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We consider a large lattice system of unbounded continuous spins that
are governed by a Ginzburg-Landau type potential and a weak quadratic in-
teraction. We derive the logarithmic Sobolev inequality (LSI) for Kawasaki
dynamics uniform in the boundary data. The scaling of the LSI constant
is optimal in the system size and our argument is independent of the geo-
metric structure of the system. The proof consists of an application of the
two-scale approach of Grunewald, Otto, Westdickenberg & Villani. Several
ideas are needed to solve new technical difficulties due to the interaction.
Let us mention the application of a new covariance estimate, a conditioning
technique, and a generalization of the local Cramér theorem.
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1 Introduction

The logarithmic Sobolev inequality (LSI) — introduced by Gross [Gro75] —is a powerful
tool for studying spin systems. It implies exponential convergence to equilibrium of the
naturally associated diffusion process and also characterizes the rate of convergence
(cf. [SZ92a, SZ92b, SZ95, Yos00, Zeg96] and Remark 1.6). Therefore an appropriate
scaling of the LSI constant in the system size indicates the absence of phase transitions.
The LSI is also useful to deduce the hydrodynamic limit (see [KosO1, GOVWO09]).

In this article we consider a large system of real-valued unbounded spins. The Hamil-
tonian of the system is given by a Ginzburg-Landau type potential and a two-body in-
teraction (see (2)). The quadratic interaction is not restricted to finite range. Any two
spins of the system are allowed to interact. Because Kawasaki dynamics conserves the
mean spin of the system, we work with the canonical ensemble.

Even if there is no interaction term in the Hamiltonian, there is a long-range interaction
due to the conservation of the mean spin. Therefore it was a challenge to establish the
LSI for the canonical ensemble in the case of a non-interacting quadratic Hamiltonian
(cf. [LY93] for discrete spin and [LPY02, Cha03, GOVWO09] for continuous spin). The
main difficulty was to attain the optimal scaling behavior of the LSI constant in the
system size. In [Yau96] this result was generalized to weak interaction of finite range
for bounded discrete spin values (see also [CMRO02]). In this article we show that the
LSI also holds for unbounded continuous spin values with weak two-body interaction.
The LSI constant is uniform in the boundary data and scales optimal in the system size.
Compared to the discrete case we have to deal with new technical difficulties due to the
fact that the spin values and the range of interaction are unbounded. Because we apply
the two-scale approach [GOVWO09], deriving the hydrodynamic limit should also work.
However, this is omitted in this article. Our approach is independent of the geometrical
structure of the system. Hence in contrast to existing results on the hydrodynamic limit
(cf. [GPV88, Yau91]) there is no restriction to lattices of certain dimensions or nearest
neighbor interaction. For the proof of the main result we also establish a generalized
version of the local Cramér theorem [GOVWO09], where the single-site potentials have
an additional linear term and depend on the site.

Recently, Felix Otto and the author of this article derived in [MO10a] the LSI for a
class of non-interacting quartic Hamiltonians that also contains the classical Ginzburg-
Landau potential (2 — 1)2. Again, the scaling behavior of the LSI constant is optimal
in the system size. It is a natural question if one could extend their result to weak
interaction. Our approach allows only bounded perturbations of quadratic Hamiltoni-
ans because we use the two-scale criterion for LSI [GOVWO09, Theorem 3], which is
restricted to this class of Hamiltonians (cf. Remark 2.2).

The paper is organized in the following way. We present the main result in Section 1.1



and its proof in Section 2. The local Cramér theorem is discussed in Section 3. A short
appendix contains basic facts about the LSI.

1.1 Basic setting and main result

We consider the following type of spin system. Let A be an arbitrary set of sites that
are indexed by {1,..., N}, N € N. Note that we do not make any assumption on the
geometrical structure of A. To each site ¢ € {1,..., N} we assign a real value z; € R
called the spin. A vector x = (x1,...,zy) € RY represents a configuration of the spin
system. The energy of a configuration is given by the Hamiltonian H(z) € R. In our
case there are three contributions to the Hamiltonian:

e for each site i € {1,..., N} a Ginzburg-Landau type single-site potential v); :
R — R that satisfies

1
vi(x) = 3 x? + 0¢;(r) and 103]|c2my < €1 < 00, (1)

uniformly ini € {1,...,N};

e atwo-body interaction given by a real-valued symmetric matrix M = (m;;)nxn €
RN*N with zero diagonal m;; = 0;

e a linear term given by the real-valued vector s € R, which models the depen-
dence on the boundary data (see also Remark 1.8).

Explicitly, the Hamiltonian of the system is given by

N 1 N N
i=1 =1

1,j=1

Note that in contrast to [GOVWO09] we do not consider homogeneous single-site poten-
tials ¢; = 1,7 € {1,..., N} (cf. Remark 1.7). Note that |m;;| determines the strength
of the interaction between the spin x; and ;. The sign of m;; determines if the interac-
tion is repulsive or attractive. To avoid phase transition, it is natural to assume that the
interaction is small in a certain sense.

Definition 1.1 (Condition of smallness). The interaction matrix M satisfies the small-
ness condition CS(c) with e > 0, if for all z,yy € RN

N N
E : § 2
ZT; |m”| Z; S € Xy

i,5=1 i=1



Remark (Alternative condition of smallness I). Note that CS(¢) is weaker than a con-
dition Yoshida used in [Yos0l1 ] i.e.

N
jr:nla%v Zl |mz]’ <e and mg; = (), lf ]Z _]‘ > R,
1=

for some fixed R € N. There is an obvious difference between both conditions: the CS(<)
allows infinite range of interaction and Yoshida’s condition not. Even if we allow infinite
range of interaction in Yoshida’s condition, we will give an example to distinguish both
conditions. Let us consider the interaction matrix M = (m;;)nxn given by

#ﬁ, ifi=1andj # 1,
mi; = Q\jﬁ’ zszlandz#l,
0, else.

Let us consider the condition CS(c). By Cauchy-Schwarz we have

e () () ()

J=1
Then direct calculation reveals that

N

N, fmyl N Y 5]
Ty Mg Ty = —F— |21 Zl‘j
i,j=1 \/N j=1
N é N
<l (z\xm) < Il
j=1 j=1

which yields that the matrix M satisfies CS(<).
Considering Yoshida’s condition one sees directly that

N
€ 1
s Yt =5 (V- )

This bound is not uniform in the system size N.

Remark (Alternative condition of smallness II). Unfortunately, we cannot use the small-
ness condition

N N s
Z TimiTy < € Z a3, (CS(e))
i=1

ij=1



which would be sensitive to competing interaction (more precisely, to changes in the
sign of m;;). Obviously the condition CS(c) implies CS(c). The best € satisfying CS(e)
is given by
. (Mz, )
€= sup ———
rERN <CL’, ZE)

)

where (-,-) denotes the standard scalar product on RY. By Lagrange multipliers one
sees that

E=max{A>0,A€a(M)},
where o (M) denotes the spectrum of M. By the same argument the best € satisfying
CS(¢) is given by

5:maX{AZO,)\€U(M)}a

where M denotes the matrix with entries |my;|, i,j € {1,...,N}. Let us illustrate
the difference between both conditions with an example of three interacting sites. We
consider two interaction matrices given by (cf. Figure 1)

0 ¢ —¢ 0 ¢ ¢
M, = e 0 ¢ and My=1| ¢ 0 ¢
—€ € 0 e ¢ 0

Direct calculation reveals that
o(My) ={—2¢,¢,e} and o(My) = {—¢, —¢,2¢},

which implies that M, satisfies 6@( ) and M, satisfies 63( 2e). However, on the level of
the condition CS the interaction matrices M, and M, are indistinguishable. We have to
work with the smallness condition CS(c), because of an application of the criterion of
Otto & Reznikoff (see Section 2.2) and of a covariance estimate (see Section 2.3.2).

The grand canonical ensemble i, is a probability measure on RY given by

Hge(dz) == %exp (—H(z))dx.

Here and later on, Z denotes a generic normalization constant. The Kawasaki dynamics
conserves the mean spin m = % ZZN:1 x; of an initial configuration z € R” . Therefore
we want to restrict the system to the NV — 1 dimensional hyper-plane X ,,, defined by

N
1
XN,m = {[L‘ERN | Nzxzzm}
=1



T €

- -
XT3 ) T3 T2
€ 9

Figure 1: Competing vs. uniform interaction

We equip Xy, with the standard scalar product and norm induced by RY i.e.

N M
(x,T) := in:ii and |x| = fo
i=1 i=1

The restriction of ji4. to Xy p, 1s called canonical ensemble 1 i.e.

u(dz) = % L1 s ooy o0 (—H(2)) H(dr). 3)

Here and later on, H denotes the Hausdorff measure in the appropriate dimension. Note
that the canonical ensemble ;1 depends on the system size N € N and the mean spin
m € R.

Definition 1.2 (LSI). Let X be an Euclidean space. A Borel probability measure |1 on
X satisfies the LSI with constant ¢ > 0 (in short: LSI(o) ), if for all functions f > 0

2
Ent (fplp) :=/flogf du—/fdulog (/fdu> < 2—2/ |V]{| dup. (4

Here V denotes the gradient determined by the Euclidean structure of X.

Remark 1.3 (Gradient on Xy ,,,). If we choose in Definition 1.2 X = Xy ,,, we can
calculate |V f|? in the following way: Extend the function f : Xy, — R to be constant
on the direction normal to Xy ,, then

2

N
VAP =2 10:.f

Now, we are able to state the main result of this article.



Theorem 1.4. Assume that the Hamiltonian H is given by (2) and that the single-site
potentials 1; satisfy (1) with a constant ¢c; < oo independent of the system size N € N,
the mean spin m € R, and the boundary data s € RN . Then there exist ¢ > 0 and o > 0
depending only on ¢y such that:

If the interaction matrix M satisfies CS(c), then the canonical ensemble | satisfies
LSI(o) independent of N, m, and s.

In the next remark we explain in which sense the scaling behavior of Theorem 1.4 is
optimal in the system size.

Remark 1.5 (From Glauber to Kawasaki). The bound on the right hand side of (4) is
given in terms of the Glauber dynamics in the sense that we have endowed X ,,, with
the standard Euclidean structure inherited from RY. By the discrete Poincaré inequal-
ity one can recover the bound for the Kawasaki dynamics (cf. [Cap03] or [GOVWO09,
Remark 15]) in the sense that one endows Xy ,, with the Euclidean structure coming
from the discrete H'-norm. More precisely, let A denote the discrete second-order
difference operator. For example for a one-dimensional lattice A is given by

2 -1 o - 0
102 —1 -~ 0
A=
0 -~ -1 2 -1
o --- 0 -1 2

On the d-dimensional lattice we consider a cube A\ with side length W and total number
of sites N. Caputo showed in [Cap03] that there exists a constant C' depending only on
the dimension d such that

VI < CWAVAV P,
Thus if a measure | satisfies LSI(o), then for all functions f > 0

CW? [ VAV [
Ent (fulp) < 2@/ 7 dp.

The diffusive scaling behavior in W is optimal (cf. [ Yau96]).

In the next remark we explain what is meant by Kawasaki Dynamics and how the LSI
is connected to exponential convergence to equilibrium.

Remark 1.6 (Convergence to equilibrium). The Kawasaki dynamics on Xy ., is given
by the stochastic differential equation

dX, = —AVH(X,) dt + V2A dB,,



where B, denotes a standard Brownian motion on R”. If the process X, is distributed
as fiu, then f; satisfies the time-evolution

d
) = V- (AV fi).

