ¢; by a homotopy of
sections ¢ : V — R, t € [0,1].

We say that a differential relation R C (V, W)(T) satisfies the H-principle C’-near a map
fo: V. — W, if every continuous section ¢g : V' — R which lies over fy, (i.e. pjo ¢o = fo)
can be brought to a holonomic section ¢; by a homotopy of sections ¢, : V' — Ry, t € [0, 1],
for an arbitrary small neighborhood U of fo(V) in V x W [Gromov1986, 1.2.2]. Here for
an open set U C V x W, we write

Ry == (ph) L(U)NR C (V,W)".

The H-principle is called C°-dense, if it holds true C%-near every map f:V — W.

We also define the fine CY-topology on the space C°(X) of continuous sections of a
smooth fibration X — V by taking the sets CO(U) C C°(X), U is open in X, as the basis
for this topology. The fine C"-topology on C"(X) is induced by the fine C°-topology on
CO(X (™) using the embedding C"(X) — CO(X ).

Suppose we are given a differential relation R C (V, W)(T). We define the prolongation
RE c (V, W)™ inductively. Let R’ C (R"))() consist of the 1-jets of germs of C’-
sections V' — R. We put R := R' N X+ ¢ (XYM, Then repeat this and define
RF = (V,W)*+*F 0 (RF-1)T ¢ (V, W) =11 A C"F_solution of R is a holonomic
section of R¥.



Fix an integer k > 7 and denote by ®(U) the space of C*-solutions of R over U for all open
U C V. This set equipped with the natural restriction ®(U) — ®(U’) for all U’ C U makes
® a sheaf which we call the solution sheaf of R over V. We shall say that ¢ satisfies the
H-principle, if R satisfies the H-principle.

A sheaf @ is called flexible (microflexible), if the restriction map ®(C) — ®(C’) is a
fibration (microfibration) for all pair of compact subsets C' and C' C C' in M. We recall
that the map o : A — A’ is called microfibration, if the homotopy lifting property for a
homotopy ¢ : P x [0,1] — A’ is valid only “micro”, i.e. there exists e > 0 such that ¢ can
lift to a homotopy ¢ : P x [0,¢] — A.

2.1. H-principle and flexibility [Gromov1986, 2.2.1.B]. If V is a locally compact
countable polyhedron (e.g. manifold), then every flexible sheaf over V satisfies the H-
principle.

2.2. A criterion on flexibility. [Gromov1986, 2.2.3.C”]| Let ® be a microflexible sheaf
over V. and let a submanifold Vo C V' be sharply movable by acting diffeotopies. Then the
sheaf ®g = @)y is flexible and hence it satisfies the H-principle.

One of Gromov’s method to get the microflexibility of some sheaf (and then to get the
H-principle) is to exploit the Nash-Gromov implicit function theorem.

Let X — V be a smooth fibration and G — V be a smooth vector bundle over a manifold
V. We denote by X and G respectively the spaces of C'*-sections of the fibrations X and
G foralla=0,1,---,00. Let D: X" — GY be a differential operator of order 7. In other
words the operator D is given by a bundle map A : X — G, namely D(z) = Ao Jy,
where J7 (v) denotes the r-jet of z at v € V. We assume below that D is a C"*°-operator
and so we have continuous maps D : X**" — G for all « = 0,1, - -+ , 00.

Now we shall define the linearization of a differential operator D. Let x be a C'%*-section
of a smooth vector bundle X — V. Denote by Y, the induced vector bundle z*(Tyert(X)).
For each 8 < a we denote by yf the space of CB-section V — Y,. The space V< can be
considered as the tangent space T, (X®). Now we suppose that the fibration X — V does
not have boundary. For z € X" the linearization L, : V] — GO of the operators D at x
is defined as follows. Let y = 0z/0t;;—o. Then

L) = Lla) = 5 Dlar).

We say that the operator D is infinitesimal invertible over a subset A in the space
of sections = : V' — X if there exists a family of linear differential operators of certain
order s, namely M, : G° — )9, for x € A, such that the following three properties are
satisfied.



