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SUBHARMONICS AND HOMOCLINICS FOR A CLASS OF
HAMILTONIAN-LIKE EQUATIONS

PERCY D. MAKITA

ABSTRACT. We study the existence of periodic and homoclinic solutions for a
class of non-autonomous second order advanced-delayed differential equations
of the type
N
() + folt, u(®) = S [fi(tult + 1) — u()) — folt — 7oy ut) — ult — 7))
i=1
We prove, under some growth conditions on the non-linearities, the existence of
non-constant periodic solutions with period any given positive integer. Using
very simple arguments, the existence of a non-trivial homoclinic solution is
also established. This homoclinic is obtained as the limit of subharmonics as
the period goes to infinity. An application to the existence of periodic and
homoclinic travelling waves in an infinite lattice of partciles with N -nearest-
neighbour interaction and on-site potential is given.

1. STATEMENT OF THE RESULTS

This note is concerned with the study of second order advanced-delayed ordinary
differential equations of the form:
N
(1.1) i+ fo(t,u) =Y [fi(t, Aru) = fi(t — 75, Azu)] L €R,
i=1
where fo, fi,...,fnv € C(R?) and 71,...,7xv > 0, with N > 1. For 7 > 0, the
forward and backward-difference operators A, and A7 are defined by

(1.2) Aru(t) =u(t+71) —u(t) = Afu(t + 7).

The study of this class of ordinary differential equations is motivated both by [8] and
[3]. In the former paper, D. Smets proved the existence of multibump type solutions
for travelling waves in non-autonomous infinite lattices with nearest-neighbour in-
teraction, without on-site potential. In [3], the author studied travelling waves in
autonomous infinite lattices with nearest- neighbour interaction and on-site poten-
tial. Those travelling waves are solutions of an equation of the type (1.1), with
N = 1 = 7 and autonomous non-linearities. Roughly speaking the results of
[3] say that there exist periodic solutions of any given period with relatively high
speed provided the non-linearities satisfy some growth condition at infinity, and
that, when the non-linearities satisfy some global growth condition, there exist
non-trivial homoclinic solutions emanating from the origin of any given speed.
The aim of this note is to give some generalizations of the results obtained in [3].
A solution u of (1.1) is said to be periodic, say with period k > 0, if u(- + k) = u(-).
Suppose (1.1) possesses a stationary solution ug. A solution u # wug is said to be
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2 P. MAKITA

homoclinic to ug if u(+£o0) = ug and 4(+o00) = 0, where the notation u(co) stands
for the limit of w at infinity, etc.

Statements of the results. Given an f € {fy, f1,..., fn}, we set

Pt ) = /x F(t, 2)dz.
0

We shall consider non-linearities fy, ..., fx of the type

(A.0) fi(z) = a;(t)x + gi(t,x) for i =0,1,..., N,
where the g;’s satisfy either

(A1) gi(t,x) = o(z) as  — 0, uniformly in ¢, and

(A.2) Pg; > 0 and there are constants § > 2,7y > 0 such that

0 < BPgi(-,x) < xg;(-,x) for |z| > ro,

or

(A.3) there is a constant § > 2 such that

0 < BPygi(-,z) < zg;(-,x) for x # 0.

Clearly, (A.3) and the periodicity imply (A.1), and (A.2) implies that

(A.4) there are constants ag,a; > 0 such that

gi(,x) > a0|x\5 — a; for all z.

We shall denote by T,C(T) and C(T x R) the unit circle, the space of 1-periodic

continuous functions and the space of continuous functions in two variables which
are l-periodic in the first variable, respectively. Given a real-valued function «,

we denote by a™ and o~ its positive and negative part, respectively, i.e. ot =
max(0, ) and o~ = —min(0, o).
Let ¢g > 0 be given by
(1.3) 2 0 if 421.]\;1 o |l Lee < minw < oo
O Shimlledf e i 0<minw <437, o] ||z~

The main results of this note are the following

Theorem 1.1. Let fo, f1,..., fn € C(T x R) be given by (A.0), with ag =0, and
such that the g;’s satisfy (A.1),(A.2). Suppose in addition that co < 1. Then, for
any positive interger k, and every Ti,...,7n > 0, (1.1) possesses a non-constant
k-periodic solution.

Theorem 1.2. Let fo, f1,...,fn € C(T x R) be given by (A.0). Suppose w =
—ag > 0, and the g;’s satisfy (A.1),(A.3). If co < 1, then, for every 1,...,7n >0,
(1.1) possesses a non-trivial homoclinic solution emanating from the origin.

Remark. Theorem 1.1 and 1.2 hold also true when some of the «;’s or g;’s are
time-independent, or when some of the g;’s are identically equal to zero. When all
the f;’s are time independent, the period k in Theorem 1.1 is allowed to take any
positive real value. O

Equation (1.1) can be interpreted as the Euler-Lagrange equation of the func-
tional

1 N
(1.4) D(u) = /T l2u2 —Pfolt,u) — ZPfi(t,Anu) )

on some appropriate Hilbert space, where 7 C R. When dealing with periodic
solutions, say with period k € N, we shall take as 7 a segment of length &k, and
shall denote the functional (1.4) by ®. In that case the natural space to work on is
the space H} of k-periodic functions u : R — R whose restriction to [0, k] belong to
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H'([0,k]). When dealing with homoclinic solutions, 7 = R, and the natural space
to work on is E = H'(R). The functional (1.4) shall then be denoted by ®.

Organization of the paper. In the next section we collect some prelimaries results
that are needed in the sequel. The second and third sections are devoted to the
proofs of Theorem 1.1 and Theorem 1.2, respectively. In the last we give some
application to the problem of travelling waves in infinite lattices with N-nearest
neighbour interaction and on-site potential.

