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Abstract

We consider the Navier-Stokes system with variable density and variable
viscosity coupled to a transport equation for an order parameter c. Moreover,
an extra stress depending on ¢ and V¢, which describes surface tension like
effects, is included in the Navier-Stokes system. Such a system arises e.g. for
certain models for granular flows and as a diffuse interface model for a two-
phase flow of viscous incompressible fluids. The so-called density-dependent
Navier-Stokes system is also a special case of our system. We prove short-time
existence of strong solution in L%-Sobolev spaces with ¢ > d. We consider the
case of a bounded domain and an asymptotically flat layer with combination
of a Dirichlet boundary condition and a free surface boundary condition. The
result is based on a maximal regularity result for the linearized system.

Key words: Navier Stokes equations, free boundary value problems, maximal reg-
ularity, diffuse interface models, granular flows, non-stationary Stokes system
AMS-Classification: 76D05, 35Q30, 35R35, 76T99, 76D27, 76D45

1 Introduction and Main Results

We consider the following Navier-Stokes system with variable density and variable
viscosity coupled to a transport equation for an order parameter c.

o(c)(Oww 4+ v - Vv) —div(2v(c)Dv) + V§ = —div F(c,Vc) forz € Q(t), (1.1)
dive =0 for x € Q(t), (1.2)

Oc+v-Ve=0 for x € Q(t), (L.3)

vlp, =0 for z € I'y, (1.4)

n-T(c,v,q)|r,, =n- F(c,Vc) for v € T'yy, (1.5)

V=0 = o for x € Q (1.6)
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2 1 INTRODUCTION AND MAIN RESULTS

for t € (0,T) and Q(0) = Qo. Here v is the velocity of the fluid, p is the pressure, n
is the exterior normal, and

T(c,v,q) = 2v(c)Dv — ¢l

is the usual stress tensor for Newtonian, incompressible fluids in the case of a variable
viscosity v(c) > 0, where Dv = (Vv + Vo). The density o > 0 depends explicitly
and sufficiently smooth on the order parameter c. Moreover, F'(c,Ve) is an extra
stress tensor describing surface tension like forces related to variations of the order
parameter. Finally, we assume that 0Q(t) = I'y Uy, for all ¢ € [0, T], where I'y, 'y,
are disjoint, closed (possibly empty), and sufficiently smooth surfaces. I'y; and T’y
describe the free boundary of the domain Q(¢) and the fixed part of the boundary,
respectively. The motion of the free boundary is determined by the usual kinematic
relation

Vis) = 1 - Vlry 1) (1.7)

where Vp, ) is the normal velocity of I'y(¢). Surface tension effects at the free bound-
ary I'y(t) (in relation to the exterior gas or vacuum) and exterior forces are neglected.
In applications F' can be e.g.

F(c,Ve) = a(c)|Ve|*Ve® Ve

for some o > 0 and a € C?*(R). Then F(c, Vc) describes capillary stresses related to
a free energy of the form

B(c) = /Q a@lve™

24«

(Of course more general version of a free energy depending on ¢ and Ve and a cor-
responding extra stress can be treated too.) The latter form includes the case that
the free energy density depends on Vp instead of Ve since Vo = ¢'(¢)Ve. In partic-
ular, if @« = 0 and ¢ describes the concentration of two partly mixing incompressible
viscous fluids, we recover a well-known diffuse interface model in the case when dif-
fusion effects are neglected, cf. Gurtin et al. [10]|. Note that in this case the system
arises from the systems studied e.g. in [1, 2| if one chooses the mobility coefficient
m = 0. Moreover, if ¢ = p describes the density of the fluid and o = 0, the system
describes a continuum model for the motion of granular material as e.g. sand or
powder, cf. Malek and Rajagopak [12]. The latter system was studied by Nakano
and Tani [13] before, where short time existence of strong solutions in anisotropic
L2-Sobolev spaces in the case of Dirichlet boundary condition and a bounded domain
was proved.

The purpose of the paper is to obtain local existence of strong solutions for the
system above in anisotropic L?-Sobolev space for a general F' in bounded domains
and asymptotically flat layers. The result is proved by transformation to Lagrangian
coordinates, where both the evolution of the free boundary I';; and the transport
equation for ¢ can be solved explicitly for given velocity v.



More precisely, let X (&,t), t > 0, be the trajectory of the mass particle, i.e.,
X (&,1) solves

BX(E 1) = o(X(E,1),0),  X(E0)=¢  forte (0,T),€ € Q.
Then (1.7) implies X (I'y0,t) = 'y, for t € (0,77), and (1.3) implies
c(X(&1),t) =co(§) forallte (0,T),6€Q

Ohe(X(§,1),1) = (0c) (X (&, 1), 1) + (v Ve)(X (€, 1), 1) = 0.