1. There is an integer d > r, called the defect of the infinitesimal inversion M, such
that A is contained in X%, and furthermore, A = A% consists exactly of C%solutions
of an open differential relation A ¢ X (9. In particular, the sets A%td = 4N xotd
are open in X% in the respective fine C*t9-topology for all a = 0,1, - , c0.

2. The operator M;(g) = M (z,g) is a (non-linear) differential operator in x of order s.
Moreover the global operator

M: A% G — J°=T(x%
is a differential operator, that is given by a C*°-map A @ G©) — vert(X).
3. Ly o M, = Id that is

L(z, M(z,g)) = g for all z € A" and g € G".

Now let D admit over an open set A = A% ¢ X% an infinitesimal inversion M of order s
and of defect d. For a subset B C X9 x GY we put BYP .= BN (X x gﬁ). Let us fix an
integer op which satisfies the following inequality

(%) oo > § = max(d, 2r + s).

Finally we fix an arbitrary Riemannian metric in the underlying manifold V.

2.3. Nash-Gromov implicit function theorem. [Gromov1986, 2.3.2]. There exists a
family of sets B, C G7FS for all z € A°F™+5 and a family of operators D' : B, — A
with the following five properties.

1. Neighborhood property: Fach set B, contains a neighborhood of zero in the space
Goots. Furthermore, the union B = {z} x B, where x runs over A7°T"+5 is an open
subset in the space A%0TTTS x Goots,

2. Normalization Property: D;(0) = x for all x € A%+7+s,

3. Inversion Property: D oD, — D(x) = Id, for all x € A°°F"T$ that is
D(D; ' (9)) = D(x) + g,
for all pairs (x,g) € B.

4. Regularity and Continuity: If the section x € A is C " 5_smooth and if g € B,
is C71F5_smooth for oo < o1 < m1, then the section D, '(g) is C°-smooth for all
o < o1. Moreover the operator D™t : Bntrtsoits . po D-l(x g) = D;(g), is
jointly continuous in the variables x and g. Furthermore, for m1 > o1, the section

D1 gmArtsoits . A% s continuous.



5. Locality: The value of the section D;'(g) : V — X at any given point v € V does
not depend on the behavior of x and g outside the unit ball B,(1) in V with center v,

and so the equality (x,9)|p,1) = (¢',9)|p, () implies D, (9))(v) = (D' (g)(v).

2.4. Corollary. Implicit Funtion Theorem. For every xg € A there exists fine
C5+stl_neighborhood By of zero in the space of Gsysy1, where 5 = max(d,2r + s), such
that for each C°*S-section g € By, 0 > 5+ 1, the equation D(x) = D(xg) + g has a
C? -solution.

Finally we shall show a large class of microflexible solution sheafs ® by using the Nash-
Gromov implicit function theorem.

Let us fix a C*®-section g : V — G and we call a C*®-germ z : Op(v) — X, v € V, an
infinitesimal solution of order «a of the equation D(x) = g, if at the point v the germ
g' = g — D(z) has zero a-jet , i.e. JJ(v) = 0. We denote by R*(D, g) C X(+a) the set of
all jets represented by these infinitesimal solutions of order « over all points v € V. Now
we recall the open set A € X4 defining the set A ¢ X (@ and for a > d — r we put

Ra = Ra(A,D,g) = A7 INRYD, g) ¢ X",

where A7~ = (pit*)~L(A) for p T X7 — X4,
A C™M%gection x : V — X satisfies Ry, iff D(z) = g and x € A.

Now we set R = R4—, and denote by & = &(R) = ®(A, D, g) the sheaf of C*°-solutions of
R.

2.5. Microflexibility of the sheaf of solutions and the Nash-Gromov implicit
functions.[Gromov1986 2.3.2.D”] The sheaf ® is microflexible.

3 Universal space for integral closed k-forms on m-dimensional
manifolds.

Suppose that m > k > 3. In this section we shall show that any integral closed k-form ¢*
on a m-dimensional smooth manifold M™ can be induced from a universal closed k-form
h* on a universal manifold U%"*) by an embedding M™ to a universal space (U%™*) pk),
see Theorem 3.6.