2. PRELIMINARY RESULTS

In this section we collect some of the results we need to prove the theorems
stated above. We shall denote by L% the space of k-periodic functions u : R — R
whose restriction to [0, k] belong L?([0, k]). A similar meaning is attached to C}*.

Lemma 2.1. Let k € N. Then, the finite difference-operator defined by (1.3) maps
continuously H,i into Lg° N L%, with

(2.1) [Arullz < V7llallz,  [[Arulloge < Uk, 7|0 L2,
with

_ T([r/kl+1) if k<7
(22 ey = { VTESEED e

where [s] denotes the integer part of s. Furthermore, A, maps continuously E into
L N L2, with

(2.3) max (|| A, ul|pe, [[Arul| L) < /Tl Lz

Proof. Let u € H ,i Applying Jensen’s inequality, the change of variable s < s +t,

and Fubini’s Theorem, we have
k T
/ (/ (s + t)ds) dt
0 0

/OT (/OkﬂQ(s—Ft)dt) ds

= rllall3;.

2

/Ok At 2dt = /Ok (/tm u(s)ds> dt

IN

For the second estimate we use the Cauchy-Schwarz inequality:

o) < v7 ([ ) N

If £ > 7, then

k 1/2
Aru(t)] < V7 ( / fﬂ(s)ds) — V7l ;-

It k < 7, we set n = [r/k]. Then nk <1 < (n+ 1)k, and

t+(n+1)k 1/2
[Aru(t)] < VT (/t u2(5)d5> = V7(n+ 1)l 2.

Suppose now u € E. Using the same arguments as above, we have

/R|Aru(t)|2dt=/R(/tHTu(s)ds)th /R(/(:u?(sﬂ)ds) dt
= /OT(/]RﬁQ(ert)dt)ds

= 7lall,

IN
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and
1/2

t+7
Aol <7 ([ i) < VAl ()
t
O
Recall that if I is a compact interval, then the embeddings H'(I) — C(I) and

HY(I) — L?(I) are compact. In particular, there is a positive constant Cs > 0
such that

(2.4) lullr(ry < Collullony (Vu € HA(D)).
The constant Cy may actually be taken to be v/2 when the length |I| of I is greater

than or equal to 1. Let us also recall that any member u of E satisfies u(+o0) = 0.

Proposition 2.1. Let I be a compact interval and g € C(I x R). Then the func-
tional Gr : HY(I) — R defined by

Gi(w) = [ Pott.w)
I
is C', and its derivative is given by
G/I(u)g = <g(7 u)7 §>L2(I)~
Proof. Since g € C(I x R) and I is compact, we have

sup  [{g(u), &) o] < Mg u)llzzcry < HIV2NlgC )l < oo,
H‘EHHI(I):I

i.e. the linear map § — L& = (g(-,u), &) 12(r) is bounded.
On the other hand, if we set P = I x [0,1], and for every u,& € H'(I) denote by
ue the function defined on P by we(t, s) = u(t) + s&(t), we have

[ Patt.u+9) ~Pott. — glt.0¢ dt\

| lott.ue) — gty fdsdt‘

P
1€ll2(ny lg (-, ue) — g, u)ll 2 (p)
\I\I/QHSHHl(I)||9('7U£) — 9, u)l[(p)-
Since K = u¢(P) is a compact subset of R, and g is continuous (therefore uniformly
on compact subsets), for any € > 0, there is a § > 0 such that for any z,y € K, with
|z —y| < & we have |g(t, 2) —g(t,y)| < €|I|~*/? for all . On the other hand, we have
€llLoe 1y = llug — ul|Loo(py, therefore, if we choose & such that |||z < 0/Cs,
where Cs is given by (2.4), then we have

Gr(u+&) = Gr(u) = Lu&| < €€l 1),

i.e. Gy is (Fréchet) differentiable, with G’ (u) = L, for all u € H*(I).
Continuity of G’. Let u be a member of H'(I) and (u,,) a sequence in H!(I) that
converges to u. We have

|GII (u)§ - G}(um)ﬂ

IGr(u+¢&) = Gr(u) — Lu§| =

INIA

‘<g('7 u) - g('v um)v £>L2(I)|

lg(,u) = g(s um)llp2n €l 22y
21EN (i llaCw) = g wm) o (r)-

Since H'(I) is continuously embedded into L>°(I) (the embedding is actually com-
pact, but it is not needed), and g is uniformly continuous on compact subsets of
R?, it follows that that g(-,u,,) — ¢(-,u) uniformly on I. Thus, for any positive
number € we have

IN NI

lg(u) = g(yum) | Lo () < €lI|71/2



SUBHARMONICS AND HOMOCLINICS FOR HAMILTONIAN-LIKE EQUATIONS 5

for m sufficiently large. Hence, for m large enough we have

sup |G (u)€ = Gp(um)é| < e
H§HH1(1):1

ie. Gf(um) — Gf(u) as m — oc. O

Proposition 2.2. Let g € C(T x R) satisfies (A.1). Then the functional G :
E — R defined by

Gool) = [ Pott.u)
R
is C', and its derivative is given by

Glo(w)é = (g(-,u), &) 12

Proof. Let us first make sure that G, is well-defined, i.e. it takes only finite values.
Thanks to (A.1), there is a § > 0 such that

|Pg(-,2)| < 2? for || < 0.

