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Abstract

We study quantum states for which the PPT criterion is both sufficient
and necessary for separability. We present a class of 3 x 3 bipartite
mixed states and show that these states are separable if and only if
they are PPT.

Keywords: PPT, Entanglement, Separability

PACS numbers: 03.65.Bz, 89.70.+c

Quantum entanglement has been recently the subject of much study as a potential re-
source for communication and information processing [1]. Thus characterization and quan-
tification of entanglement become an important issue. Entanglement of formation (EOF) [2]
and concurrence [3] are two well defined quantitative measures of quantum entanglement.
For two-quibt systems it has been proved that EOF is a monotonically increasing function
of the concurrence and an elegant formula for the concurrence was derived analytically by
Wootters [4]. However with the increasing dimensions of the subsystems the computation
of EOF and concurrence becomes formidably difficult. A few explicit analytic formulae for

EOF and concurrence have been found only for some special symmetric states [5].

In fact if one only wants to know wether a state is separable or not, it is not necessary
to compute the exact values of the measures for quantum entanglement. The estimation

of lower bounds of entanglement measures can be just used to judge the separability of



a quantum state [6]. There are also many separability criteria, e.g., PPT (positive partial
transposition) criterion [7], realignment [8] and generalized realignment criteria [9], as well as
some necessary and sufficient operational criteria for low rank density matrices [10]. Further
more, separability criteria based on local uncertainty relation [11] and the correlation matrix
[12] of the Bloch representation for a quantum state have been derived, which are strictly

stronger than or independent of the PPT and realignment criteria.

The PPT criterion is generally a necessary condition for separability. It becomes suffi-
cient only for the cases 2 x 2 and 2 x 3 bipartite systems [13]. Other states of such property
are the Schmidt-correlated (SC) states [14], which are the mixtures of pure states sharing
the same Schmidt bases and naturally appear in a bipartite system dynamics with additive
integrals of motion [15]. In this paper we consider another special class of 3 x 3 quantum
mixed states. We show that for the states in this class, PPT is both necessary and sufficient

for separability.

We consider 3 x 3 quantum mixed states given by
p=ANX>< X|+ XN X' >< X'| + M| X" >< X"|, (1)

where A+ XN 4+ X' =1, 0< A\, N, V' <1, |X >, | X’ >, |X” > are orthonormal vectors,

|X >= (CY, 07 Oa 07 67 07 07 Oa 7)t7
|X/ >= (Ova/a0707075/77/a070)t7 (2)
|X// >= (07 Ou 0/,7 6//7 Ou 07 07 7//7 0)t7

where «, 3,7v,a/, 3, v'a”, 3", +" € C, t stands for transposition.

Theorem: State p is separable if and only if it is PPT.



To prove the theorem we first note that after partial transposition p has the form

ppt =
Aaa® 0 0 0 0 Ma'g"
0 Nda” 0 A 0 0
0 0 Moo 0 N 0
0 Aa* B 0 X' 3" B 0 0
0 0 Na"F 0 A0
N 3" 0 0 0 0 NGB
0 0 Aoy 0 N B 0
Na*y 0 0 0 0 B4
0 Na™y 0 NG 0 0

0 Na/y'™*
0 0
Aay* 0
0 0
N7~ 0
0 ABY*
Ay 0

0 )\//,.)/// 7Es

0

0

0
)\//O{N Es
0
)\//3/7/*
0

o o O

*

AYy

PP is hermitian. The non-negativity of p#*, pP* > 0, implies that < ¥|pP*[t) >> 0 for all

vector [¢p >€ H ® H, which is equivalent to the non-negativity of the following three 3 x 3

matrices:
)\CYOC* )\”Oé”ﬁ”* )\/ ! /*
Al — )\”O{H*BH A/BI/BI* )\B,y*
)\/O/* / )\/8*7 >\//,7// /£
A/ / />|< Aaﬁ* )\”04”’7”*
AQ — )\OZ*B A/Iﬁl/ﬁ//* )\/ﬁ/,}/*
)\//a//*,y// )\//6/*,}// )\,y,y*
and
)\//a// I/E3 A/O/ﬁ/* )\Oé’y*
A3 — A/a/*ﬁ/ Aﬁﬁ* )\//ﬁ//fy/l*
)\Oé*f)/ )\///3//*,7// )\/ ! /*

