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Abstract

Let M be a compact Kéhler manifold equipped with a Hamiltonian action of a compact Lie group
G. In [Invent. Math. 67 (1982), no. 3, 515-538], Guillemin and Sternberg showed that there is a
geometrically natural isomorphism between the G-invariant quantum Hilbert space over M and the
quantum Hilbert space over the symplectic quotient M /G. This map, though, is not in general unitary,
even to leading order in .

In [Comm. Math. Phys. 275 (2007), no. 2, 401-422], Hall and the author showed that when the
metaplectic correction is included, one does obtain a map which, while not in general unitary for any fixed
h, becomes unitary in the semiclassical limit # — 0. The unitarity of the classical Guillemin—Sternberg
map and the metaplectically corrected analogue is measured by certain functions on the symplectic
quotient M //G. In this paper, we give precise expressions for these functions, and compute complete
asymptotic expansions for them as i — 0.
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1 Introduction.

Let M be a compact Kahler manifold with Kéhler form w. Suppose there exists a Hermitian line bundle
£ with connection with curvature —iw. For each positive integer k, the geometric quantization Hgé) of M
is defined to be the space of holomorphic sections of /2. In the context of geometric quantization, k is
interpreted as the reciprocal of Planck’s constant 7.

Suppose moreover that G is a compact Lie group, with Lie algebra g, which acts on M in a Hamiltonian
fashion with moment map ® : M — g*. Under sufficient regularity assumptions, the symplectic quotient
MG is again a compact Kéhler manifold; denote the resulting Kéhler form by @. Assuming that the action
of G lifts, the bundle ¢ descends to a line bundle i > M /G, and the connection descends to one with
curvature —i.

The space HE\];)//G of holomorphic sections of {®F is the result of reducing before quantizing. On the

G
other hand, one may first quantize and then reduce, which amounts to considering the space ('HS\];)) of

G-invariant sections of (¥F.
A classical result of Guillemin and Sternberg [GS82] is that there is a natural invertible linear map Ay

from the “first quantize then reduce” space (HE{?) to the “first reduce then quantize” space Hg\]/;)//G' From

the point of view of quantum mechanics, though, it is not only the vector space structure of the quantization
that is important, but also the inner product.

It is known that in general, the Guillemin—Sternberg map Ay is not unitary, and is not even unitary
to leading order as k — oo [Flu98], [Cha06], [HKO06] [Li08], [Pao05], [MMO07], [MZ05], [MZ06]. In [HKO06],
the author and Brian Hall showed that when the so-called metaplectic correction is introduced, one obtains
an analogue By of the Guillemin—Sternberg map which, though still not unitary in general for any fixed k,
becomes unitary in the semiclassical limit k¥ — oo (this was later shown to be the case in a more general
setting by Hui Li [Li08]).
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The unitarity, or lack thereof, of the map Ay (resp. By) is measured by a certain function Ij, (resp. Ji)
on the symplectic quotient M /G, with unitarity achieved at least when I (resp. Ji) is identically 1. One
of the main results of [HKO06] is that

lim Ji =1,

k—o0
where the limit is uniform on M /G. (There is an analogous computation for the limit of the Ij; see Section
1.1 below). We should also mention that in [MZ05] and [MZ06], Ma and Zhang, as well as Ma and Marinescu
in [MMO7], show the existence of an asymptotic series which is related to that for I, and also compute the
first term.

Our main results are explicit expressions for I and Ji (Theorem 1.1) as well as complete asymptotic
expansion of the functions I, and Ji as k — oo (Theorem 1.2). We state these results precisely in Section
1.1 below.

One may ask whether there are any cases in which By is asymptotically unitary to all orders, that is,
in which limg_,o Jr = 1 + 0o(k~°°). Although we do not prove it here, our results suggest that such “exact
asymptotics” are not possible for compact M (see the remark following Lemma 3.3). Our results, as well as
those of [HKO06], do not seem to depend crucially on the compactness of M, and indeed the obstruction to
“exact asymptotics” disappears when M is noncompact.