If w € E, then u(+oo) = 0, and therefore there is a positive number r depending
on ¢ such that if |¢| > r, then

lu(t)] <

| >

It follows that

Gut] = | Pottul+ [
[t|<r [t[>r
< 1 Pott] + ulfs < .
[t|<r

fe. —00 < Goolu) < 0.

Differentiability of G Let u € E be fixed and let ¢ > 0. Thanks to (A.1), there
is a positive number pg such that if |z| < pg, then

||
2.5 LT < —
(29 9IS ST Tl
Since u(+o00) = 0, there is an 7 such that |u(t)| < po/2 whenever [t| > r. We
set I, = [—r,7], and I¢ = R\ (—r,7). Thanks to Propsoition 2.1, we have G, €

CY(H!(I,),R). Therefore, there is a positive number § = §(e, 7, u) (there is of course
no loss of generality in assuming that ¢ < min(1, pg/2)) such that if ||£||g < J, then

€
(2.6) 1G1, (u+8) = G, (u) = G ()] < SlE]le-
Thanks to the mean value theorem, (2.5), and (2.3), we get
|ul + €] e
Py(t,u+ &) — Pg(t,u)| < eé|———1>— (vt e I?).
[Po(t.u+&) = Palt.w)| < el 58— (e )

It follows that

€
[ Patur o —Pol < s i)

€

< gy g el + ele
< gre ey e ile + 1612
>0 < Clels.
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Again, by (2.5) we have

€
g —
ot 3T(l+||u||E)I,ﬁ||||
€
< —_— 2wl 72
< |¢llelulle
= 30+ Tulle)
(2.8) < zliels.

Combining (2.6),(2.7), and (2.8) we get
|Goo(u+8) = Goo(u) = (g(-u), 22| < |G (u+§) = Gr,(u) — G (w)]
[ 1Pattu+9) = Pattu)

b lott
SNz + 5 l¢ls + < el
ellelz,

i.e. G is differentiable, and the derivative is given precisely by

G/oo(u)g = <g(7 U), £>L2~
Continuity of G,. Let u € F and (u,,) C F a sequence that converges to u. Then,

for some constant Ky > 0 we have |lun,||g < Ko for all m. By (A.1), given € > 0,
there is a positive number 7 such that if |¢| > r, then

€lul €|tm|
t,u)| < ——————— and t,u < —m

for m suffisciently large. Setting I, = [—r,r] and I¢ = R\ I,,, we have

Gl (W) — Goum)é] < [{g(u) — g m). ) 2]
< gt w) — gt um)l 2, 1€l 221,
+ Mg u) = g( um)ll L2 zey 1€l L2 1)
< @Hg(’u) - g('aum)”Lf’o(L,)
+ (gt wllzay + Mot wn)llza ) €l e2
< VElg(w) = gy um) e €] 22
e (_lullze mam>
+ 4 <1_|_ HUHE + 1+C ||£||L2
€
< (Verllglow) = gCoum)llzery + 5 ) €] e:

Thus we have

y €
S Gl (W)€ = Gl (um)él < V2rllg(u) = g um) (1) + 5

Since u,, — w in E implies u,, — u on compact subsets of R, therefore the bound-
edness of (uy,) in L*°(I,) and the uniform continuity of g on compact subsets of
R? implies that g(-, %) — ¢(-,u) uniformly on I,., so that

€
V2r|g(,u) — g(, wm)| e (r,) < 3

for m sufficiently large. It results that

sup |Gl ()6 — Gl (um)¢| < €
lell =1

for m large enough, i.e. G/ is continuous. O
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3. EXISTENCE OF SUBHARMONICS

In this section we are going to give a proof of Theorem 1.1. We shall use a linking
theorem of Rabinowitz, which we state below

Theorem 3.1 (Rabinowitz [4]). Let X = Xo&X with dim X, < oo and J € C1(X)
be (PS). Suppose in addition the following conditions are satisfied
(1.3) Jlx, <0,
(J.4) there are constants w.,p > 0 such that J‘XQ(B,,\{O}) >0 and J|fmsp > wy,
(J.5) for each finite-dimensional subspace Y C X, there is an R = R(Y) such
that J <0 on Y\Bg.
Then, J possesses a positive critical value b characterized by

b=inf max  J(h(u))
hel uEBR(X1>ﬂX1

where
={he C’(BR(Xl) N Xy, X)|h(u) =u if J(u) <0}

and X1 = Xo @ span{v}, for any non-zero v € X.

The notations B,, B, and S, stand for the open ball, the closed ball and the
sphere centered at 0 with radius r, respectively.

Recall that a sequence (u,,) is called a Palais-Smale sequence — (PS) sequence
in short — for J if J(u,,) is bounded and J'(u,,) — 0. The functional J € C1(X)
is said to satisfy the Palais-Smale condition — in short we shall say J is (PS) — if
every (PS) sequence is precompact.

Lemma 3.1. Let k € N. Under the assumptions of Theorem 1.1, ®), € C*(H},R),
and any critical point of @y, is a classical solution of (1.1).

Proof. Write

N
1
©r(u) = 5 Bu(u, u) = Gok(u) — ; Gi(Aru),
with
N
Bi(u,v) = (4,0)r2 + (wu,v)p2 — ZaiAnu,AnwLi,
i i=1
Gik(u) = / Pygi(t,u), i=0,1,2,...,N.
0

By, is a bounded (symmetric) bilinear form on H}. Indeed, we have

N
|Be(uw, o)l <l 2 16llz + lwull 2 0]l 2 + ) lliArull 2 | Az oll 2

=1
N
< gz llolz + lwlloelull sz llollz + Y Nl | Arull 2 | Az ol 2
z;l
< gz llollzz + lwloelullz lollz + Y willaillz< il 2z [16] 22
N i=1
= (L4 mllalle)lallzz 18]z + llwlzellull g2 o] 22
i=1 N
< max(1+ Y rillalpo, wll o) lull gz o] -

i=1
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It follows that u — By (u,u) is C*. Since each of the operators A, : H} — H} is
bounded, we deduce from Proposition 2.1 that Gox,G1x 0 Ar,...,GNEr 0 Ary €
C'(H},R). The remaining part is standard and shall therefore be omitted. O

Proposition 3.1. Let k € N. Under the assumptions of Theorem 1.1, ®y, is (PS).

