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Abstract. We prove a general relaxation theorem for multidimensional control problems of Dieudonné-Rashevsky
type with nonconvex integrands f(¢, &, v) in presence of a convex control restriction. The relaxed problem, wherein the
integrand f has been replaced by its lower semicontinuous quasiconvex envelope with respect to the gradient variable,
possesses the same finite minimal value as the original problem, and admits a global minimizer. As an application,
we provide existence theorems for the image registration problem with convex and polyconvex regularization terms.
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1. Introduction.

a) Dieudonné-Rashevsky type problems with nonconvex integrands.

The present paper is concerned with the existence theory for multidimensional control problems with non-
convex integrands f(t,&,v), which depend not only on v but explicitely on ¢ and £ as well, while the control

set is assumed to be convex. More precisely, we study problems of the type

(P): F(m):/ﬂf(t,x(t),Ja:(t))dt —infl; oz e WER(QRY); (1.1)
or ox
aTll(t) ﬁ(t)
Ja(t) = : : e KCR"™ (V)teQ (1.2)
Py . Yy
o, Dt

and choose n > 1, m > 2, Q C R™ as the closure of a bounded strongly Lipschitz domain with o € int (2)
and the control set K C R"™ as a convex body with o € int (K). The integrand f(¢,£,v): @ xR" xK — R
is, in general, nonconvex with respect to v. The structure of (P) as an optimal control problem will become
clear if one introduces formal control variables u € L™ (2, R™™) with Jz(t) = u(t).

Problems of this kind, also called Dieudonné-Rashevsky type problems, arise e. g. in elasticity theory, °V) in
population dynamics %2 and in the framework of mathematical image processing. ®®) In order to motivate the
necessity to treat nonconvex integrands, we mention the following problems from image processing: the image

04)

registration problem with polyconvex regularization, “* the determination of the optical flow with nonconvex

5)

regularization %») and the optimal control formulation of the Shape-from-Shading problem (multiple image

[TING 69A], p. 531 f., [TING 69B] and [ WAGNER 96], pp. 76 fI.

[ BROKATE 85], [ FEICHTINGER/TRAGLER/VELIOV 03].

[ BRUNE/MAURER/WAGNER 08], [ FRANEK/FRANEK/MAURER/WAGNER 08], [ WAGNER 06A], pp. 108 ff., and
[ WAGNER 07A].

See Section 4 below where this problem will be considered in detail.

E. g. regularization terms of Perona-Malik type, cf. [ AUBERT/KORNPROBST 06], pp. 90 — 93, and [ WAGNER 064 |,
p. 114. Instead, in [ HINTERBERGER/SCHERZER/SCHNORR/WEICKERT 02], p. 82, a polyconvex regularization term
has been proposed.
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method). 06) All these problems must be formulated with dimensions n = m = 2, consequently, in analogy to
the multidimensional Calculus of Variations we have to look for a quasiconvex relaxation instead of a convex
one.

A significant difference between variational and optimal control problems results lies in the fact that the
integrand in (P) is defined a priori on v € K only. The examples from [WAGNER 06A], pp. 16 ff., and
[WAGNER 06B], p. 241 f., show that, in order to conserve the minimal value of (P) in the process of
relaxation, the integrand must be extended to v € R™ \ K “in the best possible way”, i. e. by (+00). For
this reason, the quasiconvex functions used in the forming of a possible envelope must be allowed to take

the value (+00) as well. We will consider the following classes of integrands:

Definition 1.1. Let Q C R™ be the closure of a bounded strongly Lipschitz domain and K C R™ a convex
body with o € int (K).

1) (Function class Fx) We say that a function f: R™™ — R U{(+00) } belongs to the class Fx iff f|K
€ C°(K,R) and f|(R"™\K) = (+00).

2) (F‘Enction class Fx) We say that a function f(t,€,v): @ x R" x R"™ — R U{(+00)} belongs to the
class Fx iff there exists a m-dimensional Lebesgue null set N C Q with:

a) f(t,&,v) = (+o0) for all (t,&,v) € (2 \ N) x R" x (R"™ \K),

b) f(t,&v) < (400) for all (t,&,v) € (2\ N) x R" xK,

¢) the restriction f | ( (Q \ N) x R™ x K) 18 Borel measurable with respect to t and continuous with respect
to (&,v),

d) f satisfies a growth condition°”)
| F(L€0)| < AW + BEv) V(L&) €Q xR xK (13)

where A € LI(Q,]R), A ’ int () 4s continuous, and B is bounded on every bounded subset of R" x K.

For the special case where the integrand in (P) resp. its extension to the whole space R™™ belongs to Fk and,
consequently, depends on v only, a relaxation theorem has been proved in [ WAGNER 07B] (cited below as
Theorem 1.3., 2) ). In this case, the appropriate envelope for the integrand turns out to be the so-called lower
semicontinuous quasiconvex envelope (see Definition 2.6. below). The main result of the present paper is the
generalization of this relaxation result to Dieudonné-Rashevsky type problems with integrands f € f;"K We
will see that the known proof scheme from the multidimensional Calculus of Variations works in the case of
control problems (P) as well: the general situation can be reduced to the case f = f(v) where the theorem
has been already established. °8)

b) Relaxation of (P) by replacement of the integrand; main result.

Relaxation of a variational or optimal control problem means to define a new problem with the same minimal
value as before, whose feasible domain contains the original one (eventually in the sense of an embedding),

and whose objective is lower semicontinuous with respect to an appropriate topology. ®® The fact that the

Cf. [WAGNER 07A], pp. 19 ff.

Cf. [AcErBI/FuUsco 84], p. 132, Theorem [I1.1], (II.4), and p. 134. We need the continuity of the majorant A in the
proof of Proposition 3.3., Step 1, below, in order to assure the openness of the level sets of A.

[DACOROGNA 08], pp. 377 fI.
Cf. [BuTrTAZZO 89], pp. 2 ff. and pp. 16 ff., as well as [ ROUBICEK 97], pp. vii ff.
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relaxed problem admits global minimizers justifies the subsequent application of direct numerical methods. )
In the present paper, the relaxation of (P) will be performed through the replacement of the integrand f
within the objective by an appropriate semiconvex envelope. ') The conditions, which must be satisfied by
this envelope, are summarized in the following theorem.

Theorem 1.2. (Relaxation of the problem (P)) Consider the problem (P) under the assumptions from
Section 1.a) and a function f#(t,&,v): Q@ x R™ x R™ — R U{(+0c0) } with the following properties:

a) There exists a m-dimensional Lebesque null set N C Q such that it holds for all (i,€) € (Q\N) xR": The
effective domain of the function f#(t, é, ) R™ — R U{ (4+00) } is a Borel set with K C dom (f#(f, é, )),
and the restriction of f# (£, é, -) to its effective domain is a Borel measurable function which is bounded from

below on every bounded subset of its domain.

b) It holds that f#(t,&,v) < f(t,&v) for all (t,&,v) € (2 \ N) x R" x K, consequently,

F#(z) = / (it x(t), Je(t)) dt < / flt,z(t), Je(t)) dt = F(x) for all admissible functions in (P).
Q Q
¢) For every sequence { zN '} of admissible functions in (P) with xN == L7 R 4 gng jpN 2 LZ(QR™)
J&, the lower semicontinuity relation F# (%) < liminf y_ . F#(x™V) holds.

d) The minimal values of (P) and the following problem (P)# coincide:
(P)#: F#(x)= / f#(t,x(t), Jo(t))dt — inf!; =z € W(l)’oo(Q,Rn); Jx(t) e K (V)t € (1.4)
Q

Then the (finite) minimal values of the problems (P) and (P)# are identical, and every minimzing sequence
{zN} of (P) contains a subsequence {xN'} converging together with their generalized derivatives weakly*
(in the sense of L™ (Q,R™) resp. L= (Q,R™™) ) to a global minimizer & of (P)¥.

Ounly a few relaxation results are known for problems of type (P). We mention the following theorems
of EKELAND/TEMAM and WAGNER, assuming that the integrands as members of the function classes Fx
resp. Fk are defined from the outset on the whole space R™™:

Theorem 1.3. Consider the problem (P) under the assumptions from Section 1.a).

1)'?) (Convex relaxation of (P), the integrand depends on t and v only, n = 1) Assume further
that m > 2, n = 1, and K = K(0,0) C R"™ s a closed ball centered in the origin. The integrand
Ftv): Qx RY™ — R U{ (400) } belongs to T but does not depend on €. Then the function f#(t,v): Q x
R™ — R U{(+00) }, which is defined as the convex envelope of f with respect to v by

At v) = f(tv) = sup{g) | g: R"™ =R convez, g(w) < f(f,w) Ywe R} (1.5)

for all t € (2 \ N) and by zero for all t € N, admits the properties a) — d) from Theorem 1.2.

2)13) (Quasiconvex relaxation of (P), the integrand depends on v only, n > 1) Assume fur-
ther that m > 2, n > 1, and K C R"™ 1is an arbitrary convex body with o € int(K). The inte-
grand f(v): R" — R U{(400)} does not depend on t and & and belongs to Fx. Then the function

Cf. [MORREY 66], pp. 15 f., and [ DAcOrROGNA 08], pp. 3 ff.
Concerning relaxation of (P) by introduction of generalized controls (“Young measures”), see [ WAGNER 08].

[EKELAND/TEMAM 99], p. 327, Corollary 2.17., together with p. 334, Proposition 3.4., and p. 335 f., Proposition
3.6.

[ WAGNER 07B], p. 3, Theorem 1.3.



f#(v): R™ — R U{(+00) }, which is defined as the lower semicontinuous quasiconvex envelope of f by

) = (@) (v) = sup{g(v) | g: R™ — R quasiconvez, lower semicontinuous,
g(w) < f(w) Yw e R"™ }, (1.6)

admits the properties a) — d) from Theorem 1.2.
As the main result of the present paper, we prove the following generalization of Theorem 1.3.:

Theorem 1.4. (Quasiconvex relaxation of (P) in the general case, n > 1) Consider the problem (P)
under the assumptions form Section 1.a). In particular, we assume that m > 2, n > 1, K C R™ is an
arbitrary convez body with o € int (K), and the integrand f(t,&,v): Q x R" x R" — R U{ (400) } belongs
to the function class Fx. Then the function 7t E6v): @ x R™ x R — R U{(+00) }, which is defined

as the lower semicontinuous quasiconvexr envelope of f with respect to v by

(€ v) = flael(d, f,v) = sup{g(v) ‘ g: R" — R quasiconvex and lower semicontinuous,

g(w) < f(t, é,w) Vw e IR"’”} (1.7)

for all fized (,€) € (Q\N) x R" and by zero for all (i, €) € N x R", possesses the properties a) — d) from
Theorem 1.2. Consequently, the problem

(PYe) ;e () — / POt 2(t), Ja(t) df — infl; € WIS(QR"Y); Je(t) €K (teQ (L8)
Q

has the same finite minimal value as the problem (P), and every minimizing sequence { z™ } of (P) contains
a subsequence { 2N} converging weakly* (in the sense of L>(Q,R™) resp. L™ (2, R™™) ) together with their
generalized derivatives to a global minimizer & of (P)(qc).

