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Abstract

We study Dirac-harmonic maps from degenerating spin surfaces with uniformly bounded

energy and show the so-called generalized energy identity in the case that the domain

converges to a spin surface with only Neveu-Schwarz type nodes. We find condition

that is both necessary and sufficient for the W
1,2
×L

4 modulo bubbles compactness of

a sequence of such maps.
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1. Introduction

The notion of Dirac-harmonic maps was first introduced in [6]. Motivated by the
supersymmetric nonlinear sigma model from quantum field theory [8], Dirac-harmonic
maps are defined as solutions of a system of harmonic-type equations coupled with
Dirac-type equations. As is done in the theory of minimal surfaces in Riemannian
manifolds and pseudo-holomorphic curves in symplectic geometry, construction of
geometric invariants from the solution spaces is expected. This supersymmetric model
is introduced in such a natural way that most fundamental features of two-dimensional
harmonic maps are preserved. Following the approach of Sacks and Uhlenbeck [17],
Chen et al. [5], [6] developed the “blow-up” analysis for Dirac-harmonic maps and
established the energy identity for a sequence of Dirac-harmonic maps with uniformly
bounded energy ([5] for spherical targets and [20] for general targets), which gives the
W 1,2 ×L4 modulo bubbles compactness of the solution space for a fixed spin surface.
A natural question then is whether such compactness is preserved if we allow the
domain surface to vary.

To state the problem more precisely, we consider a sequence of smooth Dirac-
harmonic maps

(φn, ψn) : (Mn, hn, cn,Sn) → (N, g), (1.1)
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with uniformly bounded energy E(φn, ψn,Mn) ≤ Λ < ∞. Here (N, g) is a compact
Riemannian manifold with metric g and (Mn, hn, cn,Sn) is a sequence of closed hy-
perbolic Riemann surfaces of genus g > 1 with hyperbolic metrics hn, compatible
complex structures cn and spin structures Sn.

In this paper, we first prove the energy identity for the sequence (1.1) when the
domain surface varies in a compact region. Then, we show the so-called generalized
energy identity for the sequence when the domain surface degenerates to a spin surface
with only Neveu-Schwarz type nodes. The necessary and sufficient condition for the
W 1,2 × L4 modulo bubbles compactness of such sequences is a direct consequence of
the generalized energy identity.

Let us consider the simpler case that (Mn, hn, cn) converges to a compact hyperbolic
Riemann surface (M,h, c) of the same topological type. Then there exists a sequence
of diffeomorphisms τn : M → Mn such that (τ∗nhn, τ

∗
ncn) converges to (h, c) in C∞.

After passing to a subsequence, we can assume that the pull-back of Sn via τn is a
fixed spin structure on M . Let us denote it by S. Then, we can fix the spinor bundle
ΣM and think of the hyperbolic metrics hn and the compatible complex structures
cn as all living on the limit surface M and converging in C∞ to h and c, respectively.
Let ∇n be the connection on ΣM coming from hn and ∇ the connection on ΣM
coming from h. Replaced by the pullbacks, we can think of (φn, ψn) as a sequence
of Dirac-harmonic maps defined on (M,hn, cn,S) with respect to (cn,∇n). Then we
prove the following energy identity for Dirac-harmonic maps from non-degenerating
spin surfaces:

Theorem 1.1. Assumptions and notations as above. Then there exist finitely many
blow-up points {x1, x2, ..., xI}, finitely many Dirac-harmonic maps (σi,l, ξi,l) : S2 →
N, i = 1, 2, ..., I; l = 1, 2, ..., Li, and a Dirac-harmonic map (φ,ψ) : (M,h,S) → N
such that after selection of a subsequence, (φn, ψn) converges to (φ,ψ) in C∞

loc × C∞
loc

on M \ {x1, x2, ..., xI} and the following hold

lim
n→∞

E(φn) = E(φ) +
I∑

i=1

Li∑

l=1

E(σi,l), (1.2)

lim
n→∞

E(ψn) = E(ψ) +
I∑

i=1

Li∑

l=1

E(ξi,l). (1.3)

To continue the discussions, we recall that the Hopf quadratic differential associated
to a two-dimensional harmonic map plays an important role in establishing the so-
called generalized energy identity for harmonic maps from degenerating Riemann
surfaces [22]. It is observed in [6] that there is a generalization of the notion of Hopf
differential for a two dimensional Dirac-harmonic map. Let (φ,ψ) be a Dirac-harmonic
map defined on a standard cylinder P = [t1, t2]× S1 with flat metric ds2 = dt2 + dθ2

and T (φ,ψ)(dt + idθ)2 the generalized Hopf differential of (φ,ψ) on P . Then the
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following integral ∫

{t}×S1

T (φ,ψ)dθ (1.4)

is a complex number which is independent of t ∈ [T1, T2]. Let us denote it by α =
α(φ,ψ, P ).

Now we consider the case that (Mn, hn, cn) degenerates to a hyperbolic Riemann
surface (M,h, c) by collapsing p (1 ≤ p ≤ 3g − 3) pairwise disjoint simple closed
geodesics γj

n of length ljn, j = 1, 2, ..., p. For each j, the geodesics γj
n degenerate into

a pair of punctures (Ej,1, Ej,2). Let P j
n be the standard cylindrical collar about γj

n.
Then, we associate to the sequence (φn, ψn,Mn) a sequence of p-tuples (α1

n, ..., α
p
n),

where αj
n := α(φn, ψn, P

j
n) ∈ C are the quantities defined via (1.4).

By taking subsequences, we can assume that the pull back of Sn via τn is a fixed
spin structure S on M . Note that M has p pairs of punctures. We require the
following additional assumption:

All punctures of the limit spin surface (M,S) are of Neveu-Schwarz type. (1.5)

Then S extends to some spin structure S on M , where M is the surface obtained by
adding a point at each puncture of M . As before, we think of the hyperbolic metrics
and the compatible complex structures (hn, cn) as all living on the limit surfaceM and
converging in C∞

loc to (h, c) (c.f. [22]). Thus, (φn, ψn) becomes a sequence of Dirac-
harmonic maps defined on (M,hn, cn,S). Then we show the following generalized
energy identity for Dirac-harmonic maps from degenerating spin surfaces:

Theorem 1.2. Assumptions and notations as above. Then there exist finitely many
blow-up points {x1, x2, ..., xI} which are away from the punctures {(Ej,1, Ej,2), j =
1, 2, ...p} and finitely many Dirac-harmonic maps

(φ,ψ) : (M, c,S) → N , where (M, c,S) is the normalization of (M, c,S),

(σi,l, ξi,l) : S2 → N, l = 1, 2, ..., Li, near the i-th blow-up point xi,

(ωj,k, ζj,k) : S2 → N, k = 1, 2, ...,Kj , near the j-th pair of punctures (Ej,1, Ej,2),

such that after selection of a subsequence, (φn, ψn) converges to (φ,ψ) in C∞
loc × C∞

loc

on M \ {x1, x2, ..., xI}, and the following holds:

lim
n→∞

E(φn) = E(φ) +

I∑

i=1

Li∑

l=1

E(σi,l) +

p∑

j=1

Kj∑

k=1

E(ωj,k) +

p∑

j=1

lim
n→∞

|Reαj
n| ·

2π2

ljn
,

(1.6)

lim
n→∞

E(ψn) = E(ψ) +

I∑

i=1

Li∑

l=1

E(ξi,l) +

p∑

j=1

Kj∑

k=1

E(ζj,k). (1.7)
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As a corollary, we have