Proof. We first prove the boundedness of (PS) sequences, and next we prove their
precompactness.

Boundedness: Given s > 0 we define the quadratic form N2 by

N
NZ(u) = |lalgs + sllullzz =Y (@idru, Aqure  (Yu € Hy).

i=1

Then N, = (N2)/? is a norm on H L which is equivalent to the standard one.
Let (un,) C H{ be a (PS) sequence for @y, i.e. for some constant M > 0 we have

[Pk (um)] <M (Vm), and lim ) (u,,) = 0.
Then, for some positive integer my we have ||®} (u,,)|| < 1 whenever m > my.
Fixing m > mg, we have
|(I);f(um)um‘ < N (),

which implies

N
Gé),k(um)um + ZGg,k(»Aﬂ-um)Anum = —Op(um)tm +N52(um) - 3||um||2L$
i=1
(3.1) < No(um) + N ().
We set

Iy = {t S [O,k] : |um(t)\ < 7’0}, I; = {t € [0, k] : |Aﬁum(t)| < 7"0},1 <i<N
and I; = [0,k] \ I; for i = 0,1,..., N. Then

N N
Pgo(tm) + / Pgi(t, Arum) < My:=:k max g;,

with Qg = T X [—rg, ro], and thanks to (A.2) and (3.1), we get
N
GO,k(Um) + Z Gz,k(Anum)
i=1
N
= [ Patun) + Y [ Postt Avun)
Iy i=1 I;

N
[ Ponttun) + 3 [ Poitt Arun)
i=171L

Io

N
S MO +B_1 [/: gO(taUM)um + Z/_ gl(t7AT1um)ATzum
1o i=1 71

N

< My+p7" Gé),k(“m)um+ZG;,k(Anum)An“m )
i=1

ie.
N

(3.2)  Gox(um)+ Z Gin(Ar,um) < Mo + 571(NS(Um) +Ns2(um))v

i=1
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Also, thanks to (A.2), there is a constant r > r such that the condition |z| > r
implies
(%) 2? <xgo(t,x) (vt e0,1]).
Setting
I={te0,k]:|um®)] <r}, IT=10k\I
we then deduce from (%) and (3.1) that

22 = /um +/u3n < kr2+/go<t,um>um
T I T I
that is,

(3.3) ”Um”QLa < kr? 4 N () + NZ ().
Combining (3.1), (3.2) and (3.3), it comes

M' = Mgy +skr*/2+ M
> Mo+ skr®/2 + ®p(um)
N
1 S
— MO +Skr2/2+ §N5(um) — §HumH%i — Go’k(um) +i:ZIGi’k(ATium)
1
> M0+skr2/2+§/\/s2(u ) — §(kr + N () + N2 (um))
MO_ﬂil(Ns(um)‘*‘N’sz( ))
i.e.

1 2 1 1
5(1 5 §)NZ (um) — (; + E)Ns(um) <M.

Since > 2, if we choose s such that s < 1 —2/8, then the above inequality yields
an upper bound for N (uy,,) which is independent of m, i.e. (u;) is bounded in

(Hj,Ns) and therefore in (Hy, || - || g1).

Precompactness: The boundedness of (u,,) in H} allows us to extract a weakly
convergent subsequence, which for simplicity we still denote by (u,,). Let u € H}
be its (weak) limit. Then w,, converges to u strongly in C? as well as in L3.
Thanks to the continuity of the f;’s we get

k
1%1/0 [fO(taum)um - fO(tau)u} = 0,

k
lim/ [fi(t, Arum) Ar, i — fi(t, Aru)Aru] = 0
m 0

for all i =1,2,...,N. On the one hand, (u,,) being a bounded and (PS) sequence
for @, we deduce that ®} (wm,)u, — 0 as m — oco. Note also that @) (u)u = 0.
Indeed, we can write @} (u)u in the following form

O, (u)u = P (um)u + [P (@)t — P (um)u] + [P (u)u — P (u)um],

Ry,

where the first term goes to zero because (u,,) is a (PS) sequence, while the last
one goes to zero because u,, — u weakly in H]. Therefore we only have to show
that the second term, R,,, goes to zero as well. For this, we write R,, as

Ry = G o (um)u — G (W)t + Z r(Artim) A — Gl (A w) Aryu) -

Then we have

Ryl =

m

k
/0 (90t )t — go (£, 1))
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IA

k k
[ oot = gott,wgal + [ lao(t, = ot w
0 0

< K7 (lullca lgo (o) = 9ol wm)lzs + oo, )Lz u = w232

A

which, since u,, — u strongly in C,?, and go is continuous, shows that RO, — 0.
Replacing go, u, and u,, by g;, A-,u and A, u,,, respectively, we get, for each ¢ =
1,2,...,N

|R;Ln| < kl/QHATiu‘Li”go('vAﬂ:u)_90('7AT7:um)HL,;'°
+ 262 go( Ar) |2 [lw — |1

which shows that R, — 0 for each i = 1,2,..., N. Consequently,

k N k
lim [, [3; = lim l%(um)um | ottty + 32 [ Arin) A
=1

k N k
| ot 3 [ it A An
0 = Jo
(34) = —awut lal; = a2,

On the other hand the boundedness of (u,,) implies the one of (i) in Li. It
follows from (3.4) that ,, — @ strongly in L?. Hence u,, — u strongly in H}. O

Set
FEo = {u € H}|u(t) = u(0) for all t} = R.
Then,
H} = Ey® Ey,
where the orthogonal complement EOL of Eyin H ,1 is formed by functions with zero
mean value.
We can now prove the following

Lemma 3.2. Let k € N. Under the assumptions of Theorem 1.1, ®y satisfies the
conditions (J.3)-(J.5) of Theorem 3.1, with X = H}, Xo = Ep, and X = Ey-.

