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ABsTrACT. We study the equivalence of the static and dynamic point of view for
diffusions in a random environment in dimension one. First we prove that the static
and dynamic distributions are equivalent if and only if either the speed in the law of
large numbers does not vanish, or b/a is a.s. the gradient of a stationary function, where
a and b are the covariance coefficient resp. the local drift attached to the diffusion.
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1. INTRODUCTION

The process of the “environment viewed from the particle” is an important tool in
the study of many models in random motions in random media. A key property is the
existence of an invariant measure for this process, that is absolutely continuous with
respect to the static law of the environment. It implies the equivalence of the static and
dynamic distributions of the environment, and is the starting point in the analysis of
the environment viewed from the particle. For applications of these techniques, we refer
to Bolthausen and Sznitman |2|, Kipnis and Varadhan [18], Kozlov [20], Lawler [22], de
Masi et al. [9], Molchanov [24], Olla [25],|26], Papanicolaou and Varadhan |27], Rassoul-
Agha [28] and also the overviews [32],|33],[35],]36] and the references therein. The main
purpose of this work is to characterize the equivalence of the static and dynamic point
of view in the specific setting of one-dimensional diffusions in random environment.

Before explaining our results in detail, let us define the setting. The random enwvi-
ronment is described by a probability space (€2, 4,P). We assume that there exists a
group {t; : * € R} of transformations on (2, jointly measurable in x,w, that preserve the
probability P, and that act ergodically on €, see the beginning of section 2 for details.
On (2, A,P) we consider random variables a and b and we write

(1.1) a(z,w) = a(tyw), blr,w)=">b(t,w).
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We assume that there are positive constants v, 6 such that for all w € 2, all x € R,
(1.2) % <a(zr,w) <v, |blz,w)|<p.

We further assume that a and b are Lipschitz continuous, i.e. there is a constant K such
that for all w € Q, =,y € R,

(1.3) la(z,w) = aly, w)| + [b(z,w) = by, w)| < K|z —y|.

We denote by (C(Ry),F,W) the canonical Wiener space, and with (B;);>0 Brownian
motion (which is independent from (€2, A,P)). The diffusion process in the random
environment w is described by the family of laws (Py . )zer (we call them the quenched
laws) on (C'(R4),F) of the solution of the stochastic differential equation

{dXt = 0(Xy,w)dB, + b(X;, w)dt,

(1.4)
Xo=z, zeR, weq,

where o = /a. The attached differential operator is defined through
(1.5) L, = %a(x,w)@i + b(z,w)0y -

To restore some stationarity to the problem, it is convenient to introduce the annealed
laws P,, which are defined as the semi-direct products:

(1.6) P, =Px P, forz € R.

Observe that the Markov property is typically lost under the annealed laws.

Our model can be regarded as a continuous space-time analogue of random walks in
random environment, that has been extensively studied in dimension one, see section
3 in Sznitman [33| for an abundant list of references. Another one-dimensional model
studied recently deals with diffusions in a Brownian environment; loosely speaking, the
drift term b is given by white noise. We refer to Brox [6], and to Tanaka [34| and the
references therein.

Let us now define the relevant objects. The “environment viewed from the particle” is
the Q-valued Markov process

(1.7) o =tx,w, t>0.

It describes the environment seen from an observer sitting on top of the diffusing particle.
An invariant measure QQ for this process satisfies P, Q = Q, where P; is the semigroup
associated to w;. Q describes the effective environment that governs the asymptotic
behaviour of the particle. A key assumption is the

(1.8) existence of an invariant measure Q that is absolutely continuous w.r.t. P.

Under (1.8) holds the following well known fact (valid in all dimensions):
(1.9)
There is at most one measure Q that satisfies (1.8). Moreover Q and P are equivalent,

and the process w; with initial distribution Q is stationary ergodic.
A proof of (1.9) is contained in the proof of Theorem 2.1 in Papanicolaou and Varadhan

[27] when b = 0. The same argument applies for a local drift b that satisfies (1.2) and
(1.3). As a consequence of (1.9), roughly speaking, the “static” and the “dynamic” point
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of view are comparable, and moreover, (1.9) allows the use of ergodic theory in the study
of the diffusion in random environment.

(1.10) We are thus naturally led to ask under when (1.8) holds?

The main object of this work is to answer this question in dimension one.

Let us incidentally mention that the answer to this question is still widely open in higher
dimensions. A measure Q that satisfies (1.8) in higher dimensions is only known in few
specific cases, see section 4 in Sznitman [33]. We also refer to Bolthausen and Sznitman
[3] for examples of non-nestling walks in high dimensions that satisfy (1.8) in the pres-
ence of low disorder. Recent progress in higher dimensions is thus rather built up on
new techniques, see again [33] for an overview.

In dimension one the situation is different. Here the method of the environment viewed
from the particle applies for a large class of environments, and enables us to prove a strong
law of large numbers, cf. Proposition 3.3. In particular the law of large numbers shows
that a non-vanishing speed implies (1.8). Theorem 4.1 provides a complete answer to the
question (1.10). It shows that when the speed vanishes, then (1.8) holds if and only if
b/a is P-a.s. the gradient of a stationary random variable. This result is compatible with
its discrete counterpart proved by Conze and Guivarc’h [8] for random walk in a random
environment on 7 (see also Brémont [4], [5] for generalizations to finite range random
walks on Z), and our proof is inspired by the methods used in [8]. When b/a = VV P-
a.s., where VV is defined as the pointwise limit lim, .o 2(V o ¢, — V), then E[b/a] = 0,
and Proposition 3.1 shows that the diffusion in a random evironment is recurrent. In
particular (1.10) has a negative answer for diffusions that are transient with vanishing
speed.

It is interesting to notice that, if E[b/a] = 0 and suitable mixing assumptions hold, then
b/a is P-a.s. the gradient of a stationary random variable if and only if the P-variance of
the additive functional

x
(1.11) Az, w) déf/ (b/a)(u,w) du, x € R,

0
is a bounded function of x, see Theorem 4.5. Loosely speaking, large fluctuations of
A create powerful traps for the diffusing particle, and as a consequence, the dynamic
distributions fail to be absolutely continuous w.r.t. the static distributions.