Using this equation one sees that

d 1 AV f|?
Z Ent (fily) = =2 / —'ff Loy

Hence it follows from Gronwall’s Lemma and Remark 1.5 that if i satisfies LSI(p), then

Ent (fyulp) < exp (=CW™20) Ent (foulp)

with a constant C, that depends only on the dimension of the lattice.

There are several criteria for the LSI (cf. Appendix A), but none of them applies to our
situation:

e The Tensorization Principle for LSI does not apply because of the interaction
M # 0.

e The criterion of Bakry-Emery does not apply because the single-site potentials
1); are allowed to be non-convex.

e The criterion of Holley-Stroock does not help because we want the LSI constant
o to be independent of the system size /V.

e The criterion of Otto & Reznikoff does not help because of the restriction to the
hyper-plane Xy ,.

Therefore new tools are needed. The most common approach to LSI for Kawasaki dy-
namics is the Lu-Yau martingale method [LY93, LPY02, Cha03]. Using this method
Landim, Panizo & Yau [LPYO02] proved Theorem 1.4 in the special case M = 0 for the
Kawasaki bound. An adaptation of this approach by Chafai [Cha03] led to the stronger
bound for Glauber Dynamics. Providing a new technique — called the two-scale ap-
proach — Grunewald, Otto, Westdickenberg (former Reznikoff) and Villani [GOVW09]
reproduced Theorem 1.4 for M = 0. We will follow their approach, but our setting dif-
fers in two aspects: On the one hand we consider inhomogeneous single-site potentials
(i.e. ¢; depends on the site ¢) and on the other hand —and more fundamentally— we allow
for interaction M # 0. These differences lead to new technical difficulties, which are
dealt with using the following ideas (see also Section 2.1):

e the interaction between blocks is controlled by the covariance estimate of [MO10b];



e the convexification of the coarse-grained Hamiltonian with interaction is achieved
by a conditioning technique (that artificially reduces the system size) and a non-
standard perturbation argument;

e the local Cramér theorem (cf. [GOVWO09, Proposition 31]) is generalized to Hamil-
tonians with inhomogeneous single-site potentials and linear terms.

In our argument we want to point out the proof of Lemma 2.12 which contains crucial
estimates to deal with unbounded spin values and unbounded range of interaction. If
the spin values and the range of interaction are bounded, the proof of Lemma 2.12
would be a lot easier (cf. comments after (30)). As a consequence one would not have
to generalize the local Cramér theorem. Therefore Lemma 2.12 is the interesting step
compared to the discrete and bounded case (cf. [Yau96, CMRO02]).

The proof of the main result (Theorem 1.4) is structured in the following way. In Sec-
tion 2.1 we outline the two-scale approach. The proof of the main result is given directly
after we formulated the two-scale criterion for LSI (see Theorem 2.1), which is the main
tool of our argument. In the remaining part of Chapter 2 we verify the ingredients of the
two-scale criterion. The microscopic LSI and the macroscopic LSI are deduced in Sec-
tion 2.2 and Section 2.3 respectively. For the proof of the macroscopic LSI we need a
generalized version of the local Cramér theorem, which we state and prove in Section 3.

Remark 1.7 (Homogeneous single-site potentials). Let us consider the situation of ho-
mogeneous single-site potentials. More precisely, assume that for i € {1,... N} the
single site-potential V;(x), v € R is given by

Yi(x) = (x) = % 2? + 5 (x), and |0Y]|c2 < 1.

Then the proof of Theorem 1.4 would be exactly the same as for inhomogeneous single-
site potentials except of one detail: one has to generalize local Cramér theorem (cf. The-
orem 3.1 or Corollary 3.2) only to Hamiltonians of the form

K

1
Hy(x) = Z 5%2 + siz; + 0(x;).
i=1

and not to Hamiltonians of the form

K

1

i=1

However, the argument for the generalized local Cramér theorem is almost the same for
Hamiltonians given by Hy, or H;;,. Therefore we decided to state the main result in the
more general case of inhomogeneous single-site potentials.



In the next remark we explain that the dependence on the boundary data can be ex-
pressed by adding a linear term to the Hamiltonian H.

Remark 1.8 (Introducing boundary data). We start with a system of N sites and a
Hamiltonian that just consists of single-site potentials and interaction i.e.

N |
H (331, c. ,xN) = ;¢Z(l’z) + 5 ZJZZI mgT;x;.
To model the dependence on the boundary data, we embed the original system into a
larger system of N>N spins, N € N. Because the indexing of the sites is arbitrary, we
can assume that the new sites are indexed by the set {N + 1, ..., N }. The new system
has the Hamiltonian

N N
~ 1
H (131, c. SL’N) = Z¢Z<xl> + 5 Z mi; X;Zj,
i=1 ij=1
where the real numbers mj; = m;;, i € {1,... ,N}Jj € {N +1,...N}, express
the interaction with the additional sites {N +1,..., N}. We consider the new grand
canonical ensemble [i,. on RY associated to H,

fige(dz) = %exp <—]:I(x)> dx.

We fix the values of the new spins x;, i € {N,N +1,..., N}, that now play the role of
the boundary data of the original system. Hence, we restrict [i4. to the space

{yERN‘inxi,N+1§i§N}%]RN

and denote the restriction as

ip(dar) = % Ly warzieny 5 (—H(2)) H(da),

Changing the normalization constant Z one can cancel all terms of the Hamiltonian H
that are independent of (x4, . ..,xy). Therefore u, can be considered as a measure on
RN with density
1
pp(dz) = 7 exp (—Hy(x)) dz,
where Hy(z), x € RY, is given by

N 1 N N N
Hb (.I‘) = Z'Lﬁz(l}) + 5 Z Mg ;24 + Z Z mg;xs | Tj.
=1

ij=1 i=1 \ j=N+1

J/

Vv
=:5;

This calculation shows that in our setup the dependence on the boundary data can be
modelled by adding a linear term to the Hamiltonian.

10



2 Proof of the main result

2.1 The two-scale approach

In this section we will explain the two-scale approach, point out the new difficulties
arising from the interaction, and explain how they are solved. Our presentation is based
on Subsection 2.1 and 5.1 of [GOVWO09], which we recommend for better understand-
ing. We decompose the spin system into L blocks each containing K sites. Therefore
N = K L. The index set of the [-th block, [ € {1,..., L} is given by (cf. Figure 2)

B(l) :={(l— 1)K +1,...,1}.

Hence a configuration x € Xy ,, of the spin system can be written as

r=(z', ... ,xL), with 2! .= (%3)ieB@)- (5)

Note that the block decomposition is entirely arbitrary and has no geometric signifi-
cance. The coarse-graining operator P : Xy ,,, — X ,, =: Y assigns to each block its
mean spin i.e.

We endow Y with the scalar product

L
1
(. 2)y =7 2; yizi, fory,z€Y. (6)

Let P* : Y — Xy, denote the adjoint operator of P. Note that due to the special
Euclidean structure of Y we have

1
P*:_Pt
7 )

where P* denotes the transpose of P. The orthogonal projection of X ,,, on ker P is
given by Id — N P* P, which can be seen using the identity

PNP* =1dy. (7)

Hence we can decompose v € Xy, into a macroscopic profile and a microscopic
fluctuation i.e.
r=(NP*P)z+ (Id-—NP*P)x.

vV Vv
€(ker P)L € ker P

11



x \ \ TN

B(1) B(L)

Figure 2: Block decomposition of the spin system

The coarse graining also induces a natural decomposition of measures. Recall that p
denotes the canonical ensemble given by (3) associated to the Hamiltonian /7 and the
mean spin m. Let i :== Py be the push forward of 1 under P and let (dz|y) denote
the conditional measure of x given Px = y. Then by disintegration

p(dx) = p(dzly)p(dy). (8)

This equation has to be understood in a weak sense i.e. for any test function £

/fdM:/Y (/{Pw}éu(dm\y)> fi(dy).

By the Coarea Formula one can determine the density of fi(dy) as

f(dy) = exp(—=NH(y)) dy,
where the coarse-grained Hamiltonian H is given by
H(y) = ——log/ exp(—H(z)) H(dz). 9)
Pr=y}
The coarse-grained Hamiltonian H (7) represents the energy of a macroscopic profile y.

Overall, we observe the system at two different scales:

e the microscopic scale p(dx|y) considers all fluctuations of the system around a
macroscopic profile y € Y, and

e the macroscopic scale i(dy) considers the macroscopic profiles and neglects all
fluctuations.

We want to apply the two-scale criterion for LSI (see [GOVWO09, Theorem 3]) to derive
the LSI for p. In our setting the two-scale criterion becomes

Theorem 2.1 (Two-scale criterion). Assume that the Hamiltonian H is given by (2) and
that the single-site potentials 1); satisfy (1) with a constant ¢, < oo independent of the
system size N € N, the mean spin m € R, and the boundary data s € RY. Assume
that:

12



(i) There is ¢ > 0 such that for all N, m, s, and y € Y the conditional measures
p(dx|y) satisfy LSI( o).

(ii) There is A > 0 such that for all N, m, and s the marginal [i satisfies LSI(AN ).
Then i satisfies LSI(0 ) with ¢ independent of N, m, and s.

Remark. The two-scale criterion in [GOVWO09] also contains an explicit representation
of the LSI constant 0 in terms of o, \, and a constant r, which represents the strength of
the coupling between the microscopic and macroscopic scale. However, for our purpose
it is just important that ¢ is independent of the system size N, the mean spin m, and the
boundary data s.

Remark 2.2. In the introduction we mentioned the question of generalizing the main
result (Theorem 1.4) to quartic Hamiltonians H i.e.

H(r):=) (ZZ + 5%(%)) t3 > miymir 4 s,

i=1 ij=1 i=1
where the functions 01;(x;) : R — R satisfy the uniform bound

sup |0y} (z)] < 1 < 0.

zeR
Our approach does not cover that case because Theorem 2.1 (or [GOVWO09, Theorem
3]) cannot be applied to quartic Hamiltonians. The reason is that k = oo in that
case (see the last remark and [MO10a]). In [MO10a] this problem is avoided by an
adaptation of the two-scale criterion [GOVWO09, Theorem 3] to the quartic case. The
adapted two-scale criterion is formulated only for coarsening of pairs and the main
result of [MO10a] is established by an iteration of dyadic coarsening. This approach
cannot be transferred to the interactive case directly, because the iteration is based on
a product structure which is lost due to non-zero interaction.

The ingredients (i) and (ii) of Theorem 2.1 are deduced in Section 2.2 and Section 2.3 re-
spectively. Provided these ingredients are satisfied, the proof of the main result (see The-
orem 1.4) is just an application of the two-scale criterion (see Theorem 2.1).

Proof of Theorem 1.4. We carry out the coarse-graining procedure with a large but fixed
block size K > K, where K is determined by Proposition 2.4 below. Note that K,
is independent of the system size /N, the mean spin m, and the boundary data s. The
ingredients of the two-scale criterion of Theorem 2.1, namely the microscopic LSI and
the macroscopic LSI, are verified by Proposition 2.3 and Corollary 2.5 respectively.
Then Theorem 1.4 follows directly from an application of Theorem 2.1. O]

13



Now, we will discuss how the ingredients of Theorem 2.1 are verified. The microscopic
LSI follows directly from an application of the Otto & Reznikoff criterion for LSI (see
Subsection 2.2). Difficulties arise deducing the macroscopic LSI (see Subsection 2.3).
We follow the strategy of [GOVWO09] and want to show that A is uniformly convex if
the block size K is large enough and the interaction ¢ is small enough. The uniform
convexity of H would yield the macroscopic LSI by the criterion of Bakry-Emery (see
Theorem A.3). Due to the interaction between blocks we lose the product structure
of fi (cf. [GOVWO09, (63) ]), that was crucial for the argument of [GOVW(09]. As a
consequence, the off-diagonal entries hy,,, [ # n , of the Hessian of H become non trivial
(see (16)). However, applying a new covariance estimate [MO10b] yields sufficient
control of Ay, in terms of £ (see Subsection 2.3.2).