Proof. Condition (J.3) follows from the facts that Pgg > 0 and Pg;(-,0) = 0 for all
i=1,2,...,N.
Condition (J.4): Let

0cecizd
‘<TTa
There is a 6 > 0 such that if |x| < ¢, then
€ 2 € 2
Pgo(t,x) < 5" Pygi(t, x) 2N7’ix

for all t and every ¢ =1,2,...,N. Let

where

l(k) = 1I<na<‘)§v l(k7 Ti)a

and [(-,-) is defined by (2.2). Choose a u € Ey with
0 < lullm <p.
Then by (2.1) and (2.4) we have,

max(||ul|e, [[AnullLse, .- [|[Aryullze) < 6.
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On the other hand, for every u in Ef we have u(ty) = 0 for some ty, € [0, k].

Therefore,
t k
[l < [ @ =pag;.
to 0

[ullzee < il

2
u(t)* =

ie.

and we deduce that
lull gy < VI+k[lallzz  (Vu € Ey).

Therefore

Pl o, e 1
Dpu) > /0 l2uz_22 3 (o + o) (Ar )’

=1
1 2

> (- - allali; - gl
1—c3—€, » €, 12
> W”UHH; - §HU||H,1
 k+2 1—c3 9
IR <k+2 E) lulley >0
In particular
E+2 1-¢2 9
P > — ; =p).
02 50 (5T ) il =)

Condition (J.5): Let Y be a finite-dimensional subspace of H}. Then any two
norms on Y are equivalent, in particular there is a positive constant A depending
only on Y such that

lullp > Mully  (Fue ).

If we denote by S(Y) the unit sphere of ¥ in the Sobolev norm, then we have

B
velgf {|U||Lﬂ +ZHATL Lﬁ} > A

Given a non-zero u € Y, we set
u=ru, r=|ulg.

Then @ € S(Y). Thanks to (A.2) and (A.4), we get

Pgo(t,a) — Zsztul

N

N
1 _
< 5(1—1— E lloe; ||Loo)r2—a0r / |u|3—|— E | A u|ﬂ)+a1(N+1)k

1= 1

r

2 k
() = B - [

1 .
< 1+Z||Oé Iz )r* = ao panf (¢ Iol17 5 +Z||Anv|
+ (N+ 1)k

1 N
< 5(1 + Z | [|pe)r? — apAPrP 4+ ay (N + 1)k.

i=1
Since 8 > 2, there is an R > 0 depending on A(Y'), and therefore on Y, such that
if u €Y, with [[ul 1 > R, then ®4(u) <0, and (J.5) is satisfied. O



12 P. MAKITA

Thanks to Theorem 3.1, ®;, possesses a critical point v in H ,i which corresponds
to a k-periodic solution of (1.3). The characterization of the critical value ®y(u)
shows that u is non-constant.

4. EXISTENCE OF A HOMOCLINIC SOLUTION

The idea is to construct a sequence (ux) such that for k large enough, each wuy
is a non-constant k-periodic solution of (1.1). We shall then show the existence of
a convergent subsequence whose limit is a non-trivial critical point of ®.

Lemma 4.1. Under the assumptions of Theorem 1.2, ®., is a well defined, and
C! functional on E. Furthermore, any critical point of ® is a classical solution

of (1.1).
Proof. Write

where

N
U0 + wuv — Z a;i(Anu)(Anv]
i=1

/Pgi(t7u)7 i=0,1,...,N.
R

B (u,v) = /R
Gi o0 (1)

One easily shows that By, is bounded, and since each the operators A, : E — E'is
bounded, it follows from Proposition 2.2, that G o, G1,00 © A7y, ..., GNoc © Ary €
Cl(E,R).

It is an easy exercise to compute ®/_(u)¢ for any u,& € E. By standard bootstrap
arguments one shows that if u € E is a critical point of @, then it is a weak
solution of (1.1). The continuity of u and the f;’s then imply u € C?, i.e. u is a
classical solution. (]

Proposition 4.1. Under the assumptions of Theorem 1.2, any critical point u € E
of oo satisfies i(+oo) = 0, i.e. it is a homoclinic solution of (1.1) emanating from
the origin.

