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Abstract

We study the equivalence of quantum states under local unitary trans-
formations by using the singular value decomposition. A complete set of
invariants under local unitary transformations is presented for several classes
of tripartite mixed states in C¥ @ CM ® CV composite systems. Two density
matrices in the same class are equivalent under local unitary transformations
if and only if all these invariants have equal values for these density matrices.

1 Introduction

Quantum entanglement is playing very important roles in quantum information
processing. Quantum entangled states are the key resource in quantum information
processing [1] such as teleportation, super-dense coding, key distribution, error cor-
rection and quantum repeater. Therefore it is of great importance to classify and
characterize the quantum states.

The nature of the entanglement among the parts of a composite system does not
depend on the labeling of the basis states of the individual subsystems. It is there-
fore invariant under unitary transformations of the individual state spaces. Such
transformations are referred to as local unitary transformations. The polynomial
invariants of local unitary transformations have been discussed in [2, 3, 4]. General
methods, which allow in principle to compute all such invariants, but are in fact
not really operational, were introduced in [5, 6, 7, 8]. More explicit complete and
partial solutions have been found for some special cases: two qubits [9] and three
qubits [10, 11] systems, three qutrits [12], generic mixed states [13], special families
of tripartite pure qudits [14, 15, 16].



The problem of classifying states under local unitary transformations can been
solved completely for bipartite pure states. As the set of Schmidt coefficients forms
a complete set of invariants under local unitary transformations, two bipartite pure
states are equivalent under local unitary transformations if and only if they have
the same Schmidt coefficients. For multiple composite system, there does not exist
Schmidt decomposition in general. There are different generalizations for Schmidt
decomposition in multipartite quantum pure states [17, 18, 19, 20, 21}, but the re-
sults are not sufficient to solve the local equivalence problem. For multipartite mixed
states, much less is known about the equivalence under local unitary transforma-
tions.

Another classification of quantum states is the one under stochastic local oper-
ations and classical communications (SLOCC). Invariants under SLOCC have been
also extensively studied [22, 23, 24]. Recently, Lamata et al. [25] used the method
of singular value decomposition and presented an inductive classification of multi-
partite qubit systems under SLOCC.

In this letter, we study the equivalence of multipartite mixed states under local
unitary transformations by using the singular value decomposition. Let H; (resp.
Hs) be M (resp. N) dimensional complex Hilbert spaces (M < N). A mixed state p
in H; ®Hs with rank r(p) = n < M? can be decomposed according to its eigenvalues
A; and eigenvectors |v;), i = 1,...,n:

p =Y Nlvi)(wil.
=1

In [26], a class of bipartite mixed states I'y has been defined: I'y contains all the
states p in H; ® Hq satisfying

[pi;pj] :0, [91,9]] :O, Z,j = 1,2,"',71, (1)
where p; are full rank matrices,
Pi :TTQII/Z'><I/Z", 91 = (TT1’Vi><I/Z")*, L= 1,...,”,

Try (resp. Try) denotes the partial trace over H; (resp. Hy). We denote by T, * and
¢ the adjoint, complex conjugation and transposition, respectively.

It has been shown that two mixed states in 'y are equivalent under local unitary
transformations if and only if the following invariants ((a) or (b))have the same
values for both mixed states [26]:

(a) TT(ﬂ?)? TT(pw)a 05:1727"'>M7 7:1727aMN
() Tr0), Tr(p"), B=1,2,---,N, y=1,2--- MN.

The set of such states in I'y is not trivial. In fact, 'y is a subset of the Schmidt-
correlated (SC) states [27]. The Schmidt-correlated (SC) states are defined as mix-
tures of pure states, sharing the same Schmidt bases. It was first appeared in [28],
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named as maximally correlated state. For Schmidt-correlated states, for any classi-
cal measurement, two observers Alice and Bob will always obtain the same result.
Two SC states can always be optimally discriminated locally. It is interesting that
maximally entangled states (Bell state) can always be expressed in Schmidt corre-
lated form. SC states naturally appear in a bipartite system dynamics with additive
integrals of motion [29]. Hence, these states form an important class of mixed states
from a quantum dynamical perspective. From the definition of SC state, we know
the states in I'y are all SC states. Therefore we can judge whether a state in I’y is
separable or not by calculating the negativity of this state [30].

Here we give a simple way to construct some families of states in I'g. For M =
N =4, one can set [t1) = (]00) + |12) + |21) + [33))/2 and |¢)2) = (|01) + |10) +
123) 4+ 132))/2, where |ij), i = 0,1,.... M — 1, j = 0,1,..., N — 1, are the basis of
H1®Hsy. Then p = apr) (1|4 (1 —a)|ha) (2] is a rank two state belonging to I'y for
0 < a < 1. For general even M = N = d+1, a state p = a|i)1) (1] + (1 — &) |[1h2) (¢s]
is in T, where [¢1) = (|00) + [12) + |21) + |34) + [43) + ... + |dd))/V/M and [thy) =
(JO1) +|10) + [23) +[32) + ... + |d — 1,d) + |d,d — 1)) /v/ M.