Moreover, let u(&,t) = v(X (€, 1),1), p(&,t) = G(X(£,t),t) be the velocity and the
pressure of the fluid in Lagrangian coordinates. Then

X(&t) = X, (&, 1) ::§+/0 u(&, 7)dr

and the system (1.1)-(1.6) is transformed to

o0(co)0yu — divy, (2v(co) Dyu) + Vyup = — divy, F(co, Vyuco), in Qr, (1.8)
div, u = 0, in Qr, (1.9)
U|F1 = 0, on I'y X (O,T), (110)
Ny - To(co, u, D)0, = M - F(co, Vo) on I'y x (0,7), (1.11)
U|t:0 = Ug in QO (112)
where () = QO = Q(O), Q =0 x (0,T>7 Iy = F2707 and
t
Xt =€+ [ (e r)ar (113)
0
Here
V.= AV, div,v =V, v =Tr(A(u)Vv),
1 A(u)ng
T, = 2v(co)Dyu — pI, Dyv==(V, ) nu(6t) =
(u7p) V(CO) u—p v 9 (V v+ (V U) ) n (f ) |A(U)TL§|

where A(u) = (De¢X,)"T(£,t) and ng denotes the exterior normal at & € 9.
The main result of the paper is the following:

THEOREM 1.1 Letd > 2,d < g < 00, q # 3, and let Q be a bounded domain with

1

1
W;_E—bmmdary or let Q0 = Q) be an asymptotically flat layer with W;_g—bmmdary,
cf. Assumption 1.2 below. Moreover, we assume that v, 0: R — R are C*-functions,
F: R xR — R s o C*-function with F(s,0) = 0 for all s € R, ¢cg € W2X(Q) and
that v(cy) and o(co) are bounded from above and below by some positive constant.
2
Then for every ug € W;ig(Q)d with divuy = 0, ug|r, = 0, and (n2v(cy)-Dug)+|r, =0
if ¢ > 3, there is some T > 0 such that (1.8)-(1.13) have a unique solution (u,p) €

. 1-2,3(1-1)
WqQ’l(QT)d X W;’O(QT) with p[FZ € Wq ? (FQ X (O,T))



4 1 INTRODUCTION AND MAIN RESULTS

Here and in the following we denote by f, and f,, the tangential and normal compo-
nents, respectively, of a vector field f.

The advantage of the L%-theory in comparison with the usual result based on
L2-Sobolev spaces is that less smoothness of the data is needed. We note that we

also reduced the assumption on the smoothness of 9€) in comparison to the earlier
1

work A. [3] in the case of an asymptotically flat layer with 9Q € C'! N VV;iq7
constant viscosity and density, and F' = 0, and in comparison with Beale [6|, where
the corresponding L2-theory was treated. Moreover, it improves and extends the
result on the density-dependent Navier-Stokes equation in a bounded domain by
Danchin [8], where 902 € C?*¢ and Dirichlet boundary conditions are assumed.

The proof is done with the aid of the Banach contraction-mapping principle using
the unique solvability of the linearized system, i.e., the non-stationary Stokes system
with variable viscosity:

O —div(2v(z)Dv) + Vp = f in Q x (0,7), (1.14)
divv =g in 2 x (0,7, (1.15)

vlp, =0 on I'y x (0,7), (1.16)

n-T(v,p)lr, =a on I'y x (0,7), (1.17)

V=0 = o on ) (1.18)

where v: Q x (0,7) — R? is the velocity of the fluid, p: Q x (0,7) — R is the
pressure,

T<U7p) = 2V(ZL’)DU - pIa
v: Q — (0, 00) is a variable given viscosity coefficient (independent of t), and 2 C R?,
d > 2, is a suitable domain with boundary 02 = I'y U I's consisting of two closed,

disjoint (possibly empty) components I';, j = 1,2. More precisely, we assume the
following:

_1
Assumption 1.2 Let Q be a bounded domain with VVT2 "-boundary for some d <
_1
r < 00 orlet 2 = Q, be an asymptotically flat layer with VVT2 "-boundary, i.e.,

O ={reR!:a+y (¢)) <wq <b+:(a)},
where x = (', 24), a < b, and y4 € Wf_%(Rd_l) such that v (') —~v_(2")+b—a >
k>0 for all ' € R, im0 Y+ (2) = 0, and lim|y| oo VY4 (2') = 0 if r = o0.
Moreover, let 0 = T'y UTy consist of two closed, disjoint (possibly empty) com-
ponents I';, 7 =1,2. In the case of an asymptotically flat layer, we will assume that
[y ={(z',7_(2) : 2’ € R} and Ty = {(2/, v, (') : ' € R},

The maximal regularity result we prove and apply is the following.

THEOREM 1.3 Let 0 < T < oo, let € be as in Assumption 1.2, and let% < q < o0
with max(q,q') < r, ¢ # 3. Moreover, assume that v € W (Q) for some d < ry <



oo such that max(q,q') < ry and v(z) > vy > 0. Then for every f € Li(Qr)?,
g € WQr) with dg € L9(0, T; qu2( D gle € Wa 2Ty % (0,7)), a €

qu 3(1= )(F2 x (0,T))4, and vy € Wq E(Q) satisfying the compatibility condition

divug = glimo in W 1. (Q), volr, =0, (n-2vDvg);|r, = arli—o if ¢ > 3.

q,I'2

there is a unique solution (v,p) € W2 (Qr)* x W (Qr) of (1.14)-(1.18). Moreover,

lollwzs + VPl e+ lpleallagpa-s) (1.19)
q
¢ (I 9l + 1010+ Wl sy + ol 2 )
where ||.[|~10,4 = |-l (o rawi - The constant C' can be chosen independently of
RN )

T € (0,Ty] for any fized 0 < Ty < 0.

Precise definitions of the function spaces are given in Section 2 below.

The proof of the latter theorem is based on a recent result on the existence of
a bounded H-calculus for an associated (reduced) Stokes operator by the authors,
cf. [5].