Corollary 1.1. Assumptions and notations as in Theorem 1.2. Then (Φn,Ψn,Mn)
subconverge in W 1,2×L4 modulo bubbles, i.e., in the limit, the necks contain no energy
if and only if

lim inf
n→∞

|Reαj
n| ·

2π2

ljn
= 0, j = 1, 2, ..., p. (1.8)

For the asymptotics of the imaginary part of αj
n, we have

Proposition 1.1. Assumptions and notations as in Theorem 1.2. Then

lim sup
n→∞

|Imαj
n| ·

2π2

ljn
= 0, j = 1, 2, ..., p. (1.9)

We see from the above results that the limits lim inf
n→∞

|Reαj
n| ·

2π2

ljn
, j = 1, 2, ..., p are

the obstructions for (φn, ψn,Mn) to subconverge in W 1,2 × L4 modulo bubbles.
Note that in Theorem 1.2, we made the assumption that all punctures of the limit

surface are of Neveu-Schwarz type. However, for a general sequence of degenerating
spin surfaces, it is possible that the limit spin surface has Ramond type punctures,
along which the spin structure is trivial. In this case, the corresponding generalized
energy identity is still open.

Now we give a brief outline of the paper. In Sect. 2, we first recall some preliminary
facts about Dirac-harmonic maps from spin surfaces and then prove Theorem 1.1. In
Sect. 3, some analytic properties of Dirac-harmonic maps from long spin cylinders are
deduced. In Sect. 4, we study Dirac-harmonic maps from degenerating spin surfaces
and show Theorem 1.2.

Acknowledgements This paper is part of the author’s Ph.D. thesis [21]. He is
grateful to his advisor, Prof. Jürgen Jost, for guidance and encouragement. He
would also like to thank Prof. Guofang Wang, Prof. Xiaohuan Mo and Guy Buss for
helpful discussions.

2. Notations and preliminaries

In this section, we shall first review some geometric and analytic aspects of Dirac-
harmonic maps and then prove Theorem 1.1.

Let (M,h,S) be an oriented, compact Riemannian surface with a fixed spin struc-
ture S and PSpin(2) →M the principal Spin(2)-bundle determined by S. Let ΣM be
the spinor bundle over M with a hermitian metric 〈·, ·〉ΣM . The Levi-Civita connec-
tion ∇TM on TM with respect to h gives rise to a connection-1-form {ωαβ}

2
α,β=1 on

PSpin(2), and this in turn defines a spin connection ∇ΣM on ΣM that is compatible

with 〈·, ·〉ΣM . For simplicity of notation, we denote ∇ΣM by ∇. The Dirac operator
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/∂ is locally given by /∂ψ := e1 ·∇e1
ψ+ e2 ·∇e2

ψ for a local orthonormal frame {e1, e2}
of TM and ψ ∈ ΣM . We refer to [13], [10], and [9] for more background material on
spin structures and Dirac operators and to [11] for general Riemannian geometrical
notations.

Let (N, g) be a compact Riemannian manifold of dimension d ≥ 2 and φ a smooth
map fromM to N . By φ−1TN , we denote the pull-back bundle of TN via φ. Consider
the twisted bundle ΣM ⊗ φ−1TN with a metric 〈·, ·〉ΣM⊗φ−1TN induced from the

metrics on ΣM and φ−1TN . There is a natural connection ∇̃ on ΣM ⊗ φ−1TN
induced from those on ΣM and φ−1TN , namely,

∇̃ := ∇ΣM ⊗ 1 + 1 ⊗∇φ−1TN .

The section ψ ∈ Γ(ΣM ⊗ φ−1TN) is written in local coordinates as ψ = ψi ⊗ ∂yi(φ),
where ψi ∈ ΣM and {∂yi} is a local basis on N . The Dirac operator along the map
φ is defined by

/Dψ := eα · ∇̃eαψ,

where ψ ∈ Γ(ΣM⊗φ−1TN). Here and in the sequel, we apply the Einstein summation
convention. Set

χ(M,N) :=
{
(φ,ψ)|φ ∈ C∞(M,N), ψ ∈ Γ(ΣM ⊗ φ−1TN)

}

and consider the following functional defined on χ(M,N):

L(φ,ψ) :=

∫

M

(
|dφ|2 + 〈ψ, /Dψ〉ΣM⊗φ−1TN

)
dvol(h)

=

∫

M

(
gij(φ)hαβ ∂φ

i

∂xα

∂φj

∂xβ
+ gij(φ)〈ψi, /Dψj〉ΣM

)√
det(hαβ)dx1dx2.

By a straightforward computation (see [6]), we get the Euler-Lagrange equations of
L:

τ(φ) = R(φ,ψ), (2.1)

/Dψ = 0, (2.2)

where τ(φ) ∈ Γ(φ−1TN) is the tension field of φ and R(φ,ψ) ∈ Γ(φ−1TN) is defined
by

R(φ,ψ)(x) :=
1

2
Rm

lij(φ(x))〈ψi,∇φl · ψj〉∂ym(φ(x)).

Here Rm
lij are the components of the curvature tensor of g and ∇φl · ψj denotes the

Clifford mutiplication of the vector field ∇φl := φl
αeα with the spinor ψj .
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Solutions (φ,ψ) of (2.1), (2.2) are called Dirac-harmonic maps fromM to N . Thus,
a Dirac-harmonic map is a map coupled with a spinor field with values in the pull-back
tangent bundle. For nontrivial examples, see [6].

By the Nash-Moser embedding theorem, we embed N into some R
K . Let A(·, ·) be

the second fundamental form of N in R
K and P (·; ·) the shape operator, satisfying

〈P (ξ;X), Y 〉 = 〈A(X,Y ), ξ〉 for any X,Y ∈ Γ(TN), ξ ∈ Γ(T⊥N), where T⊥N is the
normal bundle. Set

A(dφ(eα), eα · ψ) := φi
αeα · ψj ⊗A(∂yi , ∂yj ),

P(A(dφ(eα), eα · ψ);ψ) := P (A(∂yl , ∂yj ); ∂yi)〈ψi, eα · ψj〉ΣMφ
l
α.

Then equations (2.1) and (2.2) become

−∆φ = A(dφ, dφ) + Re P(A(dφ(eα), eα · ψ);ψ) (2.3)

/∂ψ = A(dφ(eα), eα · ψ). (2.4)

Here, φ is a map from M to R
K with

φ(x) ∈ N (2.5)

for any x ∈ M , and the spinor field ψ along the map φ is a K-tuple of spinors
(ψ1, ψ2, ..., ψK) satisfying

∑

i

νiψ
i = 0, for any normal vector ν =

K∑

i=1

νiEi at φ(x), (2.6)

where {Ei, i = 1, 2, ...,K} is the standard basis of R
K .

Set

χ1,2
1,4/3(M,N) := {(φ,ψ) ∈W 1,2 ×W 1,4/3 with (2.5) and (2.6) a.e.}.