The main difficulty of the proof is encountered when checking the positivity of the
diagonal elements h;; of the Hessian of H. It is not possible to transfer the positivity
of hy from the case of ¢ = 0 to the case of small € by a simple perturbation argument.
The reason is that due to the loss of the product structure, h; will depend on all spins
of system. In the case ¢ = 0 the diagonal elements h; depend only on the spins of
the [-th block, which has size K. Hence one could not choose ¢ independent from
the system size /N and the LSI constant would depend on N. We avoid this problem by
conditioning on all spins except of a single block (see Subsection 2.3.3). This procedure
artificially reduces the system size to the number K and introduces new boundary data,
which is expressed by an additional linear term in the Hamiltonian (cf. Remark 1.8).
Independently, we observe that for ¢ = 0 the positivity of /;; for large K is untouched by
a linear term (cf. Remark 3.3). Therefore we are able to apply a perturbation argument
to transfer the positivity of A to small ¢ depending only on K and c¢; and not on the
system size [V (see Lemma 2.11 and Lemma 2.12).

2.2 Microscopic LSI

In this subsection we will prove the following statement.

Proposition 2.3 (Microscopic LSI). Assume that the Hamiltonian H is given by (2) and
that the single-site potentials 1); satisfy (1) with a constant ¢c; < oo independent of the
system size N € N, the mean spin m € R, and the boundary data s € RY. Then there
is € > 0 independent of N, m, s, and y € Y (depending only on the block size K and
c1) such that:

If M satisfies CS(c), then the conditional measures j(dz|y) given by (8) satisfy LSI(p)
with o > 0 independent of N, m, s and y (depending only on K, ci, and ).

Proof of Proposition 2.3. The statement follows from a direct application of the crite-
rion for LSI of Otto & Reznikoff (see Theorem A.4 in the appendix or Theorem 1 in

14



[ORO7]). We check the first requirement of Theorem A.4. Recall that for a given con-
figuration = € RY the spins inside the block B(() are denoted by z' := (z;);ep(). For a
fixedy = (y1,...,yr) € Y we define

1
X, = Z‘ZERB(Z)|EZIi:yl , lef{l,...,L}.

ieB()
Because of the block decomposition (5) we have
{reRY | Pr=y} =X x...x X].
Hence we can decompose a configuration z € X as
r=(z ... 2") with 2'€ X,

For convenience, the spins outside the block B(l) are denoted by z' := (z;);¢p(). Dis-
integration of the microscopic measure j(dz|y) with respect to x! yields

p(dely) = p(da'|2, y) p(dz'ly),

where p(dz!|Z!,y) and [i(dZ!|y) denotes the conditional measure and the correspond-
ing marginal respectively (cf. Figure 3 below). More precisely, we have for all test
functions ¢ : {Px =y} — R

/£ p(dzly) = //ﬁx 7 u(da' |7, y) p(dz'|y). (10)

For the first requirement of Theorem A.4 we have to show that on X;, 1 <[ < L, the

conditional measures
1=l
p(dz'|z, y)

satisfy the LSI(p) with constant 0 > 0 independent of N, m, s, y, [ and 7'. For this pur-
pose let us have a closer look at the Hamiltonian of the conditional measure p(dx'|z!, y).
For an arbitrary vector s* € RP") we define the Hamiltonian H (z!|M, s*) by

Z|Ms Z Ui () ~|—— Z M T;T; + Z S; ;.

1€B(l z]GB(l 1€B(l
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The definition (2) of the Hamiltonian / yields

z]l

Z My T;x; + Z S; + Z mM;;T; | Ts

i ]EB ieB(l j¢B(1)

N
H(z) = Z Z ML T; + Z S;T;
=1
=D
i€B(l)

+ Z i(x;) +— Z My ;T + Z 8;T;

1¢B(l) z]%B 1¢B(l)

("M, s, Z Vi(x;) +— Z MiT;T; + Z 5%,

i¢B(l) wéB(l) i¢B(l)

where the vector s, = s.(s, M, 7') € REW is defined by

=3; + Z M5 %5 fori € B(I).
Jj¢B()

Because one can cancel all terms that are independent of z! = (2;)iepy With terms
of the normalization constant Z, the effective Hamiltonian of the conditional measure
u(dx'|zt, y) is given by H(z!|M, s.). More precisely,

_ 1
p(de! |z, y) = 7 1{%2&3(1) vy} OXP (—H(2'|M, s.)) H(dz).

Note that the dependence of H (z!|M, s..) on y; is hidden in the condition

e X, = a:le]RB(l Z%—yl
zEB
Using the assumption (1) on the single-site potentials 1); we can rewrite H (z!|M, s.) as

H(Il|M, Sc) = Z %ZQ—F S; + Z mZ; | T; +% Z M ;T + Z 5¢z(«r)

ieB(l) jeB() i,jeB(l) i€B(l)

Vv Vv
=:Hq(x!|M,s.) =:Ha (x| M,s.)

Using CS(e) it follows that

E Mi;T; 25 < €|LL’Z|2.
1,j€B(1)
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Hence if ¢ is small enough, then H,(z'|M,s.) is a uniformly strictly convex func-
tion with constant \ > %. By the assumption (1) on the functions dv); it follows that
Hoy(2'|M, s..) is a bounded function satisfying

sup Ho(z'|M,s.) — inf Hy(2'|M,s.)| < K max |supdey; — inf o] < 2Ke;.
rleX, leX; ie{l,...,N}

Therefore by a combination of the criterion of Bakry & Emery (see Theorem A.3)
and of the criterion of Holley & Stroock (see Theorem A.2), the conditional measures
p(dx'|zt, y) satisfy a uniform LSI with constant

- 1
0=-exp(—2Kc) 7

Note that ¢ is independent of N, m, s, v, [ and Z' (depending only on the block size K
and the constant c; given by (1)).

Now, we verify the remaining ingredients of the criterion of Otto & Reznikoff. For
n,m € {1,..., L} let M,,, denote the K x K matrix

My, = (mij)ieB(n), jEB(m)-

Let || M,,|| be defined as the operator norm of M,,,, as a bilinear form i.e.

M| = max g Y Y

z e REM e RE(M
. - || [yl
i€B(n), jeB(m)

Let the matrix A = (a,m)kxx i be defined by the elements

0, if n=m,
Ay, = ) nmed{l,..., K}. 11
{—HMWRH7 if n#m, { } (11
We have to show that A satisfies for some ¢ > 0 independent of N, m,s, v, [ and z!
A>pld

in the sense of quadratic forms. For the rest of the proof let C' < oo denote a generic
constant that depends only on K. Firstly, we will show that

(HMan)LxL <Ce Id. (12)

in the sense of quadratic forms. Because of the equivalence of norms in a finite dimen-
sional vector space we have forn,m € {1,..., L}

[ M|l < C Z |mij].-

i€B(n),j€B(m)

17



For any vector x € R we have

anuManxm < CZ Yo lzal Imyl 2l

n,m=1 n,m=1 i€B(n),j€B(m)

CS(¢e) L

< (e Z a:i
n=1

This inequality already yields (12). Because ¢ depends only on the block size K and ¢,
we can choose € small independent of N and y such that

A =0ld = (M), + diag ([ Mul[, - .., [[Mrel])
> old — (| Mumll) 1
> (0—Ce)1d
> old, (13)

for some o > 0 depending only on K, ¢y, and €. Hence we can apply the criterion of Otto
& Reznikoff and get that the conditional measures j(dz|y) satisfy LSI(o) uniformly in
N, m, s, and y, if the strength of interaction ¢ is small enough. ]

2.3 Macroscopic LSI

In this section we will derive the macroscopic LSI. More precisely, we will prove that
H becomes uniformly convex for large K and small €.

Proposition 2.4. Assume that the Hamiltonian H is given by (2) and that the single-site
potentials 1); satisfy (1) with a constant c; < oo independent of the system size N € N,
the mean spin m € R, and the boundary data s € R"™. Let H denote the coarse-
grained Hamiltonian defined by (9) and let Hessy H denote the Hessian of H w.r.t. the
Euclidean structure (-, )y on'Y given by (6). Then there exists K, € N depending only
on c; such that:

If the block size K > K and the interaction matrix M satisfies CS(¢), then there are
constants A > 0 and C' < oo independent of N, m, and s (depending only on K and c;)
such that forally € Y

Hessy H(y) > (A — Ce)1d

in the sense of quadratic forms.

By the definition (9) of H we have ji(dy) = exp(—N H(y))H(dy). Hence the macro-
scopic LSI is a direct consequence of Proposition 2.4 and the criterion of Bakry &
Emery (see Theorem A.3), if we choose ¢ small enough. More precisely, we have

18



Corollary 2.5 (Macroscopic LSI). Assume that the Hamiltonian H is given by (2) and
that the single-site potentials 1); satisfy (1) with a constant ¢, < oo independent of the
system size N € N, the mean spin m € R, and the boundary data s € RY. Choose a
fixed block size K > K where K is given by Proposition 2.4. Consider the marginal [i
defined by (8). Then there exist ¢ > 0 and A\ > 0 independent of N, m, and s (depending
only on K and cy) such that:

If the interaction matrix M satisfies CS(¢), then [ satisfies LSI(AN ).

The proof of Proposition 2.4 consists of three steps. In the next subsection we will
deduce a formula for the elements of Hessy H. In Subsection 2.3.2 we will show that
the off-diagonal elements of Hessy H are small in a certain sense (cf. Lemma 2.8). In
Subsection 2.3.3 we will show that the diagonal elements of Hessy H are uniformly
positive for large K and small ¢ (cf. Lemma 2.10).

Proof of Proposition 2.4. We decompose the Hessy H (y) into its diagonal matrix and
its remainder i.e.
Hessy H(y) = diag ((HessY H(y))l1 s (HessY ﬁ(y))LL)
+ [Hessy H(y) — diag ((Hessy H(y)),, .-, (Hessy H(y)),,)]

Then a combination of Lemma 2.8 and Lemma 2.10 from below yields the statement.
O

2.3.1 Formula for the elements of the Hessian of

Before we derive the formula for the elements of the Hessian of H, we will deduce an
alternative representation of the coarse-grained Hamiltonian H.

Lemma 2.6. Assume that the Hamiltonian H and the coarse-grained Hamiltonian H
are given by (2) and (9) respectively. For x € {Px =0} andy € Y let Hy(x,y) be
defined by

Hy(z,y) = = (z, Ad+M)z) + (x, MNP*y) + (s,z) + Z 5 (x; + (NP*),).

DN | —

Then

H(y) = % (y, (Id +PMNP*)y>y+<Ps,y>y—%10g /{P N exp (—Hy(r,y)) H(dx),

(14)
where the scalar product (-, -), is given by (6)

19



Proof of Lemma 2.6. Because Hamiltonian of our system is given by (2) it follows that

H(z + NPYy) = % (NP*y, (Id+M)NP*y) + (z, (Id+M)N P*y)
+ % (x,(Id+M)x) + (s,z) + (s, NP*y) + Z di(x; + (NP*y);).