As a consequence of Theorem 1.4., we obtain the following existence result for problems (P) with polyconvex
integrands:

Theorem 1.5. (Existence theorem for (P) with polyconvex integrand) Consider the problem (P)
under the assumptions of Section 1.a). In particular, we assume that m > 2, n > 1, K C R™ is an
arbitrary convex body with o € int (K), and the integrand f(t,£,v): @ x R" x R"™ — R U{ (+00) } belongs
to Fk. Furthermore, for all fived (i,€) € (Q\N) x R", let f(¢, £,0): R"™ — R U{(+00)} be polyconver
as a function of v (see Definition 3.9. below) where N C Q is the m-dimensional Lebesgue null set from
Definition 1.1., 2). Then the problem (P) admits a global minimizer & € Wé’oo(Q,R”).

c) Outline of the paper.

We close this section with a collection of notations and a short recall of some auxiliary facts from measure
theory. In Section 2, we start with the definition of quasiconvexity for functions, which may take the value
(+00), and summarize the properties of the lower semicontinuous quasiconvex envelope f (4©) for integrands
f = f(v) € Fk. Then we turn to the closer investigation of the lower semicontinuous quasiconvex envelope
for integrands f = f(t,&,v) € g"K, which is formed with respect to the variable v. In this case, we prove a
number of estimates (Theorems 2.11., 2.12. and 2.14.) as well as an growth condition for (4 (Theorem
2.13.). Section 3 contains the proofs of Theorems 1.2., 1.4. and 1.5. Finally, in Section /, applying our
general theorems to a basic problem from mathematical image processing, we obtain existence results for

the image registration problem in the presence of convex and polyconvex regularization terms.



d) Notations and abbreviations.

Let k€ {0, 1, ..., 00} and 1 < p < 0o. Then C*(Q,R"), LP(Q,R") and W*P(Q, R") denote the spaces of
r-dimensional vector functions whose components are k-times continuously differentiable, belong to L” (2, R)
or to the Sobolev space of L” (€, R)-functions with weak derivatives up to kth order in L”(£2, R), respectively.
In addition, functions within the subspaces CS(Q,RT) C Ck(Q,RT) and W(l)’p(Q,IRT) C Wl’p(Q,]RT)7 1<
p < o0, are compactly supported while the components of z € Wé’OO(Q,IRT) possess Lipschitz continuous
representatives '4) with zero boundary values. The symbols xy; and Ox/0t; may denote the classical as well
as the weak partial derivative of x by t;. Jx denotes the Jacobi matrix of the function x.

We denote by int (A), ri(A), JA, rb(A), cl(A), co(A) and | A| the interior, relative interior, boundary,
relative boundary, closure, the convex hull and the r-dimensional Lebesgue measure of a set A C R,
respectively. 1po: R™ — R with 14(t) =1 <= ¢t € A and 15(t) =0 <= t ¢ A is the characteristic
function of the set A. Defining R = R U{(+00)}, we equip R with the natural topological and order
structures where (+00) is the greatest element.

Throughout the whole paper, we consider only proper functions f: R™ — R, assuming that the effective
domain dom (f) = {v € R™™ | f(v) < (+00) } is always nonempty. The restriction of the function f to the
subset A of its range of definition is denoted by f | A. If a function f: R™ — R belongs to the function
class Fk defined above then its restriction f ‘ K is bounded and uniformly continuous. Consequently, the
class Fx and the Banach space CO(K, R) are isomorphic and isometric.

A convex body K ¢ R™ will be understood as a convex, compact set with nonempty interior.'® A point
v € K is called extremal point of K iff from v = X v/ + X' 0", X, X > 0, N + X =1, v, v € K it follows
that v’ = v” = v. The set of all extremal points of K is denoted by ext (K). Every convex body possesses at
least one extremal point. A convex subset @ C K is called a face of K iff from v € ¢ and v = X' v/ + X\ v”,
N, N >0, N+ N =1, 0, v € K it follows that v/, v € .16 The body K itself as well as @ will be
regarded as improper faces. All nonempty faces of a convex body form compact sets. The dimension k of a
face is that of its affine hull; we define Dim (@) = (—1). Thus the null-dimensional faces of K are precisely
the singletons {z }, z € ext (K).

Finally, we introduce three nonstandard notations. “{z™ }, A” denotes a sequence {z" } with members
N € A. If A CR” then the abbreviation “(V)t € A” has to be read as “for almost all t € A” resp. “for all
t € A except a r-dimensional Lebesgue null set”. The symbol o denotes, depending on the context, the zero

element resp. the zero function of the underlying space.

e) Auxiliary facts from measure theory.

Definition 1.6. (Carathéodory functions) Let K C R"™ be a Borel set. Then a function f(t,&,v): Q x
R" xK — R is called a Carathéodory function iff there exists a m-dimensional Lebesque null set N C
such that the restriction f | ( (Q \ N) x R™ x K) 18 Borel measurable with respect to t and continuous with
respect to (§,v).

From Definition 1.1., 2) it is clear that the restrictions of the functions f € Fk to Q@ x R" xK are

Carathéodory functions.

9 [Evans/GARIEPY 92], p. 131, Theorem 5.
1) Cf. [BRONDSTED 83] and [ SCHNEIDER 93] .

16) We dispense with the distiction between “facets” and “faces”, cf. [ BRONDSTED 83], p. 30.
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Theorem 1.7. (Scorza-Dragoni theorem)'”) Let K C R™™ be a Borel set. Then the function f(t,&,v):
Q x R" xK — R is a Carathéodory function iff the following holds: For every compact subset Qy C Q
and arbitrary € > 0 there exists a compact subset Q. C Qo with | Qo \ Q.| < € such that the restriction

f | (Qc x R™ x K) is a continuous function with respect to (t,&,v).

Lemma 1.8.'% Given an open set @ C R™ and a function x € Ll(Q, R™), then for arbitrary values n > 0
and § > 0, one can find finitely many mutually disjoint closed cubes Qs C Q, 1 < s < r, with edge length
0 < ns < n, with the following properties:

D9\ Uiy Qs] <95 (1.9)
2)’xi(t) - ‘Ql |/ LL‘Z'(T)dT‘ <5 (MteQ,, 1<s<r, 1<i<n. (1.10)
sl a.

2. The lower semicontinuous quasiconvex envelope.

a) Quasiconvex functions which can take the value (+00).

Definition 2.1. (Quasiconvex functions with values in R)'9 A function f: R™™ — R with the
following properties is said to be quasiconvez:

a) dom (f) CR™ is a nonempty Borel set;

b) f | dom (f) is Borel measurable and bounded from below on every bounded subset of dom (f);

¢) for allv € R™, f satisfies Morrey’s integral inequality

fv) < ﬁ /Qf(v—l—Jx(t))dt Ve W(l)’oo(ﬂ,]R"), (2.1)
or equivalently

f(v) = inf { Wl| /Qf(v+ Ja(t))dt | 2 € Wy™(Q,R"), v+ Jz(t) € R™ (V)t€Q}. (2.2)

Here Q C R™ is the closure of a bounded strongly Lipschitz domain.

We adopt the convention that the integral [, (+o00)dt takes the values zero or (4+00) if either A C R™ is a
m-~dimensional Lebesgue null set or has positive measure. Note that the values of the integrand f cannot be
changed even on a Lebesgue null set of R™™. If dom (f) is a convex body then the set of “test functions”
within Morrey’s integral inequality can be restricted as follows:

Theorem 2.2. (Morrey’s integral inequality for functions with dom (f) = K) 2% Let a convex body
K C R™ and a function f: R™ — R with dom (f) = K be given. Assume that f | K is measurable and
bounded. Then f satisfies Morrey’s integral inequality in a point v € K iff

f(v) = inf { ﬁ /Qf(v—i— Ja(t))dt | x € W™ (QR"), v+ Ja(t) €K (V)teQ}. (2.3)

[EKELAND/TEMAM 99], p. 235, Scorza-Dragoni Theorem.
Slightly modified from [ WAGNER 07B], p. 10, Lemma 3.4. The proof remains unchanged.
[ WAGNER 06¢C], p. 6, Definition 2.9., as a specification of [ BALL/MURAT 84], p. 228, Definition 2.1., in the case

p = (+00). Cf. also [ CoNTI 08], p. 16.

[ WAGNER 06C], p. 7, Theorem 2.11., 2).
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b) The envelope f* related to K.

In this subsection, we fix a convex body K € R™™ with o € int (K) and the quantities cx = Dist (0, 9K)
and Ck = Max (1, Max ¢k |v]), thus 0 < ck < Ck and Diam (K) < 2Ck.

Definition 2.3. (Envelope f* related to K) 2V Consider the convex body K C R™™ mentioned above
and a function f: R™ — R with the following properties: the set dom (f) is measurable, f | dom (f) is a
measurable function, and f is bounded from below on R™™. Then we define for v € R"™:

F) = inf{ﬁ /Qf(v—l—Jx(t))dt | e W™(QR"), vt Ja(t) K (V)teQ). (2.4)

In the following, we will make use of two particular properties of f*:

Theorem 2.4. (Definition of f* does not depend on Q)??) Let K € R"™ and f: R™™ — R be given
as in Definition 2.3. If both sets 2, Q CR™ are closures of bounded strongly Lipschitz domains then

fr(v)

in { ﬁ / Qo+ Ja(t))dt | 2 € WES(QR™), v+ Jo(t) €K (V)te Q) (2.5)

= inf{é /~f(v+Ja:(t))dt |z e WPe(Q, R"), v+ Ja(t) K (V)teQ}. (2.6)
Q] Ja

Theorem 2.5. (Special sequence {z" } realizing the infimum in Definition 2.3.) ?®) Let K ¢ R""
and f: R™ — R be given as in Definition 2.3. Assume that Q C R™ is a closed cube. Then for every
v € R™ there ezists a sequence { xV }, Wé’oo(Q,R”) with

* = lim 1 N
) = i /wauw (1)) dt.

v+ JzN(t) e K WteQ VN eN, oV ETOQRY g gpg gV S ET@R) g 0 (27)

c) The lower semicontinuous quasiconvex envelope f(99)(v) for f € Jx.