The non-negativity of A; is equivalent to the following inequalities:

)\)\/‘Oé|2|ﬁ/’2 2 )\//2|Oé”|2|ﬂ//‘2,

)\/\//|a|2|,y///|2 Z /\/2|O/|2|’7/|2,

XN = Ny 8
and
)\/\/>\”|Oé|2|ﬁ/|2|’)/”|2+QA)\/)\//RGQ/(){/I*ﬁ”B*/Y}/*
_)\/3|a/|2|5/|2|7/|2 _ /\//3|@”|2|ﬂ”|2|7//|2 Z 0.

3

— Alal*BP

(3)




Similarly the non-negativity of A and Aj give rise to

)\I>\Il‘a/‘2’ﬁ//|2 Z )\2‘05|2|5|27 (10)
)\)\/’O/Ph’? 2 )\//2‘O//|2|,_)///‘27 (11)
MW PIB"? = X1y P16, (12)
)\)\/)\//’all |ﬂ//| |7|2+2>\)\/)\”R6a06”*6/ﬂ* " /* )\3\Oé|2|ﬂ|2’7|2 (13)

—)\,3|O/’ ‘ﬁ,‘ ”Y ‘2 _ )\”3|Oé”‘ ’ﬂ”‘ ’7//’2 2 0,

and

)\)\”’04//‘2’6’2 2 X2|O/‘2H6/|2> (14)
NN PP = W[al 2, (15)
/\)\,|ﬁ|2|7/|2 Z )\”2|ﬁ”|2|7”|27 (16)
)\)\,)\”’Oé”|2’ﬁ’2"}//’2 + 2)\)\’)\”}260/04*6’*5”7”*7 _ )\3‘a|2|ﬁ‘2h|2 (17)

_>\,3|C(/’2‘6/‘2”}/‘2 _ )\/,3|O/,‘2|/6//‘2”}//’2 2 0
We can show that the inequalities (6)-(8), (10)-(12), (14)-(16) are equalities. In fact if
(6) is an inequality, A\ |a|?|3']* > N"|a”|*|3"|?, then from (10) and (14), one would have, by
multiplying \'|o’|? on both sides, X' |o/[|*A"?[a 2|32 < AN?|a?|/|2|5]> < AN ||B]2 A ]af* <
N|a/[PN"?)a”|?|8")?, which contradicts. Therefore (6)-(8), (10)-(12), (14)-(16) become

//\)\’Oéﬁ X’o/’ﬂ" 07 \/WOK}/” _ O/,ylew \/W’Yﬂﬁl _ /\756103 (18)
R /X’)\’O/ﬂ” _ /\Oéﬂewl, ma/,}/ _ )\”O/I " 1,9 \/W’Vﬂ” o /\/7/6/ 64 (19)
AV o )\’O/ﬁ/ zH )\”)\'Oé” / )\Oz’yeiQQ, mﬁylﬁ )\//”)/Hﬂ” 0% (20)

where all 0 € [—7,7]. From (18)-(20), (9), (13) and (17) become

Re(a/a//*ﬁ/lﬁ*,y,y/*) Z |Oé|2|ﬂ/|2"}//‘2, (21)
(OtOé”*ﬁ ﬁ* " /*> > ‘O/|2’ﬁ”|2’7‘27 (22)
( 5l*ﬁ” 1% ) > ]a"|2|ﬁ]2|’y']2. (23)

Applying these 9 equalities one obtains also
&/ 5" 37| < [/[[e"[|8"18]I7]1"

- )\’A"|O‘||ﬁ||a||7||ﬂ”’7| = |O[|2|/8/|2|,yll|2.