In the rest of this section, we describe our main results precisely and then finish by recalling from [HKO0G]
the precise definition of modified Guillemin—Sternberg-type map Bjy. In Section 2 we build on the results
of [HKO06] to give precise expressions for the densities I and J; which make the asymptotic computations
possible. In Section 3 we prove our main result, Theorem 1.2, by applying previous results of the author
[Kir08] to the case at hand.

1.1 Main results.

Let (M?", w, J, B := w(-,J-)) be a compact Kihler manifold with symplectic form w, complex structure .J and
metric B. Let { — M be a Hermitian line bundle over M with connection V with curvature —iw. Suppose
that a compact Lie group G of dimension d acts on M (preserving the Ké&hler structure) in a Hamiltonian
fashion with moment map ® : M — g*, and suppose moreover that the induced infinitesimal action on /¢
(given by the quantization of the components of the moment map) exponentiates to a global action of G on
¢. We denote the components of the moment map by ¢¢ : M — R, for £ € g.

Suppose that 0 is a value and a regular value of ®, and moreover that G acts freely on the zero set
®~1(0). In this case, the symplectic quotient MG := ®~1(0)/G is a compact smooth manifold which
inherits a Kéhler structure from that of M; denote the induced symplectic form on M /G by ©. The line
bundle ¢ descends to a Hermitian line bundle ¢ — M /G, and the connection V, restricted to G-invariant
sections, induces a connection on Z. Throughout, 2o € ®~1(0) will denote a point in the zero-section, and
[z0] := G - o will denote the corresponding point in the symplectic quotient.

The infinitesimal action of G on M can be continued to an infinitesimal action of the complexified
group! G¢ by setting X V=I€ .— JX¢. This action exponentiates to an action of G¢ on M. The saturation
Gc - ®71(0) of the zero set by the group G is called the stable set M. It is an open submanifold of M, and
the complement is of complex codimension at least one. The (free) action of G¢ on M gives the stable set
the structure of a principle Ge-bundle 7e : My — M //G. Indeed, the complex structure on the symplectic
quotient can be understood via the Kahler isomorphism

& 10)/G = M))G = M,/Gc.

Moreover, the action A : exp(y/—1g) x ®71(0) — M gives the stable set the structure of a trivial vector
bundle? over ®~1(0) with fiber g (see [HKO06], [Li08], or [Sja95] for details).

1For each compact Lie group G there exists a unique Lie group G¢ such that G is a maximal compact subgroup which sits
inside G as a totally real submanifold, and such that the Lie algebra of G is the complexification of g. The group G is called
the complexification of G¢. It is diffeomorphic to T*G, and the multiplication map G x exp(v/—1g) — G is a diffeomorphism.
See [Kna02, Sec VII.1] for details.

2This does not imply that M is a trivializable Gc-bundle over M /G in general the zero set ®~1(0) is a non-trivial G-bundle
over M //G.



The geometric quantization Hgvlj) of M is the space of holomorphic sections of ¢®* k € N. We make HS\]Z)
into a Hilbert space by equipping it with the inner product

n

w
(37t)m7

(5,8) = (k/2m)"2 /

M

where (s,t) denotes the pointwise Hermitian product in /¥,

Let K : \" (TLOM)* denote the canonical bundle of M. Suppose that K admits a square root3, and
denote a choice of square root by v K. Sections of v/ K are called half-forms, and v K is called a half-form
bundle. A section of K is said to be holomorphic if in each local holomorphic coordinate chart, the coefficient
of dz' A--- Adz"™ is a holomorphic function. Suppose that the action of G lifts to an action on v/ K which is
compatible with the action on K induced by pushforward.

There is a natural inner product on the space of sections of vV K: if u,v € T (\/ K), then p? A2 €

A" TCM is a (complex) volume form. We can trivialize the bundle A*" TM by the (global, nowhere
vanishing) section w”/n!, and hence there is a function (u, v)—the pointwise inner product of u and v—such
that

2 AP = (p,v)%w™ /nl. (1.1)

The metaplectic correction, by definition, amounts to considering (®¥ @ /K that is, the (half-form)
corrected quantization 7—75\’;) of M is the space of holomorphic sections of ¢®* @ v/K. The pairing (1.1) is a
special case of the BKS pairing in geometric quantization [Woo91, Sec 10.2]. It defines a Hermitian form
on (®* @ v/K and hence an inner product on ﬁs\lf[): for sections t1,ty € I'((®* ® v/K) which are locally
represented by t;(x) = s;(z) ® u(x), we set

(1, t2)(2) = (s1(2), s2(2)) (1, V) ().