For M = N = 5, one can set |¢1) = (]00) + [12) + [21) + |34) + |43))/+/5 and
62) = (101) -+ [10) + [23) + [32) + [44)/V5. Then p = alér)(61] + (1 — a)|62) (6]
is a rank two state in I'g. For general odd M = N, |¢;) and |¢2) can be similarly
constructed.

We can also construct higher rank states in I'y. For example, for M = N =4, by
adding [¢3) = ([11) 4 |02) +|20) +[33)) /2, we have that p = a|th1) (¥1] + Bleb2) (V2| +
(1 — o — B)|vs) (1] is a state in ['y. For odd M = N = 5, we have |¢3) = (]04) +
[13)+122) +[31) +|40)) /V/5 and p = a|¢1)(d1|+B|62) (@2| + (1 — = B)[ds)(¢3] € To.

The states constructed above are all distillable. The rank of reduced density
matrices, which are in fact identity matrices, are greater than the rank of p itself.
They are all NPPT (non positive partial transpose) entangled states.

2 Tripartite Quantum Pure States

We first discuss the locally invariant properties of arbitrary dimensional tripartite
pure quantum states. Let H;, Hy and H3 be K, M and N dimensional complex
Hilbert spaces with the orthonormal bases {|e;)}X, | {|fi)}}, and {|h;)}Y,, respec-
tively.

|W) can be regarded as a bipartite state by taking H; (resp. Ha, H3) and Ho®@Hs
(resp. Hy ® Hs, H1 ® Hs) as the two subsystems. We denote these three bipartite
decompositions as 1 — 23 (resp. 2 — 13, 3 — 12). Let a;;, be the coefficients of | )
in orthonormal bases |e;) ® |f;) @ |hg). Let A; (resp. Ay, As) denote the matrix
with respect to the bipartite state in 1 — 23 (resp. 2 — 13, 3 — 12) decomposition,



i.e. taking the subindices i (resp. j, k) and jk (resp. ik, ij) of a;; as the row and
column indices of A; (resp. Ay, A3).

Taking partial trace of |¥)(¥| over the respective subsystems, we have 7 =
Tri|U) (V| = ALA}, 70 = Tra|U) (V| = ALAS, 73 = Trs|U) (U] = ALAL. The re-
duced matrices 71, 75 and 73 can be decomposed according to their eigenvalues and
eigenvectors, e.g.

ni
1, /1
L= Z)‘i‘yi><’/i E
i=1
where A} resp. |v}), i = 1,...,ny, are the nonzero eigenvalues resp. eigenvectors of
the density matrix 7.
Let A} denote the matrix with entries given by the coefficients of |v}) in the

bases |fi) ® |h;). We have

pl = Trslul) (] = AYAY ) 0Y = (Trolu) (i) = AN AL i =1, .. ny.

)

Set
L(9) =Tr(p)*, a=1,2,---, M,

J5(|9)) =Tr(6})°, B=1,2,---,N,
K(|9)) =Tr(r), ~=1,2,---,MN.
It is easy to prove that I3(|W¥)), J3(|¥)) and KI(|¥)) are all invariants under
local unitary transformations.

Let I'; denote a class of tripartite pure states |V) satisfying

o3, p) =0, 10;,0]] =0 (2)
with p} being full rank matrices, i, = 1,2, -+, n;.

[Theorem 1] Two pure states in I'; are equivalent under local unitary transformations
if and only if the following invariants ((c) or (d)) have the same values for both states:

(C) ]Olé(“ll>)7 K;(|\Il>)’ Oé:1727.'.7M7 7:1727'.'7MN.
(d) JHw), KN¥), f=12---,N, y=12--- MN.

We only need to prove the sufficient part. Assume |¥), |¥') € Ty, KI(|¥)) =
K (]W')) imply that A; and A} have the same singular values, therefore there exists
unitary matrices Uy and Uy such that |U') = Uy ® Uss|WU). If IL(|U)) = IL(|P')) or
J5(|®)) = J5(|¥')) holds, then 71 and 7{ are equivalent under local unitary trans-
formations by the sufficient condition of equivalence for bipartite states under local
unitary transformations. While in [15] it has been proven that if |¥') = U; @ Uas| V),
with Uy € U(Hy), Uss € U(Hy @ Hs) and Try (|U)(V]) = Uy @ UsTry (|9)(T|) US @
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U;f, where Uy € U(Hy) and Us € U(Hj3), then there exist matrices V; € U(H;),
Vi € U(Hy), V3 € U(H,) such that W) = 1V} ® Vo @ V5|U), ie., |¥) and |¥') are

equivalent under local unitary transformations. a

Let us consider for example two states |¥) = \/g(\OOO> + 1012) + ]021)) +

VEE(101) + [110) +]122)) and [¥) = \/E(]000) + [011) + [022)) + /L52(]101) +
|112) +1120)) in H; @ Ho @ H3, for the case K =2, M = N = 3. It is direct to verify
that they are all states in I'y with p; = 6} = 31, i = 1,2. As 7 and 7{ have the
same eigenvalues, relation K (|¥)) = K (|¥’)) holds, from which and the following
equations .