Moreover we provide a further characterization of (1.8), that has, up to our knowledge,
no corresponding counterpart in the discrete setting. Assume that (1.8) holds, and that
P-a.s.,

(1.12) X —vt = X(t, Xi,w) + x(X¢,w),

where v denotes the speed in the law of large numbers, X (¢, z,w) is a parabolic function
so that the first term in the right-hand side of (1.12) is a martingale, and the second
term is a corrector term. We show that (1.8) is equivalent to the existence of a cor-
rector x, defined through (1.12), such that 9,y is stationary and E[d,x] = 0 (under
some additional assumption in the recurrent setting, see below). In particular sublinear
growth of the corrector x at infinity follows from the ergodic theorem, see remark 4.3. In
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this case the coordinates X are sometimes called “almost linear coordinates”, and when
v = 0, they are also known as “almost linear harmonic coordinates”. Theorem 4.2 covers
the transient setting, whereas Theorem 4.5 deals with the recurrent setting under the
additional assumption of an exponential mixing property with rate v > 28v.
If in addition one can prove that y exhibits at most diffusive growth at infinity, then
a central limit theorem for martingales with stationary ergodic increments can be ap-
plied to prove diffusive behavior for the diffusion in random environment. This explains
the interest in almost linear coordinates. This approach can for instance be found in
Kozlov|20], Kipnis and Varadhan|18], Molchanov|24|, Kozlov and Molchanov|21], section
2.2 in Zeitouni[35] and section 4 in Brémont[4].

This article is organised as follows. After some preliminaries in Section 2, we prove
a recurrence-transience dichotomy and a strong law of large numbers in Section 3. In
Section 4 we show the dynamic and static point of view are equivalent if and only if the
speed does not vanish, or P-a.s., b/a is the gradient of a stationary random variable, see
Theorem 4.1. We then provide an additional characterization of the equivalence of the
dynamic and static distributions in terms of almost linear coordinates, see Theorem 4.2
for the transient case, and Theorem 4.5 for the recurrent case.

2. PRELIMINARIES

We provide some details about the group (¢;), and its generator. t,,x € R, is a
group of transformations ¢, :  — Q, ie. tgp = Id and t; oty = ty4y, v,y € R. The
mapping (z,w) — tyw is (B ® A, .A)-measurable, with B denoting the Borel o-field on
R. For a measure pu on Q, we write t,u(-) = pu(t—z+). We assume that ¢, preserves the
measure P and is ergodic, i.e. t,P =P, x € R, and if A € A is such that P-a.s., for all x,
tyA = A, then P[A] = 0 or 1. When there is no source of confusion, LP always denotes
LP(2, A,P), 1 < p < c0. t, induces a group of operators on L':

def

(2.1) (Tof)(w) = f(tow), fe L.

(T)s is a strongly continuous group of isometric operators on L', see [15] p.223 (the proof
given there works for all LP spaces, 1 < p < 00). We denote with D the infinitesimal
generator of (T,), on L'. D is closed and its domain D(D) is dense in L' ([12] p.10).
For f € D(D) it holds that

(2.2) Df = lim LT f-f) inLh

We define the pointwise limit V f(w) = limy—o 2(T,f(w) — f(w)) for all f and w €
where this limit exists. The invariance of P implies that

(2.3) /QDfd]P’:(), feD(D).

It follows from the product rule for D, and from (2.3), that

(2.4) /QDf~ngP’:—/Qf~ngIP’,
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for suitable f, g such that both integrals are well-defined. To the environment process
defined in (1.7) is attached a strongly continuous semigroup on L with generator

(2.5) Lf(w) = Ja(@)D*f(w) + b(w) Df(w), f€D(L).
The martingale problem for L is well-posed, and hence proposition 9.2 in [12] shows that
a measure Q is invariant for L if and only if

(2.6) /Lf dQ =0 forall f € D(L).

We conclude this section by introducing some notation. For m € R, we define the (F;)¢>0-

stopping time ((F)i>0 denotes the canonical right-continuous filtration on (C(R), F))
Sm =1nf{t > 0: X; =m}.
For w € Q, x1,x2 € R, we define (recall A in (1.11))

(2.7) Szy,me(W) = /JC2 exp(—2A(u,w)) du.

1

For fixed 1, $4,,.(w) is a scale function for the quenched diffusion in the environment w,
cf. [16] p.339.

3. AsYMPTOTIC BEHAVIOR

We start by characterizing recurrence and transience. The discrete counterpart of the
following proposition is due to Solomon [31], see also [35] p.196.

Proposition 3.1. There are three cases:
(i) If E[b/a] > 0, then Py-a.s., limy_.oo Xy = +00.
(ii) IfE[b/a] =0, then Py-a.s., —oo = liminf; o, X; < limsup,_, ., X; = +00.
(i) IfE[b/a] <0, then Py-a.s., limy_,oo Xy = —00.

Remark 3.2. In the setting of finite range dependence, the result of Proposition 3.1
follows from Proposition 2.7 in Goergen [13| together with equation (2.77) therein.

Proof. We introduce the random variables (recall (1.11))

o0 0
(3.1) Si(w) € / e AW gy, 5 (w) / e~ 2Auw) gy,
0

— 00

We start by showing that
(3.2) P-as Sy <oco<=Epb/a] >0, and P-—as. S_ <oo<= E[b/a] <O0.

When E[b/a] > 0, then the ergodic theorem implies that P — a.s. Sy < 0o. On {S; <
oo} one has that lim, o A(z,w) = co. From Lemma 5.3 in the Appendix applied to
flw) = fol b/a(u,w)du, we deduce that E[b/a] > 0 (alternatively, one might invoke
Kesten’s lemma, see [17], or [36] p.197, together with the ergodic theorem). The second
equivalence in (3.2) is entirely similar. Further notice that for all x,

(3.3) TS (w) = 24@w) (S4(w) — / e~ 2Auw) du) .
0



6 T. SCHMITZ

Thus the event {S; < oo} is invariant under ¢, and by ergodicity, P[S4+ < oo] =0 or 1.
A similar argument applies to S_, and then (3.2) can be refined to

P—as. Sy <oo, S- =o00<«=E[b/a] >0,

3.4
(34) P—as. S_ <oo, Sp =o00<«<=E[b/a] <0.