Definition 2.6. (Lower semicontinuous quasiconvex envelope fl©) for functions with values in
R) 29 To a function f: R™ — R bounded from below, we define the lower semicontinuous quasiconvex
envelope f49): R™ — R through

£l (v) = sup {g(v) | g: R" — R quasiconvezx and lower semicontinuous,

gw) < f(w) Vw e R™ }. (2.8)

Remarks. a) Definition 2.6. is motivated by the observation that any finite, quasiconvex function g: R"™ —

R is from the outset continuous. 2) If a measurable function f is bounded from below and takes only values

The function f* has been introduced in [ KINDERLEHRER/PEDREGAL 91], p. 356, in the special case K = K(o, o)
and in [ DACOROGNA/MARCELLINI 97], p. 27, Theorem 7.2., for arbitrary convex bodies K. In both cases it was
assumed that f € C°(K, R). We follow [ WAGNER 06¢ ], p. 14, Definition 3.1., and formulate the definition from the
outset for functions f: R"™ — R.

[DACOROGNA/MARCELLINI 97], p. 28 f., Step 1.
Ibid., p. 35, Step 6.

[ WAGNER 06C], p. 9, Definition 2.14., 2).
[DACOROGNA 08], p. 159, Theorem 5.3., (iv).
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in R then Definition 2.6. coincides with the usual definition of the quasiconvex envelope, 26) and the function

f(°) is quasiconvex and continuous as well.

b) If two functions fi, fo: R™ — R are bounded from below then the implication f;(v) < f2(v) Vv € R™
— f1'990) < £2199(0) Vo € R™ holds. 27

c¢) For f € Fx, 99 satisfies the inequality f¢(v) < fU@9(v) < f(v) for all v € R™, which implies
particularly (29 (v) = (4-00) for all v € R"™ \ K and f(99)(v) = f(v) for all v € ext (K). Furthermore, f(4¢)
itself is a lower semicontinuous and quasiconvex function and is, consequently, admissible in the process of
its own forming. 28) Thus it follows that £(9¢) is the largest quasiconvex, lower semicontinuous function below

f in this case. 29

The structure of the lower semicontinuous quasiconvex envelope for an integrand f € Fx will be described

by the following representation theorem:

Theorem 2.7. (Representation theorem for f(qc)) 30) For arbitrary f € Fk, the lower semicontinuous

quasiconvez: envelope 99 can be represented as
f*(vo) | vo € int (K);
£ gy = | lim F(0) | vo € K (29)

v—vp ,v € RNint (K)

(400) | vo € R™™\ K

where f*(v) is defined by (2.4) (see Definition 2.3. above).

In the following theorems, the relation between the uniform continuity of the restriction of f € Fx to K and
the continuity resp. semicontinuity of f(9¢) will be quantified. We will relate to a convex body K ¢ R™™
with the quantities ¢k and Ck introduced in Section 2.b) above.

Theorem 2.8. (e-0 relation for the restriction of f(?9 to faces of K)3') Let f € Tk and a k-
dimensional face @ C K, 0 < k < nm, be given. Assume that the uniform continuity of f on K is described

through the -6 relation
v/ =0 <) <1 = [ f(v)—f")|<e V', v €K. (2.10)

Then f(a¢) { & obeys the following -0 relation:

}v'fv"| < é(e)

S 10k Min (1, Dist (v/, b (9)), Dist (v", tb (9))) = (2.11)

|f(qc)(v’) — flao) (v | < 2e Vo, 0" €ri(9)
where Ck is the quantity defined in the beginning of Section 2.b).

As a particular consequence of this theorem, the restriction f(2¢) ’ int (K) is continuous.

Cf. [DACOROGNA 08], p. 156 f., Definition 5.1., ii).

[ WAGNER 06C], p. 10, Lemma 2.15., 3).

Ibid., p. 10, Theorem 2.17.

Ibid., p. 10, Theorem 2.18.

Ibid., p. 29, Theorem 4.1.

Ibid., p. 16, Theorem 3.5., together with Theorem 2.7. above.



Theorem 2.9. (¢-§ relation for f(9°) along rays starting from o) 32 Let f € Fk be given. Assume that

the uniform continuity of f on K is described again through the -0 relation
v/ =" <d0(e) <1 = [f(v)— f")|<e V', v €K. (2.12)

Consider two points v, w € K which a) are situated on the same ray R starting from o and b) satisfy
0 < Dist (w, 0K) < Dist (v, 0K) < 3 cx. Then 1) obeys the following -6 estimate, which holds uniformly

for all rays starting from the origin:

Dist (w, v) < () - GCg = [ () — f) () > —2¢. (2.13)
K

ck and Ck are the quantities defined in the beginning of Section 2.b).

d) The lower semicontinuous quasiconvex envelope f(99)(t £, v) for f € Fk.

Theorem 2.10. (Properties of f(9°) for f ¢ g"K) Let f € Fy be given. Then for every fived (t,€) e
(2 \ N) x R" it holds that

1) fe(i,€,v) < fU9(t,€,0) < f(E,€,v) for allv € R™™, which implies particularly {9 (i, €, v) = (+00) for
all v e R"™ \K and f9(i,€,0) = f(i,€,v) for all v € ext (K).

2) flao (¢, f,v) : R™ — R is the largest lower semicontinuous, quasiconvex function below f(t, é, v).

3) flao(t, é,v) admits the representation

f*(ﬂ ga ’UQ) | Vg € int (K) ;
FU(E € vy) = lim (€, v) | vo € 9K; (2.14)

v—vg , v € RNint (K)
(+00) | vo € R"™\K

where f* (i, é,v) is defined through
f*(£,€,v) = inf{ Iﬁll / FEE v+ Jz(t)dt | 2 € Wy™(QR™), v+ Ja(t) €K (V)te Q). (2.15)
Q

4) Let a k-dimensional face ® C K, 0 < k < nm, be given. Assume that the uniform continuity of f (%, év)
on K is described through the -6 relation

}v'—v"| <o) <1 = |f(£,é,v’) ff(f,é,v")| <e VU,0v" €K. (2.16)
Then £l (t, év) ‘ @ obeys the following -0 estimate:

o(g)
4Ck

- Min ( 1, Dist (v, tb (®)), Dist (v", rb(d5))) — (2.17)

’f(qc)(ﬂéﬁ) _f(qC)(f’éU”)’ < 2e V', 0" eri(9)

with Cx from Section 2.b). In particular, f9° (i, é,v) |int (K) is continuous, and f(1° (%, é, v) | (I1-v)K is

uniformly continuous for every 0 <y < 1.

32) [WAGNER 06C], p. 22, Theorem 3.12., together with Theorem 2.7. above.
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5) Assume that the uniform continuity of f(t, §A7 v) on K is described by the -0 relation from Part 4). If two
points v, w € K a) are situated on the same ray R starting from the origin and b) satisfy 0 < Dist (w, 0K)
< Dist (v, 9K) < %CK then the -0 estimate

Dist (w, v) < 6(e) - o = fONEEw) = UG v) > —2e (2.18)
K

holds. Here cx and Cx are the quantities from Section 2.b), and the estimate is the same for all rays R

starting form the origin.

Proof. 1) — 3) If a function f(¢,&,v) € F is given then, in consequence of Definition 1.1., 2), the function
f(£,€,v): R"™ — R belongs to Fk for every fixed ({,£) € (2 \ N) x R". Thus Parts 1) — 3) result from
the remarks after Definition 2.6. and the theorems from [ WAGNER 06¢C] cited there.
4) — 5) For every fixed (/,€) € (2 \ N) x R", the function f(f,£,v): R™ — R is uniformly continuous
on K. Consequently, 4) and 5) will be implied by Theorems 2.7., 2.8. and 2.9. »
Theorem 2.11. (Generalization of Theorem 2.8. for f € g"K) Let a function f € ?K and compact
subsets Q. C Q and A, C R" be given such that the restriction f | (QC x A, x K) s continuous with respect
to (t,&,v). Assume that this (uniform) continuity may be described by the €-§ relation

[t —t"| + [&=¢" |+ | =v"| < bole) <1 (2.19)

‘f(t’,g,vl) _ f(t” // //)‘ < e V(t’,f',v) (t// // //) c (Qc % Ac % K) .

1) Then the restriction f\°(t, &, v) ‘ (Qc X A. X int (K)) obeys the following continuity relation with respect
to (t,&,v):
1
[t =" + & =" | + | =0v"| < 40é5) - Min (1, Dist (v/, 9K), Dist (v", 0K)) = (2.20)
K
|f(qa)(t/’£/’vl) _ f(qa)(t//’ //,'U”)| < 6e V(t’7fl,vl), (t”, //’v//) c (Qc x A, x int (K))

2) For every 0 < vy < 1, the restriction f\°(t,£,v) | (QC X Ao x (1— ’y)K) is uniformly continuous with
respect to (t,&,v).

Proof. 1) For arbitrary (',&',v"), (t”,£",v") € (Q x A; x int (K) ), it holds that

| Fa @, € 0" — (", €" v")| < Dy + Dy + Dy with (2.21)
Dy = [ fU9(t, &) = fO "€ 0) | (2.22)
Dy = | fU9", € 0") = fU", ") | (2.23)
Dy = | fU9 " &' o) — fU @’ & ") |. (2.24)
Fixing now ¢ > 0, we find z; € W}'>°(Q, R") with (2.25)

Fa9 ¢ 0" < Q] /ft g+ Jxi(t))dt < fOO € 0") +e and v + Jxy(t) € int (K) (V)t € Q

(cf. [WAGNER 06B], p. 21, Theorem 3.4., 2), and [ WAGNER 06¢C], p. 15, Theorem 3.4., 2) ). Then from the
continuity relation (2.19) it follows that

|t/ —t"| < bole) =
1 / ! ! " ! ! I/
m A(f(tvgvv +Jx1(t))_f(t 757’0 +Jx1(t)))dt+ |Q|/f g v +J£L’1())
< SO E ) e = (2.20)
—e+ flOG" ¢ W) < —e + ﬁ / F@A, &0 + Jry(t))dt < fOOU ) +e = (2.27)
Q

FE € W) = fUNE € 0) < 2e. (2.28)
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After exchanging the roles of t' and t”, we get analogously

FUNE €)= FUO", € 0") < 26 (2.29)
and together

Dy = [f9, ¢ v') = FUO(", €0 | < 2e. (2.30)
Further, we may choose x € W(l)’oo(Q, R™) with

1
FUE, €0 < ] / FUE W + Taa(t) ) dt < FUO, € 0") & (2.31)
Q

and v + Jzo(t) € int (K) (V)t € Q,
which implies together with the continuity relation (2.19):

|& =" < Gole) =

1 1
o [P0+ Ta0) = 1€+ Taa(e)) Yt + [+ Taa))
2] Jo 12 Jo
< flO ) +e = (232)
. 1
— e+ fUO" " 0) < —e + ] / A" €0 + Jaa(t))dt < fUOR, ¢ W) +e = (2.33)
Q

