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Abstract
The paper proves estimates for the partial derivatives of the so-
lution to a time-fractional diffusion equation, posed over a bounded
spatial domain. Such estimates are needed for the analysis of effective
numerical methods, particularly since the solution is less regular than
in the well-known case of classical diffusion.
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1 Introduction

In classical diffusion, the density u(zx,t) of particles at position x and time ¢
obeys the parabolic partial differential equation

u— V- (KVu) = f, (1)
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where u; = Ou/0t, f = f(x,t) is the density of sources, K > 0 is the
diffusivity, and Vu is the spatial gradient of u. In anomalous subdiffusion, u
instead satisfies the partial integrodifferential equation

u — V- (w, *x KVu); = f, (2)

with 0 < v < 1, where w,(t) = t*~!/T'(v) and * denotes the Laplace convo-
lution. Our aim is to describe the smoothness, or lack thereof, of solutions
to (2).

We can interpret the parameter v at the microscopic level: the diffusing
particles have a mean-square displacement 2Kt /I'(1 + v) o t¥, in contrast
to 2Kt in the classical setting of Brownian motion; see [4, 10].

For any p > 0, the convolution

Pt —s)r !
(wy *)(t) = /0 () v(s)ds

defines the Riemann-Liouville fractional integral of v of order u, and we
may interpret (w, * v), as the fractional derivative 0} “u. If v — 1 then
(w, *v); — v. In this way, the classical diffusion equation (1) is a limiting
case of (2).

For a bounded domain 2 C R? with spatial dimension d > 1, we impose
homogenous boundary conditions, either of Dirichlet type,

u(z,t) =0 forz € I andt >0, (3)
or else of Neumann type,
Opu(z,t) =0 for z € 02 and t > 0, (4)

where n denotes the outward unit normal to 2. We also assume the initial
condition
u(z,0) = up(x) for z € .

It will be convenient to define the second-order, self-adjoint, elliptic partial
differential operator Au = —V - (K'Vu), and to rewrite (2) as

ur + (wy, x Au)y = f(1). (5)

An understanding of the regularity of u is crucial for the design of effec-
tive numerical methods for (5), especially since u is less regular than in the
classical case. For a simple example, let f = 0 and ug = ¢, where ¢ is an
eigenfunction of A, say Ap = A¢. It follows from (12) and (14) below that

u(z,t) = ¢(x) (1 ~T A

m + O(t2y)) as t — 0,
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so, since 0 < v < 1, the derivatives of u with respect to t are unbounded
as t — 0. The motivation for this paper came from an analysis of discontin-
uous Galerkin methods in [7, 11], which assumed regularity estimates of the

form
A ()] + AW (@) || 4 2| Au ()] < CrH (6)

and
o' (8)]| + tllu" (2)]| < Ct7 (7)

for 0 <t < T, with ¢ > 0.

In Section 2, we solve the initial boundary value problem for (2) using
separation of variables and Laplace transformation. This construction is
standard so we merely outline the main steps, introducing our notation in
the process. Section 3 summarizes some key facts concerning the function
space H" C H" () that we use to measure the spatial regularity of u.

Having dealt with these preliminaries, in Section 4 we suppose f = 0 and
prove bounds of the form

tu ()| grsn < CEH2 0] gy, (8)
forq € {1,2,3,... }and 0 < r < co. Here, the additional smoothing in space
is limited to 0 < p < 2, in contrast to the classical case v = 1 where y may
be arbitrarily large. The method of proof was used previously in [6, 8] to
deal with a fractional wave equation, corresponding to the case 1 < v < 2.
We also obtain an expansion for u in powers of t¥ as t — 0.

A different approach, based on a contour integral representation of v and
a resolvent estimate for A, was used in [9, Theorem 2.1] to prove bounds like
(8) in the maximum norm; for instance, || Au'? ()| < Ct™"||v|l1.0 @),
corresponding to the case yu = 2. Cuesta, Lubich and Palencia [1] used an
essentially similar approach, in the guise of an operational calculus. Note
that » = 1 — « in the notation of [1], whereas v = 1+ « in the notation of [9].

In Section 5, we suppose ug = 0 and allow a nonzero f. Again, techniques
used in [6] carry over to the present case, allowing us to show that

g+1

t
a0 < O3 [ 705 g s,
=00

for 0 < p < 2. The previously cited work [9] proved only a basic estimate
for the inhomogenous problem,

t t
/0 IIAU'(S)HLOO(Q)dSSCtl_”(llf(())HLm(er / ||f'<s>||Lw<mds).