Our definition of the universal space (U%™*) h¥) is based on the work of Dold and Thom
[D-T1958] as well as the idea of Gromov [Gromov2006] to reduce this problem to the case
that ¢ is an exact k-form.



Let SP?(X) be the g-fold symmetric product of a locally compact, paracompact Hausdorff
pointed space (X,0) , i.e. SP?(X) is the quotient space of the ¢g-fold Cartesian (X, 0) over
the permutation group o,. We shall denote by SP(X,0) the inductive limit of SP9(X)
with the inclusion

X =SPYX) % sP2(X) & ... & sPIX) S ...

where ,
SPI(X) A SPUYX) : [w1, w2, ,x4] > [0, 21,22, ..., 4]

Equivalently we can write

SP(X,0) =Y SPUX)/([x1, w2, ,2q] ~ [0, 21,29, -+ ,zg]).

So we shall also denote by i, the canonical inclusion SP?(X) — SP(X,0).

3.1. Theorem. (see [D-T1958, Satz 6.10]) There exist natural isomorphisms j : Hy(X,7Z) —
7e(SP(X,0)) for ¢ > 0.

3.2. Corollary. ([D-T1958]) The space SP(S™,0) is the FEilenberg-McLane complex
K(Z,n).

Now let 7% be the generator of H*(SP(S*, 0),Z) and by abusing notations we also de-
note by 7% the restriction of the generator 7% to any subspace i,(SP4(S*)) c SP(S*,0).
The following lemma shows that we can replace a classifying map from (M™,[¢*]) to

(SP(S*,0),7%) by a map from (M™, [¢*]) to (SP[%k]+1(Sk),Tk) .

3.3. Lemma. Let [¢*] € H¥(M™, 7). Then there exists a continuous map f from M™ to
(SPITHL(SKY) such that f*(r%) = [¢¥].

Proof. Let fo be a classifying map from M™ to SP(S*,0) such that f(7%) = a. Denote
by K* the i-dimensional skeleton of SP(S¥,0) and by 7 the restriction of 7% to K™. Then
we know that fp is homotopic equivalent to a continuous map f; : M — K™ such that
fi(7%) = [¢*]. To prove Lemma 3.3 it suffices to find a map g : K™ — SP[mT%]H(Sk) such
that ¢g*(7%) = 7%. Then the map f = g o f; satisfies the condition of Lemma 3.3.

We observe that K*+1 = K* consists of the sphere S*. If m = k or m = k + 1, then g¢
can be chosen as the identity map. Now suppose that m > k + 2. The following identity
[D-P1961, (12.12)]

mi(SP"(X))=Hy(X) fori<k+2n—1,n>1,



if X is connected and H;(X) =0 for 0 < i < k, k > 1, implies that

m—k

ﬂ'z(SP[ 2

(§F) =0, for k+1<i<m—1.

Using the obstruction theory we obtain a map g : K™ — SP[mTik]‘H(Sk) extending the

inclusion map K¥ = §¢ — spl*z Hl(Sk) Clearly the map g satisfies the required
property that g*(7 ) =7k, O

Since P17 1+ (S*) has a finite simplicial decomposition we can apply the Thom construc-
tion in [Thom1954, I11.2] where Thom showed that any finite m-dimensional polyhedron
K can be embedded in a compact (2m + 1)-dimensional manifold M?™*! such that K is
a retract of M2 As a result we get the following

3.4. Lemma. The space SP"z" ]‘H(Sk) can be embedded into a compact smooth manifold
MR D s(m k) = 2([5%]) + 3)k + 1, such that (the image of) SP[mT%HI(Sk) is a retract
of M3(m:k).