G i\ G
Let (Hg\]f[)) denote the space of G-invariant holomorphic sections of /®¥, and similarly ('HE{?) the
space of G-invariant holomorphic sections of /% @ v/ K. The restriction of a G-invariant holomorphic section

G N
s € (HEV]?) to ®71(0) descends to a section of £ which we denote by Ajs. In [GS82], Guillemin and

Sternberg show that Ags is holomorphic, and moreover that Ay is an isomorphism of vector spaces.
In [HKO06], the author and Brian Hall showed that Aj is generically not unitary, and does not even
become approximately unitary as k& — oo. In Section 1.3 below, we will recall from [HKO0G6] a similar

~ G ~
map By : (HS(?) — Sv];)//cw for k sufficiently large, relating the quantum spaces in the presence of the

metaplectic correction. To define the map By requires more than just “restrict and descend” because two
half-forms on M pair to give an (n,0)-form on M. But two half-forms on the quotient should pair to give
an (n — d, 0)-form, so a mechanism to reduce the degree is needed. The map By turns out to be essentially
a square root of the map “restrict to ®71(0), contract with the vectors in the directions of the infinitesimal
G-action, and descend the G-invariant result to the quotient”. The map By is also in general not unitary,
but it does become approximately unitary as k — oo.

To measure the unitarity of the maps Ay and By, the author and Brian Hall showed in [HK06] that there
exist functions I, € C*°(M//G), and for k sufficiently large functions J, € C*°(M//G), such that

W on—d AN
/M |s|? i /M//G \Aks|21km, for every s € (Hg\/f)) ,and (1.2)
~n—d

n i\ G
/ |r|? w—' = / | Byr|? kai', for every r € (Hg\]})) .
M n: M/G (n—d)!

3A square root of K is a line bundle, denoted by V'K, such that VK ® VK = K. Such a line bundle exists if the second
Stiefel-Whitney class of M vanishes. If a square root of K exists, then there are (up to equivalence) two nonisomorphic square
roots.




Clearly, Ay, (resp. By) is unitary if T(k) (resp. J(k)) is identically 1. The main result of [HK06] is that
for each zg € ®71(0),

Jim 7 (o)) = 2742y0l(G - x9), and
khm Jk([xo]) = 1,

where both limits are uniform. This means in particular, that in the presence of the metaplectic correction,
quantization commutes unitarily with symplectic reduction in the semiclassical limit. Moreover, in the
uncorrected case, if vol(G - xg) is not constant, then Ay does not converge to (a constant multiple) of a
unitary map. Indeed, this fact, as well as results implying or equivalent to the uncorrected limit (1.2),
have been previously studied. To the best of our knowledge, the first case was the thesis of Flude [Flu98],
followed in various other forms by [Cha06], [MZ05], [MZ06], [MMO07], and [Pao05] (we refer the reader to the
discussion in [HK06] for more details), and most recently in greater generality in [Li08].

We will find expressions for the densities I, and Jj in terms of the geometric data, and compute complete
asymptotic expansions for both densities as k — oc.

To state our results precisely, fix an Ad-invariant inner product on g and, with respect to it, and orthonor-
mal basis {fj}?zl such that the corresponding Haar measure dvolg on G is normalized to fG dvolg = 1.
Introduce polar coordinates £ = (p, §2) on g, where

pi=(€) + - (61’

and Q € S9! is a point in the unit sphere; in particular, £ = p€2. The Lie algebra g acts on M infinitesimally,
and we denote the vector field giving the action of £ € g by X¢ € I'(TM).