FaO (€7, o) — 9 (1 € ) < 2e. (2.34)
After exchanging the roles of ¢’ and £, we get

Fa@ ¢ ) — fa@ ) < 2e (2.35)
as well. Together we find

Dy = | fU9” & o) — fU @’ & )| < 2e. (2.36)

In order to estimate D3, we apply Theorem 2.10., 4). Summing up, we arrive at the following e-d relation:

do(e)
4Ck

| Fa, €0 — fa @, € 0") | < 6 V(I €.0), (t7,€",v") € (Q x A. x int(K)).

|t —t"| + [& =" |+ | —0"] < - Min (1, Dist (v/, 9K), Dist (v", 0K) ) = (2.37)

In analogy to [ WAGNER 06C], p. 17, Theorem 3.6., 1), (2.37) implies the continuity of f(2°)(¢, &, v) with
respect to (¢,&,v) on (QC x A, x int (K) )

2) Let 0 < y < 1 be fixed. On (€, x A. x (1 —)K), we have
Min (1, Dist (v/, K), Dist (v”, 8K)) > Min (1, Dist ((1 —~)K, 0K) ), (2.38)

and (2.20) becomes a uniform continuity relation on this set. m

Theorem 2.12. (Generalization of Theorem 2.9. for f € i}K) Let a function f € §"K and compact
subsets Q. C Q and A, C R"™ be given such that the restriction f| (Qc x A, X K) is continuous with
respect to (t,&,v). Assume that the uniform continuity relation (2.19) holds. If the points v, w € K a) are
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situated on the same ray R starting from o and b) satisfy 0 < Dist (w, 0K) < Dist (v, K) < 3 cx then the
e-6 estimate

CK
6 Ck

Dist (w, v) < do(e) FU9E € w) — fUAE € v) > —2¢ (2.39)

holds. In particular, the estimate is the same for all rays R starting form the origin and all (£, é) €0, x A
Proof. The estimate from Theorem 2.10., 5) does not depend on the choice of (£,£) € Q. x A.. m

Theorem 2.13. (Growth condition for f(4)) Let a function f € I}K and a compact subset A, C R" be

given. The the function f9°, which is formed with respect to the variable v, satisfies the growth condition
| 799(,6,0) | < A + s (2.40)

for all (t,&,v) € (Q \ N) x A, x K. A is the same function as in the growth condition for f from Definition
1.1, 2).
Proof. From the growth condition in Definition 1.1., 2), Theorem 2.10., 1) and the representation theorem
for the convex envelope (cf. [DACOROGNA 08], p. 52, Theorem 2.35.), we deduce for arbitrary (Z, é, v) €
(Q\N) x A. x K:

A(f) +Co > A(D) + B(€,0) > f(.€,0) > fU9(i,€0) > (1.6 v)

c
nm-+1
s

=inf{ > )\Sf(f,é,vs)’ SAs=1, > Avs=v, 0< A <1,vS€K,1<s<nm+1}
s=1 s s

nm+1 nm+1

> inf { — Sz:;l As | f(E &) || o} > inf{ s; As (mA(E) = BEvs)) | . } = —A@) - Co

and, consequently, | f(99)(¢,&,v)| < A(t) + Cs for all (£,£,0) € (2 \N) x A. x K. m

Theorem 2.14.3%3) Consider a function f € §"K and compact subsets Q. C Q and A, C R™ such that the
restriction f’ (Qc X A, X K)z’s continuous with respect to (t,&,v). Assume further that Q, C Q is open.
1) Let functions © € W(l)’oo(Q,]R") with z(t) € A, Vit € Q. and v € L (Q,R™) with u(t) € K (V)t € Q be
giwen. Then for every € > 0, we may find an index Ko € IN with

)/Qanﬂc(f(qc)(t,x(t),u(t)) — flaa, KI; 1 x(t), K}; 1 u(t))) dt‘ <70 N Qe VK = Kyle). (2.42)

2) For every e > 0, we may find an index K1 € IN such that for arbitrary functions x € W(l)’OO(Q,IR”) with
z(t) € AVt € Qe and u € L= (Q,R™™) with u(t) € K (V)t € Q the following estimate holds:

/Qc(f(q@ (1), u(0) — 79O L), ) )t > 8| 0cle YK S K. (249

K1 does not depend on = and u but on Q. only.

Proof. 1) Obviously, it holds that
[ (#at.a) - 79,
QN2

[ (59 a.u) - 1 e,
Qe N2

— flog, K}; L), K}; ! u(t))) dt ( . (2.44)

K —

1 1
K .'L'(t),

KI; u(t)) ) d |
K-1 K—-1

) Jae| + | [ (59900, S o)

<

33) Generalization of [ WAGNER 07B], p. 12, Lemma 3.6.
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In consequence of Theorem Satz 2.13., we may apply Lebesgue’s dominated convergence theorem to the first

member, which results in

K-1

)/ (£ a(t), u(t) — 1991, 2(), u(®) ) dt| <1900 Qle (2.45)
Qa N Q.

if K > K{(¢). Assume that the uniform continuity of the function f(¢, £, v) on the compact set (QC x A, X K)
is described again by the -0 relation (2.19). By Theorem 2.11., 2), we get from this relation a uniform
continuity relation for fiir £(4¢) (¢, &, v) ’ (Qc X Ag X % K):

[t 4 € €| + [v —0"| < Bi(e) = ioéi Min(1, %) = (2.46)
’f(qc)(t/,§/71)/) _ f(qC)(t”,g//,'UH)| < 6e V(t',f/,v’), (t”@”,v”) c (Qc X Ap X K—-1 K)

If we choose K > K[/(¢) with Diam (A.)/K{(¢) < é1(¢) then (2.46) implies the following estimate for the

second member in (2.44):

[ (et
< [ |,

For Ko(e) = Max ( K{(g), K{/(¢) ), the claimed inequality results from (2.45) and (2.47).

K-1 K-1 K-1

2(t), = u(t))) dt’

K
K_lx(t) K-1
K K

u(t)) — FOt,
K-—-1

u(t)) — fla, u(t)) ‘dt < 6] N Qle. (247

2) Let us decompose:

[ (799 20,u0) = 799, % a0, S wte) ) a

K-l u(t))) dt + /Q (f(qc)(t,a:(t),

c

K-1

= [ (£t ate) ) = £t u(t)

— e, K[; L), K[; ! u(t)) ) dt. (2.48)

From the uniform continuity relation (2.19) for f(¢,&,v) | (2 x A, x K) and Theorem 2.12. we deduce
that for

Dist (u(t), Klglu(t)) - “ﬁ)‘ < % < dole) - 66&, (2.49)
i. e., for all K € IN with

% <T@ <40 o (250
the estimate

FO & (1), u(t)) — £ (1), S u(t)) > —2¢ (2.51)

holds for all ¢ € Q.. From (2.51), we obtain

/Q (f(qc)(t,x(t),u(t)) — L9, (), K u(t)))dt > 2| €. (2.52)
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If K > K{(¢) with Diam (A.)/K7{ () < 61(¢) then we get from the uniform continuity relation (2.46) for
St &) | (e x Ae x A K):

[ (P09t S ) = 9 S ), S ) e

>~ [ |1t
Qe

K-1 K-1 K —

A

1
ult)) ] dit > —6|Q|e. (2.53)
Combining (2.52) and (2.53), we arrive at the claimed inequality with K > K (¢) = Max ( K{(¢), K{(¢) ). =

3. The relaxation theorem for problems (P) with integrands f(¢,&,v).

a) Proof of Theorem 1.2.
We start with the following lemma:
Lemma 3.1.3Y The feasible domain B of (P) is convex and bounded in W(IJ’OO(Q, R"™)-norm.

Proof. Together with K, B is convex. The boundedness of B follows from the equivalence of the norms
1, n

lzl, == HLOC(Q’]RTL) + || Jx||Loo(man) and ||z, = || Jx||Loo(Q)]an) on W;°(Q2,R") (cf. [DACOROGNA

04], p. 37, Theorem 1.47). m

Together with the growth condition d) from Definition 1.1., 2), Lemma 3.1. implies the boundedness of F on
B. Consequently, (P) admits a finite minimal value m. Consider a minimizing sequence { z™ } , W(l)’oo(Q7 R")
of (P). The L*-norm bounded sequences { z" } and { Jz¥ } must contain weakly*-convergent subsequences
{aN'} 28 LZOQRY) gopegp { JoN' ) s LR § with § = J&. [DACOROGNA 04 ], p. 36, Corollary 1.45,
implies the norm convergence x™ " L LT(QR") % and even the uniform convergence xV " L CUURY) 4 since
the functions are continuous. By [ DUNFORD/SCHWARTZ 88], p. 429, Theorem 7, the convex, bounded,
norm-closed set { z € L™ (€, R™™) | z(t) € K (V)t € Q} is weak*-closed as well, and the feasibility of # € B

results. From assumption b) it follows that
F#aN') < FzV') VN’ €N, (3.1)
and with ¢) we obtain

F#(#) < liminf F#(z"') < liminf F(zV') = lim F@&Y) = m. (3.2)

N’'—o00 N’'—o0 N—o0

Finally, if we denote the minimal value of (P)# by m* then d) implies
m? < F#(2) < m = m?, (3.3)
and # turns out to be a global minimizer of (P)#. The proof of Theorem 1.2. is complete. m

b) Proof of the relaxation theorem 1.4.

Sketch of the proof. We have to prove that the lower semicontinuous quasiconvex envelope f(9¢) of f € %K,

which is formed with respect to the variable v, obeys the conditions a) — d) from Theorem 1.2. We prove

34 Cf. [PICKENHAIN/WAGNER 00], p. 222, Lemma 2.1.
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the fulfillment of a) and b) in Proposition 3.2., the lower semicontinuity of the relaxed objective functional

F(a9) in Proposition 3.3. and the coincidence of the minimal values of (P) and (P)(?®) in Proposition 3.8.

Proposition 3.2. (f(9°) satisfies the conditions a) and b) from Theorem 1.2.) Consider the problem
(P) under the assumptions of Theorem 1.4. Then the function £\, which is defined for (£, é) € (Q \ N) X
R™ as the lower semicontinuous quasiconvexr envelope of f with respect to v and for (i, é) €N x R" by zero,
possesses the properties a) and b) from Theorem 1.2.