Then the functional L(φ,ψ) is well-defined for (φ,ψ) ∈ χ1,2
1,4/3(M,N). A critical point

(φ,ψ) of the functional L in χ1,2
1,4/3(M,N) is called a weakly Dirac-harmonic map from

M to N . When the target N is the standard sphere S
d, a weakly Dirac-harmonic

map is smooth [5].

Let Ω be a domain of M . The energy of (φ,ψ) on Ω is defined by

E(φ,ψ,Ω) :=

∫

Ω
(|dφ|2 + |ψ|4).

The energy of φ on Ω is

E(φ,Ω) :=

∫

Ω
|dφ|2
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and the energy of ψ on Ω is

E(ψ,Ω) :=

∫

Ω
|ψ|4.

For a two-dimensional harmonic map, there are two important geometric properties,
namely, the conformal invariance and the existence of the Hopf quadratic differential.
The following two propositions, proved in [6], show that these two properties are
preserved in the case of Dirac-harmonic maps.

Proposition 2.1. The functional L(φ,ψ) and the energy E(φ,ψ) are conformally
invariant. Namely, for any conformal diffeomorphism f : M →M , set

φ̃ = φ ◦ f, ψ̃ = e−
σ
2ψ ◦ f.

Then L(φ,ψ) = L(φ̃, ψ̃), E(φ,ψ) = E(φ̃, ψ̃). Here e−σ is the conformal factor of the
conformal map f .

Remark 2.1. In fact, the following terms are all conformally invariant:

∫
|dφ|2dvol(h),

∫
〈ψ, /Dψ〉dvol(h),

∫
|ψ|4dvol(h).

Let (φ,ψ) be a Dirac-harmonic map from (M,h). Let Ω ⊂ M be a small domain,
and take a local isothermal coordinate z = x+ iy on Ω such that h = ρ|dz|2. Define

T (φ,ψ)(z)dz2 =
{
(|φx|

2 − |φy|
2 − 2iφx · φy) + (Re〈ψ, ∂x · ψx〉 − iRe〈ψ, ∂x · ψy〉)

}
dz2.

Here ∂x = ∂
∂x
, ∂y = ∂

∂y
, ψx = ∇̃∂x

ψ,ψy = ∇̃∂y
ψ. Then we have

Proposition 2.2. T (φ,ψ)(z)dz2 is a holomorphic quadratic differential.

Now we turn to some analytic aspects of Dirac-harmonic maps. In [5] and [6],
several basic properties of Dirac-harmonic maps which play an important role in the
“bubbling” process were established. They can be considered as a generalization of
the corresponding properties of harmonic maps. For the sake of completeness, we
present them here.

Proposition 2.3. Let (M,h) be a Riemann surface with a fixed spin structure and
(N, g) be a compact Riemannian manifold of dimension d. Then there is a small
constant ǫ0 > 0 such that if (φ,ψ) : M → N is a smooth Dirac-harmonic map
satisfying

∫

M
(|dφ|2 + |ψ|4) < ǫ0,

then φ is constant and consequently ψ is a d-tuple of harmonic spinors.
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Theorem 2.1. (ǫ-regularity theorem) There is a small constant ǫ0 > 0 such that if
(φ,ψ) : (D, δαβ) → (N, gij) is a smooth Dirac-harmonic map satisfying

∫

D
(|dφ|2 + |ψ|4) < ǫ0,

then

‖dφ‖ eD,1,p ≤ C(D̃, p)‖dφ‖D,0,2,

‖∇ψ‖ eD,1,p
≤ C(D̃, p)‖ψ‖D,0,4,

‖∇ψ‖
L∞( eD)

≤ C(D̃)‖ψ‖D,0,4,

‖ψ‖
L∞( eD)

≤ C(D̃)‖ψ‖D,0,4,

∀D̃ ⊂⊂ D, p > 1, where C(D̃, p) > 1 is a constant depending only on D̃, p, and the
geometry of N .

Before we state the theorem on the removability of isolated singularities, let us
recall some facts about the spin structures on surfaces (c.f. [1], Sect. 2).

Let (M,h) be an oriented Riemannian surface and PSO(2) its oriented orthonormal
frame bundle. Let γ : S1 → M be an immersion. Then the unit tangent vector
field of γ together with the corresponding unit normal vector field forms a section of
PSO(2) along γ. A spin structure of M is said to be trivial along γ if this section lifts
to a closed curve in PSpin(2); otherwise, it is said to be nontrivial along γ. It should
be remarked that this notion is invariant under deformations of γ within the same
homotopy class of immersions and hence can be used to specify the two different spin
structures on an annulus or a cylinder. There are various equivalent definitions of the
triviality of a spin structure along a cylindrical end, see for instance [3].

Now we consider a punctured disk D \ {0} with the spin structure being nontrivial
along ∂D. Note that this spin structure extends to the unique spin structure on D
(c.f. [1], Sect. 2). Then we have

Theorem 2.2. (Removable singularity theorem) Let (φ,ψ) be a solution of (2.1) and
(2.2) which is C∞ on D \ {0}. If (φ,ψ) has finite energy, then (φ,ψ) extends to a
C∞ solution on D.

Remark 2.2. Here, the singularity {0} is said to be of Neveu-Schwarz type (see [12]
for an algebraic geometric description). However, there is another spin structure on
D\{0} that cannot be extended to the unique spin structure onD, and the singularity
{0} then is said to be of Ramond type [12]. We do not know whether an analogous
theorem for the Ramond type singularities also holds.

For the proofs of Proposition 2.3, Theorem 2.1 and Theorem 2.2, see [6].
Applying the geometric and analytic properties of Dirac-harmonic maps developed

before, Chen et al. [5] and Zhao [20] studied the compactness of a sequence of smooth
Dirac-harmonic maps from a fixed domain and proved the following energy identity
theorem.
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Theorem 2.3. Let (φn, ψn) : (M,h,S) → N be a sequence of smooth Dirac-harmonic
maps with uniformly bounded energy E(φn, ψn) ≤ Λ < +∞. Then there exist finitely
many blow-up points {x1, x2, ..., xI}, finitely many Dirac-harmonic maps (σi,l, ξi,l) :
S2 → N, i = 1, 2, ..., I; l = 1, 2, ..., Li, and a Dirac-harmonic map (φ,ψ) : (M,h,S) →
N such that, after selection of a subsequence, (φn, ψn) → (φ,ψ) in C∞

loc × C∞
loc on

M \ {x1, x2, ..., xI}, and the following holds:

lim
n→∞

E(φn) = E(φ) +

I∑

i=1

Li∑

l=1

E(σi,l), (2.7)

lim
n→∞

E(ψn) = E(ψ) +

I∑

i=1

Li∑

l=1

E(ξi,l). (2.8)

Remark 2.3. When the domain is fixed, the “bubbling” procedure corresponds to
collapsing homotopically trivial simple closed curves on the domain surface. During
this process, some necks joining one bubble to the next appear, as in the case of
harmonic maps. On the one hand, by applying the standard “blow-up” analysis
on cylinders (c.f. Theorem 3.6 in [5]), we can obtain Dirac-harmonic maps from
R × S1. On the other hand, since any spin structure on a surface is nontrivial along
any homotopically trivial simple closed curve (c.f. [1], Sect. 2), the induced spin
structure on each R × S1 is nontrivial. Also, the induced spin structures on the
domain cylinders of the necks are nontrivial. Note that the nontrivial spin structure
on R×S1 can be conformally compactified to the unique spin structure on S2. Thus,
one can apply the conformal invariance of Dirac-harmonic maps and the removable
singularity theorem to obtain Dirac-harmonic maps from S2. The nontriviality of the
spin structures along the domain cylinders is crucial here.