Let us now show statement (i) of the Proposition. The scale function sg.(w) is Lo-
harmonic, and hence sg x,(w) is a martingale under Py ,,. The equivalences (3.4), together
with the martingale convergence theorem, imply that Pp,-a.s. so x,(w) converges to a
finite limit, so that, necessarily, Pp-a.s., limy_. Xy = 4+00. The case (iii) is similar.
Let us now turn to case (ii). When E[b/a] = 0, the equivalences (3.2) show that P-a.s.,
Sy = 00,5_ = oco. But then, for m < 0,

so,m (w)

3.5 P—ae. lim Poo[Sm < Syl = li —1,
(3.5) a.e. w,  lim 0.0 Sm < Sm] MgﬂoosoyM(w)_SO’m(w)

since Sy (w) = limps—oo S0, (w). Similarly P — a.s. limy,—.— oo Pow[Sym < Sm] = 1, and
the claim follows. ]

Throughout the remainder of this article, we use the following notation:

def Y def 0 o4
(3.6) di(w) = a(lw)/o o 2A(uw) du, ¢_(w) L a(lw)/ o~ 2AWw) gy,

We now derive a strong law of large numbers with the help of the method of the “envi-
ronment viewed from the particle”. The same method has been applied in the discrete
setting, cf. Kozlov [20], and also Molchanov [24] and Sznitman [32]. Our proof uses
similar arguments as the exposition in [32].

Proposition 3.3.

X ma Zf]E[qb+] < 0,
(3.7) Py~ as. lim Tt =v=3 -5 fEl¢-] <o,
0, if E[p4] = E[¢p_] = oo.

Proof. Assume that E[p;] < oo. We show that Q = ¢P, where ¢ = ¢, /E[p4], is
invariant for L by checking (2.6). Since E[b/a] > 0 (see (3.2)), by dominated convergence,

(3.8) V(a¢) = 266 — 1/E[o5].

By Lemma 5.4, a¢p € D(D) and D(a¢) = V(a¢)P-a.s. (1.2) and (1.3) imply that for all
w € Q, 0x(b/a)(x,w) exists and is bounded by K for a.e. x. Hence V(b/a) exists and is
bounded by K P-a.s. (by the ergodic theorem). It follows from b¢ = b/a - a¢ and from
Lemma 5.4 that bp € D(D) and D(b¢) = V(b¢) P-a.s. Thus, we obtain that

(3.9) $D?*(a¢) — D(bg) = 0.
It follows from (2.4) that for f € D(L),

(3.10) [rrao= [Lroar= [ 1(4D%as) - Do) ap o,
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which implies that Q is invariant. Then Q is also ergodic see (1.9). With M, =
fo o(Xs,w)dBs = Xy — Xo—fg b(Xs,w) ds, we have (M), = fo a(Xs,w)ds < vt, and we
find with the help of Bernstein’s inequality, cf. [29] p 153:

Poyw[%]Mﬂ >¢e/2] < 2exp(—§—i n),n>1,

2
supPro,[} sup |M; — M| > §] < 2exp(—5t%).
T 0<s<1

(3.11)

We obtain from (3.11) and from the Markov property and the lemma of Borel-Cantelli
that Py .-a.s. lim;_.oo M;/t = 0. The ergodic theorem implies that Q x Py -a.s., and
hence Py-a.s.,

I I 00
(3.12) 75/ b(XS,w)ds:t/ b(@,)ds == [ bdQ.
0 0

By (3.8) and the invariance of P we find that

(3.13) /bd@- /bqde— ;/V(aqﬁ)dPJr 21[«:[1¢+] = 2E[1¢+]'

Collecting the above facts, we obtain the first claim in (3.7). The case E[¢_] < oo is

treated similarly. It thus remains to consider the case E[p;] = E[p_] = co. In a first
step, we show that
(3.14) limsup X;/t < 0.

t—o00

With the help of Proposition 3.1, we see that (3.14) only needs a proof when E[b/a] > 0.
In the latter case, we will prove that (3.14) follows from E[¢] = co. We do a comparison
argument. We define the auxiliary drift term

(3.15) V(2,w) = (1 - b(a,w) + 0B, >0,

where [ was introduced in (1.2). Let X denote the diffusion from (2.3) attached to the
local characteristics a, b, and X" the diffusion, defined similarly as X in (2.3), but with
a, b replaced by a,b”. We assume that both diffusions are driven by the same Brownian
motion, in the same environment w, and that Fp.-a.s. Xg = Xg = 0. Since b7 > b,
Proposition 2.18 p.293 in [16] shows that for all w € €,

(3.16) Poo[Xp < X[ forall 0 <t <oo]=1.

We define ¢ similarly as ¢4 in (3.6), with b replaced by b7, and set 79 = sup{n € [0,1] :
E[¢1] = oo}. Since b' = 8 > 0, and b = b, it holds that 0 < 5y < 1. For n > ny, it
holds that E[¢"] < oo, and hence, Py-a.s.,

. X; X/ 1
. — < — = .
10 fmsue < I S = )

Notice that the map n — ¢ is decreasing. By monotone convergence, limy,, E[¢" | =
E[¢"°]. Hence, in view of proving (3.14), it is enough to show that

(3.18) E[¢7] = o0
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It suffices to consider 7y > 0, since otherwise (3.18) holds by assumption. We define for
n>0,and z > 0,

(3.19) F,(n,x) :Efglg/o dy ¢ (tyw) :/0 dui/o

Recall that we assumed E[b/a] > 0, and notice that for 0 <n < 1, E[b"/a] > E[b/a] > 0
By the ergodic theorem, there is a constant C'(w) that is P-a.s. finite such that

w b x
(3.20) ;/ dy a(ty e eIy T ww)dv < C(w)u}c/ dy e El"/av < O (w)pe Elb/alv,
0 0

Hence we find by dominated convergence, and by the ergodic theorem, that P-a.s.,

-2 f;+u %(v,w) dv.

-2 fy+u (v,w) dv

o0 x
lim lim F,(n, )/0 du lim lim 1 dyatlw

n1no £—00 nlno z—00 * Jg o) ©
(3.21) :/00 du %1;(1] E[ﬁ 2 [ B vw)dv]
/ duE[ = 200 %(v,w) dv]
—E[¢7].

Observe that the ergodic theorem applied to ¢, = gbi A n, implies P-a.s.

(3.22) lim inf F, (1, ) > liminf 1 / dy on(tyw) = Elpy].

Tr—00 Tr—00 0

It follows from monotone convergence, and the definition of 79, that lim, . F,,(n,x) =
oo for n < no. Using (3.21), we finally obtain E[¢7°] = limy;jy, limy—oe Fiu(n, z) = oo.
This shows (3.18), and thus (3.14) holds. A completely analogous argument shows
that liminf, o X;/t > 0. Hence we have shown that E[¢;] = E[¢_] = oo implies
limy_,o, X3/t = 0, and the proof of the proposition is finished. O

4. INVARIANT MEASURES

Recall that E[¢4] < oo resp. E[¢_] < oo characterize positive resp. negative speed, see
Proposition 3.3.

