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Abstract

In this work we consider a one-dimensional chain of atoms which interact through near-
est and next-to-nearest neighbour interactions of Lennard-Jones type. We impose Dirichlet
boundary conditions and in addition prescribe the deformation of the second and last but
one atoms of the chain. This corresponds to prescribing the slope at the boundary of the
discrete setting. We compute the I'-limits of zero and first order, where the latter leads to
the occurrence of boundary layer contributions to the energy. These contributions depend
on whether the chain behaves elastically close to the boundary or whether there is a crack.
This in turn depends on the given boundary data. We also analyse the location of fracture in
dependence on the prescribed discrete slopes.

1 Introduction

Devices in engineering become smaller and smaller. The applicability of classical continuum the-
ories reaches its limit in the modelling of the physical properties of such devices. On the other
hand purely atomistic models are often still too complex to handle. To capture discreteness effects
and still to be able to model and analyse physical properties, we start from a discrete system and
derive its continuum limit. This approach is by now established in the literature and has been
successfully applied to different settings. Moreover, there are mathematically rigorous derivations
of discrete-to-continuum limits; see e.g. [BLBL02, BG06, BT08, Sch06] in the context of elasticity,
[BC07, BDMG99] for fracture mechanics and [Sch05, SS09] for magnetic materials.

In this work we focus on a model that describes fracture. The first important work on a discrete-
to-continuum derivation in this area is Truskinovsky’s article [Tru96]. Truskinovsky’s approach
consists of starting from a one-dimensional chain of atoms which interact by Lennard-Jones poten-
tials and to scale the strain in the region close to a crack differently than the strain in the region far
away from the crack. This yields a continuum theory which contains a small parameter with the
scale of length, which is thus able to reflect the fact that fracture is a size-dependent phenomenon.
Truskinovsky obtains a bulk energy as well as a contribution due to the crack. The latter energy
contribution depends on the crack opening and is formulated in the sense of Barenblatt [Bar62].
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Figure 1: A typical example of a Lennard-Jones potential.

In [BDMG99] Braides, Dal Maso and Garroni provide a first mathematical result related to frac-
ture mechanics by using I'-convergence methods (see [Bra02] and [DM93] for a comprehensive
introduction to I'-convergence). While Braides, Dal Maso and Garroni assume different scaling
behaviour of the Lennard-Jones potential in the convex and concave regions, respectively, we fol-
low Braides and Cicalese [BC07] and derive an asymptotic expansion for the limiting continuum
energy up to the first order via I'-convergence. This is motivated by Braides and Truskinovsky’s
work [BT08], in which uniformly T'-equivalent theories are developed in order to obtain a mathe-
matical justification of Truskinovsky’s earlier work [Tru96], among others. As we outline in more
detail below, one of our future goals is to derive a uniformly I'-equivalent theory for the setting
which we treat in this paper.

As in [BCO7] we consider next-to-nearest neighbour interactions in addition to the nearest neigh-
bour interactions between the atoms in the energy functional (see also [CT02]). This leads to
boundary layer contributions to the limit energy and thus allows to describe fracture, as will be
extensively shown in this article. Throughout we assume that the interaction potentials between
nearest and next-to-nearest neighbouring atoms are of Lennard-Jones type. See Figure 1 for an
example of a Lennard-Jones potential, and see below for details. Note that our class of Lennard-
Jones type potentials also contains typical other interaction potentials of physical relevance, such
as Morse potentials or double Yukawa potentials, see Remark 4.1.

Since we deal with nearest and next-to-nearest neighbour interactions, we impose Dirichlet bound-
ary conditions (corresponding to a hard device) not only at the endpoints of the chain, as in [BCO7],
but also at the second and last but one atoms, in agreement with [CT02]. We notice that this fur-
ther constraint can be equivalently interpreted as prescribing the discrete slopes at the boundary
of the chain. Imposing these additional natural boundary conditions results in new definitions of
the occurring boundary layer energies, see (4.13), (4.27) and (4.29), where we relate these with
the corresponding ones in [BCO7]. For earlier treatments of boundary layer energies see [BLBL02]



in the case of pointwise limits using higher gradients and [CTO08] using internal variables.

It turns out that the I'-limit of our discrete energy yields a bulk energy, cf. Theorem 3.1. The
bulk energy density is the convexification of a potential, Jy, obtained by combining the Lennard-
Jones type potentials between consecutive atoms and between next-to-nearest neighbour atoms
through an inf-convolution, cf. (3.3) for details. In order to capture boundary layer contributions,
we then compute the first-order T-limit in Section 4. We distinguish the cases of elasticity (£ <+,
Subsection 4.1) and the case of the occurrence of fracture (¢ > v, Subsection 4.2), which depend
on the parameter of the boundary value ¢, and on the minimum point « of the potential Jy.

Therefore our results for the first-order I'-limit depend on the Dirichlet boundary condition, i.e.,
on whether ¢ > ~ or not, cf. Theorems 4.3 and 4.8. In other words, the limiting functional is
not uniform in ¢. One of our future goals is to find an energy functional which is uniform in ¢
in the sense of Braides and Truskinovsky [BT08]. Moreover, the limiting functional contains an
explicit dependence on the boundary slopes, and it is in general different to the one obtained
in [BCO7] even if £ = v, cf. Remark 4.5. We point out that the presence of these additional
parameters in the boundary layer energy allows us to describe a wider range of possible limiting
behaviours for the discrete chain. In particular it turns out that prescribing appropriate discrete
slopes at the boundary yields a continuum model which allows for internal cracks for minimal
energy configurations, cf. Theorem 5.3 and the end of Section 5 for a corresponding discussion
including a multiple scales aspect. On the contrary, fixing only the first and last boundary atoms
leads to a location of fracture at the boundary always, as shown in [BC07, Theorem 5.2].

This issue is of particular interest having in mind as application the derivation of a model of
cracks using the quasicontinuum method. This method was developed to combine advantages of
continuum as well as of discrete descriptions (see [KO01, MTPO98, SMT*98]). The idea is to use
the continuum description away from the crack tip and to model the neighbourhood of a crack tip
by an atomistic model.

A first step to verify earlier works mathematically was done by Blanc, Le Bris and Legoll [BLBLO05].
They consider nearest neighbour interactions, introduce an artificial scaling in the continuum
energy in terms of the lattice parameter in order to avoid an unnatural behaviour of the system,
and they compute a pointwise limit of the energy functional. Instead of dealing with this modified
energy we intend to consider the expansion obtained in the present work by I'-convergence methods
since this contains the lattice parameter naturally.

We finally observe that, as in most of the related mathematical literature we consider a one-
dimensional model. This is of course a drawback since we head for a model of fracture in three-
dimensional materials, but for now it is not clear how to overcome the related mathematical
difficulties. However we hope that this one-dimensional model case will contribute to a better
understanding of three-dimensional fracture mechanics. Moreover the one-dimensional model can
be regarded as a model for trusses or a model for cleavage. In the latter case, the material breaks
along crystalline planes so that a model describing cleavage can be reduced to a one-dimensional
one by symmetry, cf. [BLO06, NO02].

2 Setting of the problem

The discrete model which we take as the starting point for the derivation of a continuum energy
functional describing the occurrence of fracture is as follows, cf. also Figure 2. We start from a one-
dimensional chain of n+1 atoms in [0, 1] and consider the limit as n — oco. For convenience we often
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Figure 2: A chain of n atoms.

set A, = 1. The deformation from the reference configuration is a function u : A,Z N [0,1] — R,
and u' is shorthand for u(i\,,). Note that for a function v : Z — R we write v* = v(i) as shorthand.
The Lennard-Jones type potentials J; and Js describe the interactions between nearest neighbours
and next-to-nearest neighbours, respectively. Exact assumptions for both potentials are given in
Theorem 3.1 and in [H1]-[H5] below. The discrete energy reads

uer 1 _ u’L - uer

n—1 n—2 2 i
i=0 " i=0 "

and is defined on A,,(0,1), the set of all functions u : A\,Z N [0,1] — R, which we identify with
their piecewise affine interpolations. Thus

A (0,1) ={u:1[0,1] = R : w(t) is affine for ¢ € (i, + 1)\, i € {0,...,n —1}}.

As in [BCO7] we impose Dirichlet boundary conditions on the first and last atoms. In addition we
also fix the second and last but one atoms of the one-dimensional chain of atoms under consider-

ation. That is, for given /, ugl), ugl) > (0 we set

u(0) =u’ =0, u(l) =u" =14,

(2.2)
u(A\,) =u' = )\nugl), w(l =) =u""t =0~ )\nugl).

Note that it is natural to have four boundary conditions in the case of next-to-nearest neighbour
interactions, cf. e.g. [CT02, CT08]. Since in nature cracks also occur in the interior of materials,
we head for a model that allows for a location of cracks in the interior. By imposing conditions on
the first and second as well as on the last and last but one atoms we obtain a model which allows
to have fracture in the interior in special cases, see Theorem 5.3.

Remark 2.1. We notice that prescribing the discrete boundary slope does not translate in the
continuum picture into prescribing the slope at 0 and 1. On the other hand, its effect is a
penalisation in terms of the energy, described by new boundary layer energies with respect to
[BCOT], cf. (4.13) and (4.27)—(4.29).

Since we require physical configurations v to satisfy the boundary conditions, we incorporate the
boundary conditions in the definition of the functional. For given ¢, ugl), ugl) > 0 we consider the

functional H! : A, (0,1) — (—00,4+00] defined by

e 0 1_ 1) n—1_p_ 1 n_
Hﬁ(u)_{H"(u) ifu? =0, u' =Ny, u =0—uy s u l, (2.3)

400 else.
It turns out that the zero and first-order I'-limits of this functional depend on ¢ (cf. Theorems 3.1,

4.3 and 4.8 below). For this reason we make the ¢-dependence also visible in the notation of the
energy in the discrete setting.



3 Zero-order I'-limit of the discrete energy

The zero-order I'-limit is the same as the T'-limit of the discrete energy in (2.3) and yields the
bulk contribution of the energy. We derive the T'-limit in Theorem 3.1, which is based on [BG04,
Theorem 3.2] and [BCO7, Theorem 4.2]. The bulk energy density identifying the limiting functional
is a convexification of a potential that is obtained by combining the nearest neighbour and next-
to-nearest neighbour interaction potentials. The combination of the potentials is done by an
inf-convolution, see (3.3).