It is interesting to ask what happens when the domain of the Dirac-harmonic maps
(φn, ψn) varies. By Riemann surface theory, we can fix the topological type of the
surface and let the complex structure of the surface vary with n. The conformal
invariance of Dirac-harmonic maps allows us to take a particular metric within the
same conformal class. To do this, we consider closed Riemann surfaces of genus g > 1.
It follows from the uniformization theorem that any such surface acquires a complete
hyperbolic metric that is unique in the conformal class determined by the complex
structure. Thus, we have the following data associated to a spin surface:

(M,h, c,S).

Here, c is a complex structure, h is the hyperbolic metric compatible with c and S is
a spin structure.

Now, we consider a sequence of smooth Dirac-harmonic maps

(φn, ψn) : (Mn, hn, cn,Sn) → N

with uniformly bounded energy E(φn, ψn,Mn) ≤ Λ <∞.
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Let us consider the simpler case that (Mn, hn, cn) converges to a closed hyperbolic
Riemann surface (M,h, c) of the same topological type. Then there exists a sequence
of diffeomorphisms τn : M → Mn such that (τ∗nhn, τ

∗
ncn) converges to (h, c) in C∞

(c.f. [22]). We need to consider the change of the spin structure involved. In general,
a diffeomorphism between two spin surfaces may not preserve the spin structures.
However, for a closed Riemann surface of genus g, there are exactly 22g topologically
different equivalence classes of spin structures [13]. Hence, after passing to a sub-
sequence, we can assume that the diffeomorphisms τn are compatible with the spin
structures Sn, namely, the pull back of Sn via τn is a fixed spin structure on M .
We denote it by S. Recall that to fix a spin structure means to fix the equivalence
class of a spin structure, thus the corresponding principle Spin(2)-bundles can be
naturally identified with each other via bundle isomorphisms (c.f. [4] or [15]). Like-
wise, the corresponding associated spinor bundles can also be identified with each
other. As explained in [14], we think of the principle Spin(2)-bundle PSpin(2) as a
topological fiber bundle and ΣM as the associated bundle with a natural hermitian
metric 〈·, ·〉ΣM . They are independent of the metric h chosen, as long as the spin
structure is fixed. The metric h enters in defining the connection-1-form {ωαβ} and
hence the spin connection ∇ΣM . Thus, we can fix the spinor bundle ΣM and think
of the hyperbolic metrics hn and the compatible complex structures cn as all living
on the limit surface M and converging in C∞ to h and c, respectively. Let ∇n be the
connection on ΣM coming from hn and ∇ be the connection on ΣM coming from h.
Replaced by the pullbacks, we think of (φn, ψn) ∈ C∞(M,N) × C∞(ΣM ⊗ R

K) as a
sequence of Dirac-harmonic maps defined on (M,hn, cn,S) with respect to (cn,∇n).

Proof of Theorem 1.1. As n → ∞, (hn, cn) converges in C∞ to (h, c). Hence, all
geometric data associated to (hn, cn) converge in C∞ to those associated to (h, c). In
particular, the tensor ∇n −∇ ∈ End(ΣM,ΣM ⊗ T ∗M) converges to zero in C∞ and
the energy functional corresponding to (cn,∇n) is uniformly equivalent to the one
corresponding to (c,∇). By the uniform energy bound E(φn, ψn,Mn) ≤ Λ, we can
assume that (φn, ψn) weakly converges to some (φ,ψ) in W 1,2(M,N)×L4(ΣM⊗R

K)
with respect to (c,∇). Note that all estimates in Proposition 2.3, Theorem 2.1 and
Theorem 2.3 are uniform for the metrics hn and the complex structures cn. Hence, by
the standard covering argument (c.f. [17] and Theorem 2.3 in [18]), there exist finitely
many points {x1, x2, ..., xI} in M such that (φn, ψn) subconverges in C∞

loc × C∞
loc to

(φ,ψ) on M \ {x1, x2, ..., xI}. By the smoothness of (φn, ψn), we know that (φ,ψ) ∈
W 1,2(M,N) × L4(ΣM ⊗ R

K) is actually a smooth Dirac-harmonic map defined on
M \ {x1, x2, ..., xI} with respect to (c,∇). By the removable singularity theorem,
(φ,ψ) extends to a smooth Dirac-harmonic map from M with respect to (c,∇). The
rest of the proof of the theorem is almost immediate from applying the “blow-up”
process to capture the energy concentration at the isolated singularities, which is
analogous to the proof of Theorem 2.3 (see [5], [20]), since all estimates are uniform
for (hn, cn). �
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3. Dirac-harmonic maps from spin cylinders

In this section, we establish a series of analytic properties of Dirac-harmonic maps
from spin cylinders.

For later use, we introduce a conformal transformation between an annulus and a
cylinder. Let (r, θ) be the polar coordinates of R

2 centered at 0 and heucl = dr2+r2dθ2

the Euclidean metric on R
2. Consider a map f : R

1 × S1 → R
2 given by

r = e−t, θ = θ, (t, θ) ∈ R
1 × S1. (3.1)

Let us equip R
1 × S1 with the metric ds2 = dt2 + dθ2. Then it is easy to verify that

f∗heucl = e−2tds2.

Thus f : R
1 × S1 → R

2 is a conformal transformation. Given r1 > r2, then, the
annulus Ar1,r2

:= {reiθ|r2 ≤ r ≤ r1} is mapped to the cylinder Pt1,t2 := [t1, t2] × S1,
where ti = − log ri, i = 1, 2.

Let (φ,ψ) be a Dirac-harmonic map defined on the annulus Ar1,r2
⊂ R

2. Set

Φ := f∗φ, Ψ := e−
t
2 f∗ψ.

Then by the conformal invariance of Dirac-harmonic maps, (Φ,Ψ) is a Dirac-harmonic
map defined on the cylinder Pt1,t2 ⊂ R

1 × S1.
By PT1,T2

= [T1, T2] × S1, we denote a cylinder with metric ds2 = dt2 + dθ2 and
with the spin structure being nontrivial along the boundary curves.

The following lemma is a cylindrical version of Lemma 3.2 in [20]:

Lemma 3.1. Let (Φ,Ψ) ∈ C∞(PT1,T2
, N) be a Dirac-harmonic map, where T2 − 1 >

T1 > 0. Then we have

(

∫

PT1,T2−1

|Ψ|4)
1

4 ≤ C0(

∫

PT1,T2

|dΦ|2)
1

2 (

∫

PT1,T2

|Ψ|4)
1

4 + C(

∫

PT2−1,T2

|Ψ|4)
1

4

+ C(

∫

S1

|∇Ψ|
4

3 )
3

4 + C(

∫

S1

|Ψ|4)
1

4 , (3.2)

(

∫

PT1,T2−1

|∇Ψ|
4

3 )
3

4 ≤ C0(

∫

PT1,T2

|dΦ|2)
1

2 (

∫

PT1,T2

|Ψ|4)
1

4 + C(

∫

PT2−1,T2

|Ψ|4)
1

4

+C(

∫

S1

|∇Ψ|
4

3 )
3

4 + C(

∫

S1

|Ψ|4)
1

4 , (3.3)

where Si = {Ti} × S1, i = 1, 2, and C0, C are constants that do not depend on T1 and
T2.
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Proof. The result follows from applying the conformal transformation (3.1) to Lemma
3.2 in [20]. �

Moreover, let q(t) be an R
K-valued linear function on [T1, T2] such that q(Ti) equals

the mean value of Φ over Si, i = 1, 2. By employing the technique used by Sacks and
Uhlenbeck in [17], we have the following lemma, which is part of Lemma 3.3 in [20].