Finally, in Section 6, we investigate the behaviour of the solution when
the initial datum wuy does not satisfy the boundary condition, in the simple
case when f = 0 and the spatial dimension d = 1. It follows that uy € H"
only when r < % for a Dirichlet boundary condition, and only when r < % for
a Neumann boundary condition, limiting the applicability of our regularity
estimates (8).

2 Separation of variables

For much of our analysis, we treat A in (5) as an abstract, unbounded, self-
adjoint linear operator in a real Hilbert space H. We make the following
assumptions:

1. the eigenfunctions ¢g, ¢1, ¢o, ...of A form a complete orthonormal
system in H;

2. the associated eigenvalues \g, A1, Ag, ...are all non-negative.

We will write ¢, = ¢2 and \,, = AP or ¢, = ¢N and \,, = A\, whenever
it is necessary to be specific about the boundary condition, that is,
o N
6 =0 and 22m _ 0 on o,
on

Without loss of generality, we may also assume for convenience that
O=X< A <A<

These assumptions are satisfied in the case Au = —V-(KVu) and H = Ly(2).
Note that A\J > 0 in the case of the Dirichlet boundary condition (3), but
AY = 0 for the Neumann boundary condition (4).

Denote the inner product and norm in H by (u,v) and ||u|, respectively.
It is convenient to treat u as a function of ¢ taking values in H. Assumption 1
above implies that

u(t) =Y U (t)m,  where uy, (t) = (u(t), dm),

and we likewise put f,,(t) = (f(t), dm) and ug,, = (ug, Gm)-
Taking the inner product of ¢,, with (5) gives a scalar initial-value prob-

lem
d
% + )\m(wy * um)t = fm(t) for ¢ > 07 with Um<0) = Umo, (9)



for each m > 0. We will construct the solution wu,, using the Laplace trans-
form,

o(z) = L{v(t)} = /O e tto(t) dt.

Since w,(z) = 27", the problem (9) becomes

2 (2) = Uom + A2Vl (2) = fn(2)

and so .
iy (2) = 2 T ImZ) = Imlz)
z+ Ap 2tV

A geometric series expansion shows that

cl{;} — B, (=\Y), (11)

z 4+ Ay

(10)

where the Mittag—Leffler function [2, p 206-212] is defined by

E,(t) = pzo T+ o) (12)

Therefore, the representation (10) implies that

U (1) = Uom By (—Apt”) + /0 E,(=An(t — 5)") fin(s) ds, (13)

leading us to define the linear operator

WK

E(t)v = E,(—=Amt”) (v, o) O (14)

0

3
I

The solution of the fractional diffusion equation (5) is then given by the
Duhamel formula,

u(t) = E(t)up + /0 E(t—s)f(s)ds. (15)

By deforming the integration contour in the Laplace inversion formula, it
follows from (11) that

El/(_ty) = ;

1 /°° : e trv~lsin v dx (16)
0

- )
x¥ + cos )2 + sin® v



see [3, equation (23)]. Hence, E,(—t") is positive and decreasing for 0 < t <
oo, and since F,(0) = 1 it follows that 0 < E,(—t) < 1 for all ¢ > 0. Thus,

[e.9]

IEWL” =D (Bu(=Amt) (v, 6m))" < D~ (v, 6m)* = 0],

and the formal construction above, leading to (15), does in fact define a
function u : [0, 00) — H, satisfying

Ju@®)l < fluoll + / I£(s)l|ds for ¢ > 0.

3 Sobolev spaces

To measure the spatial regularity of v € H we introduce the norm ||v||,
defined by

loll? = 17+ A) 20l = > (14 X)) (v, 6)* for 0 <7 < o0,

m=0

and define the associated Hilbert space H” = {v € H : |||, < oo }.