Theorem 4.1. We have the equivalences:

I. There is an invariant probability measure Q that is absolutely continuous w.r.t. P.
I1. Ezactly one of the following conditions hold:
(i) E[¢+] < oo (and hence E[b/a] > 0)
(i) E[¢p_] < oo (and hence E[b/a] < 0)
(iii) There is V stationary with E[e?V] < oo and such that P-a.s., x +— V (t,w) is
absolutely continuous and b/a = V'V (and hence E[b/a] =0).

Proof of I.= II.

The proof consists of several steps.

Step 1: Reduction argument

We start by showing that it suffices to prove the claim for the environment process w;
attached to L = sD? + gD (= 1L). The reason for this step becomes clear in (4.4).
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Notice that condition II.(iii) remains unchanged. If IL1.(i) or (ii) hold, denote the density
of Q w.r.t. P with ¢. Since Q is invariant, it holds that

(4.1) /Efagzbd[P’:/Lfgde:/Lfd@:O, feD(L),

so that the measure a¢ P is invariant for L, see [12] p.239. We define ¢+ as in (3.6),
with the covariance coefficient being the identity, and the drift term b/a, and observe
that ¢+ = a¢gy. By (1.2), E[¢+] < oo is equivalent to E[¢+] < co. The claim I. =
II. thus follows once we have shown that the existence of an invariant measure for L
implies E[éi] < 00. In the subsequent steps of the proof 1. = II., we thus assume that

(4.2) @y is attached to the operator %DZ + gD.

Further one can interpret the continuous map x — T,(b/a)(w) as a realization of the
environment w. In the remainder of the proof of I. = II. we therefore work with the
sample space = C(R) endowed with the canonical o-field o(b/a).

Step 2: Discretization

We first introduce some further notation. For integers 4,5 and for § > 0, we define
S?J(w) = Sis, js(w). We write ti = trs, T,f = Tys, k € Z, for the induced group of
transformations resp. operators on the discrete lattice 0Z. We introduce discrete jump
probabilities attached to the lattice Z in the following natural way:

38,1(“)

5—1,1(“’).

56—1,0(01)

(43)  p’(w) = Pou[Ss < S 5] = ,
3—1,1(W)

and ¢’ (w) = Pyo,[Ss > S_4] =

We define the o-field As = o(p?), and note that t{ is As-measurable. Notice that
lims_ %(p‘s/Téq‘s — 1) =b/a. As a result,

(4.4) o(b/a) =\/ As.
>0

We now consider the discrete-time Markov chain with transition kernel
(4.5) Rsf(w) = p’(w) TV f(w) + ¢®(w)T?, f(w), f bounded and As-measurable.
We denote with Qs the restriction of Q to Aj.

Step 3: invariance and quasi-invariance of Qs 3 y
We denote with P, the canonical law of @; started at w, and with E, resp. Eg the
expectation w.r.t. the measure P, resp. Q x P,,. We show that Qg is invariant for Ry,

(4.6) Eg,[Rsf] = Eg,[f], for all f bounded As-measurable.

Further we denote with Us = SsAS_s the exit time of the interval (—4, §). The invariance
of Qs for Rs is equivalent to

(4.7) Eq[f(wuy)] = Eglf(w)]-
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Applying the martingale problem at the time t A Uy, we obtain for f € D(L) that

: tAUs
(18) Bolf @inny)] - f(w) = B /0 Lf(@:) ds).

Since Ep,[Us] < oo (Lemma 7.4 p.365 in [16]), we apply dominated convergence and
find, after Q-integration:

5 Us
(4.9) folf @u;)] - Eolf] = o /0 Lf(@s)ds.

Moreover, by Fubini’s theorem,

- Us 0
@10)  Bol [ Lf@)ds) = Bo[ [ ELlLf(2).Us > s)ds] = BolGLS]

in the notation introduced above Lemma 5.5 in the Appendix. Lemma 5.5 and the
invariance of Q imply that Eg[GLf] = Eg[LG f] = 0. Now (4.7) follows from (4.9).
(4.6), and the fact that p°,¢° > 0, imply that Q; is quasi-invariant, i.e. t({(@g and t‘il(@g
are absolutely continuous w.r.t. Q5. In particular t‘s_l(@(g and Qg are equivalent,

(4.11) t(s_l@(g = (5 Qs for some (s > 0 P-a.s.
Combining (4.6) with (4.11), we obtain that

(4.12) T T2 35 + TP Bs=1 Qs —as.
With the notation v5 = 35 T9¢° /p°, we obtain from (4.12) that
(4.13) PPy + @ TPyt =1 Qs5—as.

This implies that Qs-a.s. the sets {vs > 1}, {75 = 1}, {75 < 1} are invariant under ¢’ ,.
Q is ergodic under t, since P is, and hence exactly one of the above sets has full Qg-
measure. We accordingly distinguish between three cases.

Step 4: 75 =1 Q-a.s. implies II.(iii)
First notice that there is ¢ such that Q = ¢ P, and (1.9) implies that ¢ > 0 P-a.s. From
the invariance of P we obtain

(4.14) t-.Q = TopP = 22

¢

In particular t_,Q and Q are equivalent. From the definition of s, see below (4.12),
and from (4.11),

Q.

5

p

(4.15) 0105 = Q5 Q5 —as.
Tl‘sqé
For z > 0 fixed we choose §,, = 27"z, and we observe that by (4.15) and (4.3), Qs,-a.s.,
on 2"=1 6, , 8 On  On On
def dt_;Qs,  dt7%.Qs, T, p°" $-1,0%0,1 S2n—1,2n41

(4.16)  MP= = = 1] = - :

n - 577. n n n
d@én dQén k=0 Tk+1 q‘sn 57171 82”*1,2” 5271,2n+1
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We compute the limit of the (As, )-martingale MY and find that Q-a.s.,
(4.17) MY lim M® = exp(24(z, ).

Since sup,, M*(w) < oo, it follows from (4.4) and from theorem 3.3 p.242 in [10] that
dt_;Q/dQ = M?*. Comparing with (4.14) we obtain that Q-a.s., Tp¢ = exp(24(z,-)) ¢.
The definition of A in (1.11) shows that P-a.s.,

(4.18) Q/Ox(b/a)(tvw) dv = log ¢(tyw) — log p(w) .