Lemma 3.2. Let (Φ,Ψ) be a Dirac-harmonic map defined on PT1,T2
, where T2 >

T1 > 0. Then we have
∫

PT1,T2

|Φθ|
2 ≤ C sup

PT1,T2

|Φ − q|

∫

PT1,T2

|dΦ|2 + C sup
PT1,T2

|Φ − q|

∫

PT1,T2

|Ψ|4

+

∫

S1

−

∫

S2

(Φ − q)Φtdθ. (3.4)

Here C is a constant that only depends on N , not on T1 and T2.

For a proof, see [20]. Note that here we only estimate the vertical energy.
Inspired by the proof of Theorem 3.5 in [20], we give the following lemma.

Lemma 3.3. There exists ǫ1 > 0 such that if (Φ,Ψ) is a Dirac-harmonic map defined
on PT1−1,T2+1 and ∫

PT1−1,T2+1

|dΦ|2 + |Ψ|4 ≤ Λ <∞, (3.5)

ω := sup
t∈[T1−1,T2]

∫

[t,t+1]×S1

|dΦ|2 + |Ψ|4 ≤ ǫ1, (3.6)

then ∫

PT1,T2

|Φθ|
2 +

∫

PT1,T2

|Ψ|4 +

∫

PT1,T2

|∇Ψ|
4

3 ≤ C(Λ)ω
1

3 . (3.7)

Here, C(Λ) is a constant depending only on Λ, but not on T1, T2.

Proof. Let ǫ1 = min{ǫ0,
1

8C2
0

, 1}, where ǫ0 is the constant in the ǫ-regularity theorem

and C0 is the constant in Lemma 3.1. Then the assumption (3.6) implies

sup
t∈[T1−1,T2]

∫

[t,t+1]×S1

|dΦ|2 + |Ψ|4 ≤ ǫ1 ≤
1

8C2
0

. (3.8)

Since µ(t) :=
∫
[T1,t]×S1 |dΦ|2 is a continuous and nondecreasing function on [T1, T2]

and the energy of Φ over PT1−1,T2+1 is bounded by Λ, we can separate PT1,T2
into

finitely many parts (c.f. [20], p. 134 or similar arguments in [19], p. 689)

PT1,T2
=

N0⋃

n=1

Pn, Pn := [T n−1, T n] × S1, T 0 = T1, T
N0 = T2

12



such that N0 is an integer no larger then [8C2
0Λ] + 1, and

E(Φ;Pn) ≤
1

4C2
0

, n = 1, 2, ..., N0. (3.9)

On each part Pn, by Lemma 3.1, we have

(

∫

P n

|Ψ|4)
1

4 ≤ C0(

∫

[T n−1,T n+1]×S1

|dΦ|2)
1

2 (

∫

[T n−1,T n+1]×S1

|Ψ|4)
1

4

+ C(

∫

[T n,T n+1]×S1

|Ψ|4)
1

4

+ C(

∫

T n−1×S1

|∇Ψ|
4

3 )
3

4 + C(

∫

T n−1×S1

|Ψ|4)
1

4 . (3.10)

Note that [T n−1, T n + 1] × S1 = Pn ∪ ([T n, T n + 1] × S1). Hence, by the following
inequalities:

(a+ b)
1

2 ≤ (a
1

2 + b
1

2 ), (a+ b)
1

4 ≤ (a
1

4 + b
1

4 ), ∀a, b ≥ 0.

and Hölder’s inequality, it is easy to verify that

(

∫

P n

|Ψ|4)
1

4 ≤ C0(

∫

P n

|dΦ|2)
1

2 (

∫

P n

|Ψ|4)
1

4

+ C0(

∫

P n

|dΦ|2)
1

2 (

∫

[T n,T n+1]×S1

|Ψ|4)
1

4

+ C0(

∫

[T n,T n+1]×S1

|dΦ|2)
1

2 (

∫

P n

|Ψ|4)
1

4

+ C0(

∫

[T n,T n+1]×S1

|dΦ|2)
1

2 (

∫

[T n,T n+1]×S1

|Ψ|4)
1

4

+ C(

∫

[T n,T n+1]×S1

|Ψ|4)
1

4

+ C(

∫

T n−1×S1

|∇Ψ|
4

3 )
3

4 + C(

∫

T n−1×S1

|Ψ|4)
1

4 . (3.11)

From (3.5), (3.6), and (3.9), we can rewrite (3.11) as follows:

(

∫

P n

|Ψ|4)
1

4 ≤ C(

∫

[T n,T n+1]×S1

|Ψ|4)
1

4 + C(

∫

[T n,T n+1]×S1

|dΦ|2)
1

2

+C(

∫

T n−1×S1

|∇Ψ|
4

3 )
3

4 + C(

∫

T n−1×S1

|Ψ|4)
1

4 . (3.12)
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Here, C also depends on Λ. Note that by assumption (3.6) and the definition of ǫ1,

ω := sup
t∈[T1−1,T2]

∫

[t,t+1]×S1

|dΦ|2 + |Ψ|4 ≤ ǫ1 ≤ 1.

Hence, by applying the ǫ-regularity theorem to (3.12), we can conclude

∫

P n

|Ψ|4 ≤ Cω2 + Cω ≤ Cω.

Similarly, we have ∫

P n

|∇Ψ|
4

3 ≤ Cω
1

3 .

Summing up the estimates on Pn gives

∫

PT1,T2

|Ψ|4 =

N0∑

n=1

∫

P n

|Ψ|4 ≤ CN0ω ≤ C(Λ)ω, (3.13)

and ∫

PT1,T2

|∇Ψ|
4

3 =

N0∑

n=1

∫

P n

|∇Ψ|
4

3 ≤ CN0ω
1

3 ≤ C(Λ)ω
1

3 . (3.14)

In order to estimate
∫
PT1,T2

|Φθ|
2, we again separate PT1,T2

into smaller parts as

follows:

PT1,T2
=

N1⋃

n=1

P̃n, P̃n := [T̃ n−1, T̃ n] × S1, T̃ 0 = T1, T̃
n = T̃ n−1 + 1, T̃N1 = T2.