For given ¢ > 0 we denote by BV*(0,1) the space of functions u with bounded variation defined
on (0,1) and satisfying the Dirichlet boundary conditions u(0) = 0 and u(1) = ¢. We point
out that when 0 (resp. 1) is a jump point of u, the Dirichlet boundary condition is replaced
by u(0—) = 0 (resp. u(1+) = ¢). In other words BV*(0,1) can be identified with the space of
functions u € BVjee(R) such that w = 0 on (—00,0) and u = £ on (1,400). The space of special
functions with bounded variation SBV*(0, 1) is defined correspondingly. Moreover, for a function
u € BV*(0,1) (or in SBV*(0,1)) we denote by S, the jump set of u in [0, 1], and for ¢t € S, we
set [u(t)] = u(t+) — u(t—).

Theorem 3.1. Let J; : R — (—o00,+00] be Borel functions bounded from below, for j = 1,2.
Suppose that there exists a convez function ¥ : R — [0, +00] such that

lim (=) = +o0 (3.1)

Z—— 00 |Z|
and there exist constants c{,c% >0 for j=1,2 such that
AW(z) —1) < Jj(2) < dmax{¥(2),|z|} foralzeR, j=1,2. (3.2)
Let ¢, uél), ugl) > 0. Then the U-limit of H: with respect to the L-topology is the functional H*
defined by

H (u) = /01 Jor (' (t))dt  if u € BVE0,1),[u] >0 on S,,

+00 else

on L1(0,1). Here Ji* denotes the convezification of the function
1
Jo(z) = Jo(2) + 5 inf {J1(z1) + Ji(22) : 21 + 22 = 2z} (3.3)
defined for all z € R.

Proof. Compactness. For fixed ugl),ugl) > 0, let (u,) be a sequence with equibounded energy
HE. By [BG04, Theorem 1.2, Theorem 3.2] we have that u,, € BV¢(0,1) and that there exists
u € BV (0,1) such that u, converges weakly to w in BV(0,1). It remains to verify that the limit
function u satisfies the boundary conditions in 0 and in 1. Since u® = 0 and u”* = ¢ for every n,

we can define the extension u, € BVj..(R) as

0 ifi<o,
ul, =l if0<i<n,
/ if 1> n.



Then we have that u,, converges weakly in BVj,.(R) to the extension u of u and from this we
deduce that
u(0—)= lim w(t) =0 and wu(l+)= lim u(t) =~.

t—0— t—1+

Liminf inequality. It can be proved in the same way as in [BG04, Theorem 3.2].

Limsup inequality. Let u € BV‘(0,1), with [u] > 0. Then [BG04, Theorem 3.2] provides a
recovery sequence (u,) which does not satisfy the Dirichlet boundary conditions (2.2). Therefore
we define the sequence 4, as the affine interpolation of the following discrete values

0 if i =0,
Anudt) ifi=1,
il = < ul, if2<i<n-2,
é—)\nugl) ifi=n-—1,
14 if i =n.

Clearly 1, converges to u, since we modify the recovery sequence only at a microscopic level.
Moreover the change in the energy is of order A\, therefore 4, is a recovery sequence for v. O

4 First-order I'-limit of the discrete energy

In order to obtain a continuum energy functional that contains boundary layer energies we are
interested in the first-order T-limit of HY. That is, we compute the I'-limit of the functional H fn
defined by

_ Hf(u) —min H*

HE ) = =2 (@.1)

With respect to deriving an asymptotic expansion of the limiting functional of H fn in terms of
An, we remark that the first-order T-limit yields the second term of such an (formal) expansion,
i.e., the term of order \,. More precisely, the minimisers of the first-order I'-limit are the second
term of an asymptotic expansion of the minimisers of the original functional in terms of \,,, see
[AB93].

First of all we state the assumptions on Jy,Jo; and Jy under which the convergence result is
obtained.

[H1] (strict convexity of Jp in its convexity points).
{z: Jo(z) = J;*(2)} N {z : Jp is affine near z} = 0.
[H2] (uniqueness of minimal energy configurations).
#M?* =1 forevery z € R: Jy(z) = J;"(2),

where the set M* describes the minimising pairs for Ji, i.e.,

M? = {(31,22) 121+ 22 = 22, Jo(Z) = JQ(Z) + %(Jl(zl) + Jl(ZQ))} . (42)



Thus M* = {(z, z)}, which implies that
Jo(z) = Ji(2) + J2(2) for every z € R: Jy(z) = J3*(2). (4.3)

[H3] (regularity and behaviour at +00). Ji,J2 : R — (=00, +00] be in C** 0 < a < 1, on their
domains, i.e., on {z € R : J;(2) < +o00}, j = 1,2, and such that Jy € C! on its domain. The
following limits exist in R

lirJJrn Ji(2)=0, j=1,2 and HIJP Jo(z) = Jo(+00).
[H4] (structure of Jy,Jy and Jy). Ji, Jo are such that there exists a convex function ¥ : R —
[0, +00] and constants ¢}, ¢} > 0 for j = 1,2 such that (3.1) and (3.2) are satisfied. J; has a unique

minimum point ¢; and it is strictly convex in (—o0,d;) on its domain for j = 1,2. Moreover J,
has a unique minimum point «, with Jo(y) < Jo(400).

[H5] (additional condition on Jy in the case £ < 7). Jo(z) = J3*(z) for all z < .

Assumption [H5] is used in Proposition 4.2 and Subsection 4.1, see Theorem 4.3, which is in fact
the only result where we apply the C1:%-regularity of [H3].

Note that, assumption [H2] rules out the possibility that the Lennard-Jones type potentials J;
and Jo have several wells. Our choice is due to the intention of focusing on the effect of pre-
scribed discrete slopes on the limiting functional, rather than presenting our results under more
general assumptions for the interaction potentials, cf. [BCO7] for related work on the latter topic.
Analogous to [BCO7] we could easily relax the assumption of J;(400) = Jo(+00) = 0.

Remark 4.1. The above conditions are satisfied by typical physical interaction potentials. The
main example that we have in mind is the Lennard-Jones potential, which is why we call potentials
satisfying [H1] — [H5] potentials of Lennard-Jones type. The classical Lennard-Jones potentials
are defined, for some k1, ko being positive constants, by

k k
Ji(z) = Z—ll2 - z_z’ Ja(z) = J1(22) for z >0 (4.4)

and extended to +o0o0 on (—o0, 0], see Figure 1 for a plot. [H1]—[H4] are clear from the definition.
To prove [H5|, we first note that

1 1
3 inf {J1(z1) + Ji(z2) : 21 + 22 = 22} = 3 inf {J1(z1) + J1(22 — z1) = 21} .

Setting the first derivative of this equal to zero, yields the condition Ji(z1) = J;(2z — z1). Now
observe that Ji(z) is injective and Jj(z) < 0 for all 0 < z < ¢; with ¢; being the minimum point
of Jy, and Jj(z) > 0 for all z > é;. Moreover note that z < §; implies that at least one of z; and
2z — z1 is less than or equal to ;. Hence the properties of the first derivative yield z; = 2z — 21,
i.e., z; = z for all z < d;. Therefore, for Lennard-Jones potentials as defined in (4.4) we have

Jo(z) = Ji(2) + J2(z) for all 0 < z < 4. (4.5)

An elementary calculation reveals that Ji(z) + J2(z) has non-negative second derivative for all

1
z < (1—73) ¢ ~v with v being the minimum point of the effective energy Jy and

1 1 1
1+2712\° L+2712\® 2k \°
" (1+2—6> ! (1+2—6> <k2> (4.6)



as proven in [BC07, Example 4.1]. From v < (%)é ~v and v < d1, we deduce [H5].

Since the double Yukawa potential, cf. [FA81], has a similar shape as the Lennard-Jones potential,
we expect that it also satisfies [H1] — [H5].

Another example is the so-called Morse-potential where for some 41, k1, ko > 0, the potential is
defined by Jy(z) = ky (1 — e *2=80)? _ k) for 2 > 0, and Ja(z) = Jy(22). This is finite at 0,
but the structure is the same: the potential is strictly convex up to an inflection point, where it
becomes concave and approaches 0 as z — oo, i.e., we have [H1] — [H4]. To prove [H5], one may
proceed as for the Lennard-Jones potential using properties of the first derivative of Jj.

We notice that, by Jensen’s inequality, min H¢ = J*(¢) for every £. More explicitly,

min H' = o) L=, (4.7)
Jo(y) if > . '

Indeed, [H1]—[HA4] imply J;*(z) = Jo(7) for every z > ~. Moreover, in the case £ < , assumption
[H5] entails in particular Jy(¢) = J;*(£).
For what follows it is useful to rearrange the terms in the expression of the energy H fn in (4.1).

For given /, uél),ugl) > 0 let (u,) be a sequence of functions satisfying the boundary conditions

(2.2) for each n. Then by (2.1)

n—1 i+1 i n—2 i+2 i e
urtt —ul ustt —ul min H
Hi p(un) =3 (/\7) *ZJ2( o )‘ X

where we set for i =0,...,n —2

. wit? — i 1 wit2 it Wit — i .
O’;L =.Js (nTnn) + 5 (Jl (%) + Ji (n/\7nn>) — min H®. (4.9)

The following compactness result states that for ¢ <  functions u,, with equibounded energy
H fm converge necessarily to the function u(t) = ¢¢, while if ¢ > ~, the limit function w has a finite
number of jumps and is such that v’ = v a.e. We recall that S, is the jump set of w.

Proposition 4.2. 1. Let 0 < ¢ < v and suppose that hypotheses [H1] — [H5] hold. Let uél),
ugl) > 0. If (un) is a sequence of functions such that

suprn(un) < 400, (4.10)

then there exists a finite set S C [0,1] such that, up to subsequences, u, — u in W,52°((0,1)\
S) with u(t) = £t, t € [0,1].