We note that first results on general non-stationary Stokes systems, including the
case of variable viscosity, were obtained by Solonnikov [14, 15] in L%-Sobolev spaces
and weighted Holder spaces in the case of a bounded domain with pure Dirichlet
boundary conditions and g = 0. Moreover, Bothe and Priift [7] obtained unique solv-
ability of general non-stationary Stokes systems in L9-Sobolev spaces for the case of
bounded and exterior domains with Dirichlet, Neumann, and Navier boundary condi-
tions. Finally, we note that LadyZenskaja and Solonnikov [11] and later Danchin |[§]
obtained results for a similar non-stationary Stokes system with variable density
instead of variable viscosity.

The structure of the article is as follows: In Section 2, we prepare some preliminary
results. In Section 3, the unique solvability of the linear system is established, which
is Theorem 1.3. Finally, in Section 4, the results of the linear theory are applied and
Theorem 1.1 is proved.

2 Preliminaries and Notation

For s € R we denote by [s] the largest integer < s and set {s} :=s—[s] € [0,1).

If M C R? is measurable, Li(M), 1 < g < oo denotes the usual Lebesgue-space
and ||.||, its norm. Moreover, LY(M; X) denotes its vector-valued variant, where X
is a Banach space. If f € LY(M), g € LY (M), where é + & =1, then

(£, = | flx)g(x)da.

M
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If X is a Banach space and X’ is its dual, then

<fvg>E<f>g>X’,X:f(g>7 felegeXa

denotes the duality product. Moreover, C?([0,T]; X), 6 € (0,1), T > 0, denotes the
space of Holder continuous functions f: [0,7] — X. Furthermore, C*!(Q) denotes
the space of k-times differentiable functions f: Q@ — R with uniformly Lipschitz
continuous k-th derivatives, where k € Ny and 2 C R? is a domain.

Let Q C R? be a domain. In the following W2 (), s >0, 1 < ¢ < oo, denotes the
usual Sobolev-Slobodeckij space normed by

lullg = 1Dl if s € N,
la|<s
Dy — D« q
[l D%ul||g + ‘ uly)l drdy if s ¢ Np.
| |ntais}
T _yn S
| <[s] |a]=[s]

Moreover, W7(€2; X') denotes its vector-valued variant, where X is a Banach space.
Finally, W/ (092) is defined in the same way as above with the Lebesgue measure
replaced by the surface measure.

We note that Assumption 1.2 on the domain  implies the Assumption 1 in |5],
see A. [4] for the details. In particular, since € has a C''-boundary due to r > d, the
usual Sobolev embedding theorem holds for W/ (Q2). Hence W, () < L>*(Q) for all
d < q < oo and we have the following fundamental lemma:

Lemma 2.1 Let 1 < g < o0 and d < p < oo such that ¢ < p and let Q) be a domain

as in the Assumption 1.2. Then w(f,g)(z) := f(x)g(x) defines a continuous, bilinear
mapping m: W}(Q) x W}(Q) — W}(Q).

The anisotropic Sobolev-Slobodeckij space is defined as
Wi (Qr) = LU0, T; W (Q)) N W (0,75 L)), s > 0
normed by
HUH2ssq = HUHLq (0,T5W2s(2)) + HUH%V;(O,T;LCI(Q))'
Moreover, we define W;%(Qr) = L4(0,T; W;™(Q)), m € N, and denote by |.[lm,04

the corresponding norm.
The following lemma will be used to reduce to zero boundary and initial values.

Lemma 2.2 Let Q CR%, d > 2,d <r < oo be as in Assumption 1.2, let% < q < o0,
q# 3, and let 0 < T < co. Moreover, let v € W () with v(z) > vy > 0 for some
d < ry < oo such that r1 > q. Then:

92
1. For every ug € Wy "(Q) with uo|r, = 0 there is some u € W2 (Qr) with
Uly=o = up, U|1“1><(07T) = 0. Moreover, there is some C' > 0 independent of
T € (0,00] such that

Il < Ol o

@)
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1-4,501=2)

2. For every a € Wy (Ty x (0, 7)) with al—o = 0 if ¢ > 3 there is some
A e W2HQr)" with Ali=o = 0, Alr, =0, and

(n-2vDA);|r, = a,, div Alr, = a,.
Moreover,

[Allwz1 g < Cllalli—z1a-1),

(@r)
where C' can be chosen independently of T € (0, oo].

Proof: With the aid of the coordinate transformations due to |5, Proposition 1] and
a suitable partition of unity the first statement can be easily reduced to the case of
a half-space R%, which is well-known, cf. e.g. Grubb [9, Appendix].
In order to prove 2., let A € Wf’l(QT)d with Alj—g = Alsq =0, and 9, Alr, = v la
such that ||Alj21, < Cllall,_1 1(1-1) 4 — As before, the existence of A can be reduced
q’ q’’

to the corresponding statement in R%. — Then

(n-2vDA).|r, = WV, A, +v0,A)|r, =0+ a,,
div A|p, = (div,; A, 4+ 0, 4,)|r, = 0+ ay,.-

The constant C' can be chosen independently of 7' since we can extend a to a €

~11a-1
qu 21 )(Fg x (0,00))¢ such that [al|,_ L1a-lye < Cllall,_ Liaoh, where C

does not depend on 7T, and restrict the correspondmg A e Wqu(Q x (0,00))? to
(0,T) afterwards. The latter extension to (0,00) can be done by first extending a in

an even way around t = T to a function defined on (0,27") and then extending by
5(1-3)
q ’2

q’

(Fz X (O OO))d since C~L|t:2T = a|t:0 =0if q> 3.
]

zero, which yields an a € Wq

For the following we denote

{ueWHQ): ulr, =0} if Ty # 0,

{ueW}(Q): [jude =0} ifIy=0,

-1 . (Wl/ s ))/ if FZ 7£ (2)7
Wara(2) = {{few&m) (WHQ)) : (f,1) =0} i T5 =0,

q
Here W, ., () is equipped with the norm ||V - || Ls(q). Moreover, we note that  is a
bounded domain if I's = ().