For the concrete partial differential operator Au = —V - (K'Vu) and the
space H = L,(§2), we write H" = Hf, if we want to emphasize that ¢,, = D
and H™ = HE if ¢, = ¢N. If Q is C™, then

Hy=H Q) for0<r<1 —and Hi=H(Q)for0<r<32 (17)

and for j =1,2,3, ...,

H]g:{veHT(Q):u:Au:---:Ajflu:OonaQ}
for 2j —3 <r<2j+1, (18)
and
H{{T:{UEH’"(Q):8nu:8nAu:---z('?nAj_lu:()onﬁﬂ}

for 2j —2 <r<2j+3. (19

For the exeptional Dirichlet index 7 = 2j — 2, the condition A7"'u = 0
on 99 is replaced by A’~'u € HY?(Q), and similarly for the exceptional
Neumann index r = 2j — 3 the condition 9, A7 'u = 0 on 99 is replaced
by 0,A7"'u € HY?(Q). These results are proved using elliptic regularity
theory and interpolation [12, page 34], [13, Theorem 4.3.3]. If Q is not C*°
then we must restrict r accordingly; for instance, if 2 is Lipschitz then the

above relations are valid for » < 1, and if  is convex or C!!, then we can
allow r < 2.



4 Homogenous problem

In this section, we consider (5) when f(¢) = 0, so that the solution (15)
reduces to u(t) = E(t)ug. Our results assume that ug € H" for some r > 0.
In practice, for generic, reasonably smooth data, this assumption holds only
for r < % in the case of a Dirichlet boundary condition, and only for r < %
in the case of a Neumann boundary condition; see (17). If ug happens to
satisfy the boundary condition, then by (18) and (19) these restrictions are
relaxed to r < g and r < %, respectively.

Let Ay = min{ \,, : A\, > 0} denote the smallest, strictly positive eigen-
value of A. Since E,(0) = 1, we make the splitting

E(t) =& +EL(1),

where

gOU: Z<U7¢m>¢m and €+(t)1): Z EV(_AmtV)<U7¢m>¢m;

A =0 Am> Ay

of course, if \g > 0, so that A\ = Ay, then & = 0 and £.(t) = £(1).
In studying the regularity of &£(t)v, it suffices to consider the part &, (t)v,
because

IEov]]r = [|Eov]] < |lv|| for 0 <7 < 0.

The Mittag—Leffler function admits the asymptotic expansion [2, p 207]

N
~N-1
Z“_Up +O@t VY ast — oo, (20)

so in the sum (14) the mth Fourier mode is damped by a factor E,(—\,,t") ~
A 177 /T (1 — v), with the result that for ¢ > 0 the solution is smoother than
the initial datum, as we see in the next theorem.

Theorem 4.1. Let 0 < p <2 and 0 <r <oo. Ifv e H’", then
IEE)0]lr4p < Crt ™ PJv]l,  for0 <t <T,

and
1€+ ()0l < O+ A2 o), for 0 <t < oo,

Proof. Put g(t) = E,(—t") so that

IE@ VN7 =Y 1+ Xa) g ) (0, dm).
m=0



From the series definition (12) and the asymptotic expansion (20), we see
that
g(t) < Cmin(1,t7) < C(1 +t")™? for 0 <t < oo.

Thus, if 0 <t <1 then
GO D2 < CL 4 At”) ™ = CEP/(E7 4 M) ™ < (14 Ay) "

and so

o0

IE@ V74 < CEM Y (14 An) (0 6m)? = O 0] |7.

m=0
In addition, g(t) < Ct="*/2 for 0 < t < oo, implying that

14+ A\,

"
g2 < OATPEm = (Jt‘“”( ) (14 Ap) "

< CEM(1+ A" (1 4 Am) ™" when A, >0,

m

from which the estimate for ||£()v||,, follows at once. O

In the case of classical diffusion, the mth Fourier mode of the initial datum
is damped by a factor Ey(—A,t) = e”*! with the result that ||u(t)],;, <
Ct=#/?||v||, for every pu > 0. The weaker damping of the high frequency
modes in the case of fractional diffusion accounts for the restriction p < 2 in
part 1 of Theorem 4.1.

The same method of proof works for the time derivatives of £(t).

Theorem 4.2. Let -2 < 1 <2,0<r < oo andq € {1,2,3,...}. Ifve H",
then
EED(W)oll1 < Cort el for0 <t < T,

and
tNED ()] < Cq(1+ A2 0], for 0 < t < o0.