2. Let { > ~ and suppose that hypotheses [H1] — [H4] hold. Let u(()l), ugl) > 0. If (uy) is
a sequence of functions such that (4.10) is satisfied, then, up to subsequences, u, — u in

LY(0,1), where u € SBV*(0,1) is such that
(1) 0 < #Su < +o0;

(i1) [u] >0 on Sy;

(iii) u' =~ a.e.;

(iv) th)ere exists a finite set S C [0, 1] such that, up to subsequences, u, — u in VVlifo((O, 1\
S).

Proof. The first result of the proposition follows from [BC07, Propositions 3.1 and 4.2], see also
below. The results (i) — (ii) for £ > ~ follow directly from [BCO07, Proposition 4.2], since our
approximating functionals are finite on a smaller set than the corresponding ones in [BCOT].
Statement (iv) follows again from [BCO07, Proposition 3.1], which we outline in the following; the
corresponding result for the case £ < v in 1. can be obtained in a similar way. In the case ¢ > ~
we have (4.8) with min H = Jo(). From (4.10) there exists C' > 0 such that

n—2
supZUfz <O < +oo,

" i=0
where o, is defined as in (4.9). Hence, for every fixed n > 0, setting I,, := {i € {0,...,n — 2} :
ol >mn}, there exists a constant C(n) such that
sup #1, < C(n) < +o0.

Let i € {0,...,n — 2} be such that i ¢ I, i.e.,
_ wit2 _ o 1 wit2 — g it! 1 Wit — oy
=y | 2——1 —Jp | " —Jp | 1) = J <. 4.11
= (B Y g (B ) g (B ) w0 @)
Since Jy(z) > Jo(v) for every z, from (3.3) and (4.11) we have
w2 — i 1 uit? — it 1wt — i wit2 — oy
0<J(u) _J(u) _J(u)_b](u)< 7
=T, Tl T3l T, )T
and moreover, using the definition of .Jy, (4.11) implies that
2 i

) ) <.

Let e = £(n) > 0 be such that if

0< Ja(2) + %Jl(zl) + %Jl(zg) —Jo(z) <n  with 21 + 29 = 22
0<Jo(2) = Jo(v) <1
then |21 — | + |22 —v| < e. Therefore if i ¢ I,, then
w2 it Wit —

3 —v|<e and %—’y <e. (4.12)



Let M, be the maximal number of indices ¢ in I, and let I, := {i},... ,z}}z[n} with 0 <47 <
g, <n—2,k=1,...,M,—1. Note that Z?:_(f ol > C(n)M,, and therefore (4.10) implies that
sup,, C(n)M,, < +o00. Therefore we may assume M,, = M and observe that, up to subsequences,
for every k = 1,..., M there exists z € [0,1] with A\,i} — xi. Let S = {x1,...,2n} and,
for fixed w > 0, S, = U, (zx — w, 2 + w). Hence, by identifying w, with its piecewise affine
interpolation, we get from (4.12) for n large enough

sup  [ul,(t) — 9| <.
te(0,1)\ S

Since ' = v a.e.,we conclude by (#i7), due to the arbitrariness of w, that up to a further subsequence
U — w in W2((0,1)\ S). O

loc

For simplicity of notation we define for ¢ >

SBV!(0,1) = {u € SBV*(0,1) : conditions (i) — (i) are satisfied } .

4.1 The case ( <~

First of all we consider the case £ < v, where we recall that ¢ denotes the Dirichlet condition

imposed on the last atom of the chain and v denotes the minimum point of Jy. For £ < v we have

elastic behaviour and therefore no fracture occurs. We compute the discrete-to-continuum limit

of the discrete energy of first order H f)n in terms of I'-convergence. This yields in particular that
(1) (1)

our limiting functional depends on the prescribed slopes u; * and u; ’, see Theorem 4.3.
For any 0 < ¢ <~ and 6 > 0 we define the boundary layer energy B (6,¢) as

- (1 L Vit2 _ i
B(6,0) —]%]Iémeln{iJl (v' —v )+Z{J2 (T

i>0

(Ja (vi+2 _ vi-l—l) s (vi-l-l _ vi)) — Jo(t) = J)(0) (m — g) } .

* 2

DN =

U:NHR,UO—O,UI—UO—UI—9,vi+1—vi—€ifi2]\]}. (4.13)

In what follows 6§ = ul" or § = u{", so the constraint v! — v° = 6 is due to the boundary

conditions imposed on the first and on the last two atoms of the chain, respectively. Hence,
B (0,¢) represents the elastic boundary layer energy. The expression involving —Jj(¢) is crucial
here to ensure, together with (4.3), that the terms in the sums are non-negative and thus that

the boundary layer energy is bounded from below. Indeed, by the definition of Jy and since
Jo(£) = J3*(€) for £ <~ by [H5],

2yt } . , . i+2 i
J (%) I % (Jr (072 —o™0) 4y (6 = 0i)) = Jo(0) — JI(0) (% _g>

2 42
> Jo (%) — Jo(£) — Jy(€) <% - 5) >0,

where the latter inequality follows from the fact that Jo(x) — Jo(¢) — J5(0)(z — £) > J3*(x) —
JgE(0) = (JG3*) (0)(x — £) > 0 for all x € R; thus in particular Jo(y) — Jo(€) — J5(£)(y — £) > 0.

For the definition of the corresponding boundary layer energy in the case £ > + see (4.29).
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Theorem 4.3. Suppose that hypotheses [H1] — [H5] hold and let 0 < ¢ < 7 and uél), ugl) > 0.
Then an I'-converges with respect to the L>=-topology to the functional H{ defined by

(1) (1)
B (ug”,é) +B (ug”,z) — Jo(t) — J(0) (% - e) if ult) = £,

+00 else

Hi(u) =

on WhH(0,1).

In Figure 3 we give an intuitive picture of the location of the occurring boundary layers in the
elastic case, i.e., for £ < ~.

wu(t)

B (ugw)

Figure 3: An intuitive picture of the location of boundary layers for ¢ < ~.

Proof. Liminf inequality. We show that for any sequence u,, — u in L>°(0, 1) with equibounded
energy Hf)n we have

n—oo 2

(1) (1)
timinf 1, (un) = B (uf,€) + B (uf",€) = Jo(0) = Jj(0) (w - e) .

From Proposition 4.2 we have that u(t) = ¢t for all ¢t € [0,1] and that there exists a finite set S
with, up to subsequences, u, — w in Wlf)"coo((O, 1)\ S). This allows us to choose a sequence of

integer numbers h,, € N such that A\,h,, — % as n — oo (note that without loss of generality we

may assume that % ¢ S, since otherwise we may pick another point in (0, 1) which does not belong

to S) and moreover
hp+2 hp+1
. u —u
lim —»— —"n
n— o0 /\n

=0 (4.14)

We write H{ , (uy) as in (4.8), where we make use of (4.7). Then we add and subtract the term

11



To(0) (Mgt

T ) in the sum to obtain

1 wl — 0 n—2 wit2 g uz+2 i+l
ot =g (B2 ) () 3 (0 ()
I ) wit? — i
nn _ _ Zn Tno_ 4.1
+J1< ) ) =0 - a0 (B o) | (4.15)

z+2 1 1 n_ ,n—1
+ZJO ( — Yn €)+§J1 (M)—Jo(z).

An

= { by construction, we have
n—2

(i = ui) = (uh = uf) = (u — ) = 20— A () +uf").
1=0
Thus

i+2 i
un

n—2 _ (1) (1)
I <—“ —e> — J(0) (i _fo T
i=0 2An

., .
U Uy _ g U
C ) (£

(4.16)
and we already have the last term in the finite limiting energy Hi(u). By (4.15) and (4.16) the
energy H{ ,(uy) reads

1 Uy, — Uy
1 (o) =5 (B

2

) Zs + = J1 (Tl)—Jo(é)—Jé(é) <M—e>,

(4.17)
where for i =0,...,n — 2 we define

: uf{” — uﬁl 1 l+2 u”‘l uifl — uil
) ) (4.18)
J/ ([) u:7,+2 B U:I é
0 2\, '
Note that, for £ = v, s!

is the same as o}, defined in (4.9) since Jj(y) = 0 by [H4]. We define the
sequence v, : N — R as

k3
.
n

g if 0<i<hy,+2,
=1 a2 (4.19)
0i— (hp +2))+—=— ifi>h,+2.

12



Then, in terms of v,, we have

Ui1+2 - Ufl 1 i i i
i (S5 S e

~ (o) <7”’i1+22_ b _ o}

=X (B g O ) o 5 ) 0

-0 (S~ ) o)

where w(n) denotes an infinitesimal function for n — oo specified below. The last equality follows
observing that, by (4.19) and (4.3), the terms of the sum are identically 0 for every i > h,, + 2
while by (4.14) and (4.3) we have that the term corresponding to i = h,, + 1 satisfies

_— s R AN whnt2 _ a1
Sn :J2 (T+§> +§ (Jl(f)-‘rJl (T)) —Jo(f)

hnt2 _ o bl
y unn — unn {_
o) (o)

=w(n) —0 asn— oo.
Observe that v0

0 1
U, 1 0 _ uy _ (1)
_K_Oﬂvn_vn e Yo

= and vit! — ol = ¢ for i > h, + 2. Hence v, is a
competitor for the minimum problem defining B (uél), 6), cf. (4.13). Therefore

—Jl( U )—i—Zs
:—Jl(v —0 +Z{J2<u

) L i =) g (@ — )
1>0 2 2
it2 i
= a0(0) = 5300 (B~ 0) | - ot
> B (uél),ﬁ) —w(n).

In order to estimate the remaining part in the energy in (4.17), we observe that
B (0,¢) = inf min

1 w — w2
N { le —w +Z{Jg( )

<0

3

(4.20)

% (i (W' =)+ (W' = w'?)) = Jo(€) — J(0) (wl%w —6) } :
NoRuw =00 —w'l=-wlt=0uv—wt=0ifi< —N}, (4.21)
as one can easily see setting v/ =: —w ™7 in (4.13) and i := —j. We define w, : =N — R as
(e if hy —n+1<j<0,
n= {ﬁ(Ajn— (hj:— nt1) -+ i< h, -l (4.22)

13



Then, in terms of w,, we have

by (4.14) and (4.3).

n n . .
—w, =T =y wl —w) =L for j < hy —n+ 1, we deduce

that w,, is a competitor for the minimum problem defining B (ugl), ﬂ), cf. (4.21). Therefore

1 u —ynl =
o (T% 2.

i=hp,+1

__J1 +;{J2<w ~ W 2) %(Jl(w —wi ) 4y (wl = w) )

%

— a0 = o) (5 o) - o)
zB(ul ,6) w(n). (4.23)

In summary, from (4.17), (4.20) and (4.23) we obtain the desired liminf inequality.