Because x € ker P, we have (z, N P*y) = 0. Additionally, note that
<S,NP*y> = N<P57y>Y

Hence the equality from above yields
1
H(x+ NP*y) = §N (y, Id+PMNP*)y)y + N (Ps,y)y + Hu(z,y), (15)

where we used the definition of H),(z,y) from above. Note that by (7) we have
{z e RY | Pz =y} = {z e RY | Px = PNP"y}
={z eRY | P(x— NP*y) =0}.
This identity yields by the translation x — x — N P*y that

FI @——10 ex H(dx
g/m} b (—H(x)) H(dz)

= ——log/ exp (—H(xz + NP"y)) H(dx).
Pz=0}

Applying the representation of H(z + N P*y) from above implies (14). O]

From now on we will use the standard notation that for a probability measure v

cov(f.9) = [ ( -/ fdv>< -/ gdu) and var,(f) = cov,(f, /).

The following representation of the Hessian of [ follows from differentiation of (14).

Lemma 2.7. Assume that the Hamiltonian H and the coarse-grained Hamiltonian H
are given by (2) and (9) respectively. Recall that the conditional measures j(dx|y) are
defined by (8). For 1 < [,n < L we have

(Hessy H(y)),, = O + dun —/ > 6y () p(daly) + > omy
ieB(l) zeB(l), jeB(n)
1 / /
~7¢ “OVidaly) > (Z ngl“z> SO (Z ngfﬂz> + 0 (x5)
jeB(l) \i=l jeB(n) \i=1
(16)
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Proof of Lemma 2.7. Let V denote the gradient w.r.t. to the scalar product (-, -),- given
by (6) and let V denote the gradient w.r.t. the standard scalar product (-,-). Then we
have V = LV. Differentiation of (14) yields

- _ 1
VH(y) = LVH(y) = (Id+PMNP*)y + Ps + ?/VHM(x,y),uM(dx),

where 115, denotes the probability measure associated to /;, namely
wv(dz) = Z716 (Px = 0) exp(—Hp(x,y) )Y H(dx).

A second differentiation yields that for 1 < [,n < L

_ &2
(HessY H(y))ln = Ldyldy H

1 2

1 d d
- — —H —H . 17
K (dyl Yoy, M) 47

Let us consider each term successively. Note that
. 1
(PMNP")in = = | Z mj.
i€B(l), jeB(n)

For the next term we get by differentiation that
d N
—Hy(z,y) = Z Z mx; | + 51%' (z; + (NP y);) -
dy -
jeB(l) \i=1
Another differentiation combined with the fact
jeBn) = (NPY);=yn

yields that
d2
dyn dyl

Hy(,y) = 0 > 00 (z;+ (NP*y);).
jeB(l)

Because adding constants does not change covariances, we can write the fourth term as

d d
(d—ylHM’ @HM)

= COVyy, HM + ) Z mi;(NP*y); | —HM + > Z mq; (N P*y)

jeB() i=1 jE€B(n) i=1
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Applying these identities to (17) yields

_ 1
(Hessy H(y)),, = 0m + e Z m;j + / Z ! ((x + NP*y);)pupr (d)
i€B(l), jB(n) i€B(l
N

jeB(l) \1i=1
N
Z <Z m; (T + NP*y)i) + 5%’ ((z + NP*Z/)J’)) .
jeB(n) \i=1

This identity already yields (16) by the translation x — x + N P*y. More precisely, we
apply the fact that for any measurable function &

/g(:p + NP*y)uar(dz)
_ f{P:c:O} §(z + NPy)exp (—Hu(z,y)) H(dx)
- f{Pz:O} exp (—Hy(x,y)) H(dx)

(15) f{P(:c+NP*y):PNP*y} {(z + NP*y)exp (—H(z + NPy)) H(dx)
f{P(;r+NP*y):PNP*y} exp (—H(z + N P*y)) H(dz)

@ Jipoy §(@) exp (—H (z)) H(dz)
Jiprmyy 0 (= H (z)) H(dz)

= /5 p(dzly),

where we canceled in the second step the term

1
exp <—§N (y, d[d+PMNP*)y)y — N (Ps, y>Y>
with the denominator. ]

2.3.2 Estimation of the off-diagonal elements of the Hessian of [/

In this section we will show, that the off-diagonal elements of the Hessian of H are
controlled by . Explicitly, we will prove the following statement.

Lemma 2.8. Assume that the Hamiltonian H and the coarse-grained Hamiltonian H
are given by (2) and (9) respectively. Additionally, assume that the single-site potentials
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W; satisfy (1) with a constant ¢; < oo independent of the system size N € N, the mean
spin m € R, and the boundary data s € R".

If the interaction matrix M satisfies CS(¢), then there is a constant 0 < C' < oo inde-
pendent of N, m, and s (depending only on the block size K and cy) such that

Hessy H(y) — diag ((Hessy H(y)) (Hessy H(y)),,) > —Celd.

110

This lemma is not obvious. Considering (16) one has to estimate for example the co-
variance

COV y(day) Z 51/1 z;), Z 61# ;) forl1 <l#n<L.

jeB() jeB(n

It is not clear how to exploit the control CS(¢) on this term. The key observation is that
the first function depends only on spins of the block B(l), whereas the second function
depends only on spins of block B(n). One hopes that the covariance is decaying in the
distance of the blocks, if € is small enough. For this purpose we apply the covariance
estimate [MO10b, Theorem 1], which connects the smallness condition CS(¢) to decay
of covariances. For convenience, we state [MO10b, Theorem 1] as the next theorem.

Theorem 2.9 (Covariance estimate of [MO10b]). Let du := + exp(—H(z))dx be a
probability measure on a direct product of Euclidean spaces X = X1 x --- x Xy. We
assume that

e the conditional measures p(dz'|z™ € X, n #1)on X;, 1 € {1,..., L}, satisfy a
uniform SG( o) (see Definition A.5).

o the numbers Ky, satisfy

Kin i= max |V,V,H(z)| < C <

uniformly in 1 <1 # n < L; here | - | denotes the operator norm of a bilinear
form.

o the matrix A = (a;;) <1, defined by

is strictly positive definite.

Then for any function f and g

cov,(f,g) Z Al (/|V ik dﬂ)Q (/]V@]Q dlu>2

I,n=1
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Now, we can proceed to the proof of Lemma 2.8.

Proof of Lemma 2.8. Because of (16) we can write
Hessy H(y) — diag ((Hessy H(y)),, .-, (Hessy H(y)),,) = W1 + Wy,

where the matrix IV is given by

(Wl)l — % Zz’eB(Z),jeB(n) myj, ifl<n 7& l < L,
U itl=mn,

and the elements of the matrix W5 are defined for 1 < n # [ < L by
1
0 =g (| 3 (30 mom) 40050, 5 (3 mom ) 1)
jeB(l) \1i=1 je€B(n) \i=1
and for [ = n by
(Wa)im = 0.
Firstly, we will estimate W;. Using CS(¢) we have for any vector x € R*

L
Z Wl lnxn - T - Z |xl’ |ZEn| Z |m1]|

ln 1 i€B(l),jeB(n)
L
> —¢€ Z 7.
=1

The last estimate shows that
W1 Z —e Id

in the sense of quadratic forms. The estimation of W5 is a little bit more subtle. By
bilinearity of the covariance the matrix W, can be rewritten as

W2 W3+W4+W5+W67
where the elements of the matrices W7, ..., Wy are defined for 1 <[ < L by

(W3)u=0 (Wa)u=0 (Ws5)u=0 (We)u=0
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and for 1 <1 #n < Lby

1
(WB)ln = _E COV y(da|y)

([ (Zmn) 2 ()
(Wa)in = _% COVu(dwy)< (W Z (W Zj )

JjeB(l) jeB(n

N
1
(Ws)im = _ECOVu(dw\y) Z ( mijxi) Z M’ L )
j =1 j€B(n)
1 /
(Wo)in = — 7= COVu(dxy)( PIRIACHEDS (Z mzﬁ) )
)

JEB(1) JEB(n

The main tool for the estimation of W3, ..., Wy is the covariance estimate of Theo-
rem 2.9. We estimate each matrix separately and start with W5. Because the LSI(p)
implies the SG(p) (cf. Lemma A.6), the hypotheses of the criterion of Otto & Reznikoff
(cf. Theorem A.4) are stronger than the hypotheses of Theorem 2.9. In the proof of
Proposition 2.3 we applied Theorem A.4 to the measure p(dzx|y). Hence we can apply
Theorem 2.9 to the measure p(dx|y) and get for 1 <[ # n < L the estimate

_(Wg)ln = %covﬂ(dmy ( Z (Z mwxl> , Z (Zl mZﬂZ))

jeB() \i=1 jEB(n)
1 1
L 2 2
-1 2 2
<2 @l 2 m 2. my)
s1,52=1 1€B(l),j€B(s1) 1€B(n),j€B(s2)

where the matrix A is defined as in (11). By equivalence of norms in finite dimensional
vector spaces we get from the last estimate that

< C Z HMZSlH )3132 H SQn”

s1,s2=1

Here and later on in this proof 0 < C' < oo denotes a generic constant depending only
on K and c¢,. Before we can continue the estimation of Wi, . .., W5 we need some basic
estimates for A. Using the Neumann representation of A~! one sees that

diag ((A7"),,,---,(47Y),,) = =14, (18)

| =
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in the sense of quadratic forms. Because for sufficiently small ¢ (cf. (13))

A= old = (M) p > 0,

Z( HMlnH LxL) ‘ (19)

k=0

it follows that

ATV < (o1d — (| M) 1 1)

szl*—‘

A combination of (18), (19) and (12) yields

L ) 1 & [ (IMinl) o\
A7 =g (A7), (a7),,) = 23 ()
k=1
CS
L gy (20)
0 0—¢€

and

- HMlnH S =
(Mol g A7 (1Mol Z( i) <1 e
k=2

0

szl'—‘

Now, we turn back to the estimation of W¥3. It follows from (21) that
_W3 S (||]\4$152||)L><LA_1 <HM8152||)L><L S 05’

for a generic constant C' < oo that depends only on K and c¢;.
Let us turn to the estimation of W,. By an application of Theorem 2.9 we have for
1<l#n<L
" 2
—~(Wa)m ( ) efnax | max 097 ()]
Hence (20) yields
—W, < A7 — diag ((A_l)ll s (A_l)LL) < Ce.
With an argument of the same type one can also estimate the matrices W5 and Wy as
—W5 — We < Ck,
which together with the estimates of W3 and W, yields

—W2 S Ce.
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2.3.3 Estimation of the diagonal elements of the Hessian of 1

In this section we will deduce the strict positivity of the diagonal elements of the Hessian
of H for sufficiently large block sizes K and sufficiently small interaction . More
precisely, we will show the following statement.

Lemma 2.10. Assume that the Hamiltonian H and the coarse-grained Hamiltonian H
are given by (2) and (9) respectively. Additionally, assume that the single-site potentials
W, satisfy (1) with a constant ¢y < oo independent of the system size N € N, the mean
spin m € R, and the boundary data s € R™. Then there exist K, € N depending only
on ¢y such that:

If the block size K > K and the interaction matrix M satisfies CS(c), then there are
constants A > 0 and C' < oo independent of N, m, and s (depending only on K and c;)
such that forall1 <l < Landy €Y

(Hessy I:I(y))” >\ —Ce.
Therefore it holds
diag ((Hessy H(y)),, .-, (Hessy H(y)),,) > (A —Ce)1d
in the sense of quadratic forms.