Proof. We shall prove that if u € E is a critical point of ®.,, then ii € L?, which,
obviously implies that & € E and therefore 4(+o00) = 0.
Thanks to (A.1), there is a ¢ > 0 such that

; < < .
Jhax lgi(t, z)| < |z| for |z| < § and ¢ € [0,1]

Because u € E, we have u(t) — 0 as t — oo, and therefore, there is an r; > 0 such
that
lu(t)] < 6/2 for all |¢| > ry.
Setting
Ty =T+ 12‘?3\1%’
it then follows that

. < 00, —
1212?3\[|A”u(t)| < ¢ for t € (—o0, —12) U [r1, 00),

and

max | AT u(t)| < 0 for t € (—o0, —r1] U [ra,00).
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Thanks to (1.1), for [¢| > o, we have

N
i? < (4N +2) {w2(t)u2 + ga(t,u) + Z [0F (t)|Ar,ul® + o (t — 73) | A% ul]
N i=1
+ 3 [l:t, Arw)]® + |gi(t — 73, A7) }
i=1 N
< (4N +2) {(1 + [Jw||Z o )u? + Z(l + [Jevil|Fo0) [|Ar,ul* + | A% ul’] } :
i=1
Thus,
N
/|tzr2 @ < (4N +2) {(1 +llwlZoe) ullz: +2;Ti(1 + ||ai||%m)||u||%2}
N
< (4N+2)ma><{1 +lwlFe,2Y 71+ ||ai|2L2)} lull% < oo,
i=1
Hence
/u —/ (0] +/ ii? < o0.
[t|<ra [t|>72
This shows that i € L?(R), and the proof is complete. O

For convenience @y, shall, from now on, be defined as an integral over [—k/2, k/2]
instead of [0, k].

Lemma 4.2. Under the hypotheses of Theorem 1.2, for every k € N (1.1) possesses
a non-trivial k-periodic solution.

The proof of the above lemma shall follow from the standard version of the
mountain pass theorem:

Theorem 4.1 (Ambrosetti-Rabinowitz [1]). Let J € C1(X,R) be (PS) and J(0) =
0. Suppose the following conditions are satisfied

(J.1) there are constants w, p > 0 such that J|s, > w.,
(J.2) there is an e € X\B,, such that J(e) < 0

Then, J possesses a critical value b > w, characterized by

(4.1) b= inf max J(v(s)),

where

(4.2) I'={y€eC([0,1], X)|7(0) =0 and (1) = e}.
Observe that

(4.3) Bi(v,v) > eollvll (Vo € Hy),

where

(4.4)

o min{minw,1 — XN nillaf =} if 0<minw <4, [of ||z
= . . N . . N
min{l, minw —43% ", ||af|\Loo} if minw >4, ||041T"||Loo

Indeed, if

N
0 <minw < 42”04;."”“0,

=1
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then for any v € H} we have

By(w,v) > ||v||L2+/ wv —i/ HAr0)?

> lolg; +minwlvll; ~ Z o [l | Ar, 0172
§ -
> oll3: = Y millagf o< 8113 +minwv]3
=1
N 1
= (1= 7l lle=)é]7z +minwllo]|7,
=1
N
> min{minw, 1= llaf [l HollF,
=1
and if
N
minw > 43 [l | e,
=1
then we have
By(v,v) > ||U||L2—|—/ wv —Z/ F(A,v)?
> [[oll7; +minwo]g; — Z o |z Arvll3 2
_N
> [oll7; +minwfolF =4 llaf o]
=1
N 1
= [[ol7z + (minw — 43" [laf||=)lIo]17
=1

N
> min{l,minw — 42 HQ;_HLOC}HU”?_Ié.
i=1

Proof of Lemma 4.2. We only have to check that Theorem 4.1 is applicable, i.e.
s (PS), and satisfies the conditions (J.1) and (J.2).

&y, is (PS). We shall only prove the boundedness of (PS) sequences. The precom-
pactness can be dealt with following the same line of arguments as in the proof of
Proposition 3.1.

Let (um) C H{ be a (PS) sequence, i.e. for some constant M > 0 we have

@5 ()] < M (Ym) and  lim & (up,) = 0.
Then, there is an integer mg such that
[ (un)[| <1 (Ym = mo).
Fixing m > my, thanks to (A.3) and (4.3), we have
1 1
M + EHUm”H; > Pp(um) — B(I);c(um)um
1 1 1

= (5 - E)Bk(um;um) + /Ok [5

N k
1
i=1

9o(t, Um ) um — Pgo(t, um)]
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11 ,
> (§—B)€O|\UmHH;7

and thus

(B - 2)60”“711”%; - 2||um||H; < 28M.
Since 8 > 2, the previous inequality shows that (u,,) is bounded in H}.
Condition (J.1). We only have to show that

D) = 3 Bi(usw) + ollJul3y):

Note that
N

(4.5) collullyy < Bi(u,u) < max(flwllz=, 1+ milla ||ze)ullZ -
i=1

By (A.1), given € > 0, there is a 6 > 0 such that if |z| < 4, then

Pgo(-,x) < %xQ,

and

€
(o)< 2 —= .
Pgi(-,z) < 2N7‘ix (Vi=1,2,...,N)

Set

where Cj is given by (2.4) and
I(k) = max I(k,7;).

1<i<N
Let u € H} with
[ully = p-
Then, thanks to (2.4) we have
Jullzge < 6.

Also, thanks to (2.1), we have
[Arullpe <6 (Vi=1,2,...,N).
It follows that,

1 k 1
D<@ - 3B < 5 [ +Y ()
0 - i

IN

[N e
=
o
Eal™

Since € > 0 is arbitrary, we have
1
Du(u) — 5 Bl w) = of Jully,).
In particular, if we choose € such that

0 < e < e,
where € is given by (4.4), then thanks to (4.5), we have

1
D (u) > 5(60 —€)p® > 0.

15

Condition (J.2). Let u be a non-zero element of H} and r > 0. Thanks to (A.3),

we have
N

r2 k/2
@y (ru) < azk + — Bi(u,u) — aorﬁ/ (ul® + > 1Arul?).
2 k)2 '

- i=1
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But 8 > 2, therefore ®(ru) — —oo as r — oo and there is an r, > 0 such that
D (ru) <0 for r > 7y O

From now, @, is defined as an integral over [—k/2,k/2]. Let

ko = 12225\,[%] +1,

where [¥] denotes the integer part of x, and ey a non-zero member of C*([—ky, ko)
whose support lies inside (—kg,0). Denote by ear, the 2kg-periodic extension of
ep on the whole R. Given k > 2k, we extend continuously eg on [—k/2, k/2] and
denote that extension by €, i.e. € agrees with eg on [—ko, ko], and equals 0 elsewhere.
We now extend € on the whole R in a k-periodic fashion, and denote that extension
by €, i.e. € is k-periodic and agrees with € on [—k/2, k/2].