Note that here, N1 depends on T1, T2. Since T̃ n = T̃ n−1 +1, by assumption (3.6) and

the ǫ-regularity theorem, we have |Φ − q| ≤ Cω
1

2 on each part P̃n. Applying Lemma
3.2 on each part P̃n and summing up the inequalities gives

∫

PT1,T2

|Φθ|
2 ≤ Cω

1

2

∫

PT1,T2

|dΦ|2 + Cω
1

2

∫

PT1,T2

|Ψ|4 +

∫

S1

−

∫

S2

(Φ − q)Φtdθ.(3.15)

Since q is equal to the mean value of Φ on Si, by the Poincaré inequality on Si and
by Hölder’s inequality, it is easy to verify that

∫

Si

|(Φ − q) · Φt| ≤ C

∫

Si

|dΦ|2. (3.16)
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By the ǫ-regularity theorem and the Sobolev imbedding theorem, we have
∫

Si

|dΦ|2 ≤ Cω. (3.17)

Combining (3.15), (3.16) and (3.17) gives
∫

PT1,T2

|Φθ|
2 ≤ CΛω

1

2 + Cω ≤ C(Λ)ω
1

3 . (3.18)

Finally, by combining (3.18) with (3.13) and (3.14), we obtain
∫

PT1,T2

|Φθ|
2 +

∫

PT1,T2

|Ψ|4 +

∫

PT1,T2

|∇Ψ|
4

3 ≤ C(Λ)ω
1

3 .

Thus we have finished the proof of Lemma 3.3. �

Lemma 3.4. Let (Φ,Ψ) ∈ C∞(PT1,T2
, N) be a Dirac-harmonic map. Then for t ∈

[T1, T2], ∫

{t}×S1

T (Φ,Ψ)dθ

is independent of t ∈ [T1, T2], where

T (Φ,Ψ) = (|Φt|
2 − |Φθ|

2 − 2iφt · Φθ) + (Re〈Ψ, ∂t · Ψt〉 − iRe〈Ψ, ∂t · Ψθ〉) (3.19)

and T (Φ,Ψ)(dt+ idθ)2 is the holomorphic quadratic differential of (Φ,Ψ) on PT1,T2
.

Proof. By Proposition 2.2, T (Φ,Ψ) is holomorphic on PT1,T2
. The rest of the proof is

analogous to the case of harmonic maps (see Lemma 3.3 in [22]). �

Definition 3.1. Let (Φ,Ψ) ∈ C∞(PT1,T2
, N) be a Dirac-harmonic map. Then we

define a complex number

α(Φ,Ψ, PT1,T2
) :=

∫

{t}×S1

T (Φ,Ψ)dθ ∈ C (3.20)

that is associated to (Φ,Ψ) along the cylinder PT1,T2
.

Remark 3.1. By Lemma 3.4, it is easy to verify that α(Φ,Ψ, PT1,T2
) is well-defined.

Moreover, ∀t1 < t′1 < t′2 < t2, α(Φ,Ψ, Pt′
1
,t′

2
) = α(Φ,Ψ, Pt1 ,t2).

Lemma 3.5. Let (Φ,Ψ) ∈ C∞(PT1,T2
, N) be a Dirac-harmonic map with

α= α(Φ,Ψ, PT1 ,T2
) and

∫

PT1−1,T2+1

|dΦ|2 + |Ψ|4 ≤ Λ <∞. (3.21)
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Then we have

(1)

|E(Φ, PT1,T2
) − |Reα|(T2 − T1)| ≤ 2

∫

PT1,T2

|Φθ|
2 + C

∫

PT1,T2

|Ψ|4 + C

∫

PT1,T2

|∇Ψ|
4

3

+ C(Λ)(

∫

PT1,T2

|Ψ|4)
1

2 . (3.22)

(2)

|Imα|(T2 − T1) ≤ C(Λ)(

∫

PT1,T2

|Φθ|
2)

1

2 + C

∫

PT1,T2

|Ψ|4 + C

∫

PT1,T2

|∇Ψ|
4

3

+ C(Λ)(

∫

PT1,T2

|Ψ|4)
1

2 . (3.23)

Here C,C(Λ) are constants independent of T1, T2, and C(Λ) depends on Λ.

Proof. By Definition 3.1 and (3.19), we have

Reα =

∫ 2π

0
|Φt|

2dθ −

∫ 2π

0
|Φθ|

2dθ −

∫ 2π

0
Re〈Ψ, ∂t · Ψt〉dθ, (3.24)

Imα = −2

∫ 2π

0
Φt · Φθdθ − 2

∫ 2π

0
Re〈Ψ, ∂t · Ψθ〉dθ. (3.25)

Hence,

E(Φ, PT1,T2
) =

∫ T2

T1

∫ 2π

0
|Φθ|

2dθdt+

∫ T2

T1

∫ 2π

0
|Φt|

2dθdt,

= 2

∫

PT1,T2

|Φθ|
2 + Reα · (T2 − T1) +

∫

PT1,T2

Re〈Ψ, ∂t · Ψt〉,

= Reα · (T2 − T1) +

∫

PT1,T2

(2|Φθ|
2 + Re〈Ψ, ∂t · Ψt〉). (3.26)

Let a = Reα · (T2 − T1), b =
∫

PT1,T2

(2|Φθ|
2 + Re〈Ψ, ∂t · Ψt〉). Then by the following

inequality:

|(a+ b) − |a|| ≤ |b|, ∀a, b, a+ b ≥ 0
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we have

|E(Φ, PT1,T2
) − |Reα| · (T2 − T1)| ≤

∫

PT1,T2

(2|Φθ|
2 + |Re〈Ψ, ∂t · Ψt〉|)

≤ 2

∫

PT1,T2

|Φθ|
2 +

∫

PT1,T2

|Ψ| · |∇̃Ψ|

≤ 2

∫

PT1,T2

|Φθ|
2 + C

∫

PT1,T2

|Ψ| · (|∇Ψ| + |dΦ| · |Ψ|)

≤ 2

∫

PT1,T2

|Φθ|
2 + C

∫

PT1,T2

|Ψ|4 + C

∫

PT1,T2

|∇Ψ|
4

3

+ C(Λ)(

∫

PT1,T2

|Ψ|4)
1

2 .

Here, in the last step, we used the Cauchy inequality, (3.21) and the following in-
equality:

ab ≤
a4 + 3b

4

3

4
, ∀a, b ≥ 0.

C,C(Λ) are constants independent of T1, T2, and C(Λ) depends on Λ.
By a similar argument, we can prove (3.23). �

Now we consider a sequence of Dirac-harmonic maps from long spin cylinders under
certain assumptions. The following proposition gives a “bubble domain and neck
domain” decomposition for such sequences, which is analogous to the case of harmonic
maps (c.f. Proposition 3.1 in [22]).

Proposition 3.1. Let (Φn,Ψn) ∈ C∞(Pn, N) be a sequence of Dirac-harmonic maps
with αn := α(Φn,Ψn, Pn), where Pn = [T 1

n , T
2
n ]× S1 equipped with the nontrivial spin

structure. Assume that:

(1) “Long cylinder property”

1 ≪ T 1
n ≪ T 2

n , i.e., lim
n→∞

1

T 1
n

= 0, lim
n→∞

T 1
n

T 2
n

= 0, (3.27)

(2) “Uniform energy bound”

E(Φn,Ψn, Pn) ≤ Λ <∞, (3.28)

(3) “Asymptotic boundary conditions”

lim
n→∞

ω(Φn,Ψn, PT 1
n ,T 1

n+R) = lim
n→∞

ω(Φn,Ψn, PT 2
n−R,T 2

n
) = 0,∀R ≥ 1, (3.29)
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where

ω(Φ,Ψ, PT1,T2
) := sup

t∈[T1,T2−1]

∫

[t,t+1]×S1

|dΦ|2 + |Ψ|4.