Let us denote also by 7% the pull back of the universal class 7% from SP[WT%]“(S’“) to
M3(mE) and let o* be any differential form representing 7% on M3k

Let ﬂlk be the following k-form on R*! with coordinates z% 1<i<,1<5j<k

BF =dat Adx? - ANdatt o dat Adat? - A dat®

Set d(m, k) := s(m,k) +2m+2 —k + %(k‘ 1)[k—m]([k—] — 1)+ k(m+ 1)(m+1)
Now we state the main theorem of this section. Let

3.6. Theorem. Suppose that ¢* is a closed integral k-form on a smooth manifold M™.
Then there exists an embedding f : M™ — (Umk) hk) such that f*(h*) = ¢. Moreover
for any given map oM™ — (UHmE) hkY such that I [R*] = [¢¥] there exists a CO-close
to f embedding f : M™ — UX™R) such that f*(hF) = ¢".

Proof of Theorem 3.6. Using Lemma 3.3 and Lemma 3.4 we see that the first statement
of Theorem 3.6 follows from the second statement of Theorem 3.6. Furthermore we shall
reduce the second statement to an immersion problem for exact 3-forms as follows. Denote



by fi : M™ — M3(mk) the projection of f to the first factor. Then we have fl*(Tk) =
(%] € HF(M™,Z). Let )

9=9— fi(a).
Clearly ¢ is an exact k-form on M™. We can also assume that f; is an embedding by

perturbing this map a little, if necessary. Thus the second statement of Theorem 3.6 is a
corollary of the following Proposition.

3.7. Proposition. For any given map fo : M™ — R*N there is a C-close to fo immersion
f3: M™ — (RFN 8K such that f5(8%) = g for any exact k-form g.

We shall apply the Gromov H-principle for immersion of differential forms to prove Propo-
sition 3.7. Gromov extended the Nash idea to add some regularity for an immersion in
order to apply the implicit function theorem and then using 2.5 to get the H-principle for
the isometric immersion. Finally using the H-principle we shall get immersions required in
Proposition 3.7.

Let h be a smooth differential k-form on a manifold W. Denote by Ij(,) a linear homo-
morphism
Ingw) : ToW — AT, W)*, X — X]h.

A subspace T' C T,,W is called h(w)-regular, if the composition of I, with the restric-
tion homomorphism r : A*=1(T,,W)* — A*~1(T)* sends T,,W onto A¥~1(T)*.

An immersion f : V' — W is called h-regular, if for all v € V' the subspace D f(T,V) is
h(f(v))-regular.

Proof of Proposition 3.7. Roughly speaking, we add the condition of ﬂ]’i,—regularity to the
isometry property (i.e. f3(B%) = g) and extend this equation for mappings also denoted
by f3 from the manifold M™*! = M™ x (—1,1) provided with a form g @ 0, denoted from
now on also by g, to the space (R¥V, 8% ). Our Proposition 3.10 states that the solution
sheaf restricted to M™ C M™7! satisfies the H-principle. In fact, this statement is a
consequence of Theorem 3.4.1.B” in [Gromov1986]. So essentially we re-expose the Gromov
proof of Theorem 3.4.1.B’ in our concrete case, and we try to make Gromov’s argument
more transparent. Now to prove the existence of a ﬂﬁ,—regular isometric immersion f3
which is C-close to a given map fo, it suffices to find a section of this extended differential
relation which lies over fy (Proposition 3.12). That is only the essential new ingredient in
our proof of Proposition 3.7.

Now we are going to define our extended differential relation. Let us denote also by fy
a map MM — (RFN BK) extending a given map fo : M™ — R¥N. We denote by Fy
the corresponding section of the bundle M™+! x RN — M+ e Fy(v) = (v, fo(v)).
Denote by Ty € M™+ x R¥N the graph of fy (i.e. it is the image of Fp), and let p*(g)



and p*(3%) be the pull-back of the forms g and 8§ to M™*L x R¥N under the obvious
projection. Take a small neighborhood Y O I'g in M™*! x R¥V . Since ﬁ]’i, and g are exact
forms we get

p*(B%) —p*(9) = dBy

for some smooth (k — 1)-form Gy on Y.
Our next observation is

3.8. Lemma. Suppose that a map F : M™tY =Y corresponds to a ﬁ]]i,—regular 1Mmersion
f:M™ S RN Then Fis a dﬂzl‘i,—regular immersion.