Limsup inequality. By the definition of HY{(u) it is sufficient to consider the case u(t) = ¢t. We
construct a sequence (u,) converging to u in L*°(0, 1) satisfying (2.2) and such that

(1) (1)
timsup H{ , (un) < B (uf,£) + B (uf",£) = Jo() = Jy(0) (i - e) .

n—oo 2

Let » > 0. Then, by the definition of B (u((J ),é), we can find v : N — R and N; € N such that

0 =0, vl —f :uél), v+l — ot = ¢ for i > N; and

1 v =0t 1 i i i i
5N (0! =) +Z{"2 (T) 5 (@ =0 4 (0 =) = ()

i>0

o[+ )

<B (ug”,e) +. (4.24)
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In the same way, by (4.21), there exist w : —N — R and Ny € N with w® =0, v’ —w™! = ugl),
w? —w™t = £ if § < —Ns, such that

_Jl (w® —w™ —i—Z {Jg (w —w 2) + % (J1 (wl — wi_l) + J1 (wi_l —wi_2)) — Jo(0)

<0

()

< B (uf",€) +1 (4.25)

We construct a recovery sequence for v by means of the functions v and w. Indeed, we set

An’ if0<i< Ny + 2,
uh = QAo 42y B BB G N 9y i N +2<i<n— Ny -2,
L+ Aw'™™ ifn—Ny—2<i<n.

We note that, for each n, u, satisfies the boundary conditions (2.2). We write Hf , (uy) as in
(4.17) and thus only need to show that the first three terms on the right-hand side of (4.17) yield

B (uél),é) and B (ugl),é) in order to prove that Hf , (uy) converges to Hf(u). To this end we
split the sum as follows

— n—No—3 n—2
i 4
Sa-yas' Y ar ¥ o
i=0 i=0 i=N1+1 i=n—Ny—2

We observe that

1 uy, — up o i 1 1 0 4k v — o 1 i+2 i+1
§J1 )\n +ZSHZ§J1(U —U)+; JQ T +§(J1(1) — v )

h + I (T = 0") ) = o) = Jo(0) (NT_U : é) }

where we can replace the sum of the right-hand side with the same sum up to +oo since vi+! —v* = ¢
for i > N;y. Hence, by (4.24) we obtain the upper bound B (u(()l), é) + n. Similarly,

1 un_unfl n—2 )
(A Y .

’inNzQ

— 5J1 w’ —w” +Z{JQ (710 —v 2> + % (Ji (W' — w1 + Iy (W' = w'T2)) = Jo(0)

i<0

-0 (- )

which is less or equal than B (ug ), é) + 1 by construction, see (4.25). Thus it remains to prove

that > 1~ Jf,vzﬂg s! is infinitesimal as n — oo. For Ny +2 < i <n — Ny — 3 we have

U;’J’_l _u;’ €+An (w*N2*2 _,UNlJFQ) é w—N2—2 _,UN1+2

)\n - )\n(n—Nl—Ng—4) _1—)\11(.7\[1'i‘]\/v2—|'4)_'—’rL—J\/vl—]\/vg—él7
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which is of the order of £ + - for some constant ¢. Hence by continuity
i~ ° AT _7mns
st~ (€+n)+J1 (e+n) Jo(0) = Jo(0) =
for N1 +2 <i<n— Ny—4. Now, since J\(¢) = J{(£) + J5(¢) by (4.3) and [H 3]
i~ ° AT _ 7w g
s~ (e+n) A (e+n) B0 = B(l) = T (05 = T(0)
¢ ¢
= (4 (€2m) = J5(0) = + (Jf (61) — J1(0) =
for some &, and &3, between £ and £ 4 <. Hence, by [H3], for a possibly different constant c,

n—No—4 n—No—4 n

i i c c
E sy, < E |sn|§2 = =—>—0 asn— oo
nlta  pa

i=N1+2 i=N1+42 =1

It remains to estimate the terms for i = N7 + 1 and ¢ = n — Ny — 3. Note that

Ni+3 Ni+1 —No—2 Ni+2
unl _unl — l (UN1+2 —+ €+An(w § —v! )> _ lleJrl

2)\71 2 )\n(’n—Nl—Ng—4) 2
,UN1+2 _ ,UNlJrl é w*N272 _ ,UNlJrQ
B 2 +2—2)\n(N1+N2+4)+2(n—Nl—N2—4)
l n 4 . c ¢
~ — - — — L.
2 2 2n
Hence sY1*1 converges to 0 as n — oo by (4.3). Similarly,
uanzfl _un7N273
2\,
1 / _Np—1 Ny42 [_i_ )\n(w—Nz—Q _ ,UN1+2)
=—-|— - - —Ny—3—-N; -2
2(/\n+w Y NN N, —p N 1=2)
SN

% = (. Hence, again by (4.3), s

converges to 0 as n tends to infinity, which proves the convergence of the energy. Moreover, since

the discrete derivative of u,, converges to ¢, we have in particular that (u,) converges to u(t) = ¢t
in L*°(0,1). O

No—1 _w7N272

. anzfg
since »

is of order /\L —1land w™
n

Next we discuss a special case: let £ =+ and 6§ = ~. Then it is immediate to notice that (y,0) is
a minimiser, hence the boundary layer energy takes the simple explicit form

1
B (v,7) = §J1(’Y)- (4.26)
The following corollary is then a consequence of Theorem 4.3.

Corollary 4.4. Suppose that hypotheses [H1] — [H5] hold and let £ = ~ and ugl) = ugl) = .
The sequence of functionals H;n I'-converges with respect to the L°°-topology to the functional
H] given by

HY (u) = {fo(z) —Jo(v) = —Ja2(7) Z;(t) — )

on Wh(0,1).
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Remark 4.5. Notice that if the Dirichlet boundary conditions for the second and last but one
atoms are not prescribed, then the limit functional is 2B(y) — Jo(y) [BC07, Theorem 4.4], see
also (4.28) for a definition of B(v). By Proposition 5.4 below we know that B(y) < $.Ji(y) in
some relevant examples, more precisely for the classical Lennard-Jones potentials as defined in
(4.4). Hence, at least for these examples, prescribing the second and last but one atoms leads to
a different limiting functional even for £ = ~.

Remark 4.6. Proving directly the assertion of Corollary 4.4 shows that assumption [H5] is not
needed.

4.2 The case ( > v

According to the compactness result in Proposition 4.2, we have fracture in the case £ > . To
this end we define boundary layer energies due to the presence of a crack at the boundary or in the
interior of the chain. When a fracture occurs at a boundary point, the corresponding boundary
layer energy is given, for § > 0, by

1., = it g
By (A) = inf min {5‘]1 (@' -2°) + Z {J2 <T)

keN P
1 . _ . _
+EQMWH_wHyhhmH_m»_%wﬁ; (4.27)
7:N- R, =0, 08! —oF = 5% = 6‘}.

Remark 4.7. We point out that the boundary layer energy By (9) yields the optimal position, at
a microscopic scale, of a fracture that occurs at the boundary at a macroscopic scale. See the end
of Section 5 for examples about the optimal position of microscopic cracks. In this case we use
again (3.3) and that Jy has a unique minimum point v to deduce that the terms in the sums are
non-negative.

Next we recall the definition of B(vy), which is the boundary layer energy of a free boundary,
occurring in the case of an internal fracture, and was introduced in [BC07].

) ) 1 _ N uit?
B(y) = J%[rémeln{iJl (@' —u°) + ; {Jg (T)
+ % (Jy (@2 = @) + 0y @ - @) — JO(’Y)} : (4.28)

ﬂ:NHR,Eozo,ﬂi“—ﬂizvifiZN}.

In the case of an internal fracture, the elastic boundary layer energy at the endpoints due to the
prescribed boundary conditions is similar to the one defined in the elastic case ¢ < v, see (4.13).

17



More precisely, we define, for 6 > 0,

B(9 ) i . 1J(1 0)+Z J vi+2_vi
— 1nl min — v —v _—
1T NeN 971 2 2

i>0

1 _ . _ .
3 (0 (2 ) £ (0 ) - Jo(y)} ;
v:N-R =00 =0 =0t =0, 0" —0f =5if i > N}. (4.29)

Theorem 4.8. Suppose that hypotheses [H1] — [H4] hold and let £ > ~ and u(()l), ugl) > 0. Then
an I'-converges with respect to the L'-topology to the functional H{ defined by

B (uf,7) (1= # (5. 1 {0})
+B () (1= # (Su 0 {11) = Jo(7) + Brs# (S, 1 (0, 1))

+Bp, (ug”) #(S. N {0}) + Bgy (u§1>) #(S. N {1}) if ue SBVY(0,1),

400 else,
on L'(0,1), where, for 6 > 0,
1
By (6) = 51 (6) + By (6) + B(r) = 2Jo(), (430)
is the boundary layer energy due to a jump at the boundary, while

By =2B(7v) —2Jo(7) (4.31)

is the boundary layer energy due to a jump at an internal point of (0, 1).

In Figures 4 and 5 we give an intuitive picture of the location of occurring boundary layers in the
case of a crack in 0 and in the interior, respectively.

B(v) = Jo(v)

5J1 (u(()l)) + By (u(()l)) = Jo(v)

Figure 4: An intuitive picture of the location of boundary layers for a crack in 0.
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B(v) = Jo(v)

B(v) — Jo(v)

B (ugl) s 'y)

Figure 5: An intuitive picture of the location of boundary layers for a crack in the interior.

Proof. Liminf inequality. Without loss of generality we can assume that there is only one jump
point, i.e., #5, = 1. In the following we consider the case of having a jump at the boundary or
in the interior separately. Since the jumps at 0 and 1, respectively, are similar due to symmetry,
we only treat the boundary jump at 0.