Similarly one has
oo™ B3 < [ PIFPh, o/ 88" < o ISP (25)

By using (18)-(20), we get

Re(a/a™ "3 y") = o' o™ B" 3"y = o[ B2V, (26)
RG(C(O//*ﬁ B* " /*) —a(x”*ﬁ ﬁ* " /* ’O/|2|BH‘2|7’27 (27)
Re(a'a*ﬁ'*ﬁ” 1% ) _ a’a*ﬁ’*ﬁ” //* — |O//‘2|ﬁ|2”y,|2. (28)

From (26) and (27), we have
O/ﬁ””}/ _ ’&’2‘ﬁ/‘2’,}//’2 _ >\2|Oz|2 . /\/1}\//‘6|2|,y|2
afy” o PI8 Py o/ 26”2712
While from (26) and (28), we have

=1.

a//ﬁ,yl
O[/BIIY//

( ) =

Therefore
O//B//’y — 06/6/7,/ — O//ﬁ'y/

and, from (18)-(20),

=0, =0s=0.0,=0,=0,=6 0/ =0/ =01=0"

Now by using these PPT conditions of p we prove that p has a pure state decomposition
p = 1=y >< 4y such that all states ¢y >, [ = 1,2,3, are separable. [tif; > can be

generally expressed as [t >= 32 U,y X,, >= Y7 al.|ij > for some a . € C under some

i zg
basis |ij >, where U,,; are the entries of a 3 x 3 unitary matrix U, |X; >= VA|X >,
Xy >= VN|X' >, | X5 >= VN|X"” >. We denote A; the 3 x 3 matrix with entries al;.

Suppose the matrix U has the following form

U1 Uz U3 61626 o 610 03619
/ / / ) )
_ U1 Uy U _ /i’ ! 56’ /06’
U= 1ot Uz = e de”  die : (29)
" " " o

where according to the unitary condition of U,

=3 =3 1=3
S oacr => dar =Y dqF =1, chcl =0, chc"* =0, Zc;c;’* =0. (30)
=1 =1 =1



Then A;, I = 1,2, 3, has the following form

Vauy \/_o// \/Vo/’u;’
A= | VN3] VABu VNBu |- (31)
\/Y’}/u; \/V’YU " \/X’Yul

It is straightforward to verify that the matrix A; has rank one if

e = . (32)

As 0 < rank(A1A]) < rank(A)rank(A]), if the rank of A; is one, matrix A;A;" has also
rank one and [¢; > is separable. Therefore if we can find ¢, ¢}, ¢/, | = 1,2, 3, satisfying the
unitary condition (30) and the rank one condition (32), then p = A\|X >< X| + N[ X' ><
X'| + M|X" >< X"| has separable pure state decomposition, p = Y173 [ >< ;| and

/ "
ir Cis

p is then separable if it is PPT. We show now that there exit such coefficients ¢;, ¢
1 = 1,2, 3, satisfying both the unitary condition and the rank-one condition. Set ¢; = %ewl,
= \}gew o = \/gei“’f', I =1,2,3, with ¢, ¢}, ¢/, | = 1,2, 3, satisfying

21 21
o1 — ¢y =&, 902—90§=£’+§, 903—90325’—37

27 27
%01—90/1/25”+§a 2 — 3 =E&", 3 — 3 = "—3-

Then the unitary conditions (30) are satisfied.

The rank-one conditions require that —2¢;+¢;+¢) = 20, —2¢+p+¢] = 20", —2¢]+
o1+ ¢; = 20", which can be realized by simply choosing ¢ = %9’ — %9, &= —%6’ — %9 — %”
Therefore if state p is PPT, then it is separable. In fact as there are still free parameters

w1, ), s L =1,2,3, therefore there exit many separable pure state decompositions.

We have studied a special kind of bipartite quantum mixed states. For this class of
states, the PPT criterion is both sufficient and necessary for separability. Here the states
we concerned are rank three ones on 3 x 3 bipartite systems. It has been shown that any
bipartite entangled states of rank three are distillable [16], that is, there is no rank three
bipartite bound entangled states. Therefore if the state p is not PPT, i.e. conditions

// o oG //



are not satisfied, p must be not only entangled, but also distillable. This gives an example

that a separable state could directly become a distillable state when some parameters varies

continuously. There could be no bound entangled states between separable states and

distillable states. Above all, with a similar construction of states (2), rank 2k 4 1 states on

(2k 4+ 1) x (2k + 1), k € IN, bipartite system can be obtained. Analogous investigations

could be applied to get similar results.
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