By continuity, we obtain that (4.18) holds for all z > 0 outside a P-null set. We obtain
a similar result for © < 0 by using the equivalent reformulation of (4.11)

(4.19) Qs =12,8;" Q5.

Hence, with V = %log ¢, we have that P-a.s., z — V(t,w) is absolutely continuous, and
b/a = VV. Clearly E[e?V] = E[#] = 1. Hence condition II.(iii) holds.

Step 5: The case 75 < 1 Qs-a.s. implies II.(i)

The lines between (4.20) and (4.22) are taken from the proof of Theorem 3.1 in Conze and
Guivarc’h [8]. By assumption, the function zs = 1/(1 — ~s) satisfies 1 < z5 < oo Qs-a.s.
Applying T? to the equation (4.13), and substituting vs = (25 — 1)/z5, we obtain

TPq s
(4.20) zs =1+ 5, TPzs Qs — a.s.
1P

We introduce the notation aj = Hle(qu‘s/Ti‘sp‘s), k > 1, and iterating (4.20), we obtain
that for n > 2,

n—1
(4.21) zs =1+ Z ai + ainjz& Qs — a.s.

k=1
Since z5 < 0o Qs-a.s., the sum >}, ai, and ag ng converge Qs-a.s. to finite limits.
Since t‘f acts ergodically on 2 under Qgs, we can find M finite such that Qs-a.s., the orbit
{t0wl,>o visits the set {z; < M} i.0o. In particular, along a suitable subsequence n;

tending to oo, lim; aijngz(; = 0 Qs-a.s., and hence, lim,, afL ngg = 0 Qs-a.s. It follows
that

o0
(4.22) =1+ a) Q;—as.

k=1

The definition of p°,¢° in (4.3) shows that af = s%kﬂ/ng, and hence (recall (3.1))

00 672A(u,w) du w
(4.23) z5(w) = ) 3 = qi;r( )
50,1(“) 50,1(40)
By (1.2), there is ¢(d, v, 3) such that 0 < 1/¢ < 3871 < ¢ < 00. Since Q-a.s. 0 < 26_1 <1,

the measure P = qﬁ;l Q is finite, and equivalent to Q and IP. The ergodic theorem implies
that there is at most one invariant ergodic probability measure that is equivalent to P.

Qs — a.s.
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P is ergodic since it is equivalent to P. Once we have shown that P is invariant under ¢,
then E[¢4] < oo will follow from E[¢4] = 1, and hence condition II.(i) holds.

We now show that P is invariant using a discretisation argument. Notice that the re-
striction of P to Ajs is given by Ps = EQ[¢11|A5] Qs. Using that ¢y = sgvlz(g, and that
25, 35,0°,¢° are As-measurable, we find that

zs — 1

t2,Ps = Eq[T761 ' As] - B5Qs = TPz5 ' Eg[(T{s),) | As] - T5 i

Qs .

With the help of (4.20), and with the definition of p°, ¢%, see (4.3), we rewrite the r.h.s. of
the last line as

(4.24)

§ 5
-1,0 50,2 def
T§ = Bo[(T7s51)” 1|A5] Q= == Eglexp(—2A(5, )| As] Ps = a5 Ps
2 S711 S1,2

so that tfl Ps = aslPs. As a next step, we show that

~

4.95 P—as. limi(as—1)=0.
(4.25) as. limg(as—1)

First we expand f(x,w) fx —24(uw) dy in a Taylor polynomial around 0. Observe
that the map z — (b/a)(:r w) is Lipschitz continuous, and thus its derivative exists for
a.e. . By the ergodic theorem, V(b/a)(w) exists P-a.s. Hence we find for P-a.e. w,
and for z in a neigborhood of 0, that f(z,w) = = — 2(w) + Ry, (), with sup,, |R,(z)| <

1 sup,, IV (2)(w)|z? < e1(v, B, K)?, where we used (1.2) and (1.3) in the last inequality.
We obtain the following expansions

352010W) =14 2(W)d + Riwd?,  g5s0a(w) = 1—22(w)d + Rpu6?,
2%38{1,1(&1) =1+ R3,w527 %3?,2(00) =1~ 32(‘”)5 + R4,w627

with sup, R < c2(v,3,K) < 00, 1 < i < 4. After inserting these expansions in the
definition of ag, we see that

(4.26)

5 5
S S

(4.27) L0 202 (245, w)) 71( 03(”75’15)62,
S211 51,2 253 1,1551,2

and (4.25) follows from dominated convergence for conditional expectations. We now
use (4.25) to show that P is invariant. The group (Ty)z is strongly continuous on LY(P),
see Lemma 5.6 in the Appendix. We write D for its generator and D(D) for the domain
of D. Proposition 1.5 p.9 in [12] shows that for A € o(b/a), Jo Tylady € D(D), and

(4.28) Plt,A] — P[A] = E[ D /x T,1ady],
0

where E denotes expectation w.r.t. P. Tt follows from (4.4) that lims_oE[T,14|45] =
Tyly P-a.s. and in L'(P). Since D is closed in L(P) ([12] p.10), it follows that

(4.29) E[ﬁ/ T,1ady] = lim E[D/ E[T, 14| A5 dy).
0 - 0
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Fix§ > 0, and set f = fo T 14| As] dy. Hence f is As-measurable. By L-convergence,
and by (4.25) and domlnated convergence, we find that for é,, = 927", n > 1,

E[Df] = lim /;(Tgnf—f)d@:nlirr;o—i(/f dt(s_”llf”(;n—/fd]?’>
0 /f lim - a(g —1) dP = 0.

Hence the left-hand side of (4.29) vanishes, and the invariance of P now follows from
(4.28). Hence condition II.(ii) holds.

Step 6: The case 75 > 1 Q-a.s. implies IL.(ii)
The proof is similar to step 5. We define z5 = 1/(1 — T?,7y~!), and apply T, to (4.13).
We then find that Qs-a.s.

Ea

zs=1+ Zak, where a) = H T° .02 )T°.4%), k > 1,
k=1 i=1

which yields z5 = ¢_/ 5‘5_170 Qjs-a.s. We then conclude by similar considerations as above.
This finishes the proof of I. = II. U

Proof of I1. = 1.