Then, after selection of a subsequence of (Φn,Ψn, Pn), either

(I)
lim

n→∞
ω(Φn,Ψn, Pn) = 0 (3.30)

or

(II) ∃K > 0 independent of n and 2K sequences {a1
n}, {b

1
n}, {a

2
n}, {b

2
n}, ..., {a

K
n }, {bKn }

such that
T 1

n ≤ a1
n ≪ b1n ≤ a2

n ≪ b2n ≤ ... ≤ aK
n ≪ bKn ≤ T 2

n , (3.31)

and

(bin − ai
n) ≪ T 2

n , i = 1, 2, ...,K. (3.32)

Denote
Jj

n := [aj
n, b

j
n] × S1, j = 1, 2, ...,K,

I0
n := [T 1

n , a
1
n] × S1, IK

n := [bKn , T
2
n ] × S1, Ii

n := [bin, a
i+1
n ] × S1, i = 1, 2, ...,K − 1.

Then

(i) ∀i = 0, 1, ...K, limn→∞ ω(Φn,Ψn, I
i
n) = 0. The maps (Φn,Ψn) : Ii

n → N
are necks corresponding to collapsing homotopically nontrivial curves.

(ii) ∀j = 1, 2, ...,K, there are finitely many Dirac-harmonic maps (ωj,l, ζj,l) :
S2 → N, l = 1, 2, ..., Lj , such that:

lim
n→∞

E(Φn, J
j
n) =

Lj∑

l=1

E(ωj,l), (3.33)

lim
n→∞

E(Ψn, J
j
n) =

Lj∑

l=1

E(ζj,l). (3.34)

Proof. Analogous to the proof of Proposition 3.1 in [22]. One should be careful about
the spin structures involved. During the “bubbling” procedure, we can obtain Dirac-
harmonic maps from R×S1 which correspond to collapsing homotopically nontrivial
simple closed curves on Pn. By our assumption that the spin structures on Pn are
nontrivial, the induced spin structure on each domain R×S1 is nontrivial and thus can
be conformally compactified to the unique one on S2. Hence, by using the conformal
invariance and the removability of singularities for Dirac-harmonic maps, we can get
Dirac-harmonic maps from S2. For Dirac-harmonic maps from R×S1 corresponding
to collapsing homotopically trivial simple closed curves, see Remark 2.3. The energy
identities (3.33), (3.34) follow from Theorem 2.3. Note that here, for each j, we do
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not know whether the maps ωj,l, l = 1, 2, ..., Lj are connected or not, since the bubble
tree convergence of Dirac-harmonic maps from a fixed spin surface is still open. �

The next lemma gives the asymptotics of the total energy of the Dirac-harmonic
necks (Φn,Ψn) : Ii

n → N, i = 0, 1, ...,K as n→ ∞.

Main Proposition 3.1. Assumptions and notations as in Proposition 3.1. W.l.o.g.,
we assume that the limit lim

n→∞
|Reαn| · |Pn| exists in [0,+∞], where |Pn| = T 2

n − T 1
n .

Then we have

lim
n→∞

K∑

i=0

E(Φn, I
i
n) = lim

n→∞
|Reαn| · |Pn|, (3.35)

lim
n→∞

K∑

i=0

E(Ψn, I
i
n) = 0. (3.36)

Proof. We write

K∑

i=0

E(Φn, I
i
n) =

K∑

i=0

|Reαn| · |I
i
n| +

K∑

i=0

(E(Φn, I
i
n) − |Reαn| · |I

i
n|)

= I + II, (3.37)

where

I :=

K∑

i=0

|Reαn| · |I
i
n|

= |Reαn| · [(T
2
n − T 1

n) −
K∑

i=1

(bin − ai
n)]

= |Reαn| · (T
2
n − T 1

n) · (
T 2

n

T 2
n − T 1

n

) · [(1 −
T 1

n

T 2
n

) −

K∑

i=1

(bin − ai
n)

T 2
n

] (3.38)

and

II :=
K∑

i=0

(E(Φn, I
i
n) − |Reαn| · |I

i
n|),

By Lemma 3.3, Lemma 3.5 and Proposition 3.1, for n large enough, we have

|II| ≤
K∑

i=0

|E(Φn, I
i
n) − |Reαn| · |I

i
n||

≤

K∑

i=0

(2

∫

Ii
n

|(Φn)θ|
2 +C

∫

Ii
n

|Ψn|
4 + C

∫

Ii
n

|∇Ψn|
4

3 + C(Λ)(

∫

Ii
n

|Ψn|
4)

1

2 )
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Note that in Proposition 3.1, after passing to subsequences, the local energy of
(Φn,Ψn) over a small neighborhood of the two boundary components of Ii

n can be
arbitrary small. Thus, by Lemma 3.5 and Proposition 3.1,

|II| ≤ C(Λ)

K∑

i=0

[
(ω(Φn,Ψn, I

i
n))

1

3 + (ω(Φn,Ψn, I
i
n))

1

6

]
→ 0, n → ∞. (3.39)

From Proposition 3.1, we have 1 ≪ T 2
n ≪ T 2

n , 1 ≪ (bin − ai
n) ≪ T 2

n , i = 1, 2, ...,K.
Hence, by (3.38), we get lim

n→∞
I = lim

n→∞
|Reαn| · |Pn|. Now (3.35) follows immediately

from (3.37) and (3.39).
Recall that limn→∞ ω(Φn,Ψn, I

i
n) = 0, i = 0, 1, ...,K. Thus, for n sufficiently large,

applying Lemma 3.3 on each Ii
n, summing up the inequalities and finally taking the

limit (n→ ∞), we can prove (3.36). �

By similar arguments as in the proof of Main Proposition 3.1, we get

Proposition 3.2. With the same assumptions and notations as Proposition 3.1, we
have

lim sup
n→∞

|Reαn| · |Pn| ≤ Λ, lim sup
n→∞

|Imαn| · |Pn| = 0. (3.40)

Proof. By Lemma 3.3, Lemma 3.5, Proposition 3.1 and Main Proposition 3.1. �

Combining the results obtained before, we state the following generalized energy
identities for Dirac-harmonic maps from long spin cylinders:

Theorem 3.1. Assumptions and notations as in Main Proposition 3.1. Then there
are finitely many Dirac-harmonic maps (ωj,l, ζj,l) : S2 → N, l = 1, 2, ..., Lj ; j =
1, 2, ...,K, such that after selection of a subsequence of (Φn,Ψn, Pn), the following
holds:

lim
n→∞

E(Φn, Pn) =

K∑

j=1

Lj∑

l=1

E(ωj,l) + lim
n→∞

|Reαn| · |Pn|, (3.41)

lim
n→∞

E(Ψn, Pn) =

K∑

j=1

Lj∑

l=1

E(ζj,l). (3.42)

Proof. By Proposition 3.1 and Main Proposition 3.1. �

As a corollary of Theorem 3.1, we have

Corollary 3.1. Assumptions and notations as in Proposition 3.1. Then (Φn,Ψn, Pn)
subconverges in W 1,2 × L4 modulo bubbles, i.e., in the limit, the necks contain no
energy, if and only if

lim inf
n→∞

|Reαn| · |Pn| = 0. (3.43)
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4. Dirac-harmonic maps from degenerating spin surfaces

In this section we will apply the results developed in the previous sections to prove
our main theorems stated in the introduction.