Proof. We need to show that for all y = F(z) € Y, 2 € M™*!, the composition p of the
maps

Ip* B —p*(9)
—

T,Y AFITY — ARD(AR(T, (M™ )

is onto. This follows from the consideration of the restriction of p to the subspace S C T,)Y
which is tangent to the fiber RN in M+ x REN 5y, O

Now for a map dfBy-regular map F : M™1 — Y and a (k — 2)-form ¢ on M™1 we
set

(3.9) D(F, ¢) := F*(Bn) + do.

With this notation the map f : M™1 — RFN corresponding to F' : M™1 — Y satis-
fies

FH(BY%) = F*(p"(BY)) = g+ F*(dfn) = g + dD(F, ),

for any ¢. Since the space of (k — 2)-forms ¢ is contractible, it follows that the space of
dBn-regular sections F : M™*+! — Y for which

(3.9.1) F(BY) = g+ dgx

for a given (k — 1)-form g; has the same homotopy type as the space of solutions to the
equation
D<F7 (ZS) =91

In particular the equation f3(8%) = g reduces to the equation D(F, ¢) = 0 in so far as the
unknown map f3 is C%-close to fy (so that its graph lies inside Y).



We define by @reg the solution sheaf of the equation (3.9) whose component F' is dBn-
regular.

3.10. Proposition. The restriction of the solution sheaf @reg to M™ satisfies the H-
principle. Hence the solution sheaf of ﬁ]’if—regular isometric immersions f : (M™! g) —
(REN X)) such that F(M™*) C Y restricted to M™ also satisfies the H-principle.

Before proving this Proposition we shall prove the following

3.11. Lemma. The differential operator D is infinitesimal invertible at those pairs (F, ¢)
for which the underlying map f is a 5]’3—7"egular immersion.

Proof. The linearization L ) D acts on the space of couples (V, qg) where V' is a section of

f*(T.R*N) (a vector field on RFN along the corresponding map f) and ¢ is a (k — 2)-form
on M™*! as follows

(3.11.1) LDV, 0) = Ly Py +dp =V |dfBx + d(V | By) + do.

By Lemma 3.8 the map F'is a dﬁN—reguIar immersion. Hence the equation for V'

(3.11.2) F*(V]dfy) =,

is solvable for all (k — 1)-form g on M™*!. Now we set:

(3.11.3) 6= F"(V]fv)

Clearly every couple (V, ) satisfying (3.11.2) and (3.11.3) is a solution of the equation

L(r4D(V,¢) = g for any given (k — 1)-form g. O

Proof of Proposition 3.10. Taking into account Lemma 3.11 and 2.3 (Nash implicit function
theorem), 2.5 (Nash implicit function theorem implies the microflexibility) we get the
microflexibility of ®;¢,. Next we use the Gromov observation [Gromov1986, 3.4.1.B’] that
M™ is a sharply movable submanifold by acting diffeotopies in M™*! which implies that
the restriction of @reg to M™ is flexible. Hence we get the first statement of Proposition
3.10 immediately. The second statement follows by a remark above relating (3.9) and
(3.9.1). O

Completion of the proof of Proposition 3.7.

Suppose we are given a map fo : M™ — RFN . Since M™ is a deformation retract of M™+1
the map fy extends to a map f: M™+1 — REN,
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For each z € M™ we denote by Mono((T,M™, g), (Tf(z)RkN, /%)) the set of all monomor-
phisms p : T,M™ " — T}, )R* such that the restriction of 8% (f(z)) to Df(TM™"!) is
equal to (Df~1)*g.

3.12. Proposition. There exists a section s of the fibration Mono((TM™, g), f*(TR* | %))
such that s(2)(T,M™TY) is Bk -regular subspace for all z € M™.

Proof of Proposition 3.12. The proof of Proposition 3.12 consists of 3 steps.

Step 1. We consider TM™*! and M™ x R*V as vectors bundles over the same base M™.
We shall show the existence of a section s; € Mono(TM™*, M™ x R*V) such that the
image s1(TM™"1) is a B5-regular sub-bundle of dimension (m+1) in M™ x RN, To save
notations we also denote by 3% the following k-form on R¥N = @;\LI]R?

