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Abstract

We study certain quantum states for which the PPT criterion is both
sufficient and necessary for separability. We present a class of (2k +
1) x (2k + 1), k € N, bipartite mixed states and derive the conditions
of PPT for these states. The separable pure state decompositions of
these states are explicitly constructed when they are PPT.
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Quantum entangled states have become one of the key resources in quantum information
processing. The study of quantum teleportation, quantum cryptopraphy, quantum dense
coding, quantum error correction and parallel computation [1, 2, 3] has spurred a flurry of
activities in the investigation of quantum entanglement. Despite the potential applications
of quantum entangled states, the theory of quantum entanglement itself is far from being
satisfied. The separability of bipartite and multipartite quantum mixed states is one of the

important questions in quantum entanglement.

Let H; (resp. Hs) be an M (resp. N)-dimensional complex Hilbert space, with [i),
i=1,...,M (resp. |j),7 =1,..., N) as an orthonormal normalized basis. A bipartite mixed

state is said to be separable if the density matrix can be written as

p=_pip ® 3, (1)



where 0 < p; < 1, 3, p; = 1, p} and p? are density matrices on H; and Ho respectively. It is
a challenge to find a decomposition like (1) or proving that such a decomposition does not
exist for a given state p. With considerable effort in analyzing the separability, there have
been some (necessary) criteria for separability in recent years, for instance, Bell inequalities
[4], PPT (positive partial transposition) [5], reduction criterion [6, 7], majorization criterion
[8], entanglement witnesses [9, 10], realignment [11, 12] and generalized realignment [13] ,

as well as some necessary and sufficient criteria for low rank density matrices [14, 15, 16].

The PPT criterion is generally a necessary condition for separability, and it becomes
sufficient in the cases 2 x 2 and 2 x 3 bipartite states [17]. In [18], It has been shown that
a state p supported on m x n (m < n) with rank(p) < m is separable if and only if p is
PPT. In [19] we have studied a class of 3 x 3 mixed states p with rank(p) = 3, where their
PPT condition was proved sufficient for separability with an explicit decomposition under
PPT. In this paper we generalize our results to general (2k 4+ 1) x (2k + 1), k € N quantum
mixed states. We derive the conditions for PPT and construct the separable pure state

decompositions when the states are PPT.

We first consider 5 x 5 quantum mixed states on tensor space H ® H with basis
1) = (1,0,0,0,0)%, |2) = (0,1,0,0,0)", |3) = (0,0,1,0,0)", |4) = (0,0,0,1,0)" and |5) =
(0,0,0,0,1)" for each vector space H, where t stands for transposition. The states have the

following eigenvector decomposition,

where \; are the eigenvalues, > ; \; = 1,0 < A\; < 1, | X;), i = 1, ..., 5, are normalized vectors
of the form:
|Xz> = (I@ Pi_1)|X(CL7;,bi,Ci,dZ’,€Z‘)>, 1= 17 ...,5,

00001

10000
P=1]101 0 0 0 [ isa permutation operator, a;,b;,c;,d;,d;, 1 = 1,2,3,4,5, are non-

00100

00010

zero complex numbers.

According to [18], the states (2) are separable if and only if they are PPT. We now derive
the condition such that p are PPT. Let p”* denote the partial transposed matrix of p. The
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non-negativity of pP* implies that (¥|pP*|¢)) > 0 for all vector |¢)) € H ® H. Let us take
) = (21,Y1, 21, U1, V1, T2, Yo, 22, Un, Va, T3, Y3, 23, U3, U3, Ta, Ya, 24, Ud, Vs, Ts, Ys, 25, Us, Vs ), for
any x;, ¥i, zi, Ui, v; € C, i = 1,2,3,4,5. Then (|pP*|1p) > 0 is equivalent to the simultaneous
non-negativity of the following five inequalities: (x|Alx) > 0, (y|Bly) > 0, (z|C|z) > 0
(u|D|u) > 0, (v|E[v) > 0, where |z) = (x1, %9, x3,24,25)", |y) = (Y1,Y2, Y3, Ya,Y5)", |2) =
(21, 22, 23, 24, 25)", |u) = (u1, ug, us, ug, us)t, [v) = (v, v, v3,v4,v5)", and

)\1(1,16L>i< )\5@51); )\4&402 )\3(13d§ /\2&263
/\565(1; )\4b4bz )\3b36§ )\ngdg )\1()161<
A= Mecgai Ascsby dacocs Miand]  Ascser | (3)
)\3d3a§ /\Qde; AldICT >\5d5d§ >\4d461
/\262&3 )\16le )\56502 )\464d2 )\363€§