Assume that II.(i) holds. From (3.9)-(3.10), we see that Q = ¢P is invariant for L,
with ¢ = ¢4 /E[¢4], and similarly when II.(ii) holds. When II.(iii) holds, then L can be
written in divergence form: L = Jae™2V' D(e?V' D). We define Q = 1¢?VP, and observe
that, by (1.2) and the assumption E[e?V] < oo, the measure Q is finite. Using (2.3), we
find for f € D(L)

(4.31) /Lf dQ = ;/D(exp(szf) dP=0.

This shows that Q is invariant, cf. [12] p.239. O

4.1. The transient case. Recall ¢, ,¢_ in (3.6), and recall that transience is charac-
terized by E[b/a] # 0, see Proposition 3.1.

Theorem 4.2. (transient case)
Under the assumption E[b/a] # 0, we have the following equivalences:
I. There is an invariant probability measure Q that is absolutely continuous w.r.t. P.
II. The speed in the law of large numbers (3.7) does not vanish.
IIL. Either E[¢4+] < 0o or E[¢p_] < 0.
IV. (existence of “almost linear coordinates”)
There is a function X that P-a.s. solves the heat equation

(4.32) (O + Ly) X(t,z,w) =0, t and x real,

and there is a constant v, and a function x(z,w), such that for all w € Q,
(i) X(t,z,w) =2 —vt+ x(z,w)
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(ii) x(0,w) = 0, and there is Y (w) with B[] = 0 such that Oxx(z,w) = P(tw)
(i.e. Oyx is stationary)
If any of the above statements holds true, then the measure Q from condition L. is given,
up to normalization, by Q = ¢+ P, depending on E[¢4] < oo or E[¢_] < oo, and the
constant v in condition IV. is equal to the speed in the law of large numbers (3.7).

Remark 4.3. y is usually called the corrector. Under condition I'V. the ergodic theorem
implies sublinear growth of y at infinity:

(4.33) P—as. lim yx(z,w)/z= lim / Y(tyw) dy = E[¢)] =
This explains the name “almost linear coordinates”. It also follows from the stationarity
of J;x that x is additive:
(4.34) X(* +y,w) = x(z,w) = x(y, taw), z,y €R.

O

Remark 4.4. Harmonic coordinates are unique: Assume that X1,X2 are harmonic

coordinates, with x1 resp. x2 denoting the correctors. Then X Xl x2 = X1 — Xo
satisfies a.s. L,x = 0 and x(0,w) = 0 a.s. Hence x(z,w) = cspz(w) a.s. (recall (2.7)),
and since lim ||, X(7,w)/z = 0 a.s., the ergodic theorem implies x = 0 a.s.

Proof of Theorem 4.2. The equivalence of I1. and I1I. follows from Proposition 3.3, and
the equivalence of I. and II. follows from Theorem 4.1. It thus remains to prove III. < IV.

IV. = III.
Define Z(w) = 1+ ¢ (w), and set Z(z,w) = Z(tyw). It follows from (4.32) and IV.(i) that

P-a.s., sa(z,w)0, Z(x,w)+b(z,w)Z(z,w) = v. Multiplying both sides with a(.lw)eQA(”“),

and integrating leads to
x
(435) Z(w) = Z(x’ w)eQA(:E,w) _ 2”%} a(ul’w) 62A(u,w) du.

First case: v #0

We first assume that v > 0. We define A = {Z > 0}, and observe that (4.35) implies
A Ct_yA, x> 0. Notice that the images of t_, A\ A under t_g,, k > 1, are disjoint.
The stationarity of P implies that P[t_,A \ A] = 0, and hence, for P-a.e. w, and all
positive rational z (and hence all rational z), t_;A = A. Since the right-hand side of
(4.35) is a continuous function of z, it holds that for P — a.e. w, and all z, t_;A = A.
Since E[Z] = 1, we conclude by ergodicity that P[A] = 1. Taking expectations in (4.35),
and using that Z > 0, we find that, for z < 0,

0
(4.36) 0< QUE[/ L 24(ww) gy] < 1.

a(u,w)

By monotone convergence, and using stationarity, we obtain from (4.36) that

0 oo
(4.37) 2% > E[/ a(ulw) e2A(uw) du) = E[a(t) / e~ 2A(uw) du] = E[¢.].
’ 0

—0o0
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Hence E[¢4] < 0o, and a similar argument shows that v < 0 implies E[¢_] < oo.

Second case: v =0
(4.35) shows that the events {Z > 0}, {Z = 0}, {Z < 0} are invariant under ¢_, for all
x, and since E[Z] = 1, by ergodicity, Z > 0P-a.s. It follows again from (4.35) that

x
(4.38) 2 / (b/a)(v,w) dv = — log Z(t,w) + log Z(w) P-ae. w,
0
so that P-a.s., b/a is the gradient of the stationary function V = —% log Z. But then the
stationarity of P implies E[b/a] = 0, a contradiction. O
IT1. = TV.

1

We assume that E[¢] < oo, we fix v = 2E[h1]

numbers (3.7)), and we define

(so that v is the speed in the law of large

0
(4.39) Z(w) =2v / mem(“"”) du .
—0o0
Notice that stationarity and the choice of v imply
o0
(4.40) E[Z] = 20E[{; / e AW dy) = 2 E[¢,] = 1.
0

(1.1) shows that A(u,t,w) = A(u + z,w) — A(z,w). Hence, with Z(z,w) = Z(t,w), it
holds that

0
(4.41) Z(z,w) =2v e () / a(u—l}x,w) 2AWFTw) gy
—00
By (1.3) 0za(-,w) exists a.e. Hence, for fixed x, we find for a.e. u,
(4.42) ax(a(u+z7w)6 (uta w)) = s (uta,w) (25 _ Ta) (u+ 2, w).

In particular, by (1.2),(1.3), and by the ergodic theorem, there is a constant c(v, 3, K)
such that for u + x < 0, the modulus of right-hand side of (4.42) is P-a.s. bounded by
ce Elb/allutel e differentiate (4.41), and find, using first dominated convergence and
(4.42), then partial integration, the P-a.s. equalities

0 Z(x,w) = — Zg(x,w)Z(x,w) + e 2AlEw) ej?:—%:’))’(loo

b 2
:—25(.%,(41)2(%,&})4- Y

a(z,w)’

(4.43)

where the last equality follows from the ergodic theorem. With the definition
€T
(4.44) X(t,z,w) = / Z(tyw)du — vt, x and t real,
0

we see that (4.32) is P-a.s. satisfied. Set x(z,w) = [ Z(tuw)du — . Clearly IV.(i)
holds, and IV.(ii) follows from (4.40). The case E[¢_]| < oo is similar. This finishes the
proof. O
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4.2. The recurrent case. We recall that recurrence is characterized by E[b/a] = 0, see
Proposition 3.1. In this section we assume in addition to ergodicity that the dynamical
system (92, A, P, (t;),) mixes exponentially. More precisely, for —oco < 21 < 29 < 00, we
define the o-fields H3? = o{tya,t.b: x € (x1,72)}, and we assume that

(4.45) limsupy ! log sup IP(AN B) —P(A)P(B)| < —20wv.
y—0o0 AeH? , BeH®

Recall the functional A(x,w) in (1.11).