37

by Theorem 1 we have that |¥) and |¥’) are equivalent under local unitary trans-
formations. The same results can be also obtained from K}(]¥)) = KI(]¥)) and
the following facts:

Tr(p)) =Tr(p)) =1, Tr(p})* =Tr(p}')* =

Tr(6)) = Tr(") =1, Tr(0? = Tr(0")? =

Wl =

As an alternative example we consider two states |U) = \/g (000) + |012) +
021)) +/Z(101) +[110) +122)) + | /3(1202) +|211) +]220)) and [¥) = ,/3(|000) +
1011)+]022)) +\f (1101) +[112) +[120)) + /3 (]202) +[210) + |221)) in My @ Ha @ Hs,

with K =M =N =3, a,08,vy€ R, a+ [+ v = 1. One can prove that they are all
states in I’y Wlth pH = 021 :1,)1, i=1,2,3, and 1, 71 have the same eigenvalues. As
1 1
Trp) =Tr(pf) =1, Tr(p)* =Tr(p")* =5, Tr(p)* =Tr(s)* =3,

from Theorem 1 we have |¥) and |¥') are equivalent under local unitary transfor-
mations. Moreover by using the generalized concurrence [31], we have C% # 0, hence
|W) and |U’) are entangled.

[Remark] We can also similarly define the set of states I's. Let 7 be a reduced
density matrix by tracing |¥)(¥| over the second system. 7, can be decomposed
according to its eigenvalues and eigenvectors:

n2
=2 NI
i=1

where A\? resp. |v2), i = 1,...,n9, are the nonzero eigenvalues resp. eigenvectors of
the density matrix 7. Define {p?}, {67},

pi =Trsl))(vil, 07 = (Trilw)) ()", i=1,...ma.
We define I's to be a set of tripartite pure states |U) satisfying

o}, P31 =0, [67,67]=0 (3)



with p? being full rank matrices. Then we also have the similar result:

[Theorem 2] Two pure states in I'y are equivalent under local unitary transformations
if and only if the following invariants ((e) or (f)) have the same values for both states:

(e) (W), K2(¥), a=12--- K =12 KN,
(f) J2(®), KX(¥), B=1,2,---,N, v=1,2,--- KN,

where I3(|0)) = Tr(p?)*, J3(|V)) = Tr(67)%, K3(|¥)) = Tr(r)).

The set of states I's can be defined in a similar way and the corresponding
theorem (like theorem 1 and 2) can be obtained similarly.

The results above can be generalized to general many partite systems. As each
n partite pure states can be treated as a bipartite one: the jth system and rest n—1
partite system, by using the results of Lemma 2 in [15], one can similarly obtain a
complete set of invariants for some classes of multipartite pure states.

3 Tripartite Quantum Mixed States

We consider now mixed states in H; ® Ho ® Hz. We assume K < M, N. Let p be a
density matrix defined on H; ® He ® Hz with r(p) = n < K3. p can be decomposed
according to its eigenvalues and eigenvectors:

p=>_ Nlvi)(wil,
=1

where \; resp. |v;), i = 1,...,n, are the nonzero eigenvalues resp. eigenvectors of the
density matrix p. We introduce

pi = Trilvi)(vil,  0i = Trolvi)(vil, i = Trslvi)(vil.

If we treat |v;) as a bipartite state |w;) in 1 — 23 system, let A;; denote the
matrix with entries given by the coefficients of |w;) in the bases |e;) ® |g;), where
gy = |fi) ® |hs), L =ts; t =1,--- M, s =1,---,N. According to the result of
bipartite system, we have

Tralwwi| = AgAl,  (Trw)(wi])* = AL Ay, i=1,..n.
As Tro|w){w;i| = Trs(Tra|vs) (1)) and Try|w;){w;| = Tri|vs)(v;], we have
‘9@'23 = Alz‘ALw Pi = (ALAli)*>

where 07 = Try(Trs|v;)(14]).



p; can be again decomposed according to its eigenvalues and eigenvectors:
pi = aglpt) (],
j=1
where o resp. |ut), j = 1,...,m;, are the nonzero eigenvalues resp. eigenvectors
of the reduced density matrix p;. Let B; denote the matrix with entries given by
coefficients of [u}) in the bases |fi) ® |h;). We further introduce {5;}, {77;-},

i i i i il i i\ /A * it i .
§ = TTB‘,U]'MN]" =B;B;, n;= (Trzlujﬂuj\) =B; B;, j=1..m.