)\20120; )\1(11[)1< )\50156; )\4a4d1 )\3a3€§
)\1()10/;{ )\5b5b; >\4b4cj /\3b3d§ /\nges
B = )\565(1; )\404()2 /\3030§ /\QCQd; /\10161< s (4)
)\4d4CLZ )\3d3b§ )\2(120; )\1d1d’{ )\5d5€;
)\363@% )\262[)3 )\16101< )\565d§ )\46461

)\3@30/; )\gaﬂ); /\1@16{ /\5a5d§ /\4(1462
A2b2a§ Alble )\5[)50; )\4b4dz )\31)36:9';
C=| AMcal Ascsbi Agcgcy  Ascsdl  Aacoel | (5)
)\5d5a§ >\4d4bz )\3d3C§ )\ngd; )\1d1€>{
/\464@1 )\363(); )\26203 )\161d>{ )\565(9;

)\4&4&1 )\3&3[);’ /\2&265 )\16L1d1< )\5@563
)\3b3a§ )\2[)2(); )\1b1C>{ )\5b5d§ )\46461
D = Xcaa; Mcrb] Ascsci Agead;  Ascse; | (6)
Aldlaf )\5d5b§ /\4d4CZ )\3d3d§ )\2d2€§
)\565(1; /\464[)2 )\36302'; /\262d§ )\1616?

)\5@501; )\4014()2 )\3&3C§ )\2a2d§ )\1&16?
>\4b46LZ )\3b3b§ AQbQC; )\1 b1 dT )\5()56;
E = Ascsay Xacoby Acicy Asesdi  Agcael |- (7)
)\nga; Aldlbf )\5d5c§ )\4d4dz >\3d36§
Areral  Asesbi  Ageqc;  Asesd;  Aaeges

Namely all the principal minors of the matrices A, B, C', D and E should be non-
negative. In fact it can be shown that all these principal minors should be zero, otherwise
one gets contradiction. From the second order principal minors of the five matrices we have

the following relations,

)\3)\ b4€3 = b1€ 6191 ))\\3)\ C3tyqy — 01616 i1 /;3)\ ascy = C1aq 6“91 )\3)\ d3a4 = dlalezel
Mbgd;} = bldleiel >)\\2>\ €05 — CL1616 9 )\2)\ d265 = d1616 9 )/\\2)\ a2b5 = b1a16 9
\/)\2)\ 0 V2225

ng5 = cldlei !

5h 2Cr — blcle oY



V’f\;’\ ae3 = ageqe’?? YAds ’\1)‘ 3dic5 = Codye™® V)‘l)‘ 3b1as = agbye™® Vi{l)‘ c1bs = bycee'®?
e /;\12)‘361d3 = eydye™® “}\4)‘ a4Cs = apcye™® V’\“)‘ Sdyas = agdye™®, ¥ ’/\\4)‘ Caes = Coeoe®?
7))\\2/\5 €4b5 = b2€2€i92, 7/;\42/\5 b4d5 = b2d2€i62;
(9)
A2>\ €409 = a3636 s >\2/\ b402 = b3036 9 )\QA C4d2 = d3636 9 A2>\ d4€2 = d3€36 9
>>\\2>\ a bg bgagewS, i‘\g)ﬁ a1d5 = a3d3€i93, 71\\;)\5 d1b5 = bgdgewg’, ):\1)\ Ci1Q5 = a3636i93,
))\\1/\ €1C5 = 63636 03 1)\ b1€5 = b3€36 03
(10)
71‘\?‘2 a1Co = CL4C46i947 Al)‘ dlag = a4d4e 7)/\\2)\2 bldg = b4d4€i94, 7>)\\z>\261b2 = €4b4€i64
¥ousz ’}\14’\2 cres = eqc et )‘3>‘ Sdses = dyeqe?, ’\3)‘ 5hscy = bycge'®t, ¥ ’\3’\re5a3 = ayeqe®
>>\\3>\ C5d3 d4C46i94, 71\\1)\5 a5b3 = CL4b46w4

(11)
\/)\1>\4alb4 _ a5b5ei95, \//\1)\ tdie, = dseset®s 9 VA1 1)\ by = C5b56 \/)/\\1>\ eiay = asese’ 9

As
v ’}\1;‘ c1dy = cydze'®, ¥ /}\2)‘ Coey = cze5e' mcmcs; = cyase’® md 2a3 = dsaze’

>\2>\ €2b3 = b5656 05 %bgdg = b5d5€i05
(12)

where 0; € [-m, 7|, i=1,...,5.