Lemma 2.3 Let Q) be as in Assumption 1.2 and let 1 < q < oo. Then for every
1
F e Wq”FlQ(Q) and a € qu "(Ty) there is a unique p € W, (Q) such that

(Vp,Vo)a = (F, o)y Wi for all o € W 1, (), (2.1)

q,I'g?

plr, =a on Ty. (2.2)
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Moreover, there is some constant Cy independent of F' such that
197001 < Co (IF =t ) + IV Al

for every A € W () with Alp, = a.

We refer to |5, Lemma 2| and [4, Corollary A.2]| for the proof.
We will frequently use the following lemma:

Lemma 2.4 Let S be as in Assumption 1.2 and let ¢ > d. Then for any F €
CYU), where U C R™, m > 1, is open, and any R > 0 there is some constant
C =C(R,F) >0 such that

1F (W) wiy < C
|1F(u) = F()|lpo@) < Cllu—vllwio

Jor all u,v € Wi(Q) with ||(u,v)|lwy < R and u(z),v(z) € U for all x € Q. If even
F e C*U), then

1F(u) = F)llwp) < Cllu—vlwie
for all u,v € W(Q) with ||(u,v)|lwy < R and u(x),v(z) € U for all x € Q.

Proof: The proof follows easily from the Sobolev embedding W (Q) — L>(f2), the
chain rule, and the representation

F(u)—F(v):/O DF(tu+ (1 —t)v)dt- (u—wv).

3 Non-Stationary Stokes Equations

As in the case of the generalized Stokes resolvent equations, cf. [5], (1.14)-(1.18) can
(at least formally) be reduced to the non-stationary reduced Stokes equations

o — div(vVo) + VP — VIVl = f. in Qr, (3.1)
vlr, =0 onI'y x (0,7, (3.2)

Tiu=a, onTyx(0,T), (3.3)

V=0 = o in €, (3.4)

where T7v is defined by

(T1v); = (n - 2vDv),|r,, (T1v), = vdivo|p,. (3.5)



For given v € W (Q) with v(z) > 1y > 0 the reduced Stokes operator A, on L4(Q)?
is defined as

Ap = —div(yVv) + VPv — VI vol (3.6)
D(A,) = {veWXQ)*:v|r, =0,T{v|r, =0},

_1
Moreover, Pv = p; € W/(Q) with pi|p, € qu “(Ty) if Ty # 0 and [, p1de = 0 if
I’y = () is defined as the solution of

(Vp1,Vpla = (V(A=Vdiv)v, V)a + (Dv,2Vr @ V)q, (3.7)
p1|F2 = 2V8nvn (38)

for all p € W, 1, (€2). Note that the right-hand-side of (3.7) defines a bounded linear
functional on Wy 1, (2). The existence of a solution follows from Lemma 2.3. Hence
P: W2(Q)" — W}(Q) is a bounded linear operator. The following result, follows from
|5, Theorems 1,2, and 3.

Theorem 3.1 Letl <p,q < oo, 0<T < oo, and let 2 be as in Assumption 1.2 and
assume that max(q,q’) < r. Moreover, assume that v € W (Q) for some d < ry < oo
such that max(q,q') < r and v(z) > vy > 0. Then for every f € LP(0,T;L9(2)%)
there is a unique solution v € W, (0,T; L1(Q)%) N LP(0,T; D(A,)) of

V() + Ap(t) = f(1), 0<t<T,
v(0) = 0

Moreover, there is some constant C' > 0 independent of f such that

||U/||LP(O,T;L‘1) + ||AqU||Lp(0,T;Lq) < CHfHLP(O,T;Lq)-

Remark 3.2 Obviously, the constant C' above can be chosen uniformly in 0 < 7T <
Ty for any 0 < Ty < oo.

From the latter theorem and Lemma 2.2, we deduce:

Theorem 3.3 Let 0 < T < oo, let Q,r be as in Assumption 1.2, let % < q <
oo with max(q,q') < r, ¢ # 3, and let v € W (Q) for some d < ri < oo such
that max(q,q') < r1 and v(z) > vy > 0. Moreover, let (f.,a,,v9) € LU(Qr)? x

114 1
1 q’2(1 q)

2
Wy (Ty x (0,T))% x qu () satisfy the compatibility conditions
1. div Vo = g|t:0 m Wil (Q), ’Uo|1"1 = O,

q,I'2

2. (n-2vDvy);|r, = ar|i=o if ¢ > 3.
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Then there is a unique solution v € qu’l(QT)d of (3.1)-(3.4), which satisfies

ol ian < € (Ilon + larll, -y o+l o)

for some C > 0 independent of f,,a,,vg. The constant can be chosen uniformly in
0<T <Ty for any 0 < Ty < o0.