For a function f € CY(M), we define its gradient as the image of df under the isomorphism between
T*M and TM given by the Kéhler metric B = w(-, J+); that is, df = B(grad f,-). The divergence of a vector
field X € T'(T'M) is defined by div X := Lxw"™/w™, where Lx denotes the Lie derivative in the direction of
X, since for a Kéhler manifold, the Liouville form w™/n! corresponds to the Riemannian volume. These are
related to the Laplacian by

Af =divgrad f. (1.3)

Our first main result is the following.

Theorem 1.1 The densities I, and Ji, may be expressed as

/2
I ([zo]) = (;) vol(G - 20)?i1(k, o), and (1.4)
/2
Jr([zo]) = <7k;> vol(G - x0)i1/2(k, 2o) (1.5)
where .
ja(k,z0) := /g exp {/0 —2k¢e (e ) + aAqbg(eitgxo)dt} di¢. (1.6)

Moreover, we will find that j,(k, o) (and hence I and Jj) admits an entire asymptotic expansion

jalkywo) ~ k=27 G (wo)k ™
j=0

as k — oo, where the coefficients are given explicitly in Theorem 1.2 below. The results of [HK06] may be
interpreted as the statement that C(gl) = Célp) = 7 2p0l(G - 29) L.

Our second main result is a computation of the coefficients (;. The coefficients can be expressed, and
computed, more efficiently in terms of certain combinatorial quantities which we will introduce in Section
3. We state here our results in a direct form, where the geometric content can be clearly seen. The concise
version appears as Theorem 3.1 in Section 3.



Theorem 1.2 Forj,(k) as defined in (1.6),

jalk,z0) = k=237 ¢f (20)k ™ + o(k™), (1.7)

Jj=0

where the coefficients are given by

J i
(a) = 1p (4 Q| (d+7) el
e =4r (25 [ [’X R
j—m .
X c(j — m; ) (D)™ ((JXD) Agg)™ - ((JXQ)Z A¢sz) s
I=1 P,
X i _% |XQ|—2r Z or (JXQ)n1+1¢ . (JXQ)n7'+1¢ dQ
r=1 r 0 () (ny +2)!-- - (n, + 2)! Q2 Q
where
ay ala—=1)-(a—r+1)
(7”> B r! ’
il
C(j;nl,nz,...,nj) = J:

(A)mnql(2N)m2ng!- - - (jYning!’
the sums in the second and third lines of (1.8) are taken over the sets

Pj,l(ﬁ):{(nl,...,m)Eleoznl—i—---—i—nl:j—l—&—l andny +2ng +---+1ln; =34}, and
O (1) ={(n1,...,n,) €25, :ny +--- +np = m},

and empty sums are understood to be 1.

For example, the first two terms are
a —d
¢ = 10 (%) /Sdli1 | X2 | " dQ, and

@ =ir() [

s [a(JXiiA%(mo) +a(Ada(w0))’)

ds.

s §000(20)(JX2)ba(x0) + §(IXE ) dalro) [~ (JXE) dn(x)?
i xg [ 2 9|xg|’

Remarks.

1. The function
TX%%q(w0) = w(X2, TX?) = |X2 |
is strictly positive (since we assume G acts freely on the zero set). We write it as | X% when we want
to emphasize this positivity.
2. By the general theory of [Kir08], the first term can be expressed in terms of the determinant H of the
Hessian of 2 fol pe (e xg)dt at &€ = 0. This determinant was computed in [HK06, Lemma 3.1, Thm 4.1]
to be H = 2%0l(G - ¢)?, from which it follows by [Kir08, Prop. 1] and Lemma 3.3 that

F(%) 9d/2+1 d/2

a _d -
é)=%F(%)/Sh el = =y g = el(G )
2




We conclude this section by recalling the definition from [HKO06] of the half-form corrected Guillemin—
Sternberg type map By discussed in the introduction. For a p-form «, denote the (left) contraction with

vector fields X1, ..., X, by i (/\;:1 Xj) @ = (X1, Xoyeos Xprerenns ).