All the rest relations from the high order principal minors are not independent and can
be deduced from the second order principal minors. For instance from (8)-(12) we have
a1b402d563 = b503d1€4a2 = C4d2€5a3b1 = d3€1(l4b205 = €2a5b301d4. (13)

Moreover one can also get following relations:

Oy + 05 =03+ 04, O0+04="01+05, 0 +0,="05+05, 01+ 0,=0,+0s. (14)

Therefore we have
Theorem State p is separable if and only if the conditions (8)-(12) are satisfied.

In the following, we construct separable pure state decompositions of p when relations

(8)-(12) are satisfied. Suppose
n=>5
p= Z ‘¢n><wn‘ (15)
n=1

is a separable pure state decomposition, i.e. |¢,), n = 1,2,3,4,5, are separable. |1,) can



be generally expressed as
5 5
V) = Zumn’YM> = Za?j ij), (16)
for some aj; € C, where u,,, are the entries of a 5 x 5 unitary matrix U and

Vi) = AlXs), i=1,2,3,4,5.

Suppose the unitary matrix U has the form with entries w,,, = Cpne’®™, where C,,, =

e’#m /\/5. Denote A, the 5 x 5 matrix with entries af}, then from (16) one has
U1na1\//\_1 Uznazx/)\_2 U3na3\/)\_3 U4na4\/>\_4 U5na5\/>\—5
u5nb5\/>\_5 Ulnbl\/)\_1 U2n52\/)\_2 U3nbs\/)\_3 U4nb4\/)\—4
A, = u4nC4\/)\_4 U5nC5\//\_5 U1nC1\/>\_1 U2n02\/)\_2 U3n03\//\_3 . (17)
U3nd3\/)\_3 U4nd4\/)\_4 U5nd5\/>\_5 U1nd1\/>\_1 U2nd2\/)\_2
U2n62\/)\—2 U3n63\//\_3 U4n€4\//\—4 U5n65\/)\_5 U1n€1\//\_1

The state [10,) is separable if the rank of A,Al is one. Consider the characteristic
polynomial |A,, — x|, where I is the 5 x 5 identity matrix. The coefficient of z* in |A,, — x|

is given by
Q = _Alu%n(albl +aicr + bicy + ardy + bidy + c1dy + areq + bieg + creq + die)
+(a304 + CL4d3 + b3d4 + b4€3 + 6364)\/ )\3)\4U3nU4n (18)

+(a2b5 + bQC5 + 02d5 + as€2 + d2€5)\/ >\2A5u2nu5n.

It can be shown that if Q is set to be zero, then the coefficients of 22, z and the constant
term in |A, — x| are also zero. Thus A, has only one non-zero eigenvalue and the rank
of A, is then one. Applying similar analysis to |PA, P~ — zI|, |(P?)A,(P*)~! — zI|, ...,
|(PYA,(PY)~t — zI|, where P is the permutation matrix, and taking into account the
conditions (8)-(12), it is straightforward to verify that the matrix A, has rank one if

O 6201 = O, O Ol G (020301405

OL 6202 = (O Oy Clyn Cign e/ C1H057+0561),

C4 €205 = (4, Cy, C1,, O, 102 H01701405) (19)

O 61208 = (O, o Cign G (01702 05-+05)

4 i205 __ i(61+63+02+6
C5nez b= Cln03n02n04nez( 10802+ 4)'

As 0 < rank(A,AL) < rank(A,)rank(A}), if the rank of A, is one, matrix A, A’

has also rank one and |),) is separable. Therefore if one can find Ci,,, Co,, Csp, Cap, Cs,



n =1,...,5, satisfying the unitary condition of U and the rank one condition, then (15) is a

separable pure state decomposition of p.
Let us assume

o1 — pn = &1, <P12—9022=§1+2§, 8013—9023:&4‘4%7
8014—@24:&4-6%7 @15—90252514‘8?”;
Y11 — w31 = &2, 9012—S032:52+4€7 9013—90332524‘8%,
ora—psu =&+ &, p15— 35 =&+ &
011 — a1 = &3, 9012—S042=§3+6§, 9013—9043:§3+2§W;
P10 — Paa = E3+ 55, 015 — a5 = &3+ F;
Y11 — P51 = &, <P12—8052:£4+%ﬂ, 9013—90532544‘%7
8014—@54:544—4%, 9015—9055:544‘2%7