Proof. For fixed (%, é) € (Q \ N) x R™, flao) (¢, é, -) possesses the effective domain K by Theorem 2.10., 1).
Due to Theorem 2.10., 2), the restriction f(4°)(, é ) | K to the compact set K is lower semicontinuous and,
consequently, measurable. The boundedness from below on K can be confirmed analogously to the proof of

Theorem 2.13., and condition a) is satisfied. In consequence of the inequality
FUEEv) < f(E€v) Yo eR™ (3.4)

from Theorem 2.10., 1), condition b) is satisfied as well. =

Proposition 3.3. (Lower semicontinuity of the functional F(%)(.)) Consider again the problem (P)
under the assumptions of Theorem 1.4. Then for every sequence { x¥ } of admissible functions for (P), from
N IS LTEOQRY) ognd JaN S ETORY) 74 Gt follows that

N—oo N —o00

Flo)(3) = / Y99, &(t), J2(t)) dt < liminf / 99t 2N (t), JeN () dt = liminf FU)(zN) . (3.5)
Q

Proof. The proof of Proposition 3.3. will be divided into eight steps. .

e Step 1. Application of the Scorza-Dragoni theorem to f € f}K. B denotes again the feasible domain of
(P). From Lemma 3.1. we deduce that

Cy =sup{|z(t)| |z € B} < (+00). (3.6)
Then from the growth condition d) in Definition 1.1., 2) it follows that
Cy = sup { B(&,v) [ |€]<Cr, [v]|<Ck} < (+00). (3.7)

Now we fix € > 0. Then, in relation to the integrable function A from the growth condition, we may choose
a sufficiently large number C5 > 1 such that the set

= {tent(Q) | A{t) <Cs} (3.8)
satisfies

|2\ Q| < e/Cy as well as / A(t)dt < €. (3.9)
Q\Q

In view of Lemma 3.1., for the proof of the lower semicontinuity of the cost functional it suffices to deal with
the restriction of the integrand f to the set Q x A, x K where A, = K(0,C;) € R"™.3%) Thus we apply
the Scorza-Dragoni theorem (Theorem 1.7.) to the restriction f ’ (2 x A, x K) and find a compact subset
Q. C Q with

35) (Cf. also [ MARCELLINI/SBORDONE 80], p. 251, Corollary 3.12.
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|\ Q] < e/(Ca+Cy) (3.10)

such that the further restriction f | (QC x A, X K) is continuous with respect to (¢,£,v). Since (Qc X A X

K) C 2 x R™ x K is compact, this restriction obeys a uniform continuity relation, which may be stated as
)

3 (Cl =+ CK)

| f(€0) = f(#7, 6" 0") | < e V(€0 (1",€",0") € (Qe x Ac x K).

|t/ —t"| + |&—=¢&"| + |0 —v"| < d2(e) < dole)-Min (1, = (3.11)

In addition, the continuity of A ‘ int () implies that the level set €, is open.
e Step 2. Restriction of F\99(z) to Q, N Q.

Lemma 3.4. Let functions = € Wy™(Q,R") with x(t) € A, Vt € Q. and u € L®(Q,R™™) with u(t) € K
(V)t € Q be given. Then it holds that

F99 (¢, 2(8), u(t)) dt — / 7Ot (), u(t)) d | < 3. (3.12)

) Q Qe NQe

Proof. By Theorem 2.13., we obtain

| [ o, ute)) it / S0, ue) |

- ‘/ £ (¢, 2 (t), u(t)) dt + / F (), u(t)) dt| (3.13)
QN (Q\ Q) Q\ Qg
(q¢) (qc)
< /m(mc)u (...)|dt+/ﬂ\ REASIERIT (3.14)
g/ (A(t)+02)dt+/ (A(t)+ Cy)dt (3.15)
Qa N(Q\ Q) Q\ Q
<e+2e (3.16)

by definition of 2, and €2.. =

e Step 3. Decomposition of the integrals. Consider a sequence of admissible functions {z™V}, B with
{2V} 2 ERO@RY §oand {JoN } S TR T30 As in the proof of Theorem 1.2., this implies the

uniform convergence z’V — CUR™) 4 and the feasibility of the limit element Z. We define:
yN(t) = 2Nt) —2t) =  JyN) = JaN(t) — Ji(t); 3.17
T _)CO(Q R™) =

Jx L™= (Q,R"™) Ji JyN * (L% (Q,R"™) 0;

(
i = N SC@RY 4. (3.18
(
JNt) e K NteQVNeN — Ji@t)+JyV(t)eK (V)teQ VN eN. (

Using an index K € IN to be qualified in Step 4 below, we define further

K-1 K-1
Nty=——yNt) = JN{t)=—— TyN(); (3.21)
K K
. K-1, R S I TV
2(t) = 7 () = Ji(t)= % Jz(t); (3.22)
yN SCUQRY o N _CUQRY) 4. (3.23)
JyN JLLE@QRT) g N FULT@QRY (3.24)
K -1
Jit)+JyN () eK (VtEQVNEN = Jé(t)—i—JzN(t)e K (V)teQ VN € IN; (3.25)

Jil) €K (NteQ —  Jil) e %K (W) teq. (3.26)
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Now we decompose the integrals as follows:

/ £t 2N (1), JaN (1) dt = / FUOt, & (t) + y ™ (1), JE (1) + Ty™ (¢)) dt
Q, N2

QN

SN = / (0 N @), 720 + TN 0) = £ 20+ (0, T30 + TN (0) ) de

(3.28)
Jo(N) = /Q (920 + V@), 720 + TN @) = £ 200, T30 + T2 (D) ) de
S (3.29)
J5(N) = / U, 2(8), J5(E) + TV (1) dt — ¥ S (1, 15100 [T ], + T2 (1)) di
Q. N Qe s JQaNQs
(3.30)
SN =% | o (f(qc)(ts,[é]s,[Jé]s+JzN(t))dt - f(qc)(ts,[é]s,[Jé]s+J(<ps(t)-zN(t))))dt
(3.31)
J5(N) =3 o 6 F9 g, (26, [T2]s + (@s(t) - TN (1) + Vs ()T 2N (1)) ) dt . (3.32)

The precise choice of K € N, Qs C Qq, ts € Qs, [£]s € R", [J2]s € R™™ and @, € CSO(QS,IR”) will be
explained in the following steps.

e Step 4. Investigation of Ji(N) and Jo(N). Applying Theorem 2.14., we find, in relation to € > 0 fixed
above, two indices Ky(¢) and K;(e) € N with

‘/ <f<qc>(t, E=bow, B2L i) - f(qc)(t,;%(t)J:%(t))) dt‘ <TI0 N Qe VE > Ko(e) (3.33)
QN K K
and

/Q ( £ @ 2N (1), T2V (1) — flao e, K = Loy B = L Jo:N(t))> dt (3.34)

= / (f@C)(t,gz(t) +yN (), Ja(t) + JyN () — FUO 20 +yN (1), TA(E) + JzN(t))) dt > —8¢e| Q.|
Q.

for all K > Ki(¢) and all N € N. We choose K > Max( Ko(e), Ki(¢) ). Then from Theorem 2.13., for
arbitrary NV € IN it follows that

)/Q o (S, 2(0) + ™ (1), Ta(t) + Ty () = 9Ot 20) + 5™ (1), T2(0) + TV @) ) dt’

< / | £, 2(t) + g™ (1), Ja(t) + JyN (1)) | dt + / | £, 2() + yN (1), J2() + T2 (1) | dt
Qe \ Qo Qe \ Qa
<2/ (A(t)+02)dt<2/ (A(t)+ Cy)dt < 4de. (3.35)
Q:\ Qo Q\ Qq

Together we arrive at

Jl(N):AamQC<...>dt:/§2(...)dt—/ﬂc\ﬂa(...)dt>/QC(...>dt—’/QC\QQ(...)dt‘ —

c

liminf J1(N) > —(8]Q:|+4)e. (3.37)

N—oo
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By Theorem 2.11., 2), the function f(99)(t, ¢, v) ‘ (Qc x A, X % K) is uniformly continuous with respect
to (t,&,v). Then from the uniform convergence y — C°(QR™) 4 it follows that

liminf Jo(N) = lim Jo(N) = 0. (3.38)

N—oo N—oo

e Step 5. Investigation of J3(N). Due to (2.37), (2.38) and

. . 1 . CK . ck Diam (A,)
Min (1, Dist ((1 — ﬁ)K’ 9K)) = Min (1, ﬁ) > Min (e, 1, oK T)’ (3.39)
the uniform continuity of f(4°(¢,£,v) on (2. x A, x (1 — 5%) K) may be described by the relation
d2() . ck Diam (A.)
‘t/_t”"i"5/_€I/|+|’U/_U”‘<63<5):4CK'Mln(&_,l’ﬁ,T) — (340)
1
’f(qc)(t/,§/7v/) _ f(qa)(t//, ”,1}”) | < 6e V(t',f/,v’), (t//7 ”,’UN) c (Qc x Ao x (1— ﬁ)K) '
In view to the proof of Proposition 3.8. below, we choose
. 2
d4(g) = Min ( (62(2))7, (53(5)) (3.41)
and apply Lemma 1.8. to the open set Q, C R, the functions 2 and JZ and the numbers
. da(e)  da(e)  d4(e) CK
—5=M ( , : : : ) 3.42
K mye 3vm  3yn’ 3/nm’ 2nmK (342)

We find a finite number of mutually disjoint closed cubes Qs C €, with edge length less or equal than

ﬁ&;(g)and
12\ J Q| <& (3.43)
s=1
: 1 ; d4(e) .
Zi(t) — Zi(r)dr| < V)teQs, 1<s<r, 1<i<n; 3.44
0 - o ), 50| < g mteQ (3.44)
- < <s< <i < <j<m. .
} ot Qs | Jq, 91 dT’\?)\/W (MtE€Qs, I<s<ry 1<isn, ISjsm (3.45)

Let us choose now points t; € Qs \ N in such a way that (QS N QC) \ N # @ implies t, € (Qs N QC) \ N.
From the convexity of the integral (cf. [ BOURBAKI 52], Chap. IV, § 6, p. 204, Corollaire) it follows that