For the proof of Lemma 2.10 we use a conditioning technique, which allows to apply
a perturbation argument for small ¢ independent of NV, m, and s. Let us consider an
arbitrary but fixed block B(l), 1 <[ < L. Recall that for a given configuration x € R
the spins inside the block B(l) are denoted by z' := (x;),c p(;) and the spins outside the
block B(l) are denoted by Tl = (xz)zg B() (cf. Figure 3). As in the proof of Proposi-
tion 2.3 disintegration of the microscopic measure j(dz|y) with respect to x' yields

p(dzy) = p(da'|2, y) p(dz'ly),

where p1(dz!|z!, y) and ji(dz!|y) denotes the conditional measure and the corresponding
marginal respectively (cf. (10)). In the proof of Proposition 2.3 we have shown that the
conditional measures x(dz'|z!, y) are given by
1
I~ !

ieB(1) Ti=Yl

7! | x! | 7

x < < Y <
X FAN x FAN ‘ ‘ FAN

¥ <
FAN A

bl

Figure 3: Conditioning on spins outside of the block B(()
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where the s, and H (2'|M, s.) are defined by

=s;+ Z M, fori € B(l) (23)
JEB({0)

and by

H(2'|M,s*) := Z Vi) Z ML + Z Six; (24)

1€B(1) Z]EB 1) 1€B(l

for an arbitrary vector s* € RB(®). We introduce the coarse-gralned Hamiltonian of
H(2'|M, s*) as usual i.e. for y; € R

- 1
H(y|M, s*) == —— log/ exp (—H(«'|M,s*)) H(dz").  (25)
K 15 _
K 2ieB() Ti yl}
The next lemma shows that uniform positivity of
2

dy?
yields uniform positivity of (Hessy H (y))y for small € . This observation is one of the
main insights in order to apply a perturbation argument for small ¢ independent of the
system size N. The advantage of H (y;|M, s*) over H(y) is that in (25) one integrates

only over site§ of the block B(l), whereas in the definition (9) of the coarse-grained
Hamiltonian H (y) one integrates over all sites of the spin system.

E(:gl’Ma 3*>

Lemma 2.11. Assume that the Hamiltonian H and the coarse-grained Hamiltonian H
are given by (2) and (9) respectively. Additionally, assume that the single-site potentials
; satisfy (1) with a constant ¢, < oo independent of the system size N € N, the mean
spin m € R, and the boundary data s € R™. The vector s, and the Hamiltonian
H(2Y|M, s.) are given by (23) and (24) respectively. Then:

If the interaction matrix M satisfies CS(c), then forall1 <! < Landy €Y

_ Q2
(Hessy ) = [ JAlM.si(dly) -
!
where the constant C' < o is independent of N, m, and s (depending only on the block

size K and c;).

The proof of Lemma 2.11 consists of two steps. In the first step we show that the
disintegration (10) yields the identity
2

(Hessy 1), = [ 3wl 50) (')

_—Var (dz|y) / Z (Z mmxl> —|—(5w (.%']) (dl-l’x y) | - (26)

jeB(1)
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In the second step we show that the variance term on the right hand side can be estimated
by using the covariance estimate of Theorem 2.9 as

77 Valzaztly) /Z (Z m,]xl> + 095 () p(dat|z! y) | < Ce. (27)

JjE€B()

We will state the full proof of Lemma 2.11 in the next subsection. The next lemma
provides the last remaining ingredient of the proof of Lemma 2.10 which is the uniform
positivity of j—:gH(yl\M, 5%).

l

Lemma 2.12. Assume that the single-site potentials 1; satisfy (1) with a constant ¢, <
oo independent of the system size N € N, the mean spin m € R, and the boundary data
s € RN. Then there is Ky € N such that:

If the block size K > K and the interaction matrix M satisfies CS(c), then there are
constants A > 0 and C' < oo independent of N, m, and s (depending only on K and c)
such that forall 1 <[ < L, y; € R, and s* € RBO

2
dy?
Let us explain the main idea of the proof of Lemma 2.12. If the block size K is large

enough, the generalized local Cramér theorem (cf. Corollary 3.2 and Remark 3.3) yields
2

dy?

H(y|M,s*) > X — Ce. (28)

H(]0,5) > A >0 (29)

forall y; € R and 5 € RB®. The strategy is to derive (28) from (29) by a perturbation
argument. More precisely, we will show that for a clever choice of § = 5(s*) € RE(®

d? a? .

dy 2 H(y|M,s") — dyle(ylm:S) < Ck, (30)
for all y; and s*. The constant C' < oo just depends on K and c;. For the proof of
Lemma 2.10 it is crucial that the last inequality holds uniformly in s* € R®"), Because
we consider unbounded spins with quadratic interaction, the latter is a difficult task
and leads to the specific choice of § = 5(s*) given by (41). It would be a lot easier
to derive (30) for bounded spin-values with finite-range interaction. In this case one
could also deduce the estimate (30) for the choice § = 0. Then the standard version
of the local Cramér theorem [GOVWO09, Proposition 31] would be sufficient for the
perturbation argument at least for homogeneous single-site potentials v); = 1. The
reason is that [GOVWO09, Proposition 31] already yields

d2
d2

in this case. We will state the full proof of Lemma 2.12 in the next subsection.

H(y]0,0) > A >0
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Proof of Lemma 2.10. The desired statement follows directly from a combination of
Lemma 2.11 and Lemma 2.12. O]

Proof of auxiliary results

Proof of Lemma 2.11. Let us deduce the identity (26). Recall that by Lemma 2.7 we
have

(Hessy H(y)), =1 K Z mij + —/ Z 53 ()" u(dy)

i,j€B(I) jeB()
1
oo | 3 (3 man ) 5o
jeB() \i=1

Applying the disintegration rule (10) to variances yields that for an arbitrary func-

tion f(x) = f(at, 7%)
Varu(dm|y)(f(x))

= /Vafu(da:lw,y)(f(xlafl)) fi(dz'|y) + var azi|y) (/ f(flaxl)ﬂ(dxlwa?/)) .

An application of the last identity to
N
fla)y=>" (Z mzﬂz) + 095 (w5)
jEB() \i=1
and the disintegration rule (10) yield the identity

(HessYﬁ(y))”:/ [/ 1+— > mi+ / Z 5up; ()" | p(dat|zt, y)

z]EB

1 , o
— ?Varﬂ(dzlﬁl’y) Z (Z m”xl) + (Sw](l']) ]M(dl'l’y)

jeB(l) \i=1

77 Valz(azily) / Z <Z ngiﬂz> + 09 () p(da'|z y)

jeB(l) \i=1
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Note that the Hamiltonian H (z!|M, s*) defined by (24) has the same structure as the
Hamiltonian H (z) given by (2). Therefore an application of Lemma 2.7 yields that

2

d
L) =1+ 3wyt [ 3 vl )
l

szB(l jeB()

1
— ? Var#(dml|jl7y) Z Z Mg T; + 51% (.IJ)

jeB(l) i€B(l)

:1—1—% Z msj + /Z oYy (; p(dat|z y)

i,j€B() JEB()
1
_ E Var’u,(dm”fl,y) Z (Z mzsz> + 5w; (x]) ) (31)
jeB() \i=1

where we applied in the second step the fact that adding constants does not change the
variance. Finally, the desired identity (26) follows from the last two equations.

It remains to derive the estimate (27) of the variance term of the right hand side of (26).
By Young’s inequality

var a(dztly) / Z (Z ngl‘z) +577/} (xj) (dq}”x Y)

JjeB()

Val"u(dxzw) / Z Z MiiT; b p(dat|z', )

jEB(l) i=1
—i——varu(dqu) / Z oY (x;) p(dat|zty) | . (32)
jeB()

Let us consider the first term of the right hand side of (32). By the disintegration
rule (10) we have for any function &(7')

/fzv )ia(dz'ly) = /f /dell:v y) fi(dz'|y)

1

/5 p(dzly).
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It follows that

—V&I‘ a(dzl|y) / Z Z My T; [ dxl’x y)

jeB() i=1
Var# (dzly) / E E MijT; p(dat|zt, )
jeB()

Therefore an application of the covariance estimate of Theorem 2.9 (cf. proof of Lemma 2.8)
yields

—Varu(dx”y) /Z Z mijr; p(da'| 7, y)

jeB() =1

N

2
L N
d — —_ —
_K Z osss / Z d—xk/ > z; mit; p(da'|7, )| A(da'ly)
2=l jeB() i=

keB(s

1
2

/ / ZZm”xz (da'|Z", y) (dfl|y) . (33)

jeB()
It follows from the definition 2! = (xy)kep() that for k € B(1)
da:k / Z Z M T; | p(d2'|z',y) | = 0. (34)
JjE€B()
Using the definition (24) of H (x!|M, s..) we see by direct calculation that for k ¢ B(l)

/ > Z max; p(de'| T, y)

jeB(l) i=1

Z Mpj — COVy(dal|aly) Z Z mi;; —— H(2'|M, s,)

JjeB() JjeB()
< § : |mk]| + COV (dat|Z ) E § mi;x; E MisTs
jeB() JjeB() s€B(l)
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From now on, let C' < oo denote a generic constant depending only on K and c;.
Because y(dz!|Z!, ) satisfies LSI(g) with ¢ > 0 depending only on K and c; (cf. proof
of Proposition 2.3), an application of Lemma A.6 yields

/ 3 Z iz u(dal|7, y)

]EB
2 1 2 %
2 2
<o) iz m) (T
]EB(l i,jEB(l) jGB(l)

SCH,MU”

1
CS(e) C ’
e[z o) (35)

¢ JeB()

A combination of the estimates (33), (34) and (35) yields the estimate of the first term
on the right hand side of (32). More precisely,

VaI' a(dzl|y) / Z Z Mg i W dxl|aj y)

jeB()
L 2 5
2 2

<C Z 5152 E mi; § m,

so=1 i€B(s1), jEB(I) i€B(s2), j€B(I)

- @
<C Y (AT, 1M [ Mo < Ce

s1,52=1

The second term on the right hand side of (32), namely

2 !
7o VaTaztly) / Z ov5(x;) p(dx zhy) |,
jeB()
can be estimated with the same argument as we used for the first term. The only different
ingredient is the estimation of

d _
E/ Z 6¢;(xj) M(dwl|xlay) = |COV y(dat|z,y) Z 5¢;(Ij ) Z MpsTs
" jeBw J€B() s€B(l
1

2

E mk] ,

jeB()

IN
> Q
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where we applied the estimate of Lemma A.6 and the uniform bound (1) of the functions

0. OJ

Proof of Lemma 2.12. Because the estimate (29) follows directly from the generalized
local Cramér theorem (cf. Corollary 3.2 and Remark 3.3), it is only left to deduce the
estimate (30). Let v(dx!| M, s*) denote the Gibbs measure on

z' € RPO

Z Ty =Y

zGB

associated to the Hamiltonian H (dxz'|M, s*). More precisely,
1
l *\ o ! * l
v(de'|M, s*) = 7 1{% — exp(—H (dz'|M, s*)H(dx").

The same reason as for (31) yields that

&2 ) |
d_ylgH(yl’M7S ) = 1+ % Z mi; + / Z 5 () v(da'|M, s*)

i€ B(l), j€B(l) FeB(l)

1
— E Varl,(dxl‘B’s*) Z Z mijxi + 51#3(%)

jeB() \ieB(l)

1
:1—{—? mu / Z 5w// IL'] dl‘l|MS)
ieB(l) jeB(l) jeB()
1
- Evaru(d:vl\B,s*) Z My | — Var v(da!|B,s*) Z 51#;-(%-)
1,7€B(1) jeB(l)
2
_ECOVV(quB’S*) Z mi; T Z (W ;)
i,jeB() JEB()

An application of this formula to H (|0, 5) with arbitrary § € R?(" yields
2

d 1
dy H(y]0,3) = 1+/ Z ovj () ) v(da']0,3) — 77 VaTy(dal o) Z 65 ()

jeB(l) JEB(1)
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It follows from the last two equations that

<— Z my;

1,7€B(I)

2

— H(y|M, s u]0, 3)
a7 (M, s) — —— H(yl

—|—% / Z 51/1;'(%) v(ds'| M, s* / Z 51&” (z;) v(dz'|0, 3)

jeB() jeB()

1
+ — |Var, ggl v s%) Z 5w 7;) | — var, a3 Z (51/1 ;)

K
JEB(Y) jeB()

:371—F75—F73—F72-+7%.