N
BE=>"daj A Ada.
j=1

Here (az;), 1 <1 < k, are coordinates in Ré‘? for each j =1, N.

We put for Il > k >3

e 2 =2 )+ )+ (@~ 1) mod (k— 1),

Sk) =(1—1)+ —
Here we set ¢ mod (k—1):=i—(k—1)-[i/(k—1)].

3.13. Lemma. For each given | > k > 3 there there exists a l-dimensional subspace V! in
RN such that V! is BF-regular subspace, provided that N > 6(1, k).

Proof. We shall construct a linear embedding f! : V! — RFN whose image satisfies the
condition of Lemma 3.13. We work in opposite way, i.e. for each [ we shall find a number
8(1,k) and an embedding f : V! — RFIGR) = @jﬁ’f)R;? and f can be written as

= fl = (f{afé? 7fé(l,k;))7 f]l : Vl _>]R§:7] = 176(l7k)7

such that f satisfies Lemma 3.13 with §(, k) = N. Clearly the embedding V! — V*(Lk)
R*N also satisfies the condition of Lemma 3.13 for all N > 6(1, k).

We can assume that V¥ ¢ VF+1 c ... ¢ V! is a chain of subspaces in V! which is generated
by some vector basis (e1, - ,¢) in V. We denote by (e}, - ,e) the dual basis of (V!)*.

*

By construction, the restriction of (e}, ,ef) to V? is the dual basis of (e1, -+ ,e;) € V.
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For the sake of simplicity we shall denote the restriction of any v} to these subspaces also
by v} (if the restriction is not zero). We shall construct le inductively on the dimension [

of V! such that the following condition holds for all k£ <7 <
(3.14)

< (FD)F(AFHR)), (F2)" (ATHRE)), - (figam) (A TR 1)) >er= A1 (V)"
The condition (3.14) implies that
Iﬁk(de(Z,k)) _ Ak_l(vi)*,

so fi(V?) is BF-regular. For | = k we can take ff = Id, and §(k,k) = 1. Suppose that
(ff, -, féi(i k)) are already constructed for our map

Fr= (e Faa) V= RE X xR
We shall construct map f*! as follows. We set for j < (i, k)
f;“(ep) = f;(ep) if1<p<i,

fitt(eir1) = 0.
To find fiJrl 0(i k) +1<j<d(i+1,k), so that (3.14) holds for the next induction step

(i41), it suffices to find linear maps fgtlk FETRTRIN g?;ilk
(3.15)

< (L AT RE )" () AT Ry )7 SarD ALV Aty

) with the following property

We shall proceed as follows. Set 6(i + 1,k) := 6(i, k) + [(klfl)] + 1. Choose for any
1 <j5<d(i+1,k) a basic (w}), 1 < i <k, of the space ]Ré?. We let

f eipr) = wj € RY, if j > 6(i, k) +1

f;tlk +1(el) = ws(z k)1 fétlk ((e2) = wg’(i k)41 L (en) = wg(i,k)Jrl’
fgé;lk +2(€k) = wd(i,kz)—i—2’ fé(i)+2(ekz+1) 5(2 k)42 T (62 k—1)) = §(i,k)+27

i1 ¢ mod (k—1)
6(+z+1 k)( €i) = Ws(i+1,k)

It is easy to see that the constructed map f”l satisfies (3.15) and hence also (3.14). Now
using the identity the 6(i + 1) — 6(i) = [tg] + 1 we get

-1

Slk)=1+(1—k)+ )|

i=k

k:—l]
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= (l—1)+2(k—1)+3(/-c—1)+-~-+[%](k—l%%%](((l—l) mod (k—1)) +1)
- e N~ ) [+ (1) mod (k1))
O

We shall consider M™ x V21 as a sub-bundle of M™ x RIGm+1LA) gyer M™. Next
we shall find a section s; for the step 1 by requiring that s; is a section of the bundle
Mono(TM™+!, M8 x V?) of all fiber mono-morphisms from TM™*! to M™ x V. This
section exists, since the fiber Mono(T, M™*! RY) is homotopic equivalent to SO(2m +
1)/SO(m) which has all homotopy groups 7; vanishing, if j < (m —1). This completes the
step 1.