Jump at 0. Assume that S, = {0} and let (un) be a sequence such that sup,, H{ ,, (un) < +00. By
Proposition 4.2 we know that u,, — u in L(0, 1) with

0 it =0,
ult) = {7t—|— (C—v) ifte (1] (4.32)

Moreover, there exists a finite set S such that u, — u in W,2*°((0,1) \ S). We prove that

loc
o 1
hmnlnf an(un) > §J1 (ugl)) + By (ugl)) + B(y) —2Jo(v) + B (ugl),'y) — Jo(). (4.33)

Let k) € N with Ak} — 2 be such that

uint2 et
lim
n— 00 )\n

=7, (4.34)

note that without loss of generality we may assume % ¢ S. We start from (4.8) and decompose

the sum into a sum from 0 to k} and a sum from k. + 1 to n — 2. In the following we adapt parts
of the proof of Theorem 4.3; note that of, defined in (4.9) is the same as s!, defined in (4.18) for
¢ = ~. Instead of (4.22) we set

n4j
CHIL R if kl —n+1<j<0,

Jo—
wy, =

, ¢ Batl
VG —(ky —n+1) = -+ — if j <k, —n+1.
and then can prove analogously to (4.23) that
1 u? — 1L n-2 )
§J1 (71)\7") + Z g, > B (ugl),v) —w(n) (4.35)
" i=k}+1

with an appropriate function w converging to 0 as n — co. Therefore, in order to obtain (4.33)
we focus now on the sum of the terms o for i ranging between 0 and k..
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Since, by assumption, u,, — u and S, = {0}, we have that there exists h,, € N with \,h, — 0
such that
lim 2o U (4.36)

n—oo /\n
Indeed, since wu,, converges to u almost everywhere, for every £ > 0 there exists some ¢, € N such
that A\,g, — 0 and ud = u,(Angn) := an > € — v + Y\ngn — €, for n large enough. We set
T i= YAngn — €. Therefore, we have for n large enough

an _ 1 —
R A B TR

P VD W
Observe that there are two cases: either the discrete slope of u,, is constant in [\, A\,¢n] or not.
If such a slope is constant, then we have that for every j =1,...,q, — 1

G+l _ g WA
u U a u
n n n n =0 0.

An AnGn

Therefore, the claim (4.36) follows choosing h,, = ¢,, — 1 for example, or choosing h,, = j for some
jed{l,...,qn —1}.
If the slope is not constant, then there exists he {1,...,qn — 1} such that

ht1
n

)

—u < an — )\nugl)

An Anqn -
and (4.36) follows choosing h,, = h.

We then split the sum, by isolating the terms ¢ = h,, — 1 and ¢ = h,, which contain terms as in
(4.36):

KL hp—2 ky,
ST SIERITISEUT ) (3
i=0 i=0 i=h,+1

According to (4.36), since Ji(4+00) = Jo(4+0o0) = 0, we have that some terms in o/»~1 and in o/
are infinitesimal. We collect them in the function r1(n) defined by

uthrl _ uhnfl uh"+2 _ ’u,h" uthrl _ uh"
Tl(n):JQ <—n o\ “ )+J2 (7” I\ “ )+J1 <7n N n >

and converging to 0 as n — oo. Hence, from (4.37) we have

hot2 _ ) hotl
ul )

kn 1 h hn—1 hin—2 1
; Uy — up” ; u
Y2 — _J n n 2 _J n
;:0 In =571 (7/\71 ) + i:EO Op T+ 571 ( W

K
+ 3 ok —2J(y) + 71 (n).

i=hp+1
(4.38)
We show that
1 UZ" — uZ"il hn 2 i (1)
42 1 kn

1 Upn T —upn = ;
_ n n T > .
51 (—An ) + i:hzﬂan > B(y) + r2(n), (4.40)



with ro2(n) — 0 as n — oo, see below for details. Indeed, (4.39)—(4.40) together with (4.35) and
(4.38) then give (4.33).

Let us start by proving the inequality in (4.39). We observe that (4.27) can be phrased equivalently
for test functions defined on —N, in the same way as (4.21) was derived from (4.13). We define
forj=—-h,+2,...,0

C yithe
~j _ Un
W, S
Then
1 up —upe ! £ i 1 0 ~1 - wh — Wy
(5557 S s (555
1=0 j=—hn+2
1 o o o
+ 5 (1@~ B + @) - 97) - S|
and, moreover, W, " = 0, @}~ — @ = u((J ), which means that w,, is an admissible test for

By ( ( )) and thus (4.39) holds true.

It remains to prove (4.40). We define, for j > 0

whn 14 yhntl
n

_ A — "A if j <kl —hp,+1,
ul, = n n ukjl+2 whnt1
70—%+M—U+3 —71 if j >k —h, +1.

Therefore, we find

Ly (™ = ! 0 @y -,
5°’1(T> Z 7 =g “”“Z{J?(f)

i=hp+1 §>0
1 . . . .
+ 3 (J1 (uflJr2 - uffl) + Jp (uffl - ufl)) - JO(’y)} —ro(n),
where r5(n) corresponds to the term j = k. — h,,, and we can consider an infinite sum since the
terms for j > k. — h,, + 1 are identically 0. We observe that

1 uk”1‘+2 uk;H 1 uk”1‘+2 — uk1 i
Tg(n)::Jb <§ (3“+ —E——i;——i——{)> +'§ (Ji(W)‘Fch <_£;__X__ﬁ___>:) _’JO('Y)__> 0

1 1
kL+2 kL4

as n — oo, since, by (4.34), % — 7, and Ja(y) + J1(y) = Jo(y) by (4.3). Note that
ud =0, wltt —u) =~ for all j > kL — h, + 1. According to the definition of B(y) recalled in
(4.28), we thus obtain (4.40), which concludes the proof of (4.33).

Internal jump. Assume that S, = {t}, where ¢ € (0,1). Without loss of generality we consider ¢ =
%. Let (u,) be a sequence converging to u such that sup,, an(un) < +o00. Then Proposition 4.2
implies that u,, — u in L'(0,1) with

u(t) =47 o<t (4.41)
(=) +~t ifi<t<l1
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Moreover, there exists a finite set S such that u,, — u in V[/lifo(((), 1)\ S). We prove
liminf Y (u,) > B (ugl),y) +B (uglm) — Jo(y) +2B(%) — 2Jo (). (4.42)

Without loss of generality we may assume %,% ¢ S. Let k2, kL h, be integers with \,k0 — ,
Ankl = 2 Aohy < & and Ayhy, — 3 such that

KO +2 kO +1 kL+2 kL+1 hot1 h

Up ' — up” Up ' — Uup” gt — g
—_— =, -, — 400 asn — o0. (4.43)
By using again the definition of 0%, i = 0,...,n — 2, given in (4.9), we decompose the energy

H éyn(un) as follows to extract the occurring boundary layer energies.

B —2
Hf,n(un)_ J1< >+ZO’+ZO’+O’"1+0’ + ZU—I— Za

1=k0 41 i=hn+1 i=kL+1 (444)

1 ul —u
il A e e S R OV
+21( . ) 0(7)

As in (4.35) we have

%Jl <un7> Z ol >B (ugl),”y) w(n). (4.45)

i=k}L+1

In a similar way (see also (4.20)) we get

J1 ( ) + Za > B (ugl>,7) w(n) (4.46)

for some (in general different) functions w(n), see above, converging to 0 as n — oc. Therefore,
in order to obtain (4.42), we focus on

hp—2
g O' +J" 1—|—0’ + g O'
i=k0+1 i=hn,+1

According to the third limit in (4.43), since J;(+00) = Ja(+00) = 0, we deduce (as in the case of
boundary jumps) that some terms defining o7~ and ¢/'» are infinitesimal. Therefore, rearranging
the terms, we can rewrite 2 as follows:

2:%}1(“27) hiza+ J1<%> Zo—%) w(n),

k() +1 i=hp+1
(4.47)
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converges to 0 as n — oo. It remains to prove that

1 uh" _ uh —1 )

3 (M) 4 Sz B0 ), (4.49)
" i=k0 41

1 a2 et LA

§J1 (%) + Z ol > B(v) 4+ r2(n), (4.49)
" i=hy,+1

with r;(n) — 0, for ¢ = 1,2, as n — oo. Indeed, (4.48)—(4.49) together with (4.44), (4.47) will
then give (4.42). We start by proving (4.48). We define u,, : N — R as

Up” — Up” ~ if0<j<h,—k —1,

Jj
Un— h k0+1
U™ = Up”

» if j > hy, — kO — 1.

We observe that 40 = 0, u/t! —u/ =~ for all j > h,, — kO — 1. The idea is to rewrite the left-hand
side in (4.48) as an infinite sum involving u/ as follows

1 ul el 1 wlt? —ul,
L <7) S a-lna@ +Z{ (B)

i=kQ +1

(4 @2 — W)+ (@ — ) - Jom} i),

l\DI»—A

where r1(n) is an infinitesimal term corresponding to j = h,, — kY — 2; we can consider the sum as
an infinite sum since the terms for j > h,, — kY — 1 are identically 0. According to the definition
of B(v) given by (4.28), we thus obtain (4.48).

We pass now to (4.49). We define another test function u, : N — R, again denoted by u,, such

that ]
uithn+l _ qyhntl

_ A n if0<j<kl—h,+1,
azz: " k1+2 hpt1

7(j+hn—k;—1)+“"A—" if > kL — Ryt 1.

Thus, @2 = 0 and w1 — 4l =~ for j > k. — h,, + 1. We can rewrite the left-hand side of (4.49)
in terms of an infinite sum involving

ky, . .
1 up 2 —upn ~ 1o upt? — ),
1 () X @i e e ()
i=hn,+1 j=0

# 5 O @ = W)+ @ =)~ B} - (o)

where ra(n) corresponds to the term j = k! — h,, and converges to 0 as n — oo by (4.43) and by

(4.3). Thus (4.49) follows, and this concludes the proof of the liminf inequality.