Proof: The theorem follows immediately from Theorem 3.1 if a, = vy = 0. The
general case can be easily reduced to the latter case by first subtracting a suitable
extension of ug and then a suitable extension of a,., c¢f. Lemma 2.2. [ |

Now we are able to prove Theorem 1.3. A proof in a more general case can be
found in [4]. For a similar proof in the case of constant viscosity and an asymptoti-
cally flat layer with mixed boundary conditions we refer to [3].

Proof of Theorem 1.3: For almost every t € (0,7) let py(.,t) € W](Q) with
polr, € qu_g(FQ) if I'y # 0 and [, p» dz = 0 else be the solution of

(Va(,), V) = () + v99(0), Vo)o + @g®) Dbt wy  (39)

for all o € W, 1., (Q) and po|r, = —ay, cf. Lemma 2.3. Now we define f, = f —Vp, +
vVg. Then

1lle < C (1Y) g+ 109l saoizan 2,y + lanllios 1))

with C' independent of T. Moreover, let (a,), = a, and (a,), = g|r,-
Now let v € W2 (Qr)? be the solution of the reduced Stokes equations with right-
hand side (f,,a;). Then (v, p) with Vp = VPv+ Vpy solves (1.14) and (1.16)-(1.18)

by construction. Hence it only remains to prove that dive = g.
First of all, because of (3.9),

—(£:(), Vel = (Og(t), w1 wy, >+ V() Vio)a (3.10)

q.I'2”" " ¢q
for all p € W, 1, (€2) and almost every ¢ € (0, 7). On the other hand, if v € W2'(Q)

solves (3.1)-(3.4), then
—(fr, Vo) = (0; div o, 90>W7F127W1/1‘ + (vVdive,Vp)q (3.11)
q, q",I'y

for all ¢ € W, (Q) because of

(div(vVv), V)g — (VPv, V) + (VI Vol V) (3.12)
= (vAv,Vy)o — (VPv,Vp)a + (Dv,2Vr @ V)o = (vV dive, Ve)a

for all ¢ € W, 1, (Q) and almost every ¢ € (0,T) due to (3.7). Moreover, since
divo — g € W}

4T, (£2), Proposition 3.4 below implies dive = g. [
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Proposition 3.4 Let Q,r be as in Assumption 1.2, 1 < q¢ < oo with max(q,q") <,
q # 3, and let v € W} (Q) for some d < ri < oo such that max(q,q') < r and
v(r) > vy > 0. Moreover, let u € LI(0,T; W;FQ(Q)), 0 < T < oo, be such that

Oy € LU0, T; W, 1, (), uli—o = 0 in W, (), and

q,I'2

T
(Oyu, QO>W—1 wr Tt (vVu, VQD)QT =0 (3.13)
0 q,'y q/,FQ

for all p € LI(0,T; Wy, (). Then u=0.

Proof: Let ¢ € LY (0,T; W), ()) be arbitrary and let v € qu,’l(QT)d be a solution
of the reduced Stokes equations (3.1)-(3.4) with right-hand side f, = Vi, a = 0, and
vg = 0. Then by (3.11)

T
—(V,Vo)o, —/ (Ocdive, o)1 ya di4+ @V dive, Ve)g,
0 2

q’,FQ q,

for all p € L9(0,T; W}

o1, (8)). Now, choosing ¢(z,t) = u(z, T — t), we obtain

—(Vu(T =), V)or

= /T(at divo(t),u(T —t)) -1y dt+ (vVdive, Vu(T —.))g

T
¢\ Ty’ a2y

- /0 (Be)(T — 1), divo(t) -1y dt+ @VU(T — ), Vdive)g, =0

.27 ¢/ Ty

due to (3.13). Here we have used

T
_/0 <’U7atw>Wq1,F27W71 dt

q’,T'y
t=0

/O<3tv,w>wl wi  dt = (v(t),w(t)) 2 12

q,I'y? q’,Fz Wq

for all v € LU0, T; Wlp,) NWH0,T; W), w € L7(0,T; W) ) N W50, T; W, L),
where we note that L*(0,7; W) n W0, T; W) — BUC(|0,T]; Wslfg) for all 1 <
5 < 00.

Since ¢ € L7(0,T; W, r,(Q)) was arbitrary, we conclude Vu(t) = 0 for almost

every t € (0,7) due to Lemma 2.3. Hence dyu = 0 due to (3.13) and therefore u = 0
since u|g—o = 0. [
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4 Short-Time Existence for the Non-Linear System

Recall that our coupled Navier-Stokes system of interest, (1.1)-(1.6), reads in La-
grangian coordinates as follows:

o0(co)Opu — div, (2v(co) Dyu) + Vyup = —div, F(cp, Vucg) in Qr,

div,u =20 in Qr,
ulp, =0 on I'y x (0,7),
Ny - Tu(c,u, p)|r, = nu - F(co, Vuco) on I'y x (0,7,
U|4—o = Ug in

where I'y = I'y o, Q2 = (0) and

Xu(t,8) = f—{—/o u(&, T)dr, Tu(u,p) = 2v(cy)Dyu — pl.

We will solve the system locally in time by a linearization technique. The lin-
earization of the problem (around 0) is the following system:

Ow — div(2v(cy) oy " Dw) + Vp = f in Qr,
divw = g, in Qr,

wl|p, =0, on I'y x (0,7,

n-T(w,p)lr, = a, on 'y x (0,7,

U)lt:() = Wop in Q,
where we have set w := p(co)v, wo := 0(co)vo, 00 = 0(co), and
T(w, p) = 2v(co)o(co) ™ Dw — pI.