By the same argument as in the proof of Proposition 2.3 it follows that the measure
v(dz!|M, s*) satisfies LSI(g) with ¢ > 0 depending only on K and c;. Therefore by
using the CS(¢) and the basic covariance estimate of Lemma A.6 it is easy to deduce

T1+T2+T3§CE

for a constant C' < oo depending only on K and c;.

The interesting part is the estimation of 7 and 75, for which the right choice of 5 =
5(s*) € RBO plays an important role. Therefore let us motivate how to choose § =
5(s*) for a given vector s* € RP(", Let ¢ be an arbitrary bounded function (think of
& = 01);). Then the structure of T and 75 is given by

’/5 v(ds'| M, s* /f v(dz'0, 3)] .

We want to estimate this term uniformly in the unbounded parameters y; € R and
s* € RBO, Therefore let us take a closer look at the dependence of

1
&(x dxl\M s*) = f(xl)—exp (—H(xl|M, 8*)) H(dxl) (36)
/ / ieB(l) xz—yl} Z

-
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on the parameters y; and s*. On the block B(l) we define the coarse-graining operator
P : RO — Ry
1
Pl = e Z T;.

As for the original coarse-graining operator P we have the identity
PZKPlt = Idgsw),

where P} denotes the transpose of P. Using the last identity we see that the orthogonal
projection IT of RE® on ker P, = { P! = 0} is given by

I=Id-KPPFP. (37)

The dependence of the integration space on y; is abolished by the translation z —
x — K Ply;, which maps

1 1
LN ST T S RV N
i€B(l) i€ B(l)
Using the definition (24) of H (2!|M, s*) we get by direct calculation that
H(z' + KPly| M, s%)

1
=3 <xl, (Id +le)xl> + <s* + (Id —i—Mll)KPfyl,xl> + Z o (z; + y1)
i€B(1)

1
+ 5 <KPltyl, (Id —|—Mll)KPltyl> + <S*, Kf)ltyl> .

Because we can cancel all terms that are independent of x! with terms of the normaliza-
tion constant Z, the translation 2z — x — K P}y, applied to the right hand side of (36)
yields the identity

[ et pn s = [{ Ly €+ P

1
exp | =5 (2!, Id+My)z') — (s* + MyK Py, z") — Z 0i(wi +yr) | H(da'),
i€B(l)

(38)

where we used the fact that (K Py, ') = 0 forz! € { Pz’ = 0}. Note that in (38) only
the linear term <s* + My K Ply, a:l> depends on the parameters y; and s*. The idea is
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to get rid of this term by a second translation z! — z! + v, which leaves the integration

space {Px' = 0} invariant. The key observation is that for any 2! € {Plxl = 0}

and z € RBO
<z,xl> = <Hz,xl>,

where the orthogonal projection IT : R — {Pz! = 0} is defined by (37). Hence we
can rewrite the Gaussian part of the Hamiltonian in (38) as

% (2!, Id+My)z") + (s* + MyK Py, ")

1
=3 (2!, (1d +1IMy)z') + ((Ils* + TIMy K Ply,) , ).

P
G{Plxl:[)}

Note that if M satisfies CS(¢) with ¢ < 1, then the map (Id +I1My) : {Pa! =0} —
{ Pz’ = 0} is invertible. We define v by

v = (Id —IIMy) ' (IIs* + My K Ply;). (39)
It follows from v € {Plxl = 0} that the transformation z! +— 2! + v leaves the integra-
tion space {Plxl = 0} invariant. Direct calculation using the definition of v yields

1
5 <xl — v, (Id +My) (2! — v)> + <s* + M”KPfyl,xl — v>
1

= 5 <$l -, (Id +HM”>(II - U>> + <(HS* + HMlle)ltyl) y SL’Z — ’U>

1 1
=3 <xl, (Id +HMll)3:l> — ((IIs* + HM”KPfyl) , )+ 3 (v, (Id +I1My;)v) .

Because we can cancel all terms that are independent of x! with terms of the normaliza-
tion constant Z, the transformation z! — z! 4 v applied to the right hand side of (38)
yields

[emanes = | e NEu =)

X L exp —% <xl, (Id +M”)xl> — Z St (; +yr — v;) | H(dah). (40)

Z ,
1€B(l)

Note that we have gained compactness by this representation: The unbounded parame-
ters y; and s* only enter (40) as an argument of the bounded functions £ and d1);. This
observation is crucial for the estimation of 7 and 75. The calculation also reveals that
it is natural to choose

§(s*) =1Is* + IMyK Py, = (Id =K P/ P) (s* + MyK Ply,) (41)
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in £ H (1|0, 5). The reason is that carrying out the two translations from above yields

d 2
/f dxl|0 5) = / §(xl+KPltyl — )
%ZieB(Z)xizo}
1 1
X Zexp | =5 (2!, 2"y — Z Si(ws + 1y —v) | H(da').  (42)
ieB(l)

Note that the right hand side of (40) and (42) coincide except of the interaction term
<xl, M”xl>. The latter is very helpful to apply a perturbation argument for the uniform
estimation of 7} and 75, because they have the same structure as

’/5 v(da'|M, s* /5 v(da')0,3)| .

Now, we deduce the uniform estimation of 7; and 75. Let us choose § = §(s*) as
in (41). Firstly, we estimate the term

/ Z S () v(da'| M, s* / Z o () (da']0, 5)| .

jeB() JeB(I)

For 0 < A <1 we define the probability measure v, on {Plxl = O} by

1 1
v (dat) = 7 XD —§<xl,(1d+>\Mu)xl> = > 0y (ay+y—vy) | H(dat),

JjeB()

where the vector v is defined by (39). Applying the translation 2! — z! — K P}y, +v on
the integrals of T yields (cf. (38), (40), and (42))

/ > 0+ y = vy) ni(da') / > 0w (s 4y — v;) wo(dat)

jeB(I) jeB()
< i sup i/ E ! (x; + 1y —vj) v (dxl) (43)
== J

Because M satisfies CS(e), we may assume w.l.o.g. that

1 1
—5 < My < 1d. (44)
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Let C' < oo denote a generic constant depending only on K and ¢;. By direct calculation
we get that forany 0 < A <1

%/ Z S (x4 yi — vy) va(da')

JEB(1)

1
= 5 COVVA(dxl) Z (51/13/(13) + Yy — Uj) s <Il, Mlll’l> |

JjeB()

- % / 2 (s tu—vy) = /(w}/(%’ +y—vy) wa(dat) | (o, Myat) vy (dat)

JjEB()

< K max sup |5¢;’(x)‘ /|<xl,M”xl>| va(dah)

JjEB() zeR
2
cse) Jipai=o) | 2! | exp (_% (2, Ad+AMy) 2') = 325 pay 00 (2 + v — Uj)) H(dx)
~ C1 €
f{lelzo} exp (—% (@!, (Id+AMy) a') — 37 gy 005 (2 + 41 — vj)> H(dx)

(44)
< Kcjeexp (K max (sup d;(z) — inf 69, (1:)))

jeB()
[gppcoy | xp (4 (2, a1)) H(a)
X f{lel:O} exp (—% (at, :L‘l>) H(dx)
<Ce. (45)
A combination of (43) and (45) yields the estimate
Ty <Ce.

The same argument also yields

1
T5 = ? Vary(da:l\M75*) Z 57,0; ($]> — Varl,(dxlm’g) Z 5¢;(mj) S C e.
jeB(l) jeB()

There is only one difference compared to the estimation of 7}. It is the identity

d
d\ Vary, (da!) Z 57/’; (zj +y — vj) ‘
JEB(l)
2
d
- a/ Z 51#3(:1:1 Ty — vj) - /5%(1’] +y — Uj) V)\<dxl) l/)\(da;'l) .
JEB(Y)
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Because

d
/ﬁ Z5¢;(:cj+yl—vj)—/5¢;(xj+yl—vjm<dxl) vy (dz)

JjeB()

=2 [ [ 3 0l o)~ [ 0o+ o) ma(d) | oaas)

JjeB()

d
Y DI AR RIS

JjeB()
=0,

it follows by direct calculation that

d
7, VaTu, (da) Z oY (xj + y — vy) |

JeB()

2

[ X ousas = [ 0300+ — ) wnlaet [%Wf’)H
jeB)
2

= [COVy, (dat) > (s 4y —vg) — (W (a + i - Uj)>,,A(dmz) , (!, Mya') |
jeB()

However, the covariance term on the right hand side can be estimated as in (45). There-
fore we have deduced (30) uniformly in y; € R and s* € R? @), which completes the
proof of Lemma 2.12. O

3 Generalized local Cramér theorem

In this section we generalize the local Cramér theorem [GOVWO09, Proposition 31]
to a broader class of Hamiltonians. We recommend to read Section 5.4 and 5.5 of
[GOVWO09] for better understanding of this section. In the first step (cf. Theorem 3.1)
we deduce the local Cramér theorem for Hamiltonians of the form

K

H(r) =Y %x? (). (46)

i=1

The difference to [GOVWO(09] is that the non-convex functions

0 R — R
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are allowed to depend on the site i € {1,..., N}. In the second step (cf. Corollary 3.2)
we extend the local Cramér theorem to Hamiltonians that also contain a linear term
given by a vector s € R¥, namely
51
H(z) =Y =af + sim; + 0bi(xy). (47)

2 (2
=1

Corollary 3.2 is one of the main ingredients to derive the macroscopic LSI (cf. Proposi-
tion 2.4, Lemma 2.12 and Remark 3.3). The coarse-grained Hamiltonian of H is defined
by

K
where the hyper-plane X ,, is given by

K
1
XK,m = {Z‘GRK‘?ZZ‘,L:WL}
=1

Let ¢ (m) be defined as the Cramér transform of exp(—H (x)) (cf. [GOVW09, (73)]).
More precisely,

K
wr(m) :=sup (am — %log/ exp (—H(a:) + Za:m;) da:) . (49)
RX i=1

H(m) :=g(m) = —ilog/X exp (—H (x)) H (dx), (48)

ogeR

By elementary properties of the Legendre transform for every m € R there exits a
unique o,,, € R such that

o (m) =opm — @i (om). (50)
It is also well-known that o,, is determined by the equation

d
m = %w}(am). (51)

The first generalization of the local Cramér theorem is

Theorem 3.1 (Local Cramér theorem). Let H be defined by (46) and assume that the
functions 0v; : R — R, i € {1,..., N}, satisfy the uniform bound (1) i.e.

H(Si/JZHcQ < < 00, Ze{l,,K}
Then the function @ is strictly convex independent of K, and
| H(m) — ¢r(m)|c> — 0 as K — oo.

The convergence depends only on c.
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The following heuristic argument shows that this generalization of the local Cramér
theorem [GOVWO09, Proposition 31] is not surprising. By Cramér’s representation (see
[GOVWO09, (125)] and Lemma 3.4) the proof of [GOVW09, Proposition 31] relies on
a local central limit theorem for the independent random variables X;, i € {1,..., K},
identically distributed as (cf. [GOVWO09, (74)])

S D TV S
77" exp | o 5 p(x;) | da;.