Theorem 4.5. (recurrent case)
Under the assumption E[b/a] =0, and under (4.45), one has the following equivalences:

1. There is an invariant probability measure Q that is absolutely continuous w.r.t. P.
IT. limsup,_, Var[A(z,w)] < oo
III. There is a stationary random variable V' such that P-a.s. x — V (tyw) is absolutely
continuous and b/a = VV.
IV. (existence of almost linear harmonic coordinates)
There is a function X that is P-a.s. L,-harmonic, i.e. for P — a.e. w,

(4.46) L,X(x,w) =0,

and there is a function x(x,w) such that for all w € Q
(i) X(z,w) =2+ x(z,w)
(i) x(0,w) =0, and there is Y (w) with B[] = 0 such that Oxx(z,w) = P (tw)
(i.e. Oyx is stationary)

If any of the above equivalent statements holds true, then Q is, up to normalization, given
by Q = é62V]P’.

Remark 4.6. (i) Of course the remarks 4.3 and 4.4 also apply here. To see the
uniqueness of harmonic coordinates, proceed as in remark 4.4, and use condition
II1. before applying the ergodic theorem.

(ii) Condition II. is very interesting, since it directly relates the existence of an abso-
lutely continuous invariant measure resp. the existence of almost linear harmonic
coordiantes to the occurence of traps. The fluctuations of the functional A(x,w)
are responsible for the creation of traps, and condition II. roughly states that
there are no strong traps.

(iii) The uniqueness of harmonic coordinates and (4.48) show that E[e~2"] < oo and
E[e?V] < oo is a necessary condition for the existence of almost linear harmonic
coordinates, resp. the existence of an absolutely continuous and invariant mea-
sure. This is the reason for the assumption (4.45), and remark 5.2 shows that
(4.45) is nearly optimal.

(iv) Brémont [4] (see also Letchikov|23], Bulycheva and Molchanov [7]) characterises
the existence of a quenched functional CLT for recurrent random walks (with
finite range) in an ergodic random environment on Z. We believe that a similar
statement holds in our setting, which would read as: when E[b/a] = 0, then
a quenched CLT holds if and only if condition III. in Theorem 4.5 hold, and
E[e?V] < o0, E[e72"] < 0o. Under the mixing assumption (4.45), it would follow
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from Theorem 4.5 and Lemma 5.1 that a quenched functional CLT is charac-
terised by either condition I.-IV. in Theorem 4.5. But we will not address this
question here. O

Proof. 1. & IIL follows from Theorem 4.1 (in particular this equivalence holds without
the assumption (4.45)).

I11. & II.
It follows from (4.45) and from Theorem 17.2.1 p.306 in [14] that the autocovariance
function satisfies

lim E[(b/a)(w)(b/a)(tzw)] =0.

T— 00
Theorem 18.3.2 p.331 in [14] then shows that II. holds if and only if there is a random
variable V' such that

(4.47) b/a = lim TV —V) in L%

By applying Lemma 5.4 in the Appendix with p = 2, this is equivalent to P-a.s. x —
V(tzw) being absolutely continuous and b/a = VV, which is condition III.

IV. = III.
The proof of this implication is contained in the proof of IV. = III. in Theorem 4.2, see
in particular the case v = 0.

ITII. = IV.

We can write the operator £, in divergence form, similarly to the expression above (4.31)
(replace D by ;). Lemma 5.1 shows that exp(—2V) € L}(P), and it is then immediate
that for all w € Q, the function

1 xX
(4.48) X(z,w) = E[exp(—ZV)]/O exp(—2V (u,w)) du is L, — harmonic.
We define x(z,w) = X(z,w) — x. Clearly all requirements on x and 9,y are satisfied.
This finishes the proof of the theorem. O

5. APPENDIX

Lemma 5.1. Assume (4.45), and that P-a.s, b/a = V'V for some random variable V on
Q. Then

(5.1) E[e?V)] < 0.

Remark 5.2. We will now show that the mixing condition in (4.45) is optimal, in the
sense that if the left-hand side of (4.45) equals —2(v, then it is possible to construct
V stationary with VV bounded and globally Lipschitz such that E[e?Y] = co. We now
provide an example.

The random environment is given by a Poisson point process on the line with intensity
one, and we denote the Poisson cloud with w = (w;);ez. We define the stationary field
U(w) = inf; |w;|, the distance of the origin to the Poisson cloud. Then T,U(w) is the
distance from the point z to the Poisson cloud, and hence z +— T,U(w) is a sawtooth
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function with slope 1 or -1. We choose a bounded Lipschitz continuous mollifier 7
that is compactly supported on (—1,1), and define V(w) = fil U(t—yw)n(y) dy. Since
x +— U(tyw) is P-a.s. globally Lipschitz with constant one, it is differentiable a.e. and
IVU|loo = 1. Then for P-a.e. w and every =z,

1 1
62 Vi) - [ VU)ol dy = / VUt ) dy

which shows that |[VV|w =1 and z — VV (t,w) is P-a.s. globally Lipschitz continuous
with a Lipschitz constant that is independent of the environment w. We then set a = 1
and b = VV, so that v = 8 = 1, and hence the right-hand side of (4.45) equals -2.
For an interval I, denote with N; the number of Poisson points in the interval I. Then
PV > u] > P[N(_y_1,u41) = 0] = € 272, so that

E[e?V] =1 —|—/ 2e*“ PV > u] du = .
0

We now show that the onedimensional distributions of U mix exponentially:

(5.3) limsupz ! log sup | P(T,U < a,U <b) —P(T,U < a)P(U < b) |= —2.