For this system, we can apply Theorem 1.3 to obtain w € W2>!'(Qr). From this,
we can obtain the estimates of v = o(co)"'w € W2 (Qr) since co € WZ(Q).

We can formulate the initial-boundary value problem as an abstract fixed point
equation:

Lv = GWw)+h &ov=L"'G@)+L"h, (4.1)
where v = (u,p)T € X7, and h = (0,0, 0, o(co)ug)”

Xr = {(U,p) tu e WS’I(QT)d7u|F1 = O7divu|t:0 =0,p€ qu’O(QT))

1—L11_1 )
plr, € Wy 2 2(Ty x (0,7)), (n - Suli=o)-|r, = 0 if ¢ > 3},
YT = {(fagaav Uo) : f € Lq(QT)d7g € W;’O<QT)7atg € L? (07T7 WqTI%Z(Q)) ’
1—11

11 2

Glimo = 0,a € W, 7 *(I'y), ar|i—o = 0,u¢ € Wf’E(Q)d,div uy = 0,
uo|r, =0, (n - Sug);|r, =0 if ¢ > 3},
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and
¢ (0ou) — diV(QV(CO)QalD(Q(Co)U)) + Vp
div(gou)
I —
(u:) - T(gow, )l
Qoo
G(U,p) = (gl (U, p)7 g?(“)v gS(“’v p)v O)T
with
gi(u,p) = div,(2v(co)Dyu) — div(2v(co) Du) — div(v(co)oy (Voo @ u +u ® Vo))
+Vp — Vup — (div, — div)F(co, Vo),
() Vo(eo) - u+ o(co)(divu — divy, u) if Ty £ 0,
w) =
92 Vol(co) - u+ o(co)(divu — div, u) + ﬁ Jqodivyudz if Iy =0,
93(u,p) = n-To(u,p)|p, — - Tulu, p)lp, + 1 (V(Co)Qal(VQo QUtu® VQO)) }Fz

+ 1y - Fco, Vuco)lp, -

Because of Theorem 1.3 and o(cy) € WZ(Q), L™ exists and || L7 z(vp,xp) < C(T0)
for any 0 < T < T} and fixed 0 < Tj) < o0.

Note that, if I'y = (), then  is necessarily a bounded domain due to our assump-
tions. The modification in this case implies the necessary compatibility condition
Jo 92(w) dz = 0. Moreover, we note that

g2(u) = Voo u+ 0 Tr((I — A(u))Vu) (4.2)

1
2q7

if Ty # 0.
1
We mention that X7 = X/ x {p c WH(Qr) : plr, € W
X7 shall be normed by

(Dy x (O,T))}, where

lullseg, = Nullwzrp + Nulwpormw;s) + Hult:o”wf‘%(m'

This implies that
< Clullx, (4.3)

uniformly in 0 <7 < 1.
The proof of Theorem 1.1 relies on the following result.

THEOREM 4.1 Letd > 2, g > d,q # 3 k > 0 and let 2 be as in Assumption 1.2
with r = q, and let G: X7 — Yp, T > 0, be defined as above. Then for every R > 0
there 1s some Ty > 0 such that

1G(u) = G(W)llyr < Kllu = v]lx;

for all u,v € Br(0) C Xp and 0 < T < Tj.
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The main task now is to prove the latter theorem.
To this end we will use the following lemma.

Lemma 4.2 Let d > 2, ¢ > d, and R > 0. Moreover, let F(u) = X, and Z =
W2(Q)* or F(u) = A(u) and Z = W, ()¢ Then there is some Ty = To(R) > 0
and a constant C' > 0 such that for all 0 <T < Ty

1
sup [[F(u) = F(o)llz < CT7[lu—vll214, (4.4)

0<t<T

sup </ [An(F q< v)( )szh); < CT |lu—vla1g  (4.5)

0<t<T 2q"

( / [ leutr R q< DD dhdt)l < Ty, 49

Jor all w,v € W2 Q)™ with ||ull2,1,4, |V]|2,14 < R, where Ay f(t) = f(t) — f(t —h).

The proof in the present situation is identical with the proof in [3, Lemma 4.1].

Remark 4.3 We note (4.4) implies that for every R > 0 there is some 0 < Ty < 1

such that 1
| Xy —id ”LOO(O,T;COJ(Q)) +IVXy = I|| 1@ < 5

forall 0 < T < Ty, HuHqu,l < R. In particular, this implies that A(u) = (D¢X,) 7 is
well-defined and ||A(u)| =@y < 2. Moreover, X,: @ — Q is a C'-diffeomorphism
under the latter conditions.