However, for the classical central limit theorem it is not important that the random
variables X; are identically distributed. It suffices that the expectation and variance of
X, is uniformly bounded. The latter is true for the independent random variables X;
distributed as (cf. Lemma 3.4)

2

Z71 exp (amazi — %’ - 5%(%)) dx;,

if the functions dv); satisfy the uniform bound (1). As a consequence we can apply
the same strategy as for [GOVWO09, Proposition 31]. We just have to pay attention
that every step does not rely on the specific form of d¢; but on the uniform bound (1).
Because the complete proof of Theorem 3.1 is a bit lengthy, we will state the details in
the next section. The second generalization of local Cramér theorem is

Corollary 3.2. For an arbitrary vector s € RX let H be defined by (47) and assume
that the functions 61; : R — R, i € {1,..., N}, satisfy the uniform bound (1) i.e.

10¢i]lc2 < ¢ < o0, ied{l,...,K}.
Then the function @ is strictly convex independent of K and s. It holds that
| H(m) — o (m)|c: — 0 as K — oo.
The convergence depends only on cy.

Again, this generalization of the local Cramér theorem is intuitively clear: A linear
term should not influence the local Cramér theorem by the equivalence of ensembles
(see [GOVWO09]). The proof is also straightforward. Corollary 3.2 follows from Theo-
rem 3.1 by a linear transformation.

Proof of Corollary 3.2. Let the Hamiltonian H be defined by (47). We get rid of the
linear term (s,z) in the coarse-grained Hamiltonian H by the linear transformation
x +— x + s. More precisely, let

H(zx) = Z % + 0 (T — 84).

=1
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Then direct calculation shows that

H(z) = H(x +5) = 5 (s,5),
which yields by the transformation x — x + s that
H(m) = ——log/ exp (—H (x)) H (dx)
XKm
N 1
=—— log/ exp (—H (:r;)) H (dz) ——= (s, s) .
e 2K
Xicom mt g sy S
i (mt S 1)
Applying Theorem 3.1 to ¢ (m + = S s) yields
1 1 —
HH( )+ﬁ< >—¢K<m+?;.si> — 0, for K — oo,

CQ

where Qg 1s the Cramér transform of exp(—ﬁ (x)) defined by (49). Then Corollary 3.2
follows from

LK
DK (m—i_EiZlSi)
1 & 1 - X
= sup (0‘ (m—i—?;si) —glog : exp (—H(:L‘)—i—Zin) dx)

g€eR K =1
L / —H(x +Z de | + — (s, s)
=sup | om — - lo ex oxr; | dx — (s,s
aeg g REK P =1 2K
= x(m) + 52 {5,5),

where we used the identity

- log /RK exp ( H(zx)+ iam’i) dx



]

Remark 3.3. By Corollary 3.2 it follows that there is Kg € N and X > 0 such that for
all K > Kyandm € R
d2
—H A
T H(m) =
This observation shows that the convexification of a non-interacting coarse-grained
Hamiltonian is untouched by a linear term and inhomogeneous single-site potentials

; that satisfy (1).

Proof of Theorem 3.1

Except of small adjustments, the argument for Theorem 3.1 is the same as for the local
Cramér theorem of [GOVWO09]. Therefore some elements of the proof may also be
found in [Fel71, Chapter XVI], [KL99, Appendix 2], [GPV88, Section 3] and [LPYO02,
p. 752 and Section 5].

We show that ¢ is strictly convex independent of /K. Note that by (49) the function
g 1s the Legendre transform of

22
oi(0) = = log/ exp <Z oT; — —Z — 5101(:5@)) dx.
RK =1

Because the Legendre transform of a strictly convex function is also strictly convex, it
suffices to show that (o) is strictly convex. This fact follows from the decomposition
of ¢ (o) into

2
Zlog/exp (Uxi — % — o) > de; = ZgoKz (52)

=1 o

and the observation that by Lemma 3.7 from below the functions ¢ ; are uniformly
strictly convex ini € {1,..., K}.

Let us consider now the convergence of |¢x(m) — ¥k (m)|. The next lemma represents
the difference (px(m) — i (m)) in the same way as [GOVW09, (120)].

Lemma 3.4. Assume that X;, i € {1,..., K}, are independent random variables dis-
tributed as

2

dﬂﬂm,i = exp (_¢},i(0m) + OmTi — % - (Swl(l'Z)) dx;,

44



where 0, is given by (51). Fori € {1,..., K} we define m; = m;(0,,) € R by

d

m; = d—¢§<7¢(0m)- (53)
o

Additionally, let the random variable X be defined as

K
X = K_%ZXi—mi.

i=1
The density of X with respect to the Lebesgue measure is denoted by % 9rm(§). Then

A 01n(0) = exp(Kpic(m) — Kiyc(m). (54)

Proof of Lemma 3.4. Using (52), (51), and (53) we can decompose m into

m= Lot Z iim- (55)
= 3o = g 2 gy Picalom) = 3¢ 2 i

The density 5% gx,m(€) of X at £ = 0 can be written as

d
d_ﬁng’m(()) =

K 2

/{K% Zz]il mi—mi:O} o (Z _90;(72(0}”) " omti % a 52/11(1;2)) H(dx)

i=1
By (52) and (55) we get

d
d_ﬁng’m(O) =

/{Z“%_Km} exp (—Kso}(om) + Ko,,m — (ZZI ?Z + &pl(xz))) H(dx).

Using (50) the right hand side becomes

d
d_Eng’m(()) =
K 2
exp (K¢ (m)) / exp (— Z Ez + 5%’(%’)) H(dz).
{35, zi=km} i=1
Now, applying the definition (48) of ¢ (m) yields the desired formula. O
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Note that Theorem 3.1 is proved once we established the following bounds

# d
dm? dctIem

1 d
— < d—UgKm(O)‘ <(C and

o (0)‘ <C

for a constant 0 < C' < oo independent of K and m (cf. [GOVWO09, (121) ]). Because
the density of a sum of independent random variables is the product of the densities, an
application of the Inversion Lemma (see for example [Shi96]) to (54) yields

d 1

d_ﬁng’m<0) = %/Rnililhi(mial(;é) dg,

where the function h;(m;, £) is defined as

2

hi(m;, &) == /Rexp (—ifmi + i€ — Ok (Om) + omT — % — 51/11-(@) dz. (56)

Note the representation of d%l gr.m(0) from above is the analog of [GOVW09, (122)]
and that

hi(mi7 5) = h(ml7 5)7

where h(m;, ) is defined as in [GOVW09, (126)] (one has to set 61 = d1);). Hence it
suffices to deduce the following estimates:

1 1
5 < /Hz‘K1hi(mz‘>K_25) df‘ <C (57)
R
and
@ X hy(mg, K26 dé| < © 58
W/R i—1 z‘(miy f) §|<C, (58)

where the constant 0 < C' < oo is independent of K and m.

The inequalities (57) and (58) are established by the same argument as in the proof of
[GOVWQ09, Proposition 31]. The latter works fine because all steps in [GOVW09] do
not rely on the particular form of the non-convexity d¢);. They just require a uniform
bound on ||0¢;||c2, @ € {1,..., K}. For the sake of completeness, we outline all steps
in full detail below.

From now on let C' < oo denote a generic constant independent of K and m. We verify
(57) and (58) by splitting the integrals into ”inner” and “outer” integrals. On the one
hand we will show that there exists § > 0 and K € N such that for all X > K and all
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K™ 2e|<s
) 1
Re [ W hfmi Kb de > o (60)
K 3lg|<s ¢
& p 1
& K  hy(ma, K3€) dg| < C. 61)

On the other hand we will show that for any 6 > 0

lim 1 By (g, K—2€) dE = 0, (62)
Kioo Ji=5el>s
T 1 (g, K~2€) d€ =0 (63)
Koo dm? K3 (¢[>6 s -
Firstly, we will consider the limits (62) and (63) for the “outer” integrals. Note that
(62) and (63) is the analog of [GOVWO09, (137) and (138)]. The next lemma is the ana-
log statement of [GOVWO09, Lemma 39], which was the essential ingredient to deduce
[GOVWO09, (137) and (138)].

Lemma 3.5. Let functions h;, i € {1,..., K}, be defined by (56). Then for any § > 0

there exists a positive constant Cy such that for all i € {1,..., K}, |{| > dand m € R

. 1
0 [ha(me, )] < —

L+ &
(i) L hi(me, )| < G I
11 dm UL >~ U6 )

d2

(i) o it ©)| < G e,

dm?
where m;(m) € R is given by (53).

The proof of Lemma 3.5 is given in the next subsection. Provided Lemma 3.5 holds,
(62) and (63) can be deduced in exactly the same way as [GOVWO09, (137) and (138)].

Let us consider the inner” integrals (59), (60), and (61) which are the analog of [GOVW09,
(134),(135) and (136)]. As in [GOVWO09, (139)] we have that for all : € {1,..., K}
and m; € R

hi(mi, 0) = 1, %hl(mz, O) =0 and
— ti(me0) = [ = m o i(d) > 0
el m;, 0) = [ (x — m;) o, i(dz )
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According to Lemma 3.7 from the next subsection we have the uniform bound

1
C < /(:1: —m;) o, i(dr) < C foralli € {1,..., K}.

By using the lower bound and Taylor’s theorem one can show the existence of functions
hai(m;, &), 1 € {1,..., K} defined on a uniform J-neighborhood of £ = 0 such that for
alli € {1,..., K} and m; € R (cf. [GOVWO09, (141)])

hi(mg, &) = exp (—&ho;(my, €)) (64)

and 1
C < hyi(m;,0) < C. (65)

The next lemma is the analog of [GOV W09, Lemma 40] and provides strong control on
the functions hs ; and its derivatives. We will prove it in the next subsection.

Lemma 3.6. There exists 6 > 0 and C < oo such that forall i € {1,..., K}, || <,

and m;

@) | Lhimi ol < () |-“Lhpsmuo)| <, (i) i (ms, )| < C
d€ 2,1 iz = Y, dm. 2,1 79 = Y, dm2 2,1 79 = Y,

where m;(m) € R is given by (53).

Now, we are able to verify (59) with the same argument as for [GOVW09, (134)]. It
holds that for any |¢| < ¢ and m; (cf. [GOVW09, (139)])
~ 1
Re hy;(m;, &) > Yok (66)
uniformly in ¢ € {1,..., K}. Thus we can estimate by using (64) and (66) that for
K3¢] <6

7 K
/ o I hy(ma, K2¢) ds‘ < / . exp (—%Zm,i(mi,f(%)) d¢
K™2[g|<6 K™2[¢|<o Py

_ﬁ) p
S/K%l«aexp( c)®

<C.

The argument for (61) is almost the same as for [GOVWO09, (135)]. By (64) we have

K
K -1 — ¢ -3
Hizlhi(mi, K 25) = exXp <—E izlhzi(mi?K 5)) s
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which yields the identity

2

. _1 £«
dm Hl lh (m“ Qé- _EXZ:

1 62 K .
(th m;, *55)) exp <_Ezh2,i<mi7K2§)>
i=1
5 s 1 2 62 K 1
7<Z (Bastms _25))> exPp <7;hg,z~<mi,f<—zg>).

By using the estimates of Lemma 3.6 we get

d2
dm?