Limsup inequality. As before, we distinguish between the different situations.
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Jump at 0. We assume that S, = {0} where u is given by (4.32). We need to prove that there
exists a sequence (u,,) converging to u in L*(0, 1), satisfying (2.2) and such that

. 1
hmsuprn(un) < §J1 (ugl)> + By ( (1)) + B(vy) —2Jo(v) + B (ug ),'y> Jo(7). (4.50)

Let us fix 7 > 0. Then, by the definition of B(y) (see (4.28)), we can find % : N — R and N € N
such that @ = 0,u' ' — @’ =~ if i > N and

%Jl @ %)+ {J2 (LHQ_ ai) + % (S (@2 =@ + oy (@ —at)) - JO(W)}

i>0
< B(v) +n. (4.51)

In the same way, by the definition of B (ug ), 'y) given in (4.29) and the observation that this can
be phrased equivalently for test functions defined on —N, there exist w : =N — R and Ny € N

with w® =0, w® —w™ ! = —w™! = ugl), w' —wt =~ if i < =Ny, such that

lJl (w® —w™ —I—Z Jo w _wz ’ 1(Jl (w —w' )—i—Jl (wi_l—wi_z))—Jo(w)

2 <0 2

< B (u’,7) +1. (4.52)
Analogously, by the definition of By, (¢) given in (4.27), there exist @ : —N — R and ko € N such
that @ Fo—1 = =0, w Dk — gRo—1 = ko = u(l) and
i@-a+ Y {a(T2T ) g @ - o) 4 a (@ - %) - hio)
2 — 2 2

i=—ko+1

< B, (ugU) +. (4.53)

Let {k.} be a sequence of integers with A\, k. — Z as n — oo such that
k:—(ko+2)>N and k'—-n+2<-N, forallneN. (4.54)

We construct the sequence (u,,) by means of the functions @, w and w. Indeed, we define

A @i Fo—1 if0<i<hotl,
wi =0\, (wkiﬂrkn T gi—(ko+2) _ gkiﬂf@wz)) if EO +2<i<kl+1,
0+ Aw'™" ifkl +1<i<n.

Note that the sequence (u,,) satisfies the boundary conditions

ud = N\, w ko =, ul =+ \uw® = ¢,
1 _y ko _ (1) -1 _ 0 -1y _ (1)
=AW 0 = Ay, up —up = A (W —wT) = Ay,

and satisfies utt! —ul, =~ for Nik+2<i< kL and for k! +1 <i <n—1— Ny by definition.
Moreover we have that ~ ~
ukot2 _qkotl L p_ (4.55)
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Indeed, by using the facts that @t! — @ =~ if i > N and w® — w'~! = v if i < —Na, together
with (4.54) we obtain

u,%”” _ UEOH — 0+ A, (wk;ﬂ—n + @ - ak;+1—(20+2)) _ @0)
— 04\, ((wk;ﬂ—n —w N2y N2 (ﬁﬁ _ ak;+1—(ﬁo+2)) _ah _ w0>
=(+ (y(kz}l+1—n+N2)+w*N‘2 —y(k}l+1—(E0+2)—N)—aN—@0)

:e—yn)\nJrAn(7(N2+(@0+2)+N)+w—N2—aN—@O) el

Hence u,, — u in L1(0,1), where u is defined by (4.32), as n — oo.

To prove (4.50), we rewrite Hf , (uy,) as

Fo—1 kL1
S EDIERT TR SRR o
i=Fo+2 i=k}+1 (4.56)
1 un_unfl
bin (7) — T,

where o, is defined in (4.9), and we use the definition of (u,,) above.

1
i (o) =g (B0

We start with the sum from i = 0 to %0 — 1, and involve @’ by introducing the new index
j=1—ko+ 1 and summing then from j = —kg + 1 up to 0, namely,

Rool 0 @ -2 1 S :
doon= >, Yl )5 (i (@ @)+ S (@ = @)~ do(y) o (457)
; — 2 2
=0 j=—ko+1
We continue with the term O'EO by observing that
z 1
on = 5l (@ = @7) = Jo(y) +7(n), (4.58)

m(n) =Ja <— + % (w’fi+1—n g +1—(ko+2) _ A—1)>
4L (Lo g Gor) _ go
2 An
and converges to 0 as n — 0o, since Ja(+00) = Ji(400) = 0. Similarly,
~ 1 - N
ot =S (@ = 0) = Jo(y) +r(n), (4.59)
where
r(n) =J2 (L - % (wki“*" 4t — ghn (o) @0))
1
2

+ I <£ T gRn1-(ko+2) _ @0)
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converges to 0 as n — oo.

The sum from i = EO + 2 to k! — 1 can be rewritten in terms of u by introducing the new index
j = i— (ko +2) ranging between 0 and k! — 1 — (kg +2). Actually, we can pass to an infinite sum,
since the term for j > N gives zero contribution by (4.3) and, by (4.54), k! — (ko +2) > N. Thus
we have

klzl o=y {J2 (“M ﬂj) + % (i (@ =@t + oy (W =) — Jo(v)}. (4.60)

1= koJrQ j=0

Next, we observe that
1

on = 0. (4.61)
Indeed, by (4.54),

1 whnt2=n _ pknH1-ny gkt 1-(ko+2) _ gk —(ko+2)
ont =J <( Ad ) +1(v) = Jo(7)

2
=J2(v) + J1(v) — Jo(v) = 0.

It remains to consider the sum from i = k! + 1 up to n — 2, which involves w by introducing the
new index j = i—n+2. Moreover, we can pass to the infinite sum for j < 0, since k! —n+2 < —N»
and the terms in the sum are 0 for j < —Ns. Therefore, we have

Z o _Z{J2 (“ﬂ_w] 2) %(Jl( T N (e 2))—J0(7)}. (4.62)

i=kL+1 7<0

In conclusion, by (4.56), (4.57)—(4.62) together with (4.51)—(4.53), we obtain

1Y (n) = 573 (D) = BJof2) +700) + () + 31 (7 — 07
0 & — o2 1 . } . .
+ Z S| ———— |+ (L (@ =@ ")+ Jy (0" =@ ?)) = Jo(7)
2 (=) }
ut? - ~i2 il ~itl o~
+%J1(ﬂ1—ﬂ0)+Z{J2<T>+%(J1(u” _@) o (@t _u))_Jom}

i>0
+ %Jl(wo —w h+ g {Jg (M%W) % (i (W' =)+ (0 = w'T?)) - Jo(v)}
< 37 (u0) =80 + By () + B + B (u?,7) + 30+ 7(0) + r(n).

Hence, (4.50) follows.
Internal jump. Without loss of generality we assume that S, = {1} where u is given by (4.41).
We have to prove that there exists a sequence (u,) converging to u in L'(0, 1), satisfying (2.2)

and such that

lim sup an(un) < B (uél),v) + B (ugl),'y) — Jo() +2B(y) — 2Jo (7). (4.63)
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Let us fix n > 0. By the definition of B (uél),'y> we can find v : N — R and N; € N with v° = 0,

vl =0 =9l = u(l) vitl — ot = 4 if § > Ny, such that

2 i . . . .
%Jl(vl _ )+ Z {J2 (%) + % ( (072 — o) + 0y (0 — 0f)) — JO('Y)}

i>0
< B () +n. (4.64)

Moreover, by the definition of B(y) there exist @ : N — R and N € N satisfying (4.51). Finally,
by the definition of B (ugl),v) there exist w: —N — R and N2 € N as in (4.52).

Let kO, kL, h, be sequences of integers with A,k — %, Akl — %, Anhn — % as n — oo, such

ny Vno 2
that
EQ>Ny+1 and kl-n+2<-N, (4.65)
N < min{h, — k% —1,k} —h, —1} foralln e N. (4.66)
We construct now the sequence (u,) by means of the functions v, and w:
An0? if0<i<kY,
. An (vki —ghn=t 4 ahn*ki) if kO <i < hy,
Y0 (wki“*" + @i (hnt1) aki*hn) if by +1<i<kl+41,
0+ Nt ifkl +1<i<n.

We observe that the sequence (u,,) satisfies the boundary conditions
ud =\ =0, u}I:)\nvlenuél), =l A =0, ul = (W —w ):)\nugl),
moreover, ufj‘l —u; = for Ny <i<hy, — N and for N—I—hn—i- 1 <7 <n—N5. We also have that

uhntl oyl gy, (4.67)

— U,

Indeed, by using the facts that vt —v =~ for i > Ny, @it — @' =~ fori > N and w' —w'™! =~
for i < — N5, we have:

n

bty =g 4N, (wkiﬂ_" 470 — ghnhn kg0 ﬂh"_kg)

:£+2/\n170—/\n(y(kg—Nl—l-k,ll—hn—N)—l-le+ﬂﬁ)
+>\n(v(ki—n+1+N2+k2—hn+N)+w—N2—ﬂﬁ)

:€+2/\n170—7n/\n+/\n((N1+2N+N2+1)—v — 9N yw )

Therefore (4.67) holds. In conclusion, u, — u in L'(0,1) as n — co. We compute now H{ , (un),
which turns out to be useful to write as follows.

k0 —2 By —2 kL -1

Hf,n(un)— Jl( ) ZU —i—a 1—|— 202—1—02"714—02"4— Z U,il
i=k9 i=hn,+1 (468)
1 n—2 . 1 U _un 1
+U§" + Z U;+§J1 ()\7) — Jo(y)s

i=kl+1
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where ¢!, is defined in (4.9). We observe that

ol — g (4.69)

since, by (4.65),

0 ~ 0 ~ 0 0
Ok k=1 | b=k kS —1
Jo 5 +

1 ~ ~
3 (Jl (uh"_kg — uh"_kg_l) +Ji (vkz — ng_l))
=J2(7) +11(7)

which equals Jy(y) by (4.3). Similarly,
1
on =0 (4.70)

because, by (4.66),

1
J + ijl(wk;ﬂ—n o wk;+1—n)

whnt2=n _ pknl-n _ gkl —(ha+1) 4 gk —ha
2

+ %Jl (ak;fhn o ak}lf(thrl))

=Jo(y) + N1(v) = Jo(7).