Theorem 1.3 [HK06, Thm 3.1] There exists a linear map B : T'(M,VK)¢ — T'(M)|G, V I?), unique up to
an overall sign, with the property that

(] = [{ (A x0) 03],

For any open set U in M |G, if v is holomorphic in a neighborhood V' of Wc_l(U), then Bv is holomorphic
on U.
For each k, there is a linear map By, : D(M,(®F @ VK)E — (M )|G, I%* @ v/ I?), unique up to an overall
sign, with the property that
Br(s®v) = Ar(s) ® B(v)

for all s € T({®%) and v € T'(VK). This map takes holomorphic sections of (%% @ \/?‘V to holomorphic
sections of I2% @ V/ IA(‘U i

2 The densities [, and J,.

In this section, we will build on the results of [HK06] to find the expressions (1.4) and (1.5) for the densities
I, and Ji (resp.). Much of the groundwork was already done in [HKO06], but we need more precise results
to get the full asymptotic expansion.

In [HKO6], it was shown that

I ([z0]) = vol(G - x0)(k/2m)%/? / 7(&, o) exp {—2k/o qbg(eitgxo)dt} di¢ (2.1)

g

and that

Tl = 6/ [ 7€ w0)exp {— / 1 (%asg(e“fxo) ¥ w(eitﬁxm) dt} M (22)

g 2wm
where 7 is the Jacobian of the diffeomorphism A : g x ®71(0) — M, given by A(£,x0) 1= e®xg. It was

also shown that as k — oo, the contribution to I (resp. J) coming from the complement of a ball of
finite radius is exponentially small, so it is enough to consider the integrals restricted to the unit ball

B={feg:[¢|<1}.
The main result of this section is the following computation of the Jacobian 7 in terms of the geometric
data.

Theorem 2.1 The Jacobian of the map A : (£,z0) € g x ®71(0) — €2y € M, is given by

7(&€,x0) = vol(G - z¢) exp {/01 Aqbg(eitgxo)dt} .

Using Theorem 2.1 to simplify the densities (2.1) and (2.2) above yields Theorem 1.1. The proof of
Theorem 2.1 depends on two technical lemmas (Lemmas 2.2 and 2.3) which we defer to the end of this
section.

Proof. For each ¢ € g, the Gc-action yields a map e~ : M, — M, given by x + e %x. Let u €

r (/\2" T*M) be the volume form defined at each point by

n

o = [ (em )Y
Hei€p, = ((e %) > .
e'Sxg n eit



Since  is nonvanishing, we can use it to trivialize /\2n T*M; in particular, there is a function 6 € C*° (M)
such that

wn

= dp. (2.3)

Differentiating in the direction of JX¢ and dividing by w™/n!, we obtain (using Lemma 2.2)

n!

;Cstwn - JXE((S)
wro )

= JX%logd. (2.4)

Fix a point ¢ = p€) and define a path vqo(t) := e!zy for t € [0,p]. Then o(t) = JX,, . Hence,

it

JX%log§ = dlog d(Fq). Integrating dlog é along the path yq(t) therefore yields

5% = exp { /0 ’ Ewa”} 5(xp). (2.5)

w’l’b

Now, by definition p, = wp, /n! for o € ®*(0) which implies 6(xo) = 1 for zo € ®'(0). Combining
Lemma 2.3 with (2.3) and (2.5) yields

rr n
ANw™/n! = vol(G - xo) exp {/ ‘]ii:tu} die A dvolg-1g).
0
Finally, to complete the proof, observe that by (1.3), L;xcw™/w™ = divgrad ¢g = Agg. =

We now prove the lemmas that are used in the proof of Theorem 2.1. Consider the volume form p on
M, given by

n
il

Heitgy ‘= (671‘5) e
Lemma 2.2 For each n € g, we have L jxapu = 0.

Proof. Let X1, -, X2, be vector fields on M, in a neighborhood of e*xy. Then
: 1 181\ *
(EJX"/J’)eiExO (X17 s ’X2n) = lg}% g [(8 (71) Heiczy — Ne’f:co] (Xla <. ;X2n)

.1 is is
= lim — [ueis"*i&mo (eianh ceey e:snXQn) — Heitg, (Xh ceey XQn)]

s—0 8§
1 o o
1 n —1sn—1€+1s —1sn—1E+1s
—ll_r)%w[%o(e* KD SRR U LD O

—w (e;Zle, ce, 6;i§X2n) =0.

xo

]
Lemma 2.3 (A" .\ = vol(G - x0)dE A dvolg-1(g).