Step 2. Once a section s1 in Step 1 is specified we put the following form g; on T'M @;;11:

g1 =9~ s1(0)-

In this step we show the existence of a section sy of the fibration Hom((TM™*!, g1), (M™ x
Rk'(erl)'("LicH), %)) over M™. Here we consider (M™ x Rk'(m“)'(mljl),ﬁk) as a fibration

over M™ and equipped with the k-form 3* on the fiber RE-(m+1)-("¢7) We do not require
that so is a monomorphism.

Using the Nash trick [Nash1956] (see also the proof of Proof of Theorem B.1 below) we
can find a finite number of open coverings U/, j = 1,(m + 1), of M™ which satisfy the
following properties:

(3.16) U/NU =0,Yj=1,(m+ 1) and i # k,

and moreover Uij is diffeomorphic to an open ball for all 4, j. Since Uij satisfy the condition
(3.16), for a fixed j we can embed the union U7 = U;U/ into R™. Thus for each j on the
union U7 we have local coordinates 2, r=1,(m+1),j=1,(m+1). Using partition of

unity functions f;(z) corresponding to U7 we can write

m+1
W@ =3 S Y T dal Ada A A da
7j=1 1<r <ro<--<rp<m+1
where the last coordinate ac;”H corresponds to the direction which is transveral to Tzf]j

in Uj x (—1,1) € M™*'. We numerate (i.e. find a function # with values in N*) on the
set {(j,rire---rg)} of Ny = (m+1)- (m,jl) elements. Next we find a section sy of the
form

s2(2) = (51(2), -+, 5N, (%)), 34(2) € Hom(TZMm“,R];)

13



such that
59(j7T172"'Tk)(Z) = fJ(z) .M;flrz"'rk (Z) ' ATl,Tzf“,Tm
where Ay, ry ... r, (0, € TZMm‘H) = 5fei € R’;.
Here (e1,e2,--- ,e) is a vector basis in ng for ¢ = 0(j,r1r2--- 1) and (0z,,) a basic in

T.M™*! defined via embedding Uj — R™ as above. Clearly the section so satisfies the
condition s3(3%(2)) = g1(z) for all z € M™. This completes the second step.

Step 3. We put
s = (s1,52),

where s7 is the constructed section in Step 1 and sy is the constructed section in Step 2.
Clearly s satisfies the condition of Lemma 3.13. O

Proposition 3.7 now follows from Proposition 3.10 and Proposition 3.12. O

3.17. Final remark. We conjecture that the isometric embedding map f in Theorem
3.6 is unique up to homotopy. It is the case, if ¢* is a closed stable form on M™ (i.e. the
orbit of GL,(T,M™)(¢*) is dense in the space A¥(T*M) for all z € M™, see [LPV2007]
for more information).
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Appendix.
in communication with Kaoru Ono!

A soft proof of the existence of a universal space.
For readers’ convenience, we present here an elementary proof of the following

A.1. Theorem. For any given positive integers n,k there exists a smooth manifold M
of dimension N(n,k) and a closed differential k-form o on it with the following property.
For any closed differential k-form w on a smooth manifold M™ such that [w] € H*(M™, 7)
there is a smooth immersion f : M™ — MNMK) such that f*(a) = w.

Proof. As in the proof of Theorem 3.6 we reduce this problem to the existence of an
embedding of M™ to the space R™ with the constant k-form P such that the pull-back
of O, 1s equal to a given exact k-form g. Since g is an exact form there exists a (k—1)-form
¢ on M" such that d¢ = w.

Next we use the Nash trick of a construction of an open covering A; on M™
(A.2) M"™ = UL A,

such that each A; is the union of disjoint open balls D; ;, 7 = 1,...,J(i) on M"™. (Pick
a simplicial decomposition of M™ and construct A; by the induction on i. Let Dy ; be a
small coordinate neighborhood of the j-th vertex. We may assume that they are mutually

disjoint. Set Ay = Ujiol)Do,j. Suppose that Ag,..., A; are defined. Let D;;q1; be a

small coordinate neighborhood, which contains S;'H \ UZZOAZ, where S;H is the j-th ¢ +
1-dimensional simplex. We may assume that they are mutually disjoint. Set A;y1 =

L7+

=1 i+1,j- Hence we obtain desired open sets Ao, ..., A,.)