T—00 a,b>0

This can be extended to the finite-dimensional distributions of U, so that the left-hand
side of (4.45) is equal to -2. Fix x > 0, choose a,b > 0, and write A = (0,a), B = (0,b).
We distinguish three cases according to the relative position of a,z — b,z + b. Assume
first that ¢ > z 4+ b. Then

PlU € A, T, U € B] - P[U € A|P[T,U € B]
=P[T,U € B](1 - P[U € A))
=(1 = P[N(z—pz+b) = OD)P[N(_g,a) = O]
=(1 — e ?)e2a,
Using that a > x+b, we find that the left-hand side of (5.3) equals -2. In the case x —b <
a < z+b, we find similarly that the left-hand side of (5.4) equals 1 —e~2¢ —e=20 4 ¢=2—07b,

and using that a > x — b, we find again that the left-hand side of (5.3) equals 2. Finally,
in the case a < x — b, the left-hand side of (5.4) vanishes. Hence (5.3) holds. O

(5.4)

Proof of Lemma 5.1. Notice first that P-a.s.,

(5.5) TV () - V(w)| < /O " IVV | (fuw) du < s

We define § & P[V < 0], and w.l.o.g. we can assume that 0 < § < 1 (the claim is clear
for constant V', and otherwise look at V' =V =+ ¢ for a suitable c¢). By (4.45), and using
(5.5), we find for some constant v > 20v,

exp(—vyx) > PV < 0] P[T,V > prz| —P[V <0, T,V > prz] = §P[T,V > fvz],
and hence, using stationarity,

PV >u] < 6! exp(—z,u).
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Similarly, we obtain that P[V < —u] < (1—6)7! exp(—%u). Since, by Fubini’s theorem,

oo
E[e?V] = 1+/ 2 exp(2u) P|V| > u] du,
0
the claim (5.1) follows from ~ > 20v. O

We cite the main result from Atkinson [1]:

Lemma 5.3. Let f: Q — R be integrable, and define (the empty sum is by convention
zero)

n—1
def f tiw , n > 07
(5.6) ap(nw) 2 20 St
—> g f(tiw), n<0.
Then ay is recurrent if and only if E[f] =0. |

Recall the generator D of the translation group 7, and the gradient V in (2.2) and below.

Lemma 5.4. On LP(P), 1 < p < oo, it holds that D = ¥V with domain D(D) =

{f € LP(P) : x — f(tyw) is absolutely continuous P-a.s. and V f € LP(P)}.

Proof. Choose f € D(D) = {h € LP(P) : lim,_o 2(T,h — h) exists in LP(P)}, let g =
Df € LP(P), and define A = {h € LP(P) : z — h(tyw) is abs. cont. P-a.s. and Vh €
LP(P)}. Following the methods exposed in the proof of Proposition 1 p.66 in [11], it

suffices to show that (D, D(D)) is a restriction of (V, A).
For arbitrary a,b € R, we obtain by dominated convergence that

b
/dy/dP[i(THyf—Tyf)—DTyf|p—>0 as ¥ — 0.

By Fubini’s theorem, we obtain that, P-a.s., (Tp1yf — Ty f)/2 converges in L} (R). In
particular the right-hand side of

b+x a+x b
(5.7) 1 /b T,fdy - 1 / T, f dy / YTyuf — Tyf) dy

converges P-a.s. to ff Tygdy as x | 0. Since the left-hand side converges for almost all
a,b to Ty f — T, f, we obtain P-a.s., by redefining f on a Lebesgue null set, for all a, b,

b
(5.8) Tf =Tuf + [ Tygdy.

By the ergodic theorem we have redefined f on a P-null set. Hence, for P-a.e. w, the map
y — T, f is absolutely continuous. In particular, P-a.s., 9, f exists for Lebesgue-a.e. y.
Again by the ergodic theorem, V f exists P-a.s. Of course (5.8) implies that Df = Vf.
This shows that D(D) C A and V|p(py = D, which is our claim. O

For f € L>(Q), we define the Green operator Gf = [J° PSfds, where P? is the

s

semigroup attached to the diffusion stopped when exiting (-4, ), i.e. for w € Q,
(5-9) Ps(;f(w) = Ew[f(a)s)> s < U5] = EO,w[f(Xs>w)a s < UE}

(recall Us below (4.6)). This semigroup is strongly continuous, and, with a slight abuse
of notation, we denote its generator with L.
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Lemma 5.5. For f € D(L), it holds that Gf € D(L) and GLf = LGf.
Proof. We define f, = [;" P2 f ds, and observe that

o0

(5.10) IGE = o < llscsup [ PoolUs > o] ds.

n
Observe that sup,, Eo o [Us] < 0o, as follows from Lemma 7.4 p.365 in [16], together with

(1.2). We conclude that lim, ||Gf — fnllcoc = 0. Further, combining point (a) and (c) of
Proposition 1.5 p.9 in [12]|, we notice that f, € D(L) and

(5.11) Lfn:/ LPffds:/ PiLfds.

0 0
As in (5.10), this implies that lim,, . || L fr, — GLf||lcc = 0. Since L is closed ([12] p.10),
we conclude that Gf € D(L) and LGf = GLf. O

Recall the measure P below (4.23).
Lemma 5.6. The group (T}), is strongly continuous on L'(C(R),o(b/a),P).

Proof. With a slight abuse of notation, we write Q = C(R). o(b/a) is generated by the
finite-dimensional cylinder sets, and is therefore contained in the Borel o-field generated
by the topology of uniform convergence on compacts. It follows that €2 is a Polish space
with metric d(wi,w2) = > 02 27" sup_, <<y, (Jw1 () — w2(t)] A1) (cf. [16] p.60, problem
4.1 and 4.2). Notice that t, acts continuously on Q. For f € Cy(Q), it follows from
dominated convergence that

(5.12) lim 7, f = f in LY(P).

P is regular ([30] p.48), and then it follows that Cy(€2) is dense in L!(P) ([30] p.69). The
claim of the lemma now follows from Proposition 5.3 p.38 in [11] (see also Ex. 5.9(5)
p.42), once we have shown that

(5.13) sup [|T%|| < o0.

0<z<1
Choose f € L'(P) and o(b/a)-measurable, and fix 0 < z < 1. It follows from (4.4) that
fn= I@[f|A$/n] converges to f in L'(P). Notice that (4.24) implies C' = supy, , Az (w) <
oo. This shows that || Ty fullh = [ |fnlow dP < C||fy|1, and that T, f, converges to Ty f
in L'(P). This implies (5.13), which finishes the proof. O
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