(20)

for some real numbers &, &5, €3, &4. Then the unitary condition of U is satisfied.
The rank-one conditions (8)-(12) require that:

— ($2n + @30 + Pan + 5n) = =201 + (02 + O3 + 04 + 05),
dpan — (P1n + P30 + Pan + 05n) = =205 + (01 + 03 + 04 + 05),
—
—

4p1n ) ( )
) ( )

4psn — (V1 + Pon + ©an + @5n) = —203 + (01 + 02 + 04 + 05), (21)
) ( )
) ( )

4pan — (P1n + Pan + @30 + Qsn) = =204 + (01 + 02 + 03 + 05),
4psn — (V10 + Pon + O30 + Qan) = —205 + (01 + 02+ 05+ 6,),

which can be realized by simply choosing

3 .
& = g(eiﬂ —61), i=1,..4 (22)

For simplicity we can further take ¢1; = 0,7 =1,2,...,5, then

101 101 i01 101 101
ot (301+262) eg’(391+202—27r) eg(391+292—4w) 6%’(391+292—6w) eg(391+292—8w)
U:i e (301+203)  £(301+203—4n) eg(3al+293—8w) 6%‘(391+293—2w) 6%(3914—293—671’) ’ (23)
5 et(8014204) L E(30:14204—67) o E(3014204—2m) o E(3014204—8m) E(301+204—4m)
& (301+205) e%(301+295—87r) eg(3el+295—6w) 6%(391—&-205—471') 6;‘(391+295—2ﬂ)



and |1;) have the corresponding separable expressions:

) = (1 e (BO14205) e E(3014200) AT B(B014263) 5%(361+292)€2\/E)t
1 ) eielalm ) ewlalx/ﬂ 5 e“’lal\/ﬂ R ewlal\/ﬂ

60 (361426 1(361420 £(360,+26
®f< e’ 1@1\/ 65 ! 2)(12\/ 5 ! 3)CL3\//\3, 65( ! 4)CL4\/)\4,
£(3614+26 / t.
5( ! 5) as )\5)7

|¢> . (1 eé(391+26578ﬂ)b5m e%(391+20476ﬂ')c4m e%(301+293’4”>d3m e%(301+292*2")52m)t
2 - ) eP1aiv/ ) e®Plaiv/A1 ) ePlaiv/ A ) eP1aiv/

®\[< 191 a, / 5 391+202—27T)a2 /)\27 3(391+293 47r)a //\3’

i(30,420,—6 i(30,4205—8 .
e5 (3 +20a-6m) g /X, o5 (3014205 Masv/s);

|¢ > _ ( e%(391<‘f>205767\')b5 /)\5 6%(3914.»204727")()4 /)\4 e%(301f293787r)d3 /AB €%<361T29274ﬂ)62 /)\2 )t
3 ’ e91a1v/ 1 ’ e91a1v/1 ’ e@1a1v/1 ’ e91a1v/ 1

®%<6i91a1 V )\17 65(301_‘_202_4”)@2\/)\_27 63(391+203_8W)a3\//\_37

§(391+294 27r)a4 /—)\4’ e%(301+295767r)a5 /_)\S)t;

|¢> _ (1 e%(”lf?@fﬁ‘*")bs\/ﬂ e%<391f294*8”)c4\/ﬂ 6%(30@2937277)%% eé(gglfggr&r)ezm)t
! Lo ey ePaivii a0 P ar/Ar

0 i(30,420,—6 i(30,4203—2
®f(“al\/ e5(301+202=6m) )\ /No, €531 F205=2m) g /0,

2(301+204,—8 330 205—4 t.
es(301+201-8T) /X e B0 20s—4m) g /N

|¢ > _ ( e%(391<.k295727r)b5\/g e%(3914‘»20474ﬂ')c4m 6%(301f2637677)d3\/g e%(3614f202787r)62m)t
5 ) €1 a1/ A1 ) el a1v/ M ) e1a1v/ M ; €1 a1/

1 ; i _ i _
®%<6191a1 /)\17 65(391+202 87T)CL2 /)\27 65(391+203 67r)a3 /)\3’

5(391+294 4m) 0,4 / 4’ 5 391+295727r)a5 /)\S)t'

Remark Due to the fact that there is still freedom in choosing the parameters ¢,

m,n =1,2,3,4,5, there exist many other separable pure state decompositions.