K-1

1 1 T
2l = (—— Z(r)dr, ..., — Zp(T)dT € —— A, and 3.46
(2] (IQS\ o 1(7) o, (1)dr) 7 (3.46)
1 821 1 821
—_— —()dt ... —— —(t) dt
Q.1 Jo, o @l o 00"
[JZ]s = : : e —K (3.47)
1 On (t)dt L O (t) dt "
Qs | Jq. Ot Qs | Jq. Otm
for all 1 < s < r. We deduce further that
] <2 vicqr -2 < 2 vican (3.48)
. . . (04(e) ek
| J2(t) — [J2]] ng( ) (MEeq (3.49)
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as well as (3.50)
K-1 c 2K —1
. Ny — 75 N 51 _ 72 Ky o
[J2]+ 2N (t) = J2(t) + J2" (t) + ([J2]s—J2(t)) € i K+K(onm,2K) T K (V)teQs,
which implies, in particular, (¢, [2]s,[J2]s + J2N(t)) < (+00) for almost all ¢ € Q5. Then for almost
all t € Qs and 1 < s < r it holds that
\ 2(t) = [2]s | + | J&(t) — [J2]s| < a(e), (3.51)
and we obtain
) = [ £ 0, 2(0), T2(0) + T2 (1))
(Q na )\Ug 1Qs
+ % (799,20, T5(0) + TN (1) — 99k, 12, [T2] + T2V (1)) )
s JQaNQNQs
> 1O 1, (2], [ 2], 4 TN (1)) (352)
s J(u\2.)naQ.
> - / | f99 ()] dt — |- ’dt—z/ | £ (.| dt
(2 N2)\UT,; Q. s Ja,na.nq, 0\ Q)N Q.
(3.53)
> - / (A1) +Co)dt — ¥ ]...]dt—z/ (A(t) + Cy) dt
(QaN)\U, Qs s JQ.NQ.NQ, 5 Qa\Qc)NQs
(3.54)
> / (Cot Cs)dt — % ’...]dt—z/ (Co+C5)
(QanNQe)\U_, Qs s JQ,NQNQs Qo \Q2:)NQs
(3.55)
> - / (Co+Cy)dt — % B> (Co+ Cs) dt (3.56)
UL, Qs s JQaNQ.NQs s Ja\Qe
2—5(02+C'3)—66|Qa’—5 = (3.57)
liminf J3(N) > —(6|Q|+Co+C5+1)e. (3.58)
N —oco

e Step 6. Investigation of Jy(N) and Js(N). Before we can exploit the quasiconvexity of f(9¢), the values
of z¥ on the boundaries 9Q, of the cubes must be altered to zero. We proceed in the following way.
First, we choose closed cubes Q2 C int (Qs) with the same center as Qs and |Qs \ Q2| < e-]Qs|. Let
Dist (0Q?, Q) = ks. Then we define functions ¢, € C™(Qs, R) with

=1 } te QY
ps(t)  €10,1] |teQs\ QY (3.59)
=0 | t € 0Qs
and |Vps(t)| < Cs/ks < Max, ¢, ¢,.(Cs/ks) with a constant Cs > 0. Let us investigate now the
arguments
[J2]s + os(t) - TN () + Vo, ()T 2N (). (3.60)

By Step 5, [J2], as well as [J2], + Jz"(t) belong to 25 K for almost all ¢ € Q. Since 0 < ¢ (t) < 1 it

follows that

2K —1
2K

[J2]s + @s(t) - J2N(t) € [[J2]s, [J2]s + 2N ()] C K (3.61)
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for almost all ¢t € Q. With a further constant C7 > 0, we may estimate

Cg C
| Ve 2N 0] < O [ Veal®) | 1Y lonany € Max == 2V oo,y (3.62)
<s<r s

The convergence zV — ©°(@R") o implies for all sufficiently large N > N (e):

CK

T _N
| Vs ()T 2N (1) | < 1K (3.63)
and
2K —1 c 4K -1
5 CJ2N T N Ky
[JZ]s + @s(t) - Jz" (t) + Ves(t)” 27 (t) € 5K K + K(onm,4K) C—% K. (3.64)
Consequently, for all N > Ny(e) and all 1 < s < r and almost all ¢ € it results that
P9 (1, [2],, [T2], + 9alt) - T () + Vou®T ¥ (1)) < (+00). (3.65)
We obtain
[ (£ [0 2+ I 0) = £t [2) T3]+ () 2¥(0)) ) e (3.:66)
Qasz
:/ ()2_/ ...‘2_2/ (A(t)+Cy)dt > 26| Q| (Co+Cs)
2.N(Q:\Q2) Qs \ QY Qs \ Q2
for all 1 < s < r. Summing up, we arrive at (3.67)
J4(N) = E (f(qc)(tm [2}57 [Jé]s + JZN(t)) - f(qc)(t57 [2]57 [JZA']S + J(@S(t) : ZN(t)) )) dt
s Qasz
> -2e 2 |Qs[(Coa+C3) > 26| Q| (Co+C5) =
liminf Jy(N) > —2¢|Qq | (C2+C5) . (3.68)
N—oo

Now from the quasiconvexity of the functions f(1°(t,,[2]s, -) (Theorem 2.10., 2) ) it follows for all 1 < s < 7

a7 (P B L2l T (o) 2¥(0)) = S99 e [ [T2L) ) e (3.69)
= 11 Lo (P21 21+ 0 (000 20)) = 7990 2] [92),) )t 2 0,

which gives finally
J(N) =2 . FU s, (2], [T2]s + I (@s(t) - 2N (2)) ) dt (3.70)
>3 FU99(ts, (2], [J2)s)dt (3.71)

s JQaNQs

and

N —o0 s

liminf J5(N) > z/ﬂ - Y99, [2]s, [ J2]s) dt . (3.72)
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e Step 7. Synopsis of the previous Steps 2 — 6.

Lemma 3.5. It holds that

liminf [ f99(, 2N (), JeN(t)dt > 3 Y99t [2]s, [ J2]s)dt — Cye (3.73)
N—oo JO s Qo NQs

with Cy = (202 +2C5+6) Qg | +8|Qc |+ C2 4+ C5 + 5.

Proof. From Lemma 3.4. and (3.27), it follows that

lim inf / 99, 2N (), JeN (1) dt > liminf/ £, N (@), JaN (t)) dt — 3¢
Q Qo NQe

N —o0 N—o0
> liminf J1(N) + liminf J3(N) + liminf J3(N) + liminf J4(N) + liminf J5(NV) — 3e. (3.74)
N—o00 N—o00 N—o0 N—o0 N—o00

From Steps 4 — 6, we conclude with (3.37), (3.38), (3.58), (3.68) and (3.71):

liminf J3(N) + liminf Jo(N) + liminf J3(N) 4+ liminf J4(N) + liminf J5(N) (3.75)
N—o0 N—oo N—oo N—oo N—oo
> —(8]Q|+4)e — (6]Q|+Co+Cs+1)e —2e|Q|(C5+Co) + 3 FU9 (s, [2]5, [ T2]5) dt,
s J2aNQs

which gives together

lim inf / £, 2N (), JN () dt > z/ Y99, [2]s,[J2]s)dt — Cie. m (3.76)
Q s JQ

N—o0 2 NQs

e Step 8. Conclusion of the proof.

Lemma 3.6. It holds that

) / FOO (¢t a(t), Ja(t)) dt — 3 FUN s, [2]s,[J2]s) dt | < Cse (3.77)
Q

s Qaan
with C5 =6 Q|+ 70, N Q|+ Ca+ C5 + 4.

Proof. Let us decompose

/Q $ (0, TV e = S [0, 2] [TEL)de = Ty T+ T wieh (3.78)
do = [ w0 a0~ [0, Jae) (3.79)
J. = /Qamv FUAO (@, &), Ja(t)) dt — /Qm UL, 2(8), Ja(t)) dt ; (3.80)
Js = / W00 - [ 2 ) (3.81)

From Lemma 3.4. it follows that | Js| < 3¢, and the index K has been chosen in the definition of 2 in such
a way that the inequality (3.33) holds. Consequently, we find | J;| < 7|Q, N Q¢ |e. When estimating Jg,
by (3.51) we obtain analogously to (3.58):
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w= | FU (8, 2(0), T2(0) dt
(2 NQ2)\U,; Qs
+ 3 (199,20, 75(0)) = £9 (1, 2], [I2),) ) dt
s Qe NQ.NQs
S / FO (8, (2], [T2]s) dt —> (3.82)
s J(Q.\2:)NQs
\ngg/ | F99 ()] dt + 3 ‘...‘dt+z/ | F9O(...) | dt
(QaNQe)\U, Qs s JQuNQNQs s J(Qa\Q)NQs
(3.83)
g/ (A(t)+Cy)dt + 3 )...'dt+z/ (A(t)+Cy) dt
(QaNQe)\UI_; Qs s JQ2.NQ.NQ, s J(Qa\Q)NQs
(3.84)
g/ (Co+C3)dt + 3 ‘...‘dt+z/ (Co+Cy) dt
(RaNQ)\U, Qs s JRNQNQs 5 J(Qa\Q)NQs
(3.85)
</ (Co+ C3)dt + 3 ‘...‘dt+2/ (Co+ Cy) dt (3.86)
Qa\U:Zl Qs s Qa chan s Q\Qc
< (Co4+C5)e +6|Q|e + €. (3.87)
We arrive at
)/ £, 2(t), Ja(t) dt — 3 f(qc)(ts,[é}s,[Ji]s)dt’ < |Js| +[J7] +] s ]
Q s J2.nQ.
<3+ Q%N Qe+ (6]Q| +Co+Cs+1)c. m (3.88)
Finally, we deduce from Lemma 3.5. and 3.6.:
lim inf / £, 2N (t), JN () dt > / £t a(t), Ji(t))dt — (Ca+Cs)e. (3.89)
N—oo JQ Q
Since neither Cy nor C5 depends on €, (3.89) implies the claimed lower semicontinuity relation
/ £ (4 2(1), Ja(t)) dt < lim inf / £ (& 2N (1), JaN () dt (3.90)
Q N—oo Q

and the proof of Proposition 3.3. is complete. m

Corollary 3.7. The problem (P)\%9) admits a global minimizer & € W(l)’oo(Q, R"™).

Proof. The feasible domain of the problem (P)( is identical with the feasible domain B of (P). Conse-
quently, Lemma 3.1. together with Theorem 2.13. implies the boundedness of F(9¢) on B:

[F@) | < [ 17000, Jo0) |t < | Al qm + o191 < (+50). (3.90)

and (P)() admits a minimizing sequence {2}, W (Q, R™). Analogously to the proof of Theorem 1.2.,
we may assume from the outset that {z™} ——= L7(@R") 4 and {JzN} 2 LTO@R™) T4 with & € B.
Denoting the (finite) minimal value of (P)(4¢) by m(9), we conclude from Proposition 3.3.:

m19) < F9(#) < liminf FU9(N) = lim FO9(N) = m©) (3.92)

N—oo N —o0

and # is a global minimizer of (P)(4°). u
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Proposition 3.8. (Coincidence of the minimal values of (P) and (P)(9)) The problems (P) and

(P)(@®) possess global minimizers, and its minimal values are identical.