Lemma 4.4 Let R > 0, let Ty = To(R) be as above, and let 0 < T < Ty. Then
g1: Xr — L9(Qr)? is a bounded mapping such that

[91(v1) = g1(v2)|La(@r) < C(R)TiHvl — valxz. (4.7)
uniformly in 0 <T < Ty and vy, ve € Xp with ||(vi,v2)||x;, < R.
Proof: First of all,
div, (2v(co) Dyu) — div(2v(c) Du)
= Ly(z, Xy, VXu; V0, Vp) + Tr(A(u)v(c)VA(u)2Du),
and
—div, F(co, Vuco) = Lo(z, VX,; Ve, Ve, V2)~(U)

where L;, j = 1,2, are uniformly bounded w.r.t x, continuously differentiable w.r.t.
the second (and third) variable, and linear w.r.t. the variable after “;”. Moreover,
fo x,7)dr = X,(x,t) — x. Hence we can decompose g, (u, p) as

g1(u,p) = Li(x, V)N(u; Vu, V2u, Vp) — div(v(cp) oy (Voo @ u +u® Vo))
+La(2, VXu; Vg, Ve, V2X,) + Tr(A(u)v(c)VA)2Du).  (4.8)



15

Using the structural properties of L;, we have the following estimates
1Ly (22, V Xy Vu, V2, V) — Ly (2, V X0y Vi, V20, VD) || a(0r)

< ClIVXy = VXaallan (lulhyzs g + 19Pl0en )

< CT7 s = wallyzs (Jullyzs + 190]een)) (4.9)
due to (4.4). Since Li(z,0; Vu, V?u, Vp) = 0, (4.9) implies

| Ly (2, VX,; Vi, V20, V)| Leor)
< CT ullyzs qr) (IWlwzan + IVPlie@n)) -

Altogether these estimates yield (4.7) for g;(v) replaced by L (z, V)zu; Vu, VZu, Vp)

with v = (u, p).
For Ly, we have similarly

| Loz, VX,; Vo, Vo, V2X,) — Ly(x, VX,; Veo, Vieo, VEX) | Laor)
< [l La(z, VX0 0,0, V2 (X)) | ocn)
+HL2(‘I7 VXU7 VCO, V2C0, V2Xv) - L2<I7 VXVM VCO? V2007 V2X’L)) HL‘Z(QT)
< CRHVQ)N(u—vHLq(QT) + ORHV)N(u—v”LOO(O,T;W(}) ) ||(V00, V2007 v2)N(v)||Lq(QT)
1
S CRT‘J Hu - U||Wq2’1(QT)
for all u,v € W' (Qr) with [|(u, v)[|yy20 < R due to (4.4) again.
To estimate the last term in (4.8), we use the fact that A(u)v(c) € L*(Qr),
A(u) € L>®(Qr) where A(u) is defined by VA(u) = A(u)V2X, and the following

estimate:
1
IV2X., - Dullzar) < IIV2Xull e omim0 [Vl o) < CT [Jully2a o,
Finally, using Lemma 2.1, it is easy to obtain
Voo @ u— Voo ®@vl[peorwsy < Cllu—vlpeorws < Cllu—vfx,.

due to (4.3). This yields easily the estimate (4.7) for this part due to || f||Ls0,7x) <
1
T || fllzo.r:x)- m

Lemma 4.5 Let R > 0 and let Ty = Ty(R) be as above. To this end we use go: X7 —
Yo == LI(0,T; W, (€2)) N W,/ (0, T W2 (Q)) is a bounded mapping such that

q,I'2

1
1g2(v1) = g2(v2)lvy » < C(R)T |Joy — w2l x;,

uniformly in 0 <T < Ty and vy, ve € Xp with ||(vi,v2)||x;, < R.
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Proof: First of all, the estimate

1
1g2(u1) = g2(u2) | Laorwyy < CT [Jur — ua| .

can be obtained similarly as before. — It is almost identical with the corresponding
estimates in [3, Proof of Lemma 4.3|, where we note that Vo(cp) - u is linear w.r.t u,
of lower order, and can simply be estimated as

1 1
IVo(co) - ulla.rwyy < CT |ull L .rwyy < C'T7 |Jul| xy,.

due to (4.3). Hence it only remains to estimate the W} (0, 7; W, 7\ )-norm. Then

(92(u), ) = —(u, div((I — A(w)")eow))a + (Voo - v, )a
for all p € W, (Q). Therefore we obtain for all ¢ € W, 1, () with |||y, =1
d :
Z(@u®),@)o = (@, div((I = Aw))aw))o = (Vu, (9A()")eop)e
+(Voo - u, ),
where

1
[A(u1) — A(ug) lzerwyy < CT |Jur — uall Lo rw2),
10:A(ur) — O A(u2) | Laorawyy < ClVur — Vgl paorwa (o))

due to (4.4) and 0;A(u1) = DF(VX,,)Vuy; here A(u;) = F(VX,,;). Hence
| (Qpu(t), div((A(us(t)) — Auz(t)")¢))el
< Cllowu) | aellIlA(u)" — Aluz)" || 1= omsw)
< OT7 9u(0)]| oy lur — uallx,
and
|(Vu(t), (9(Alu () — Auz(1)))¢))el
< CT ullperwp@p VUi (t) = Vua(t) || o)
< CT ullxg [lua (8) = w2 (t)lwy @

for all p € Wy, 1, (Q) with H@HW},FQ < 1. From these estimates one easily derives

1
10¢g2(u1) — 3t92(U2)\|Lq(o,T;ij;2) < C(R)TY [Juy — ugl|xy,

for all uy,uy € X7 with [[(u1,us)|[x;, < R. In particular, this implies ga(u) =
g2(u) = g2(0) € W} (0, T; W,r,).

q,I'2
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Lemma 4.6 Let R > 0 and let Ty = To(R) > 0 be as above. Then g3: Xp —
1-1 1l %)

W, “2° “(Tyx (0,T)) is a bounded mapping such that

1
lg3(v1) — 93(02)“W1—%,%<175) < C(R)T3 [Jvr — vl xy
q

uniformly in 0 < T < Ty and vy,vy € X with ||(vy,ve)]x, < R.