Proof. Once again, we define g(t) = E,(—t¥) so that g(A/*t) = E,(—\t").
For 0 < t < oo, the asymptotic expansion (20) implies that

tqlg(q) (t)’ < C'q min(t”, t‘”) < th—uu/27

so by the chain rule,

tq

d ! v v v Vg — v — v —
(5 ) 90| = Durorlg Ou0)] < Cua T = G

< Ct™ P14+ A1+ Ay) 2 for Ay > Ay,



and the second estimate follows at once, noting that £@(t) = &(f) (t). To
prove the first estimate, we use

th_yu/2> —2 S 2 S Oa
Co(L+1)2 0<pu<2,

tg‘@(t)| < {

to obtain

t4

(d)q (m)‘ Ct Pl o< <,
dt Co(T4+Mpt")™#2 0< p<2

<Ot + N\,) M2 for0<t<1.
O

The following expansion describes in finer detail the behaviour of £(t)v
ast — 0.

Theorem 4.3. Let 0 < <2 and 0 < r < oo. Ifv e H2M then

NI Ly y
v—l—; 1+ ™ APU+RM(t)A v,
where the operator Ry (t) satisfies
1Ry (8)0llr4p < Crr et #2 0l for 0 <t <T.

Proof. From (12) and (20), we see that the function

(=1)rtr )
t) =t E,(—t") — ,
o) = 0 (B0 > [te
satisfies |gp(t)] < Cprmin(1,¢77). Since
1)ptep
B, (—\t") = Z )\p+tM”gM()\1/”t))\M

we may estimate ||Ra/(t)v]|,+, by the same method as in the proof of Theo-
rem 4.1. [

Notice that the case M =1 with r = 0 and p = 2 — « gives the estimate

v = E(t)v||gea < Ct/=C/2 = Ctw/2|| Ap|| for 0 < a < 2,



and since £(t) commutes with (I + A)(@=2)/2,
v — E(t)v|| < Ct?|v]lo for 0 < a <2,

showing that £(t)v — v in H if v € H" for any r > 0.
To conclude this section, we show that bounds of the form (6) and (7)
hold.

Theorem 4.4. If 0 = rv/2 and q € {1,2,3,...}, then for 0 <t < T the
solution of the homogeneous problem, uw = E(t)uy, satisfies

t N AuD ()] < Cort™ uoll, for 0 <r <4,

and
7D @) < Curt®Hluoll,  for 0 <r < 2.

Proof. The first estimate follow by taking g = 2 —r in Theorem 4.2, and the
second by taking p = —r. O]
5 Inhomogenous problem

We now consider (5) with uy = 0 and nonzero f, so that (15) reduces to

u(t) = /0 E(t—s)f(s)ds. (21)

For our regularity estimates, we will make use of several lemmas involving
the differential operator D defined by

Do(t) = tu(t).

The first shows that the bounds of Theorem 4.2 hold with t7€(?(t) replaced
by DE(t).

Lemma 5.1. Forq € {1,2,3,...} there exists constants a,; and by; such that
Do(t) = agtvD(t) and 09 (t) = by Dv(t).
j=1 j=1

Proof. Use induction on gq. O
The next lemma shows how D acts on a convolution.

Lemma 5.2. We have the identities
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1. Dwvxw)=v*w+ (Dv)xw+v* (Dw),
2. Dw, = (p— 1w,
3. D(w, *v) =w, * (D + u)v.

Proof. We observe that

%/0 v(t — s)w(s) ds = v(0)w(t) + /0 V'(t — s)w(s)ds

SO

t t
D(v*w)(t) = v(0)tw(t) + / (Dv)(t — s)w(s)ds + / sv'(t — s)w(s) ds.
0 0
Integration by parts gives
t
/ sv'(t — s)w(s) ds = —v(0)tw(t) + (v *w)(t) + (v * Dw)(t),
0
implying the identity in part 1. For part 2 we have Dw,(t) = tw,(t) =
t(p—1)t"2/T(p) = (u — 1w, (t), and together these first two results give
D(w, *v) =w, *x v+ (pt — Dw, * v + w, * (Dv) = w, * (v + Dv),
proving part 3. [

Applying DY to a convolution yields a sum of the following form.

Lemma 5.3. There exist constants aqji, such that

D¥(v*w) = Z agik(D7v) * (DFw).