Proof. Let & € W(l)’OO(Q,IR") be a global minimizer of (P)(°) (its existence is assured by Corollary 3.7.).
We have to prove that

F9(3) = / U, a(t), Ja(t)) dt (3.93)
Q
can be approximated arbitrarily close with terms
F(x) = / flt,z(t), Je(t)) dt (3.94)
Q

where the functions « € B are admissible in (P). Let us fix ¢ > 0. For 1 < s < r, we may write in accordance
with Theorem 2.5.:

/ 99t [2]s, [J2]) dt = | Qs |- FU9(ts,[2]s,[J2]s) = lim Fts,[2]s, [T2]s + Jwl (1)) dt,
Q2N Q. N—oo JQ,

(3.95)

assuming that w? € Wé’oo(Qs,R"), [J2]s + JwlN(t) € K (V)t € Q and lim 5_, . [ wD lcoqurmy = 0
(cf. the proof of Lemma 3.1.). Consequently, there exist functions ws € W(l)’OO(QS,]R") with the following

properties:
[J2]s + Jws(t) e K (V)t € Q; (3.96)
lws llcoq, mmy < 54?()8) ; (3.97)
)A‘g(f(ts,[é]s,[glé]s) - f(ts,[é]s,[Jé]s+st(t))>dt‘ <e. (3.98)

Since d4(e) < Diam (A.)/(2K), from | 2(t) — [£]s | < d4(¢)/3 Vt € Q; it follows that

64(5)
3

K—-1 54(6)
3

2(1) + ws(t) € A, + K0, 2850 1Ko, 285y — 5(1) 1 wa(t) € A, (3.99)

Further, from | J2(t) — [J2]| < d4(e)/3 < (62(e) )2 (V)t € Qs we conclude that

et (62(¢))”

JE() + Jws(t) -

K (3.100)
for almost all t € Qs and all 1 < s < r, thus

CK N
W(Jz(t) + Jws(t)) € K (3.101)

for almost all ¢t € Q4 and all 1 < s < r. We gather all functions w, into a single function w € W(l)’oo(Q7 R™)
defined by

w(t) = £ 1o, ) (3.102)
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and study the difference

2(t) +w C—K (J5(t) + Jw(t)) d

‘/Qm o ( ())2((t)+ (t)), et (0] (t) + Jw(t))) dt
= Flts [2]6 [T2]s + Jws(t) )dt’ Jo + Jio + Ju with (3.103)

s JQ,NQs

Jo = f—— % (3(t) + w(t), ————— (J2(t) + Jw(t) ) dt 3.104
? ‘/Q NQ)\UI_; Q f( CK+<62(E)) (3(0) - w(®)) CK+(62(€)) (J2(t) + ‘ ( )
0 = K G+ wt), ——S (JE(t) + Jw 3.105
o Za: QamQCﬂQs<f(t CK+(52(€)) B0+ w) CK+(52(E)) O (t))) ( )
(s [2)s) [ J2]s + Juws(t )dt‘
Jin = (2 \ Q) NQs F(t [2)a, [J2]s & Jun(t )dt‘ (3.106)

In view of the growth condition for f and the definitions of §,, Q2. and |J, Qs, we arrive at

I </ | ()t </ (A(t) + Cy) dt </ (Co+Cy)dt
(QanNQe)\UI, Qs (W nNQ)\U, Qs (22 NQ)\U™, Qs

< / (CQ'FCg)d?f < (C2+C3)E; (3107)
Q. \ U, Qs

J11<Z/ |f(...)|dt<2/ (A(t) + Cy) dt
s J(Qa\Qe)NQs 5 J(Qa\Q2)NQs

gz/ (C5+Co)dt < (C5+Co)dt < e. (3.108)
s J(2\2)NQ, s J\Q.

For J1p, we obtain:

CK N CK N
R APV Ly ey LR ey L A
- saC—KQ Z s Ws ,C—K2 Jz st dt
f(t oy e O o (2 n)|
C—K z W 7C—K 3 s Wi
+ZS:/Q nQ.NQ ‘f(ts,CK+(52(€))2([ by es(0) CK+(52(€))2([J b+ T (@)

— fts, [2]s, [JZ]s + Jws(t)) ‘ dt

By (3.41) and (3.51), the difference of the arguments within the first member can be estimated as follows:
c . . c . 5

— |z - 2| + a1~ [J2)s| < 83(e) <a(e).  (3.110)

CK + ((52 (5) )

t—ts _—
} ’ - CK+(52(E))

For the second member, the following estimate holds:

(62())* . . ck . (6a(e))? )
N Z s —2ws - . 2 [JZ}3+J’LUQ(15)
et (w07 v e O ar (e |

(52(5))2 CK d4(e)

(3.111)
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< K - 05(e) < ale). (3.112)

3 (ex + (6202))°)

(3.110) and (3.112) give together

Jio <25 Qsle < 2] Qe (3.113)

Finally, we apply Lemma 3.6. in order to summarize

F C—K s w)) — PO (g
x (1) + w(t)), —— S (JE(t) + Jw(t)) d
]/Qm b Gy GO ) s U0+ ulo)
- / f(qc)(t,:%(t),Ji(t))dt‘ (3.114)
Q
<Cse+Jog+ Jio+ Ju < (Cs+14+Co+C3+2]|Qa])e. (3.115)

The function

K 4w 3.116
CK+(52(€))2( + w) ( )

is admissible in (P), and the proof of Proposition 3.8. is complete. m

This completes the proof of Theorem 1.4. m

c) Proof of the existence theorem 1.5.
The notion of polyconvexity is defined as follows:

Definition 3.9. (Polyconvex function with values in R)3% A function r(v): R™ — R is said to
be polyconvex iff it can be represented as a composition r(v) = h(g(v)) of a convex function h with those

mapping g, which assigns to every (n,m)-matriz v € R™™ the vector of all its subdeterminants.

Since (P) and f satisfy all assumptions of the relaxation theorem 1.4., we have to prove that, for all fixed
(t,€) e (2\N) x R", the polyconvex function f (£,€,v) coincides with its lower semicontinuous quasiconvex
envelope £ (£, €, v) on the whole space R™™. The lower semicontinuity of f(£,€, -) results from Definition
1.1., 2), Part ¢), and by Remark c) after Definition 2.6., it holds that f(, f,v) = flao)(g, f,v) = (+o0)
for v € (R”m\K). It remains to confirm that f(Z, é,v) satisfies Morrey’s integral inequality where
dom (f(f, é, )) =K. Forwv € (]R"W\K), this will be implied by [ WAGNER 06B], p. 238, Theorem 2,
i); for v € K, we may take over the proof from [ DACOROGNA 08], p. 161, Proof of Theorem 5.3., Part 2. In
this case, however, we may restrict ourselves to test functions x € W(lJ’DO(Q, R") with v+ Jz(t) €e K (V)t €
(Theorem 2.2.), and the integrals within the proof remain finite. m

36) | DACOROGNA 08], p. 157, Definition 5.1., (iii).
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4. Existence of global minimizers for the image registration problem with a polyconvex
regularization term.

a) Elastic image registration resp. elastic image matching.

Consider a rectangular domain Q C R? with edges a and b, containing the origin as the point of intersection of
its diagonals. 37 Assume that two greyscale images Io(t), I;(t): Q — [0, 1] are given where I is considered
as the reference image. Then we search for a deformation z(t): Q — R?, which satisfies I1(t—z(t) ) ~ Iy(t),
thus bringing I; in the best possible correspondence with Iy. The knowledge about x will be further exploited
e.g. in order to decide whether the objects captured in I; and I are identical or to gain information about
its possible evolution. In view of the numerous applications of imaging in modern science, engineering and
medicine, this problem has to be considered as a basic problem in mathematical image processing. %)

The determination of x leads, however, to an ill-posed problem. For its solution, variational methods have

been proposed, which are based on the minimization of the defect of the greyscale values3?)

(L(t—a(t)) — Io(t))* (4.1)
or the difference of the normal directions to the isophotes 4)

VL (t—2@) ||*- || VIo) | = (VI(t—2(t)T VIo(t))® (4.2)

together with a regularization term involving the first-order generalized partial derivatives of x. The corre-

sponding variational problems can be stated within Sobolev spaces as follows:

(V)1: F(z) :/Q<Il(t—x(t))—lo(t))2dt + ﬂ-/ﬂr(Jx(t))dt — infl; 2 € WP(Q,R?) (4.3)
resp.
(V)a: F(:c):/Q(HVIl(t—x(t))||2HVI0(t)||2 - (VIl(tfx(t))TVIo(t))Q)dt (4.4)

+u~/r(Jx(t))dt — infl; € WHP(Q,R?)
)

with (sufficiently regular, if necessary presmoothed) image data Io(t), I;(t): Q — [0,1],*Y 2 < p < 00, a
regularization parameter g > 0 and integrands r(v) originating from models of elasticity theory as convex

or polyconvex functions. *?) The comprehension of a convex gradient constraint

Jr(t) e K R**2 (W)t € Q (4.5)

In the literature, the image registration problem has been studied on a rectangular parallelepiped Q C R® as well.
Here we confine ourselves to the two-dimensional case.

Cf. the introduction in [ MODERSITZKI 04 ], pp. 1 ff. and pp. 21 ff.

See e. g. [HERMOSILLO/CHEFD’HOTEL /FAUGERAS 02], p. 331, [HENN/WITScH 00], [HENN/WITSCH 01], [Mo-
DERSITZKI 04 ], pp. 77 ff. [ ALVAREZ/WEICKERT/SANCHEZ 00] aims for the determination of a “optical flow field”,
which is, in fact, a deformation z as well. Cf. also [ WAGNER 07A], p. 16.

If one cannot expect a correspondence between the intensities of Iy and I; (“multimodal matching”) then this approach
leads to a matching of the edge structures within the images. See [DROSKE/RUMPF 04], [ GALLARDO/MEJU 03],
[HABER/MODERSITZKI 07] .

In order to guarantee the existence of the integrals within the objectives, it should be demanded that additionally
t — z(t) € Q holds for almost all ¢ € Q. This condition, however, can be eliminated if the image data Iy and I are
embedded into a sufficiently large black frame, i. e. they will be extended by zero to R?\ Q (cf. [HENN/W1TSCH 01],
p. 1078).

Examples will be treated in detail in the following subsections.
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with a convex body K C R**? converts (V) into a multidimensional control problem of the type (P).
Then in analogy to [ BRUNE/MAURER/WAGNER 08] and [ FRANEK/FRANEK/MAURER/WAGNER 08] the
simultaneous detection of the “discontinuities” of x (i. e. regions with large gradients Va1, Vo) will be
made possible where the indicator corresponds to the distance Dist (J x(t), 8K).

b) Image registration as a multidimensional control problem with convex regularization.