By (4.68)—(4.70), (4.64), (4.51) and (4.52), and computations analogous as in the case of the
boundary jumps, we finally get

lim sup an(un) <B (uél), 7) + B (ugl), 7) —3Jo(y) + 2B(y) + 4n,

which yields (4.63). O

5 Properties of boundary layer energies and location of
fracture

In the previous sections we derived the energy contributions due to the boundary layers which
occur in several different cases, see Theorems 4.3 and 4.8. Here we derive some properties of the
boundary layer energies and look for the location of fracture, at which we proceed in the spirit of
[BCO7, Theorem 5.2].

First of all we establish some relations among the three different types of boundary layer energies
that we used, namely B(y) as recalled in (4.28), B(6,7) as defined in (4.29) and By (6) as defined
in (4.27).

Lemma 5.1. Let [H1] — [H4] be satisfied. Then the following estimates hold true:
(1) 3J1(81) < B(y) <

(2) B(v) = By(7);
(3) B(v,7) = £1(v);

Jl (’7)1'

(SIS
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(4) B(8,7) > LJ, (6) for all § > 0;
(5) B(y) = infg>0 B (6, 7);

(6) By (0) > J1(61) for all & > 0;
(7) By (1) = 5J1(61).

Proof. (1) The infinite sum in the definition (4.28) of B(v) is non-negative since 7 is the minimum
point of Jy. Hence

1 1
B(v) > 5 min J; = §J1(51).

On the other hand, since the function u® = i is a competitor in the minimum problem defining
B(v), we have that

B() € 3h0) + 3 {0) + Ji(3) = R} = 35,
i>0

where we again apply (4.3).
(2) For 0 = ~, the definition of By(#) in (4.27) reduces to that of B(y) in (4.28).
(3) See the derivation of (4.26).

(4) Tt is an immediate consequence of the definition of the boundary layer energy in (4.29), since
the infinite sum is non-negative because v is the minimum point of Jj.

(5) This follows directly comparing the definitions (4.28) and (4.29).

(6) Here we again apply that v is the minimum point of Jy, which makes the terms in the sum
defining the boundary layer energy (4.27) non-negative. Moreover recall that §; is the minimum
point of J;.

(7) From (4.27) we notice that (v',k) = (§1(i — 1),0) is a competitor which gives the reverse
inequality in (6), therefore we have equality. O

Remark 5.2. From the proof of Lemma 5.1 we deduce that, if = §;, then B(d1) = %Jl(él) is
attained for k = 0.

Next we present our result which asserts the location of fracture. More precisely we compare the
costs for fracture in the interior and at the boundary in the continuum setting. At the end of this
paper we discuss this issue by taking into account also an intermediate scale.

Theorem 5.3. Suppose that hypotheses [H1] — [H4] hold. Let ¢ > ~. For uél) = ugl) =, the

fracture can appear indifferently inside or at the boundary of [0,1]. If instead uél) or ugl) s equal

to 01 and 61 # v, then a boundary jump is more convenient than an internal jump, in terms of
the energy.

Proof. Since £ > ~, we obtain by Theorem 4.8, in the case of bounded energy, that

1{(w) =B (ug7) + B (u1”7) = Jo() + # (5w 0 {0) (Brs (u§”) = B (w”.7))
+#(Sun {11) (Bas (ul?) = B (ulV,7) ) + #(5u 1 (0,1)) B,
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where Bp () and Byy are defined in (4.30) and (4.31), respectively.

Notice that if uél) or ugl) is equal to v, then by Lemma 5.1 (2) and (3) we obtain

1
By (7) = B(v:7) = 51 (0) + By () + B(Y) = 2Jo(7) = B (7,7)
=2B(v) — 2Jo(y) = Bi.
Hence a jump in the interior of [0, 1] costs as much energy as a jump at the boundary.

Now assume that ugl) or ugl) is equal to 0;. We show that Bpy (61) — B (d1,7) < Byry. This is
equivalent to proving

SI(52) + Bo(51) ~ B(31,7) < B,

which follows by Lemma 5.1 (1), (4) and (7) and the observation that the first inequality in (1)
of Lemma 5.1 is strict if 61 # . O

In the remaining part of this section we show properties of the boundary layer energies in the case
of a certain class of interaction potentials, namely the classical Lennard-Jones potentials J; and
Jo defined in Remark 4.1.

First we show that the second inequality in (1) of Lemma 5.1 is strict. This observation is applied
in Remark 4.5, where we discuss that the first-order I'-limit for ¢ = v depends on whether the
second and last but one atoms of the chain are prescribed.

Proposition 5.4. Let J; and Jy be Lennard-Jones potentials as defined in (4.4). Then

1
B(y) < 551 (7)- (5.1)
Moreover, there exists an a > 1 such that B(avy,~y) < B(7,7).

Proof. Due to property (5)in Lemma 5.1, it is sufficient to show that there exists § > 0 such that
B(6,7) < 2J1(v). We set § = ay, a > 0. Therefore our claim reduces to proving the existence of
a > 0 such that B(ay,7v) < $J1(7).

Our strategy consists in exhibiting a competitor for the minimum problem defining B(a~,~) and
in proving that, for some a > 0, its energy is strictly smaller than %Jl (7).

Since the function v : N — R defined as

0 if1 =0,
u' = { ay ifv=1,
i ifi>2,

is an admissible competitor for B(av, ), we have that

B(ay,v) < Ji(ay) + J1((2 —a)y) + %Jl () + J1(27) + J1 (B — a)y) — 2Jo().

Therefore our claim reduces to showing that there exists an a > 0 such that

Ji(ay) + J1((2 —a)y) + %Jl (7) + J1(27) + J1((3 — a)y) — 2Jo(7) < %Jl (), (5.2)
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that is, equivalently, to showing that there exists an @ > 0 such that the function f : R — R,
defined as

fla) = Ji(ay) + 1 ((2 = a)y) + J1((3 — a)y) — J1(2y) — 2J1(7), (5.3)

is strictly negative. Computing its derivative with respect to a we have, using the explicit expres-
sion of J; given in (4.4),

’ _ 12]{}17 12]€1’y 12]€1’7 6k2’7 _ 6/€2’7 _ 6/€2’7
F@ = B T @—a®  Boan® @) (@ a7 (B_an)

In particular, choosing @ = 1 in the previous formula leads to

12k 6k 67k 1 2k 6vk 14276

F(1) = vy bRy byl 1 Ak ) O7R2 +7—1 <0
el @) @ \ B ) Ty \ B

Therefore, since f(1) = 0 and f/(1) < 0, we have that the function f is strictly negative in a right

neighbourhood of 1, i.e., there exists an @ > 1 such that f(a) < 0. This proves (5.1). In particular

we deduce that it is more convenient to have an initial slope strictly bigger than ~, which implies
the second part of the assertion. O

Next we discuss the “depth” of boundary layers and the occurrence of cracks on the microscopic
scale.

Proposition 5.5. Let J; and Jy be Lennard-Jones potentials as defined in (4.4). Then the
infimum in B(y) is obtained for N — oo.

Proof. For any N € N we define Ay such that B(v) = inf yey An, that is, using also (4.4),

Ay = min {%Jl @i+ Y {Jl (@2 ) + & (4 (@2 =) 0, (@ )
i>0

—JO('y)}: ﬂ:N—»R,ﬂO_O,ﬂ”l—ﬂi_yifiZN}.

We note that if (“3\/) is a minimiser for Ay, then it is an admissible competitor for Ay 41, since
uﬁd,‘l —uly = for i > N + 1. Therefore Ay > An41 for all N > 0 and the sequence N — Ay is
non-increasing.

Let N be the smallest integer such that B(vy) = Ay, and assume for contradiction that N < +oo.
Hence we have that B
Az = Ay forall N> N. (5.4)

Notice that N > 1, since the optimal deformation has the initial slope different from =, by
Proposition 5.4. Let us denote by (u*) a minimiser of Ag, then

,a:i

@ ifi < N,
@V 443G —N) ifi>N.

Again by v not being the slope of the optimal deformation, there exists j € {1,.. ,N} with
W —u/~! # ~. By our previous assumptions, we may take j = N.
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We are going to prove that Ay > Ag 4o+ SO that (5.4) will give the contradiction. More precisely,

starting with (a') we construct a sequence (0°) which is an admissible competitor for the minimum
problem Ag_,, and whose energy, denoted by Ag_,(v), is strictly smaller than Ag. The idea

is that the forces due to next-to-nearest neighbour interactions acting on atom N + 1 in the
sequence (') are asymmetric, whereas the forces due to nearest neighbour interactions cancel
since the distance from atom N + 1 to atom N is the same as the distance to atom N+ 2, namely
~v. Because of the asymmetry of the forces on atom N + 1 due to next-to-nearest nelghbour
interactions we expect that this atom is moved to a different position in equilibrium. Therefore,
for some 0 # 0, specified later, we set

SR ifi#£N+1,
v = ~ ~
aNtl 4§ ifi=N+1.

We show that shifting the position of atom N +1 by an amount § reduces the energy, i.e.,
AR, 2(0) < Ag. Indeed we have

N+1
A]V N+2 Z <{ z+2 _ ai) + % (Jl (:ﬁiJrQ _ ,EiJrl) + . ( ~i41 al)) o JO(V)}
i=N—

B {Jl (772 — ) + % (i (0 =) + gy (0 = 0Y)) — JO(FY)})

=1 (@ =@ +7) = (@ =7 4y +6) = A(29)

—Ji(y=08) = (v +6) = J1 (2y = 8) + 2Jo (7).
For the minimising sequence (') we set @ — V1
of atoms that a > 0, and from the choice of N that a # 1 (we specify further properties of a
below). Then, we continue the computations above and we obtain by using also the equality

Jo(v) = J1(v) + J1(2v)
A —Aj, @) = Ji((a+1)y) = Ji((a+ 1)y +6) = Ji(y = 9) — Ji(y +9)
—J1(2y = 6) + 2J1(7y) + J1(27)
=: f(5). (5.5)

We show below that there exists a  # 0 such that f(5) > 0, or equivalently Ay — Az, ,(v) >0,

in contradiction to our assumption B(y) = Ag with finite N.

= ay. We know from the non-interpenetration

N

Next we elaborate on further properties of the parameter a. We will deduce that we can exclude
a being close to zero by exhibiting a competitor having strictly smaller energy.