Jj+k<q

Proof. We again use induction on ¢. Part 1 of Lemma 5.2 shows that the
case ¢ = 1 holds with a;99 = @110 = @191 = 1, and that

D[(D?v) % (D*w)] = (D7) % (D*w) + (D) % (D*w) + (DIv) * (D" w),
from which the inductive step follows at once. O

We can now prove the analogue of Theorems 4.1 and 4.2 with pu = 0.

Theorem 5.4. Let 0 <r < oo and ¢ € {0,1,2,...}. Then,

q t
aE = VW< Cy> [ SIS eds or0 <t <
j=0 "0

11



Proof. Taking p = 0 in Theorems 4.1 and 4.2, we have || DE(t)v]], < Cyllv|l-,
so by Lemma 5.3,

1DUE* f)ll, < Cy Y /0 I(D?E)(t — s)(D*f)(s)ll- ds

j+k<q
q t A
<,y / 1D £ (sl ds,
j=0 70

and the result follows by Lemma 5.1. [

The preceding proof easily generalizes to show that

t|(€ * /)P0l < Cy Z/O (t =) P2S7|| f D (s)] ds
=0

for 0 < pu<2if g =0, and for —2 < p < 2 if ¢ > 1. However, we will
derive an alternative bound in which the factor (t—s)™#*/2 in the integrand is
replaced by t=#*/2 (for 0 < p < 2), at the cost of adding a term with j = ¢g-+1.

We integrate (5) with respect to ¢, remembering that uy = 0, to see that
u = & x f satisfies

t
u+w,* Au=F where F(t)= / f(s)ds.
0
Since wi_, * w, = wy, it follows that

wy k Au=wy_, *w, *x Au=wy_, * (F —u),

or in other words,

/0 Au(s)ds = /o % [F(s) —u(s)] ds.
Using part 3 of Lemma 5.2, we have
D(wy * Au) = D(wl,l, x (F — u)) =w_,x(D+1—-v)(F—u),

implying that

FAu(t) = /0 %(B +1 = 0)[F(s) — u(s)] ds. (22)

The desired estimate will follow using this representation and the following
identities.

12



Lemma 5.5. There ewist constants cq; such that

q q
tw@(t) =71 Z ciD’(tv) and D%(tv) = tz <q> Div.
i=0 —o \J
J J
Proof. Use induction on gq. O
We now arrive at the main result for this section.

Theorem 5.6. Let 0 < <2, 0<r <oo andq € {0,1,2,...} Then,

q+1

¢
t(E * /POl rin < Cou(1+177) Z/ SN ()]l ds.
j=0 "0
Proof. Put uw = & % f. The first identity in Lemma 5.5 shows that to bound
t9)|u'@ (t)||,12 it suffices to consider
DUt [l =t (I + A)D ()|, < 71D (tu)l; + 7| DU (AW,
The second identity in Lemma 5.5 and the fact that, by (22),
Di(tAu) = D' (wi_, * (D+ 1 —v)(F —u)) =wi_p * (D +1— )" (F —u)
then give
q q+1
CUD e = €S ID S 1DYE - ), ),
=0 =0

in which the first sum may be estimated using Theorem 5.4.
Part 2 of Lemma 5.2 and Lemma 5.3 give

DI(F —u) =D/ s f=Exf)=w x(D+1Yf— Y aj(D*E)« (D'f)

k+1<j

so by Theorem 4.1,

J t J
|1 D7 (F = u)|, < Cj Z/O ID*f ()|l ds = C; > " wi * | D £,
k=0 k=0

and hence

J
7w, * [ DIF — ), < C; >t way # | DH ]

k=0

13



Since wy_,, * | DFf||, < Ct'=¥ [ || D¥ f(s)|| ds, we conclude that

g+1

DIt 40 < Cy1 477 Z / 1D f(s)ll, ds

and thus

q+1

(1) 12 < Zt YD)z < Gyl + 1 Z/ 107 (9)] s

proving the result in the case p = 2. The general case follows by Theorem 5.4
using the interpolation inequality

[ollesn < (lolle) =2 (0llrs2) 2.
O

We can further investigate the behaviour of £ x f as t — 0 using the
expansion of £(t)v given in Theorem 4.3. For instance, if

toc—].

INEY!

f(t) = v =ws(t)v fora>0andve H M
then

M—1
Exf= < (—1)Pwr4p AP + RMAM> * WU

(—1)Pwitipra APV + Ry * wa AMuy,

that is, since ||Rys *waAMvHr < Cwipunr * Wa||AM||, < Cwrpvnrrallv]rson,

(Exf)t) = — APy + O(t"MT) ast — 0.