Let I" denote a class of tripartite mixed states satisfying

[pi> pk] = 07 [9223’ 923] =0 (4)
with 623 being full rank matrices, i,k =1,2,---,n, and
[€,&1=0, [njn]=0 (5)

with f; being full rank matrices, Vi, k =1,2,---,n, t=1,2,--- . m;, [ =1,2,-- -, my.

[Theorem 3] Two mixed states in I are equivalent under local unitary transformations
if and only if the following invariants ((g) or (h)) have the same values for both mixed
states:

(g) TT(pi)a7 Tr(é'lk)a7 TT(P’Y)a a = 1727"'7M7 ’7:17277MN
(h) Tr(62)°, Tr(nF)?, Tr(p’), B=1,2,---,N, v=1,2,---, MN.

[Proof]: If p and p' € T are equivalent under the local unitary transformation
uRVw, P =u®vw pu’ @vl @wl, then |)) = u® V|y), where V = v @ w,
namely Aj; is mapped to A}, = uAy; V. Therefore

9’?3 = A’liAﬂ- = uAliAL-uT = u@??’uT,

pi = (AL AL = V(ALAL) VT = Vp, VT = v @ wp! @ w'.

Thus p; and p} are equivalent under the local unitary transformation v ® w, from the
results of bipartite system [26] we have Tr(£F)* = Tr(€/7)* and Tr(nf)? = Tr(n'y)P.
Therefore (g) and (h) hold.

Conversely, Tr(p?) = Tr(p") imply that p and p’ have the same eigenvalues.
We now prove that there exist common unitary matrices V;, Vs, V3 such that |v]) =
V1 ® Vo @ Vs|y;) by using Lemma 2 in [15].

From the relation Tr(p;))* = Tr(p;)* in (g) and the condition (4), we have
common unitary matrices U; and Uy for all i such that |v]) = Uy ® Uss|v;).
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The relation Tr(&F)* = Tr(¢'¥)* in (g) and the condition (5) imply that p; and p,
are equivalent under local unitary transformations, p} = U; ® Vipl-U;r ® V;T according
to the results of bipartite system [26]. For the case i # k in condition (5), (5) implies
that there exist common unitary matrices U and V such that p} = U@ Vp,UT @ V1.
To elucidate this we just show the case n = 2. For a rank-two state p we have

mi m2
pr="> ailu(uil,  pa= | (K.
j=1 j=1

Tr(&)™ = Tr(f/;-)a implies that &; and 5’31- are equivalent under unitary trans-
formations. Therefore B} and B’Jl- have the same singular values.

&, &1=0 (6)
and
[n;,m] =0 (7)

imply that ( from singular value decomposition) there exist common unitary matrices

Uy, U] and Vi, V] such that

U\B}Vy = U{B'; V. (8)
While
[&F.&71=0 (9)
and
7, ni] =0 (10)

imply that there exist common unitary matrices Us, Uj, and V3, V3 such that

Us B2V, = Uy B3V (11)

From (6) and (9), we have U; = U,. From (7) and (10), we have Vi = V5. Hence
B =UBIV', and |p/5) = UV |ul), j = 1,...,m;. Therefore, pj = URQV p; UT@VT.
Hence p) and p; are equivalent under local unitary transformations.

Therefore, from Lemma 2 in [15] we have that tripartite states |v;) and |v]) are
equivalent under local unitary transformations. In fact there exist common unitary
matrices V;,i = 1,2, 3, such that |v)) = V] @ Vo @ V3|v;) , where Vi, = WUy, Vo = U,
Vs =V ([67,67°] = 0 imply that there exists common W for different 1;). Therefore,

we have o/ = Vi @ Vo ® VipV @ Vi @ Vi

Thus from (g) we get that p and p’ are equivalent under local unitary trans-
formations. One can similarly prove p and p’ are equivalent under local unitary
transformations from (h). O

We have discussed the local invariants for arbitrary dimensional tripartite quan-
tum mixed states in C* ® ¢M @ ¢V composite systems and have presented sets of
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invariants under local unitary transformations for some classes of tripartite mixed
states. The invariants in a set is not necessarily independent, but they are sufficient
to judge if two states in I' or I';, « = 1,2, 3, are equivalent under local unitary trans-
formations. For three qubits case, K = M = N = 2, a set of invariants has been
presented in [10, 11] for a special class of states. By using the method in [14, 15],
the results can be generalized to detect local equivalence for some special classes of
general multipartite states.
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