Proof. Since both A*p and d%¢ A dvolg-1(g) are top dimensional and the latter is nowhere vanishing, there
exists a function h(¢, o) such that (A*p) .. = h(&, 20)d?E A dvolg-1(g).

We will show that h is independent of &, from which we will conclude that h(zg) = vol(G - xg) by
restricting to the zero set, where it is known [HKO06, eqn (4.7) and Lemma 5.4] that

(A" 1) (0,20) = (A*W™ /1Y) (0,2) = vOl(G - xo)dE A dvolg-1g).

To show that h is independent of £, let n € g. Then

d i s
A&+ sn,m0) = o _Oe (Etsm gy = TX e,

d
A*(nao)e’ﬁam = %
s=0

By Lemma 2.2, for each n € g,
(;C(n’o)A*'u> (&,x0) = (A*;CJXT/,U)@@O) = 07

which implies a%jh(f, xo) = 0 for each basis vector &;; that is, h = h(xp). =



3 The expansion.

In this section, we first introduce some combinatorial objects to simplify the statement of Theorem 1.2. We
then recall results of the author [Kir08] which can, after some computations, be used to arrive at Theorem
1.2. Finally, we will carry out these computations, thus arriving at our proof of Theorem 1.2.

To state Theorem 1.2 in a more useful form, we recall here some combinatorial objects related to Bell
polynomials; we refer the interested reader to [Com74, Ch. 3] for more details. The partial Bell poly-

nomials B;; = B;(x1,22,...,x;), combinatorial functions on the set {x1,...,2;} which can be defined in
terms of a formal double series expansion, are given explicitly by
Bju(wr, ... ow) = Y c(f;ii) it ay? - ap (3.1)
P; (1)
where
- . !
c(j, i) == c(jsni,ne, ..., n;g) =

(IHmng (2D P2ng! - (1) ey
and the sum is taken over the set P;;(7l) consisting of all (ordered) I-tuples of nonnegative integers i :=

(n1,n2,...,m;) such that ny +---+n; =7 —1+1 and ny + 2ny + ---Iny = j, that is,

i) 53

Ly — L
Pj,l(n) {(nlv"'anl)€Z>0' n1+2n2++lnl:]

The partial Bell polynomials are classical combinatorial objects and are known to satisfy many recursion
(and other) identities. We will find useful the combinations

J
Bj(xl,-” ,mj) = ZBj,l(xla-"7xl)7 (33)

=1

which are known as the complete exponential Bell polynomials.*
Related, though much simpler, are the polynomials Cy, , = Cpp (21, Z2, - - - ) defined by
o0
(@1t + 2ot® + a5t + - )" =D Cp ™
m=r
These polynomials can be computed recursively via the relation
m—1
Cm,?“ = Z zm—jcj,r—l
j=r—1

with initial data Cy, 1(21,Z2,...) = &, Alternatively, Cy, , is the sum of all ordered products of r elements
of the set {x1, o, ...} such that the subscripts add to m:

Conr(X1y. ooy Tm) = Z Ty Ty - T, (3.4)
Qm,r(7)

where
Omr() ={(n1, -+ ,ny) €2y :n1 +n2+---+n, =m}.

To state our main theorem more concisely, let f,g,h € C>(g x ®71(0)) be
P .
F(p Qo) i=2 [ ga(e" ),
0

p .
h(p,Q, o) ::/ Ago (e xg)dt, and (3.5)
0

9(p, Q, x0) == exp {ah(p,Q, 20)}

4Note that the sum starts at 1. This is in contrast to some other definitions in the literature; generally, sums starting at
zero are called more simply the complete Bell polynomials.