To begin the proofs, we shall give a brief introduction to deformations of spin sur-
faces. A compact connected Riemann surface with a spin structure can be viewed
as an algebraic curve with a theta characteristic, i.e., a square root of the canonical
bundle [16], [2]. The moduli space of curves with theta characteristics can be com-
pactified algebraically by generalizing the notion of theta characteristics to the case
of singular curves (a good reference is [7]).

Here, following the discussions in [3], we present a geometric topological description
of the degeneration of spin surfaces. Let (Mn, hn, cn,Sn) be a sequence of closed
hyperbolic Riemann surfaces of genus g > 1 with spin structures Sn. We assume
that (Mn, hn, cn) degenerates to a hyperbolic Riemann surface (M,h, c) by collapsing
p (1 ≤ p ≤ 3g−3) pairwise disjoint simple closed geodesics {γj

n, j = 1, 2, ..., p} on Mn.
For each j, the geodesics γj

n degenerate into a pair of punctures (Ej,1, Ej,2). Let (M, c)
be the normalization of (M,h, c). Let τn : M → Mn \ ∪p

j=1γ
j
n be the corresponding

diffeomorphisms realizing the degeneration (c.f. [22]). For each n, the diffeomorphism
τn and the spin structure Sn together determine a pull-back spin structure on M . If
we identify spin structures on M with elements of H1(M,Z/2Z), then a spin structure
on M corresponds uniquely to a spin structure on M together with a choice of an
even number of punctures along which the spin structure is trivial; the induced spin
structures along the remaining punctures are nontrivial (c.f. Sect. 8 in [3]). It is clear
that there are finitely many spin structures on a surface with punctures. Thus, by
taking subsequences, we can assume that τn is compatible with the spin structures
Sn, namely the pull-back spin structure on the limit surface M is fixed. Let us denote
it by S. In particular, for each j, S is nontrivial or trivial along the pair of punctures
(Ej,1, Ej,2) if and only if Sn is nontrivial or trivial along the geodesic γj

n for all n.
Now, we consider a sequence of smooth Dirac-harmonic maps

(φn, ψn) : (Mn, hn, cn,Sn) → N

with uniformly bounded energy E(φn, ψn,Mn) ≤ Λ < ∞, where (Mn, hn, cn,Sn) is
a sequence of closed hyperbolic Riemann surfaces of genus g > 1 with spin struc-
tures Sn. We assume that (Mn, hn, cn) degenerates to a hyperbolic Riemann surface
(M,h, c) by collapsing p (1 ≤ p ≤ 3g − 3) pairwise disjoint simple closed geodesics
{γj

n, j = 1, 2, ..., p} on Mn. Let αj
n := α(φn, ψn, P

j
n) be the quantities associated to

(φn, ψn) along the j-th cylindrical collar P j
n as in Definition 3.1. By taking subse-

quences, we can assume that the limits

lim
n→∞

|Reαj
n| ·

2π2

ljn
, j = 1, 2, ..., p

exist in [0,∞]. After passing to a further subsequence, we assume that the pull back
of Sn via τn is a fixed spin structure S on M . Note that M has p pairs of punctures.

21



We require the following additional assumption:

All punctures of the limit spin surface (M,S) are of Neveu-Schwarz type. (4.1)

It is equivalent to say that the spin structure S is nontrivial along all punctures of M
and Sn is nontrivial along all degenerating collars P j

n, j = 1, 2, ..., p. Thus, the spin
structure S on M extends to some spin structure S on M as explained before.

Replacing the data on Mn by the pull-back data on M and passing to subsequences,
we can fix the spinor bundle ΣM and think of the hyperbolic metrics and the com-
patible complex structures (hn, cn) as all living on the limit surface M and converging
in C∞

loc to (h, c). Let ∇n be the connection on ΣM coming from hn and ∇ the con-
nection on ΣM coming from h. Then, we can consider (φn, ψn) as a sequence of
Dirac-harmonic maps defined on (M,hn, cn,S) with respect to (cn,∇n).

Proof of Theorem 1.2. Analogous to the proof of Theorem 1.1 in [22]. Note that here,
(hn, cn) converges in C∞

loc to (h, c), as n→ ∞. Hence, the tensor ∇n −∇ converges to
zero in C∞

loc away from the punctures of M and the energy functional corresponding to
∇n over any compact subset of M is uniformly equivalent to the one corresponding to
∇ over the same domain. By the uniform energy bound, we can assume that (φn, ψn)
subconverges weakly to a limit (φ,ψ) in W 1,2

loc (M,N) × L4
loc(ΣM ⊗ R

K) with respect
to (c,∇). By similar arguments as in the proof of Theorem 1.1, there exist finitely
many blow-up points {x1, x2, ..., xI} away from the punctures, such that (φn, ψn)
subconverges to (φ,ψ) in C∞

loc × C∞
loc on M \ {x1, x2, ..., xI} with respect to (c,∇).

Furthermore, (φ,ψ) is actually a smooth Dirac-harmonic map defined on M with
respect to (c,∇). Note that the complex structure c on M extends to some complex
structure c on M . By our assumption (4.1), the spin structure S on M extends to
some spin structure S on M . Hence, applying the removable singularity theorem, we
have that (φ,ψ) extends to a smooth Dirac-harmonic map defined on (M, c,S).

The energy concentration at the blow-up points {x1, x2, ..., xI} that are away from
the punctures is analogous to the case in Theorem 1.1. With similar arguments as
in the proof of Theorem 1.1 in [22], the energy concentration near the punctures can
be reduced to the study of Dirac-harmonic maps from degenerating collars P j

n, j =
1, 2, ..., p. By assumption (4.1), for all n, the spin structure Sn is nontrivial along
each of the degenerating collars P j

n, j = 1, 2, ..., p. Thus, we can apply the results in
Section 3, especially Theorem 3.1, to capture the energy loss along the collars. �

Proof of Corollary 1.1. By Theorem 1.2 and Corollary 3.1. �

Proof of Proposition 1.1. By Theorem 1.2 and Proposition 3.2. �

Remark 4.1. The assumption (4.1) can be satisfied by choosing suitable topological
types of degeneration. For example, we consider a closed hyperbolic Riemann surface
M of genus g > 1. Let γ be a simple closed geodesic on M . If M \ γ is disconnected,
then any spin structure on M must be nontrivial along the collar around γ (c.f. Sect.
8 in [3]). In this case, pinching γ to a point and deleting it gives a pair of Neveu-
Schwarz punctures. If M \ γ is connected, then the collar around γ can carry two
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spin structures [3]. Hence, both types of singularities can occur when pinching γ to a
point. More generally, if M carries a spin structure S with Arf invariant 1, then there
is a collection of pairwise disjoint simple closed curves γj : S1 → M, j = 1, 2, ..., g
representing linearly independent elements in H1(M,Z), such that S is nontrivial
along each of the γj (c.f. Sect. 3 in [1]).
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