Obviously, we have

€kl zrr = lleoll mr(—ko0)  (Vk = 2ko),
and for k > 2ky and |t| < k/2 we have

. | Arér(t) ifte[—2k,0]
Arén(t) = { 0 otherwise

Using the fact that ég, is 2ko-periodic, we have, for any r > 0, and any ¢ =
1,2,...,N:

k/2 0
pgi(t’TATiék) = ,Pgi(tvrAﬂ-éng)
—k/2 —2ko
—ko 0
= ’Pgi(t?TATié?ko) + Pgi(thATié2ko)
72]{)0 7]90
ko 0
= Pgl (t7 TAT{ éQko) + sz (ta TAT@ é2k0)
0 —k
ko 0
= ,Pgi(t,TA.,-iéQko).
—ko

Since Pgo(-,0) = 0, and é, is a non-zero element of H21k0, we can always choose r
in such a way that

. (réx) = Pog, (réar,) < 0.
From now on, we assume that k > 2k, and set
er = Tek,
where 7 is such that the above property holds. Denote by by the critical value of
®y, given by (4.1), with
I =Ty :={y € C([0,1], H)|7(0) = 0 and 7(1) = ey }.
Let uy be the corresponding critical point.

We have the following

Lemma 4.3. The sequences (uy), (Uy) and (iiy) are uniformly bounded in (Cy(R), ||-
|[e<). Furthermore, there is a positive integer k. such that for k > k. the solution
(ug) is non-constant.

Proof. Uniform upper bound for ||u||re: Let v, € I'y be given by vi(s) = sex.
Then
Dr (e (5)) = Pako (v2r0 ()

and we deduce that

(4.6) bk < max Pak, (Y26, (5)) =: bo-
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Note that
1, 11 ,
b = ®r(ur) — Z®p(ur)ur 2 (5 = )eollurllzy -

B g
Thus, by (4.6) we have

268h \"?
4. 1 < | ——m— .
(@7) fouliy < (m= )
It then follows from (4.7) and (2.4) that
s b, 1/2
4. o < V2 1 < My=2——— .
@8) foulz~ < VIl < 0o =2 (5205 )

Uniform bound for ||iig||re: Tt follows from the periodicity of ug, the continuity of
the f;’s, and from (1.1) that, for all ¢:

iR (t)] < max [fo(t, ur)]

0<t<k
N
*3 | A )+ g 1 A )]
B N
< max|fo(2)] +2 ; max |;(2)| = Mo,
where
Qo = [0, 1] X [7M0,M0], Ql = [0, 1] X [72M0,2M0]
Thus

ikl Lo = ikl Lee < M2 (Vk > 2ko).
Uniform upper bound for ||4y||re: Let |t| < k/2. By the mean value theorem,
we have .
p (t) = / p()ds = we(t) — u(t — 1)
t—1
for some t, € [t — 1,t]. It follows that

t t
ik ()] = | (1) + / in(s)ds| < ue(t) + Jus(t — 1)] + / i () ds
tr 123
t
S 2M0+ M2d8
t—1
= 2My+ Ms.
Thus

||uk;||Loo = ||uk:||Li° S MQ = 2MO + M2 (Vk Z 2]{?0)
Uniform lower bound for ||ug| . For eachi =0,1,..., N we defined Y; : [0,00) —
R by Yi(s) =01if s =0, and for s > 0
Yi(s) = max{z"'g;(t,z) : t €]0,1] and 0 < |z| < s},0 <i < N.
For each ¢, the map s — Y;(s) is continuous, non-decreasing, and non-negative.
Since
lu ()] < sk = [lugl[Lge,
for every t, it readily follows from the definition of Yy that
go(t, ux(t))
uk(t)
for every t for which the left hand side is well defined. Similarly, for each i =
1,2..., N, we have
gi (t7 Auk (t))

Auk (t)

§ YO(Sk)7

< Yi(2sg),
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whenever the left hand side is well defined.
Using the definition of wug, we infer that

€0||Uk||§1; < By(uk,ur)

k/2 [ N
= / U3 4 wuj — Zai(ATiuk)z
—k/2 | =
k/2 [ N
= / go(t,u)ur + Y gi(t, Az ur) Ar s
—k/2 | P
k/2 N
< / YO(Sk)Ui+ZE(25k)(ATiUk)2]
—k/2 | =
N
< Yo(sw)lluellze + lawlze Y miYi(2se)
=1
<

N
(Yo(sk) + ;TiYi(QSk))HukHiI;
= Y(s)llurllZ,

where
N
Y(s) =Yo(s)+ Z 7.Y;(29)
i=1

It is clear that Y enjoys the same properties as the Y;’s, therefore, since si # 0,
there is a positive number §y which is independent of k& such that

(49) ||uk||L°° Z (50.

Exzistence of k.. We argue by contradiction. Suppose all the uy are constants. Then
we have
||uk||Hi < MQ

vk T V2k

for k large enough. This contradicts the fact that §p is non-zero. Therefore, there
must be such a k,. O

do < |lukl|lze = |ur(0)] =

Lemma 4.4. The sequence (uy) possesses a convergent subsequence (i) whose
limit, w, belongs to E and is a non-zero critical point of .