We now consider (2k 4+ 1) x (2k + 1) quantum mixed states on the tensor space H ® H
with basis [1) = (1,0,...,0)%, |2) = (0,1,...,0), ..., |2k + 1) = (0,0, ...,1)* on each vector

space H,
2%+1
i=1
where Y 2F1 N\, =1,0< \; <1, and |X;), i =1,2,...,2k + 1, are normalized vectors of the
form:
1Xi) = (I® P'7Y)|X(a, ay, ..., agpp)), (25)
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where | X (al,aj, ..., abe 1)) = Yoot alljg), 0 # al €C,1<i,j<2k+1, keN,and

0 0 0 1
10 0 0
p=]01 0 0
00 ... 10
is a permutation operator.
p can be generally written as
2k+1
P = Z |wn><wn|> (26)
n=1
where the pure states |¢,,) are of the form
2k+1
() = D thmnYim), (27)

Umn are the entries of a (2k 4+ 1) x (2k + 1) unitary matrix U and
Vi) = VM), i=1,.. 2k 4 1.

Similar to the case of 5x5 systems, the PPT condition of p gives rise to 2k+1 independent
linear inequality sets, and hence equations like (8)-(12). Under the PPT condition of p, the
unitary matrix U has the form with entries u,,, = e'(#mnttm) /V2k 4+ 1, and @y, satisfying

the following relations:

2(j—(n—1N)m

gpln_gpjnzgj—l_}_ 2k§+1 ) n7j:1727"'72k+]—7 (28)
where
k+1 )
&= m(eiﬂ —b), i=0,..,2k (29)

Then all [¢),,) in (26) are product states.

For example if we simply take p1; = 0,7 =1,2,...,2k + 1, then we have

101 it P!
67%31((“1)91%92) 672ki+1((k+1)91+k92—27r) eﬁ((kﬂ)eﬁkez—%w)
_ # eﬁ((k+1)61+k6’3) eﬁ((/ﬁ+l)91+k‘93—4ﬂ’) o 6%3_1((k+1)6’1+k63—(4k—2)7r)
V2k+1
6—2,j+1 ((k+1)01+k02511) 6721541 ((k+1)01 k02 1 —4kr) ei%z%l ((k4+1)01 +kO2p 41 —27)



|i), i =1,...,2k + 1, have the separable expressions:

st [(k+1)07 +kO _i
’”Qb > . 1 62k+1[( +1)01+ 2k+1]agk+1\/)‘2k+1 62k+1[<k+1>91+k02k]agkm
1 - ) ewla} M ) eiela% 58] VAR

(3

k+1)01+k06
€2k+1[< +1)01+ 2]a§k+1\/r

2 1
ef1alv/ ) ® V2k+1 (6

wla% A1, €2k+1((k+1)91+k92)a%\/)\2, e

s (k+1)01+k02541) 1
€2t ag vV Asky1),

—t [(k+1)01 +k0 — 4k  [(k41)07 +kbo), — (4k—2
e TRTT 1+kO2k 41 a2 /)\2k+1 o R (R 1)1 +kB2p —( )r]agk Xox

) = (1 « ,
2 ) ezela%m ) ezela%m PRREY

3

e TRTT [(k+1)91+k92727r]a§k+1\/)\—

2 1 61 1 i (k41)01 +k02—27) 1
ePal /A ) (6 a1\/>\1,62k+1 a/2\/)\2,

V2k+1
o (k41)01 +kOap, 1 —4kT) 1
ceey €KL " A2k+1V >‘2/€+1)’

i .
s [(k+1)01 +kbgp 1 —27] o 5o [(k+1)01 +kOo), —4m]
e2k+1 + a2k+1 /A2k+l e2k+1 1 2k agk />\2k

‘¢2k+1> = (1, e01al /Ay ) 10T/ Ay ZRRRL

b [(k41)01+k0y—4k i
ZRFT (DL RO =k 2kt /5 1 iy 1 ot (k+1)01+k02—4kr) 1
: — ) (eraiy/ A, €% atv/A
67,91(1% Al 17 2 27

V2k+1 1
s (k+1)01+k02p 41 —27) 1 /
ceey 62’9+1 + a/2k+1 A2k+1)

We have investigated a class of (2k+1) x (2k+1), k € N, bipartite mixed states for which

the PPT criterion is both sufficient and necessary for separability. The PPT conditions for
these states are derived. We have presented a general approach to find the separable pure
state decompositions of this class, and the separable pure state decompositions have been
explicitly constructed. Our method can be applied to separability analysis and separable

pure state decomposition for other class quantum mixed states.
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