Proof: Let v; = (uj,p;) € Xp with [|(v1,v2)] x, < R. We estimate the terms
v(co)(nuy + Duy — n - D)up — v(co) (N, + Dy, — - D)ug (4.10)
(nuy, = n)p1 = (Nuy — 1)p2 ( )
Ny - F(coy Vi, €0) — Ny - F(co, Vuy€o) (4.12)
TL'V(Co)Qal ((VQO®U1+U1 ®VQ()) — (VQO®U2+U2®VQO)) ( )

on I'y x (0,T) separately. First of all, in [3, Proof of Lemma 4.3] it was shown that
1
[ - Dyw =, - Dyw| —lia-1) S C(R)T> |lu— U’|W3’1(QT)||w||WqQ’1(QT) (4.14)
and

||nup - nva

~340-b
1
< CRTH = vlyzaqy) (19plson + 1ol 30 )
q

for all (u,p), (v,p) € X with norm bounded by R and all 0 < T" < Tj for some
suitable Ty > 0 and w € W' (Qr). — Note that in [3] the estimates are shown for an
asymptotically flat layer with C'-boundary. But the proof in the present situation

1
is almost identically using only additionally n € Wy "(Ty) and ||nb|| ,_1 <
Wy 7(I2)
<r. i = =
CHHHWJ_%(H)Hb”wa_%(rg) forall 1 < ¢ <r. Usingn=mngy, D= Dy, as well as the

simple general relation

(f(z1) = £(0)z1 — (f(w2) — f(0))w2 = (f(21) — f(z2))72 + (f(21) — f(0)) (21 — 22),

these estimates imply the estimates of (n,, — n)p; — (n,, — n)pe and

1
”(nm ’ Dul -—n- D)ul - (nu2 ' Duz -—n: D)u2||wlfé,%(17%) < C(R)T2q/ ||U1 - u2||X§~
q

for v; = (u;,p;) as in the statement of the lemma. This implies the same estimate

1
with v(cy) as prefactor since v(cy) € qu ?(I'y). Hence we obtained the estimate of
the term (4.10). Furthermore, the term (4.12) can be estimated in the similarly as
in [3, Proof of Lemma 4.3].



18 4 SHORT-TIME EXISTENCE FOR THE NON-LINEAR SYSTEM

Finally, to estimate (4.13) we use that

2

we BUC(0,T); Wy *(2)) 0 G4 ([0, T); L9(Q)) — C*~ 573 ([0, T; W;(€2))
for every 0 < s <2 — % and u € WqQ’l(QT). Therefore

[ulr, oo,y paca0)) < Callullx;,

for every 0 < a < £ — % due to ||u|p2||W;,%(8Q) < Csllullwg (o) for all % <s <1
Hence
1 1
H“\FzHWq%% < CTw (”“Hcl—%—f([o,ﬂ;m(m)) + |!UHL°°(0,T;W;)> < OT7 |lullx;.,
for some 0 < ¢ < % — %, which implies = 57 <1—3 . Since ¢g, Vg € Wq (89), this
yields the estimate of the last term. [ |

Proof of Theorem 1.1: We apply the Banach fixed point theorem to the set m,
where R > 0 is chosen so large that ||L*1h||X < & for some T > 0. Then, because of
Theorem 4.1, there is some 0 < T < T such that L7'G : Bg(0)|x, — Br(0)|x, is a
contraction Wlth Lipschitz constant x = . Now let F(v) :== L™'G(v)+L"h, v e Xr.
Then ||F(v )HXT < R for v e Br(0 )|XT since |[L7'h|x, < |[L7'h|x, < £ and

2
|L7'G(v) — L7'G(0)| x, < £. Hence the Banach fixed point theorem implies the

existence of a unique fixed point Lv = G(v), which is a solution of (1.8)-(1.13) if
[y # (. Finally, if Ty = (), then a fixed point w = gou of Lw = G(w) only satisfies

1
div(o(co)u) = g2(u) < godiv,u = ﬁ/ oo div, udz =: K(t).
Q

Therefore it remains to prove that K (t) = 0, which follows from the next lemma. m

Lemma 4.7 If L(u,p) = G(u,p) and Ty = 0, then K(t) = 0 for every t € [0,T],
where K (t) is defined as above.

Proof: First of all, since u[spo = 0 and |1 — X|| (o 1.c00@)) < LX1t):Q—>Qisa
C!-diffeomorphism with X|yq = idsq for every 0 < ¢ < T. Hence Q(t) := X (t,Q) =
Q for all t € [0,7] and therefore |Q(t)| = || for all 0 < t < T'. Moreover, if v(x,t)
is defined by

v(Xu(&,t),t) = u(&, t) for all £ € Qq,t € [0,7],
then 0, X (£,t) = v(X(&,1),t) and X(£,0) = £ and therefore
ot

= divo(x,t)de = div, u(z,t)det DX (x,t) dx
|<>|/) (1) / (.1) det DX (z, )
- K<t>/@ ool2)

(@)
I
Q.lgl

“ldet DX (z,t) dz.
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Since the latter integral is positive, we conclude K(t) = 0 for all ¢ € [0,7]. This
implies div, u = 0. [ |
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