Let {p;} be the partition of unity on M subordinate to the covering {A;}. We write
o(x) = > o pi(z) - . Note that w = dp = ) d¢;. Clearly the form ¢; = p;i(x) - ¢ has
support on A;.

'Department of Mathematics, Hokkaido University, Sapporo 060-0810, Japan
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Let Ny = (kﬁl) and

Ny
v = Zx;da:jz/\"-/\dxf.
=1

Note that j =1,..., (kﬁl) are in one-to-one correspondence with the sequences 1 < i9 <
s < g < .

A.3. Proposition. There is an immersion f; : A; — (RNk 4) such that f7(y) = ¢i. In
particular, fFdy = d¢;.

Proof of Proposition A.3. Since A; is a union of the disjoint balls D; ; it suffices to prove
the existence of immersion f; on each ball D = D; ;. Take some coordinate (x1,--- ,zy)
on the ball D. We can write the restriction of the (k — 1)-form ¢; to D as ¢, where

P(x) = Z )\i2-~-ikdxi2 A Ada

1<ig<-ip<n

We construct map f; as follows

(A.4) filx) = (.-, fisigin (), -+ N1<in<<iy<n
where for © = (21,22, - ,2,) we put
fiigein (@) : D — R (ah,2%, - a),
(21, yxn) = (21 = Ny (), 2% = 272, 2P = 2k),
Clearly we have f*(w) = ¢. It is easy to check that f; is an immersion on D. |

We shall use cut-off functions x; with support contained in A; C M such that y; = 1 on
the support of p;. Then f; = x; - f; can be extended to the whole M™.

Now we construct an immersion f: M" — RM = RMik(n+1) by setting

(B.5) f@) = (fo,--- fu)-

Clearly f is an immersion such that f*a = w.

Finally we note that we can choose f : M™ — RN such that its image is contained in an
arbitrary small neighborhood of the origin. It suffices to construct immersion ﬁ in (A.5)
such that the image of f; is contained in an arbitrary small neighborhood of the origin.
Since f; is constructed from immersion of ball D;; with help of cut-off function y; such
that |x;| < 1 we reduce this problem to construct f; whose image lies in arbitrary small
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neighborhood of origin. We do it by refining a given covering D;; of M™ and modifying an
immersion f satisfying the condition of Theorem A.1.

Choose R > 0 such that the image of f is contained in the R-ball centered at the origin
O € RM. For a given integer m, we pick a refinement {V},} of the covering {D;;};; such
that f;,)(Vp) is contained in a ball of radius 1/m?. (The center of the ball may not be the
origin.) Here i(p) is chosen so that Vj, C Ay, i.e., there is j(p) such that V;, C Dy i)
Applying the Nash trick again to refine {V,} so that there is an open covering {A}} of
M such that each of A} is a union of some mutually disjoint family of V,’s. On V,, C A}
we modify the construction of the mapping f;.,, .. i as follows. Using the translation in

To,...Tp-coordinates in each ]Rf; ;s We may assume that

fisigoir(Vp) C [=R, R] x [=1/m? 1/m?] x --- x [=1/m? 1/m?].
Now we consider the mapping

X1
D, : (z1, 22, .., 2) — (E,m-xg,a:g,...,xk).

Then we find that ®},dz' A--- Adax? =dz' A--- Ada and
Dy, 0 fisin,in (Vi) C [=R/m, R/m| x [-1/m,1/m] x [—1/m2, 1/m2] X o X [—1/m2, 1/m2].
Clearly the modified map ﬁ with components fHQIk (V) := @ 0 fisin,....in (V) (see (A.4)

for definition of f;) together with the new refined partition of A; as above has its image
contained in an arbitrary small neighborhood of origin by taking m arbitrary large. O
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