Proof. First, note that the sequences (uy) and (1) are equicontinuous. Indeed,
given k > k,, and t1,t2 € R, we have
ta
/ Uk (s)ds
ty

to
/ g (s)ds
ty

Hence, in view of Lemma 4.2 and thanks to Arzela-Ascoli’s Theorem, a subsequence
(@g) converges in Cf_(R), say to some 4. Actually 4y — @ in Cf(R) since each
Uy, satisfies (1.1).

By (4.7), one infers hat

ug(t2) —un(t)] =

< Mi|ta — t4]

i (t2) — un(t)] = < Moty — ta].

[ v a < ag e
R
i.e. uw € E. It only remains to show that

@ (@) = 0.
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Let & be a test function on R. Denote by Iy, I, ..., Iy the supports of £(-),
E(-+ 1), ..., &(- + 7n), respectively. Let k € N be sufficiently large, so that

N
Ii=|J L c (=k/2,k/2).

Then, we have

P ()¢ = Pl (@) — Py (ax)é
= Br(a—ux,§) + (Go 1 (@) — Gy ()€ + (Gp(a) — G(ax))E,
with
. N
Brlw®) = [ [+ wwe -3 aidiuing.
I i=1
aw = [ mitwe,
N
=1
Note that
Brti— . < Wi dulomon [ 1+ =l [l
N
+ i inlin Y [ loillAng]
i=1 /1
< M€l 2o i — tinl| oo (1)
+ M2 wllpoe €l L2l — | Ly
N
+ 20@ — Al Y Villeulls €]l 2
=1
< bullEllplla = akll Loy + lla =kl o= (1))
= béllelt - arllc .,
where

N
b, = max <|1|1/2, lwllze +2 \/aailmc> :

i=1
Since @y — @ in C}, it follows from the above estimate that By(u — g, &) — 0 as
k — oo.
Similarly, we have

|Go,1(@)¢ — Go 1 (k)€

N
G(@)¢ - G| < Z/I|gi(thnﬂ)_gi(taAnak)HAnﬂ
i=1

IN

12l g0 (- @) = go (s @)l =1y

A

IN

N
I21ENE D VAllgit And) = gi, Ayl 1)
i=1

It then follows from the continuity of the g;’s, and the convergence @y — @ in C}._
that
lim G £ (B)€ — G, (1)E] = 0 and. i |G ()€ — G ()| = 0.

Thus
| DL (@)E] = lim | (7)€ — P (@x)€] = O.

Since ¢ is arbitrary, we have @/ (@) = 0.
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From (4.9), one infers that
[@]| Lo = 6o >0,
that is, @ # 0. O
5. APPLICATIONS: TRAVELLING WAVES IN LATTICES WITH
N-NEAREST-NEIGHBOUR INTERACTION

In this section we study periodic and homoclinic travelling waves in infinite
lattices with N-nearest-neighbour interaction.

Consider an infinite lattice of particles subejcted to a potential Vy and such that
each particle interacts with its N (first) nearest neighbours!, under the potentials

Vi,...,Vn. The equation of the motion of a single particle is described by Newton’s
law, i.e.

N
(5.1) i+ Vo(a5) = > Vi (ajei — a:)) = Vi@ — 45-0)], j € Z.

i=1

A travelling wave is a solution of (5.1) of the form

(5.2) gi(t) =u(j —ct), j € Z,

where ¢ > 0 is the wave speed and u the wave profile.
Inserting (5.2) into (5.1) yields the advanced-delayed ODE

(5.3) i+ Vi (u Z VI (Aru)].
i=1
We shall consider potentials of the type
i
(V) Vi(z) = Ex2 + Wi(x), i=0,1,...,N.
Let ¢« > 0 be given by

2 _ { 0 if —oo< )\0 < —4 21\11 max(0, A;)
2

- f\; imax(0, ;) if 42 —,max(0,\;) < Ao <0.

Then we have the following

Corollary 5.1. Let the V; € C*(R) be given by (V). Suppose N\g = 0, and each
W e {W;:0< i< N} satisfies the following conditions:

(W.1) W(z) =o(z?) as z — 0, and

(W.2) W > 0 and there are constants 3 > 2,19 > 0 such that W (z) < aW'(z)

for x| > 7.

Then for any T > 0, and any ¢ > c«, (5.3) possesses a non-constant T-periodic
solution.

Corollary 5.2. Let the V; € C1(R) be given by (V). Suppose Ao < 0 and each
W e {W;:0<i< N} satisfies the growth condition

(W.3) there exists a constant 3 > 2 such that

0< W (z) <zW'(x) Va#0.

Then for any ¢ > ¢y, (5.3) possesses a non-trivial homoclinic solution emanating
from 0.

IThis means that each particle interacts with 2N other particles.
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The proofs shall be omitted. However, one can observe that (5.3) is of the type
(1.1), with a;(t) = ¢72\;, gi(t,z) = ¢ 2W/(x), for t,x € R and i = 0,1,2,..., N,
and 7; =i for i = 1,2,..., N. The only difference is that (5.3) is non-autonomous
while (1.1) is not. The proof of Corollary 5.1 (resp. Corollary 5.2) follows exactly
the same line of arguments as the one of Theorem 1.1 (resp. Theorem 1.2). The
only exception when dealing with periodic solutions for (5.3) is that the period is

allowed to take any positive real value. The condition ¢y < 1 reads precisely ¢ > c,.
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