Since human tissue behaves approximately linear-elastic, within registration problems from medical imaging
the use of convex regularization terms from linear elasticity is highly reasonable. *3) In this case, the addition
of a convex gradient restriction is mandatory since the modulus of the resulting shear stress, which is
proportional to || Jz ||, must be uniformly bounded. Then from (V); and (V)s2, we obtain the following

optimal control problems:

(P); : F(gc):/Q(Il(t—x(t))—lo(t))zdt + ”'/m,ji_1<agt§t) + a”gtit))zdt — infl; (4.6)
xe WiP(Q,R?); Jz(t) e K C RP? (W)t e

resp.

(P)s: F(m):/Q(HVh(t—x(t))HZHVIO(L‘)HQ - (Vll(t—x(t))TVIo(t))2>dt (4.7)

2 . . 2
+u./ 3 (a“”“(t) ¥ a5”4(”) dt — infl; z € WP(QR?); Ju(t) € K € R22 (V)teQ
Qig=1 " Ot ot;

with2 <p<oocand g >0. KC R?*? is a convex body with o € int (K); the properties of the image data
Iy, I : © — [0, 1] will be made precise in the following theorem.

Theorem 4.1. (Existence theorem for (P); and (P)2)

1) Consider the problem (P); with the above mentioned assumptions about the data. Assume further that
Ine L (L, R) and I € Cg(Q,]R). Then (P)1 admits a global minimizer & € W(l)’oo(Q,IRQ).

2) Consider the problem (P)2 with the above mentioned assumptions about the data. Assume further that

Io € W™ (Q,R) and I € C5(Q,R). Then (P)a admits a global minimizer & € W™ (Q,R?) as well.

Proof. 1) The assumed zero boundary condition allows us to extend the image data Iy, I; by zero to R?\ Q.

With the convex body K, we associate the convex indicator function ok (v): R**?* — R defined by

ox(v) = { (+2o) |} ZEI({];RQXQ\K) . (48)
On O x R? x R?>*2, we define the function

AtEw) = (Lt—€) — L))" + u~ij22_:1 (vij +vjs)” + ox(v) (4.9)
with the properties a) — ¢) from Definition 1.1., 2). Since Io(t), I,(t — £) € [0, 1] it holds that

| f1(t,&0) | < Ii(t =€) + Lo(t)* + 2Io(t) In(t — &) + M'”f;l (vij +”ji)2 (4.10)

<4+ p- i (vij+vﬁ)2 V(& v) e (Q\N) x R? xK, (4.11)

ij=1

43 We follow [HENN/WITSCH 01], p. 1079 f.
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and f; satisfies the growth condition d) from Definition 1.1., 2) with A(t) = 4 and B(&,v) = M~Zij:1 (vij +
v;; )2. Finally, f1(f,€,v) is convex with respect to v for all fixed (,£) € (Q\N) x R?, and by Remark c)
after Definition 2.6., it follows for all v € R**?%:

FE€0) < A9 Ev) < A6 ) < fEE0). (4.12)

Now the claim results from Theorem 1.4.
2) On Q x R? x R?*? we define the function

fat&v) = [ VL= [P [ VB® [P — (Th(t- T V) + u- 3 (v +05)° + exlv). (413)

ij=1
admitting the properties a) — ¢) from Definition 1.1., 2). In consequence of our assumptions, || VI || is
bounded almost everywhere and || VI || is bounded everywhere by a constant C' > 0, and we obtain the

estimate

| fat,6,0) | < 04(1 + |cosa( VI (t—¢€), VIo(t))|) RS (vij +v55)°

ij=1

V(t,&v) e (Q\N) x R* xK. (4.14)

Consequently, f» satisfies the growth condition d) with A(t) = 2C* and B(£,v) = - Z?,j:l (vij +vji )2
Again fs(t, é, v) is a convex function with respect to v for all fixed (£, é) € (Q \ N) x R?, and the proof
can be finished as in Part 1). =

c) Image registration as a multidimensional control problem with polyconvex regularization.

As an alternative approach, the image registration problem has been considered with polyconvex regu-
larization terms instead of convex ones. Terms of this kind correspond with hyperelastic material laws.
Additionally, the further restriction to orientation-preserving, bijective deformations (i. e. Det (Jz) > 0)
has been proposed. *¥) Leaving aside the latter condition for the moment, we arrive at the following optimal
control problems:

(P)s: F(x) :/(Il(t—a:(t))—lo(t))zdt + ﬂ./(cl | J(t) || + cz(DetJm(t))Q)dt — inf!;

Q Q
x e WiP(Q,R?); Jz(t) e K C R¥? (W)t e (4.15)
resp.
(P)a: F(x):/Q(HVIl(t—x(t))||2HVIO(7,‘)H2 - (Vll(t—x(t))TVIo(t))2>dt (4.16)

—|—,u-/(01 | Jz(t) [|” + e2 (DetJa:(t))Q) dt — infl; x € WP(Q,R?); Jz(t) e K C R¥? (W)t € Q
Q

with 2 < p < 0o, p > 0 and weigths ¢, ¢z > 0. K € R?*? is again a convex body with o € int (K). We will
use the matrix norm || M || = trace (M ™M ). The properties of the image data Iy, I1: Q — [0, 1] will be

described in the followning theorem.

) [ DROSKE/RUMPF 04], p. 673 f.
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Theorem 4.2. (Existence theorem for (P); and (P)y)

1) Consider the problem (P)s with the above mentioned assumptions about the data. Assume further that
Ine LT (L R) and I € Cg(Q,]R). Then (P)s admits a global minimizer & € W(l)’oo(Q,IRQ).

2) Consider the problem (P)y with the above mentioned assumptions about the data. Assume further that
Iy € W(l)’oo(Q,R) and I € C'(l)(Q,R). Then (P)y admits a global minimizer i € Wé’oo(Q,]R2) as well.

Proof. 1) Again we may assume that the image data Iy, I; have been extended by zero to R? \Q. On
Q x R? x R**?, we define the function

2 2
f3(t,&0) = (Lt =€) —Io(t))” + - (Cl |v]|” + c2 (Detv) ) + ox(v), (4.17)
which satisfies a) — ¢) from Definition 1.1., 2). Analogously to the proof of Theorem 4.1., 1), since
| fa(t, &) | <4+ p- (cl lv]f + ez (Detv)Q) V(t,é&v) e (Q\N) x R* xK, (4.18)

the growth condition d) is satisfied as well with A(t) = 4 and B(¢,v) = p(c1[|v|” 4+ c2 (Detv)?). Note
that, for every fixed (£,€) € (2 \ N), the function fs(f,€,v) is polyconvex with respect to v as the sum
of the polyconvex functions ( Iy (f — &) — Ip(#) )2 + g (er][v]|” + c2(Detwv)?) and gk (v). Consequently,
Theorem 1.5. can be applied, and (P); admits a global minimizer.

2) We may argue in analogy to Part 1) and the proof of Theorem 4.1., noting that, for all (¢,&,v) €
(2\ N) x R® x K, the integrand

fut,60) = | VL= &) |* | VIo@) ||P = (VLE=6)T VIo(t) )+ p- (cl v+ 2 (Detv)2> + ok (v)(4.19)
obeys the estimate

| fa(t,6,0) | < C* (1 + |cosa( VI (t—¢€), VIO(t))|> + - (CIHUHP + Cg(Detv)2> + ok (v). = (4.20)

d) Image registration as a multidimensional control problem with the constraint Det (Jx) > 0

and polyconvex regularization.

We consider (P)3 together with the additional restriction Det (Jx) > 0 and the polyconvex penalty term 4°)
—c3 - In(Det Jxz(t) ) (4.21)

with c3 > 0 within the objective. This leads to the problem

(P)s: F(z)= /Q<Il(tf:1:(t))flo(t))2dt + u./Q(cl | J2(t)||” + ¢ (Det Ja(t) ) (4.22)

~ 3+ In(Det Ja(t)) ) dt — inf!;
x € WP (Q,R?); Ja(t) € KN {ve R¥™? | Det (v) >0} c R¥*? (V)t e, (4.23)
which does not match the analytical situation described in Section 1.a) since the compact control domain

K has been intersected with an open set. Nevertheless, an existence theorem for (P)s can be easily derived
from Theorem 4.2., 1).

45) [ DROSKE/RUMPF 04], p. 674, (3.2).
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Theorem 4.3. (Existence theorem for (P)5 ) Consider the problem (P)s under the following assumptions
about the data: 2 < p < oo, In € L(Q,R), I € Cg(Q,R), uw>0,c, e, c3 >0, and K € R**? is a convex
body with o € int (K). Then (P)s admits a global minimizer & € W(l)’oo(Q,]RQ).

Proof. The assumptions about (P)5 guarantee the existence of feasible solutions, e. g.

b cosa —sina t
74).<sinoz Cosa> <t2> (4.24)
for sufficiently small & > 0 and € > 0. Since Jz(t) € K (V) t € , the objective is bounded from below. Conse-
quently, (P)s admits a minimizing sequence { zV }, W(l)’p (Q,R*)N Wé’w(ﬂ, R?), whose members are feasible

in (P)3 as well. Along a subsequence {2V’ } C {2} with ¥ =~ L7 3 ang JpN' S LT QBT ga

we observe by Theorems 4.2., 1) and 1.4.

z(t) = e - Min (Dist (¢,09),

RS

/Q(Il(tfi’(t))—lo(t)fdt + M-/Q(cl | 720) ||” + e (DetJ:i:(t))Q)dt (4.25)

< liminf /Q(Il(tfo’(t))ro(t))Mt + M./Q(cl | T2 () [|” + e (DethgN'(t))Q)dt.

N’—o00

To the polyconvex integrand f5: R?*? — R defined by

f(0) = {—,uc?, In(Detv) | Detv > 0; (4.26)

(4+00) ] Detv <0,

we may apply [ DACOROGNA 08], p. 391 f., Theorem 8.16, together with the Remark ibid., p. 392: After
choosing m = n = 2 and p = 2, the convex function h(v,0): R° — R defined by

— Inéd | 6 >0;
h(v,6) = 4 N | (4.27)
(+00) ‘ 0<0

is bounded from below by h(v,8) > —pcs where the constant function (—ucs) belongs to L*(Q,R). For
the subsequence {xN/ }, it holds JaNV S LQRTF) 74 ag well, and from the cited theorem we conclude
that

—M/ cs In(Det J2(t) ) dt < liminf (—,u/ cs In(Det JxN’(t))dt> . (4.28)
Q Q

N'—o0
(4.25) and (4.28) give together the existence of a global minimizer of (P)s. m

The existence of a global minimizer for the modified problem (P)4 can be confirmed in a completely analogous

way if the assumptions about the data are carried over from Theorem 4.2., 2).
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