9 K
K hy(my, K2€) < Cs (€2 4 €%) exp (—%Zh%(mi,[{_ég)) .
=1

This inequality and (66) yields

d? / \
— X hy(my, K2)¢ dg‘
‘de K- de<ey ( <)

€2>
C 24t —2 ) de<C.
: /{K‘%|§|<6} (¢ )eXp( C =

Finally, we verify the last remaining estimate (60). The argument is essentially the same
as for [GOVWO09, (141)]. We introduce hs;, 1 € {1,..., K} via

h2,i<mi7 é) = h2,i (mi7 O) + éh&i (mia 5)7
which according to Taylor and Lemma 3.6 1) satisfies

~

iy d
sup |h3,1(m17€>| S sup _Ah2,i(mi7£) S Cu (67)

€|<6 I€|<d

uniformly in i € {1,..., K'}. By the definition of i3, and (65) we have
1 & 1 &
1
exp <_§2E ; ha i (m;, K‘zé‘)) — exp <_§2E ; ha i (m;, 0)) ‘
| K
—5e3 (e K—56) | —
exXp <_K 5 K ; h3,z(mza K 5))
| K
1
exp <—K_253§Zh3'(mi> 25))
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We apply the fact

»J > | 2|7
lexp(z) = 1] = DS <D S =exp(l2]) - 1
j=1 J: j=1 J:
to
P
z= —K*§£3E > hgi(mi, K2)
=1

and conclude from the last estimate that
| K
exp ( &— th mi, K™2¢ ) — exp (—fzg Z;hu(mi,())) ‘
¢2 U Qs ) )
< exp (—5) exp (K_2’5|3E ZZ1 |h37i(mi,K_2§)|> -
If K—2|¢| < &, we can continue the last estimation using (67) as
1 K
exp ( &= th mi, K72¢ ) — exp (_ng izlhu(miao))‘
< exp (-%) (exp (C3€2) —1).

Hence we get as in [GOVWO09, (144)] that for § sufficiently small

K
1
X exp §— hai(m;, K “28) | —exp [ 2= hai(m;,0) | d
/{K‘?|s|<6} < Z > < K;

(o)) oo le)
—& (= -0o)) - > ) d
/Rexp(g(c oxp (5 ) de
1 1
C -
Ve-o5 e
0

<
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By (65) we have

K
K—f|s|<6} ( ; <mi’0)2 *
- /{K bel<o) e:p< %) a 2
~ [ (%) dé - /{K%M} exp (_%> e
N

Finally, the last two estimates yield

Re/l 15 by (my, K2€) dé
(K~ ble|<a)

K
1 1
:Re/ ) exp —52—2 h2,i(mi:K2§)> dg
(b je<o} ( K=

2
ZC’\/%—C’exp (—%) —C
>C >0,

if 0 is sufficiently small and K is sufficiently large. Hence we verified (60), which
completes the proof of Theorem 3.1.

Proof of auxiliary lemmas

In this section we will state the proof of Lemma 3.5 and Lemma 3.6. The next statement
is the analog of [GOVWO09, Lemma 41].

Lemma 3.7. Assume that the functions 6v; : R — R, i € {1,..., N}, satisfy the
uniform bound (1) i.e.

Hdwz”CQ < < 00, ZG{L,K}

Consider the change of variables

d *
milo) = = G0,

where go}ﬂ-(a) is defined by (52). The corresponding measure |i,; is defined by

2
d,ua,i = €xXp (_90;(,1(0—) +ox; — % — (Swz(.%’l)) d.IZ

Note that [, xji,; = m;. Then:
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(i) The first two derivatives of m; are related to the moments of [, ; as:

im,_d_2 * _/(m_m.f (dx)
do T do? Pr,i = . i) Hoyi )

d_Qm._d_g * _/(x_m,)?’ (dx)
do? T o PKi T R i) Ho '

(ii) The moments of |1 ; satisfy the bounds

1
— <
C = Jr

[ (o= m)? ot

/R(l“ —m;)" pigi(da) < C,

(& —mi)* pioi(dz) < C,

<C,

uniformly in i and m,;.

(iii) The second derivatives of the inverse map are bounded uniformly in 1 and m;:

2

—5 0
dm?

<C.

(iv) The map is close to the identity uniformly in i and m;: |o — m;| < C.

We do not state the proof of Lemma 3.7 because one could copy the proof [GOVWO09,
Lemma 41] using the uniform bound (1). From Lemma 3.7 we are able to deduce the
next statement, which is the only new ingredient of the proof of Lemma 3.5 & 3.6
compared to the proof of [GOVWO09, Lemma 39 & 40].

Lemma 3.8. Assume that the functions 6v; : R — R, i € {1,..., N}, satisfy the
uniform bound (1) i.e.

[6%illce <1 <o0,  i€{l,...,K}.
Consider change of variables

d .
mifo) = 2 @),

where gp}i(a) is defined by (52). For m € R let 0., € R be defined by (51). Then:

. d » d?
(Z) ‘% Om S C, (ZZ) )W Om S C,
d _ d?
(ZZZ) ‘% ml(om) S C, (ZU) W mz(am) S C,

uniformly in i and m.
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Proof of Lemma 3.8. Argument for (7): It suffices to show the uniform bound

1 d
By (51) and (52) we have
d 2, 1 & @,
o = do? Ok (Om) i do? ©ri(Om)

Applying Lemma 3.7 (i) & (i) yields the estimate (68).
Argument for (i¢): By direct calculation we have

@ d im( )_1
dm2 ™ " am \do "o

I N
= ldo \ao ™Mo dm

(@) ]

By the uniform bound (68) and Lemma 3.8 () it suffices to show

d2
= m| < C.

By (51) and (52) we have

a2 i Ko
@m o ek (om) :?Zd_@l{z<om)

The desired bound follows from Lemma 3.7 (i) & (7).
Argument for (4i7): By the definition of m; we have

im,(a)_i d (0n) _ (U)ia
dm " dm dJSDKZ = do? PKTM) gy Im

The desired estimate follows from Lemma 3.7 (i) & (iz) and Lemma 3.8 (i).
Argument for (iv): By the definition of m; it holds

dm

2 2 2 & d )
s ™) = G 5iom) g o+ s ko) (G om)

The desired estimate follows from a combination of Lemma 3.7 () & (i¢) and Lemma 3.8
(i) & (ii). O
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Now, we can proceed to the proof of Lemma 3.5 and Lemma 3.6.

Proof of Lemma 3.5. Note that [GOVWO09, Lemma 41] was the crucial ingredient in the
proof of [GOVWO09, Lemma 39]. Therefore we can show by using Lemma 3.8 in the
same way as [GOVWO09, Lemma 41] that for any 6 > 0 there exists a positive constant
Cssuch that foralli € {1,..., K}, |¢]| > d,and m; € R

. 1
(Z) ‘h‘l(mlag)’ < 14 %7
d
i) - h(m©) < Ca el

2
i) o0 )| < i P

This statement differs from [GOVW09, Lemma 39] in one aspect: The bound Cj is

uniform in 7. Note that the last statement almost yields Lemma 3.5 except of one detail:

Instead of considering derivatives w.r.t m it considers derivatives w.r.t. m,. It follows

that the statement (¢) of Lemma 3.5 is already verified.

The statement (i¢) of Lemma 3.5 follows from a combination of the identity

d d

d
— hi(m;, &) = o hi(m;, §) O

dm

the estimate (i) from above, and Lemma 3.8 (7ii).
The statement (7i¢) of Lemma 3.5 follows from a combination of the identity

a2 a2 d \° d a2
i &) = —— hi(m. = oms Bl €) —— ms
dm? z(mzag) dmf z(mug) (dmmz) + dml z(mzvg) dm2 my,
the estimate (i7i) from above, Lemma 3.8 (ii¢) & (iv), and Lemma 3.5 (i4). O

Proof of Lemma 3.6. Note that [GOVWO09, Lemma 41] was the crucial ingredient in the
proof of [GOVWO09, Lemma 40]. Therefore we can show by using Lemma 3.8 in the
same way as [GOVW09, Lemma 41] that there exists 6 > 0 and C' < oo such that for
alli € {1,..., K}, [¢| < d,and m; € R

. d

(2) @£ h2,i(mi7§>‘ <,

(i) T (i) <

2 i\, >~ L,

dmi %
d2

(7i1) d_mf hg,(mz,f)‘ <C.
The last statement already yields Lemma 3.6 by the same consideration as in the proof
of Lemma 3.5. U
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A Basic facts about the LSI

In this section we quote some basic facts about the LSI, that are needed in our arguments.
For a general introduction to LSI we refer to [Led01, Roy99, GZ03]. There are several
standard criteria for LSI. The Tensorization principle shows that LSI is compatible with
products (cf. [Gro75]).

Theorem A.1 (Tensorization principle). Let ji; and 1o be probability measures on Eu-
clidean spaces X, and X5 respectively. If jy and s satisfy LSI( 1) and LSI( 02) respec-
tively, then the product measure [1; ® L1y satisfies LSI(min{ o1, 02}).

The next criterion contains how the LSI behaves under perturbations (cf. [HS87]). Note
that it is not well suited for high dimensions.

Theorem A.2 (Criterion of Holley & Stroock). Let 1w be a probability measure on the
Euclidean space X and let 61 : X — R be a bounded function. Let the probability
measure [i be defined as

1
fldz) = — exp (=60(2) pu(d).
Then i satisfies LSI(0) with
0 =0 exp (— (supdy —inf §1))) .

The criterion of Bakry & Emery connects the convexity of the Hamiltonian to the LSI
constant (cf. [BE85, OVO00]).

Theorem A.3 (Criterion of Bakry & Emery). Let X be a n-dimensional Euclidean
space and let H € C*(X). The probability measure ;i on X is defined via

p(dr) = %exp (—H(z)) du.

If there is a constant o > 0 such that for all x,v € X
(v, Hess H()v) = olu]?.
then y satisfies LSI( o).

More recently, Otto & Reznikoff [OR07] deduced a criterion that is capable to deal with
certain non-convex Hamiltonians in high dimensions.

Theorem A.4 (Criterion of Otto & Reznikoff). Let dy := + exp(—H(z)) dx be a
probability measure on a direct product of Euclidean spaces X = X1 X --- X X We
assume that
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e the conditional measures p(dz'|z™ € X, n # 1), 1 <1 # n < M, satisfy a
uniform LSI with constant g; > 0,

o the numbers Ky, satisfy
Kin = VIV, H(z)| < C < o0,

uniformly in 1 < [ # n < M; here | - | denotes the operator norm of a bilinear
form.

o the matrix A = (ai;)mxm defined by
_ {@@- ifi=j
(lzj =
—ki; else,
satisfies in the sense of quadratic forms

A>pld for a constant o > 0.

Then . satisfies LSI( o).

One can understand Theorem A.4 as a comparison principle. Via the matrix A, a Gaus-
sian measure fi4(dx) = exp(— (x, Azx)) dx is associated to the original Gibbs measure
w(dx) = exp(—H(x)) dx. Because for Gaussian measures the property of positive defi-
niteness of A and the LSI are equivalent (see for example [OR07]), the criterion of Otto
& Reznikoff becomes:

Theorem. If 114 satisfies LSI(p), then also i does.

Due to this example one could hope that p inherits further features from p 4. Theo-
rem 2.9 shows that this happens for covariances (cf. [MO10b]). In the proof of the main
result we also need the linearized version of the LSI, which is known as spectral gap
inequality (SG).

Definition A.5. A probability measure y satisfies SG(o), 0 > 0, if for all functions f

var, () = [ (f— / fdu)2 s [ 1V du

We need the following well-known facts about SG.
Lemma A.6.
o [f 1 satisfies LSI(p), then p also satisfies SG(0).

o [f u satisfies SG(p), then for all functions f and g

condr.o <5 ([ du)é ([ 1ok an)
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