The expression of Theorem 1.2 we give below is in terms of the Bell polynomials introduced above and the
radial derivatives of f, g and h (which are computed below in Lemma 3.3). It will turn out that the leading
order behavior of f is quadratic, so we define

1 9it2

1580 z0) = G +2) 9pi+? A

, Zo)

p=0
For g we define the usual Taylor coefficients

1 o7

(Q,x9) = =——F——
9;({1 x0) 31 0p7g(p,Q, o)

p=0

and similarly for h (we will drop the  and xg dependence to ease notation).
The following is a more concise version of our main Theorem 1.2.

Theorem 3.1 Forj,(k) as defined in (1.6),
ja(k,20) = k=237 63 (@o) k™ + o(k™),
3=0

where the coefficients are given by
J I /_dtiN ¢
(@) — Ap (dti Fo@H) 2\ Cnr(f1, - fm)
SERELICOY W ISCD S ol ) Lt ao 36
- o " (SN (e fi)
= 1T (42 / fo D “ B m(h1, 2y, - mlhy, 2 | mrlUL .-y Jm)
2 ( 2 ) gd—1 Z Jj— ( 1 25" , M ; for

where

)

plhy = (JX5)P ™ Ada(ao),

fo= ﬁuxﬁ))p“%(%) =

2
(p+2)!

H(IXo )P | X5

the polynomial Cp r(f1,..., fm) (defined in (3.4)) is the sum of all ordered products of r elements of the
set {f1, fa,..., fm} such that the subscripts add to m, the polynomial B;_,, is the complete Bell polynomial
defined by (3.1) and (3.4), and empty sums are understood to be 1.

Remark.

To obtain naive “exact asymptotics”, that is, term-by-term cancelation of the tail of the series (1.7),
we see from (3.6) that it is necessary that f = 2f0p b (e Pxq)dt be quadratic in p. Otherwise the set
{f1, f2,-.., fn} is nontrivial for all N > 1 which yields nontrivial Cy, (f1,..., fm) terms at all orders.
For compact M, it is not possible that f be quadratic, since if it were, then twice differentiating implies

Q 1 p$2 1 p$2
IX%0(e"%0) = | X, i

2
= const. But as p — oo, the path 'z approaches a point z, which is fixed

2
— 0 as p— o0. O

by e (see [Ler05]) so that we must rather have ‘X

etrQx

Using the linearity of the moment map and £ = pf), we have

1 . p .
/ ¢5(e”£x0)dt z/ ¢Q(€ZtQI0 dt
0 0

! , p ,
/ A (e xg)dt = / A ().
0 0

and



Therefore, in terms of the functions f and g defined in (3.5), the density j, may be written

o= [ Mgate = [ et ate,
g g

which is, for each fixed zp € ®71(0), a Laplace type integral. It follows from [HKO06] that it is enough to
consider the integral over the unit ball B:={{ € g: [¢| < 1}.

For completeness, we quote the result from [Kir08] which we need to obtain Theorem 1.2. Let {¢!,..., ¢4}
be coordinates on R%. Denote by S¢~! = {|¢| = 1} C R? the unit sphere and introduce polar coordinates

pi= /(€)% + - (€4)? and Q = ¢/[¢] € S9!
Suppose that R is a region in R? containing 0 as an interior point, and let f and g be measurable functions
on R. Suppose f attains its unique minimum of 0 at 0. Assume moreover there exists N > 0 and

e N + 1 continuous functions f;(Q2), j =0,..., N with fy > 0 such that for some v > 0
)=p Zf o(pN ) as p — 0, and (3.7)

e N +1 functions g;(2), j =0,..., N such that for some X >0

N

9(p,) = "> g;( Q7 +o(pN A as p— 0. (3.8)
=0

Theorem 3.2 [Kir08] With the hypotheses above, there exists an asymptotic expansion
/ kg ddy = Zg k=D g (= (NFN/v) (3.9)
B
where the coefficients are given by

Cj:%r<¥)/ [ j+>\)/uzgj mz< > T)f
gd—1

where f(r) = Cinr(f1,---, fm) is the sum® of all ordered products of r elements of {f1, fa,- .-, fm} such that
the subscripts add to m, (¢) == a(a— 1)+ (a—r+1)/r!, and empty sums are understood to be 1.