For the moment we assume N > 2. Let b > 0 be such that ¥ ~! — &¥~2 = by and consider the
competitor w : N — R defined as

. [ ifi<N -1,
w = Y ~ ~
V44— N+1) ifi>N-—1.
Let us denote by Ay, (w) the energy associated to w. Then

Az —Ag_ () =J1((a+ b)) + Ji(ay) + Ji((a+ 1)) = Ji((L+b)7) = Ji(y) = J1(27).
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_ kiky 1427°-2(14271%) . .
Note that Ji(v) Sy < 0. Furthermore, by the assumptions on the potential
J1, there holds J;(z) < 0 for every z > . Hence we have in particular that J;((1 + b)) < 0 and

J1(27) < 0. Moreover, Jy(z) > J1(01) = —2’% for every z. Thus
1

Ag = Ay () 2 Ji(a7) + 25(00) ~ D(2) ~ 1(7) > ) 2. (5.6)
1
Since Ji(z) — 400 as z — 0T, we have that if a is close to zero, then Az — Ag_,(w) > 0, in

contradiction to the minimality of u’. We actually have more: since Jj(a7y) > ]g—é for all @ < ay
1

with )
V3-11+426)\°

a = ——=
! 2 1+42-12) 7

we have that @’ has an energy strictly smaller than A ~ at least for all @ < a;. Therefore we can
assume that a > ay in the case N > 2.

Now, if N = 1, the minimising sequence (i') reads

= J0 if i =0,
ey +AG—1) ifi>1,

whose energy is denoted by A;. We consider the competitor @ : N — R defined as @’ = i and
denote its energy by Ag(w). Then

~ k

Ay = Ao(@) = Ji(@y) + Ji((a+ 1)) = Ji(7) = 1(29) 11 (@7) = 555 (5.7)
1

where the inequality follows by a similar reasoning as above. Since estimate (5.7) implies estimate

(5.6), the properties deduced from the latter also hold for N = 1. Thus a > aq for all N > 1.

Summarising, we can restrict to the case of slope ay for a > a; and a # 1. We finally prove that
the function f(d) defined in (5.5) is strictly positive for some § # 0. In order to show this we
observe that f(0) = 0 and then show that f'(0) # 0 for every admissible a. As in the proof of
Proposition 5.4 this allows to deduce that there exists a ¢ close to 0 but different from 0, such
that f(6) > 0 and hence the assertion. Since

F0) = =Ji((a+ 1)y +9) + Ji(vy = &) = Ji(y + ) + J1 (27 — 9),

we have f'(0) = —J{((a + 1)y) + J{(27) =: g(a). Therefore the claim reduces to describing the
zero-set of the function g and proving that it does not intersect the set of admissible a’s. Observe
1
5

that ¢’(a) = —y.J; ((a+1)~) is positive if and only if a > (13 1+2 ° ) ° _ 1 .= gy. Therefore, since

7 it
ap < aq, the function ¢ is strictly increasing for a > aq. Since a1 < 1 and g(1) = 0, we deduce
that a = 1 is the only zero of g in the interval a > a;. Hence g does not have any zeros which are

admissible. Thus the assertion follows. O

By Lemma 5.1 (2) we know By(y) = B(7). Hence if J; and J are Lennard-Jones potentials as
defined in (4.4), then the infimum in By(+y) is obtained for & — co. On the contrary, as noted in
Remark 5.2, By(d1) is attained for k = 0. Furthermore, recall that for the boundary layer energy
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related to the elastic behaviour at the boundary, cf. (4.29), we show in the derivation of (4.26)
that: If 0 =+, then B(vy,v) = 1.Ji(7) is attained for N = 0.

Finally we discuss the “depth” of boundary layers and the occurrence of cracks on a mesoscopic
scale. Here, this is a rather abstract scale between the atomistic and the continuum scale. To
illustrate this, we consider the following situation: imagine there are two bodies being in contact
on the continuum scale, but being a distance apart on the atomistic scale. Now, if we let the
microscopic distance between the bodies tend to infinity while keeping the bodies in contact on
the macroscopic scale, we speak about the mesoscopic scale. This setting is analysed extensively
in the context of magnetic bodies in [SS09] and led to a thorough understanding of some formulae
describing magnetic forces.

In the context of this paper a similar situation occurs in the following sense: in Proposition 5.5 we
prove that the infimum in B(7y) is obtained for N — oo in the case of Lennard-Jones potentials.
That is, the slope of the optimal test function is constantly v only for N — oco. On the other
hand we know by the compactness result, Proposition 4.2, that the slope of the deformation w is
~ almost everywhere in the continuum limit, i.e., on the macroscopic scale. Consider for instance
Figure 5 on the macroscopic scale: the slope of the deformation equals v everywhere except at
the jump point, while it takes infinitely many atoms away from the crack until the deformation
reaches its equilibrium slope in the microscopic/mesoscopic scale.

As outlined above, a similar situation occurs for the boundary layer energies at the boundaries
of [0,1]. Let us for instance consider the situation of Figure 4 with ugl) = ~. Then the infimum
in By(y) is obtained for k — oo, i.e., the crack in the atomistic setting is not close to zero but
infinitely far apart though the jump in the continuum setting is at 0. This allows for the following
interpretation: though macroscopically the crack is at the boundary, the crack occurs in the
interior on a mesoscopic scale. Further discussions of this will be the topic of future research.

Acknowledgement. We would like to express our gratitude to Andrea Braides for proposing to
work on the topic of this article and for several helpful suggestions. Moreover we benefited from
discussions with Marco Cicalese about [BC07] and with Lev Truskinovsky about boundary layers.
Thanks are also due to Bernd Schmidt for a discussion inspiring the proof of Proposition 5.5.
Most of this work was performed at the Max Planck Institute for Mathematics in the Sciences in
Leipzig, to which all of us were affiliated at some time. This work was supported by the Marie
Curie Research Training Network MRTN-CT-2004-505226 (MULTIMAT) and DFG project SCHL
1706/2-1.

References

[AB93] G. Anzellotti and S. Baldo. Asymptotic development by I'-convergence. Appl. Math.
Optim., 27:105-123, 1993.

[Bar62] G. I. Barenblatt. The mathematical theory of equilibrium cracks in brittle fracture.
Advances in Applied Mechanics, 1962.

[BCO7] A. Braides and M. Cicalese. Surface energies in nonconvex discrete systems. Math.
Models Methods Appl. Sci., 17:985-1037, 2007.

[BDMG99] A. Braides, G. Dal Maso, and A. Garroni. Variational formulation of softening phe-
nomena in fracture mechanics: the one-dimensional case. Arch. Rational Mech. Anal.,
146:23-58, 1999.

34



[BGO4]

[BGOG]

[BLBL02]

[BLBLO5]

[BLOOG]

[Bra02]
[BTOS]

[CTO02]

[CTO8]

[DMO3]
[FAS1]

[KOO1]

[MTPOYS]

[NO02]

[Sch05)

[Sch06]

[SMT+98]

A. Braides and M. S. Gelli. The passage from discrete to continuous variational
problems: a nonlinear homogenization process. Nonlinear Homogenization and its
Applications to Composites, Polycrystals and Smart Materials, pages 4563, 2004.

A. Braides and M. S. Gelli. From discrete systems to continuous variational problems:
an introduction. Lect. Notes Unione Mat. Ital., 2:3—77, 2006.

X. Blanc, C. Le Bris, and P.-L. Lions. From molecular models to continuum mechanics.
Arch. Rational Mech. Anal., 164:341-381, 2002.

X. Blanc, C. Le Bris, and F. Legoll. Analysis of a prototypical multiscale method
coupling atomistic and continuum mechanics. M2AN Math. Model. Numer. Anal.,
39:797-826, 2005.

A. Braides, A. Lew, and M. Ortiz. Effective cohesive behavior of layers of interatomic
planes. Arch. Rational Mech. Anal., 180:151-182, 2006.

A. Braides. I'-convergence for beginners. Oxford University Press, Oxford, 2002.

A. Braides and L. Truskinovsky. Asymptotic expansions by I'-convergence. Cont.
Mech. Thermodyn., 20:21-62, 2008.

M. Charlotte and L. Truskinovsky. Linear elastic chain with a hyper-pre-stress. .J.
Mech. Phys. Solids, 50:217-251, 2002.

M. Charlotte and L. Truskinovsky. Towards multi-scale continuum elasticity theory.
Cont. Mech. Thermodyn., 20:133-161, 2008.

G. Dal Maso. An introduction to I'-convergence. Birkh&duser, Boston, 1993.

S. M. Foiles and N. W. Ashcroft. Variational theroy of phase separation in binary
liquid mixtures. J. Chem. Phys., 75:3594-3598, 1981.

J. Knap and M. Ortiz. An analysis of the quasicontinuum method. J. Mech. Phys.
Solids, 49:1899-1923, 2001.

R. Miller, E. B. Tadmor, R. Phillips, and M. Ortiz. Quasicontinuum simulation of
fracture at the atomic scale. Model. Simul. Mater. Sci. Eng., 1998.

O. Nguyen and M. Ortiz. Coarse-graining and renormalization of atomistic binding
relations and universal macroscopic cohesive behavior. J. Mech. Phys. Solids, 50:1727—
1741, 2002.

A. Schlémerkemper. Mathematical derivation of the continuum limit of the magnetic
force between two parts of a rigid crystalline material. Arch. Rational Mech. Anal.,
176:227-269, 2005.

B. Schmidt. A derivation of continuum nonlinear plate theory from atomistic models.
Multiscale Model. Simul., 5:664-694, 2006.

V. B. Shenoy, R. Miller, E. B. Tadmor, R. Phillips, and M. Ortiz. Quasicontinuum
models of interfacial structure and deformation. Phys. Rev. Lett., 80:742-745, 1998.

35



[SS09] A. Schléomerkemper and B. Schmidt. Discrete-to-continuum limits of magnetic forces
in dependence on the distance between bodies. Arch. Rational Mech. Anal., 192:589—
611, 2009.

[Tru96] L. Truskinovsky. Fracture as a phase transition. In Contemporary Research in the
Mechanics and Mathematics of Materials, pages 322-332, CIMNE, Barcelona, 1996.

36