To apply Theorem 3.2, we need asymptotic expansions of f and g near 0. We will use their Taylor series:

Lemma 3.3 For f and g as defined in (53.5),

o0

fZPQZ 2pj JXQ) "o+ 0(p™), p—0
]:0

and

9= By (Adn(an), JXE, Adn(zo). ... (JXE) Ada(e) + o(p®), p—0
> . (lj J ! Np
SWAESY H ((7X2)"" Adala)) " | +0(p™), p—0,

where Bj is the complete exponential Bell polynomial defined in (3.3) and P; (i) is defined in (3.2).

5For example, fés) =6f1f2f3 + 3f12f4 + f§’7
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Proof. The fundamental theorem of calculus yields
5‘;Lf(ei'”9£c0) = 28::71(;59(6“)9%0) = 2(JX )" Lo (e ).
Moreover, f(xo) = 0,f(zo) = 0, so that

o
ZL XQ] ld)Q]IO
j=2 ‘]

as desired.
To compute the Taylor series for g, we first recall that the Taylor series for exp(h(p)) near p = 0 can be
expressed using Faa di Bruno’s formula as [Com74, Sec. 3.4]

o0

ij exp(h(0))B; (K (0), ..., h)(0)) (3.10)
j=0 "
0o . J l np
=32 o) Y S e IT (h9 )
=07’ =1 P; (7) p=1

where B; is the complete exponential Bell polynomial (3.3), and P, ;(7) is defined in (3.2). Taking h(p) =
a [y Apa(e™xo)dt in (3.10) and using d,g(e"*ag) = JXg(e o), OPh = (JX)1A¢q, and g(zo) =
exp(h(0)) = 1 completes the proof. m

We are now ready to prove our main Theorems 1.2 and 3.1.
Proof of Theorems 1.2 and 3.1. Take v = 2 and A = d. From Lemma 3.3, we see that

5(8.20) = =g (TXE) X5 (3.11)
and
0;(Qz0) = %memo), TX2 Ada (o), .., (X2 ) Aa (o)) (3.12)
i "
S PIPI W1l ((7x2)"" Adalen)”
=0 Pj (1) p=1

Plugging these into Theorem 3.2 applied to j,(k, 7o) ~ [ e "/ gd?¢ yields

ja(k,fo) — chk—(j+d)/2 + O(k—oo)

=0
where
; o) —(d+7) al” m —2r
cjéf(@d)/sdl[ ) JZ ST Z( )l fﬁﬂ]dﬂ (313)
in which
f5) = Cr (2 (TXE )0, 2 (JXE)3 P s 1 m+2), (JXE )™ gg) (3.14)
Z 2 (JX2)H g - (JX2) g

) (n1+2)! (n,.+2)!

is the sum of all ordered products of r terms of the set {f1(Q, zo), f2(Q, x0), ...} whose subscripts add to m
and

Bj = Bj_m(Ad)Q(xo) JX3 Apa(20), ..., (JX2) " Adg (o)) (3.15)

- Z S el —m, i) ﬁ ((JXSU)p‘lAm(xO))%.

1=0 Pj_pm (1)

Aside from simply substituting ffnT ) and Bj_, we can make one significant simplification:
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Lemma 3.4 (; =0 for j odd.

Proof. The linearity of the infinitesimal action of G¢ on M implies X ¢ = — X and JX @ = —JX%.

Related is the linearity of the moment map in the component index: ¢_q = —¢q. These facts together imply
that f;(—Q,z0) = (—1)7 f;(£, z0). Since the sum of the subscripts of the terms appearing in f,g:) is m, we

have f,gf)(—Q,xo) =(-nm 7(,:)(9,330). Finally, we conclude that

gj*m(_Qﬂ xO)f?SI) (_Qv :L‘o) = (_1)jgj*m(Qv mo)fr(;)(Q7 :L'())

which implies that for j odd, the integrand appearing in (; is antisymmetric with respect to € — —Q so
that the integral is 0 for j odd. m

Making the substitutions of (3.14) and (3.15) into (3.13) and replacing j by 2j (Lemma 3.4) yields
Theorems 1.2 and 3.1. m
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