As for the homogeneous problem, we have bounds of the form (6) and
(7).

Theorem 5.7. If 0 = rv/2, 0 < r < 2 and q € {1,2,3,...}, then the
solution u = &€ x [ of the inhomogeneous problem with ug = 0 satisfies

g+l

9= 1+u||Au(l])( t)]] < Cyrt®~ 12/ S]Hf]) )I» ds.

14



and

q t
ffwwwxwus<%gfhl§j/”y;ﬂuuwﬁuds
=00

for0 <t <T.

Proof. Take it = 2 — r in Theorem 5.6 for the first estimate, and use Theo-
rem 5.4 with » = 0 for the second, noting that

t t
/wammwa/éﬂw@@w&
0 0

]

The preceding analysis assumes that f(t) is sufficiently smooth as a func-
tion of ¢t for ¢ > 0. For an example of what happens if this assumption is
not satisfied, suppose that f is piecewise smooth with just a single jump
discontinuity at t = a for some a > 0. Writing [f], = f(a™) — f(a™) we have

Df(t) = a[flad(t — a) + v(1),
where v is piecewise smooth, and so, by Lemma 5.2,

D(Ex* f)(t) =al(t —a)[fla+ (E* [+ (DE) = f+ E*v)(t) fort>a.

6 Incompatible initial data

We will describe the behaviour of the solution when the initial datum wug is

not compatible with the given boundary condition, in the simple case when

the spatial domain is the positive half-axis 2 = (0, 00), and f(t) = 0.
Consider first the case 0 = (—o00, 00), that is,

up — K(wy *uze)e =0 and  wu(x,0) = up(z),

for —oco < x < 0o and t > 0, with u(x,t) bounded as + — +o0. Denoting
the Fourier transform of u by

e, t) = Flule, )} = [ e Suetyd,
we see that

iy + K& (w, x@); =0 with a(&,0) = Tp(€).

15



Thus, @ satisfies an equation having the same form as (9), except that K¢2
takes the place of \,,, and no source term is present. Hence, by (13),

a(€7 t) = Eu(_K£2ty)a0(£)7

and therefore

ule.t) = [ Gl = y.uoly) dy (23)
where the Green function, or fundamental solution, is given by
1 [~ .
Gla,t) = FHE(-KE)} = 5 / C R (“KEH) de. (24)
™ —0o

The inverse Fourier transform (24) may be expressed in terms of the
M-Wright function [5],

[e.e]

—1)"z" 1 -1 x )
M, (z) = Z T (=1) == Z ((rzfl)' ['(an) sin(ran),

—~ 1—a(n+ 1)) T

where the identity I'(2)['(1 — z) = «/sinmz shows that the two series are
equal. In fact [5, Section 4.5],

FIM(|z))} = 2F00(—€%) for0<a <1,

SO

Gz, t) = 2\/;7%/2 (J%) '

Notice that for each ¢ > 0, the function = — G(x,t) is not differentiable
at x = 0. However, in the limiting case when v — 1, we have M s(z) =
7 /2 exp(—22/4) and G(x,t) is just the classical heat kernel, which is C>
for ¢ > 0.

The behaviour of G(x,t) for large x may be seen from the asymptotic
formula [5, equation (4.5)]

pla—1/2)/(1—-a)
Mo(z /) ~ m exp(—(1 — Oz)?"l/(l_a)/a) as r — o9,

where 0 < a < 1. It follows that the integral (23) converges for ¢ > 0 if vy is
locally integrable and bounded on (—o0, 00).

Now consider the problem on the half-line 2 = (0,00) with a Dirichlet
boundary condition,

u — K(wy % tge)y =0, u(z,0) = up(x), u(0,t) =0, (25)

16



for 0 < z < oo and ¢t > 0. By taking the odd extension of the initial datum

to (—o0,00), so that uy(—z) = —ug(z), we obtain the solution to (25):
wwt) = [ o=y uly = [ [66 = y.0 - G+ g uf)dy
s 0

Suppose now that u(0) # 0. This means that ug fails to satisfy the boundary
condition, and so u(z,t) is discontinuous at (x,t) = (0,0). To see the nature
of the discontinuity we rewrite the solution as

) = [ " Gy Huole — ) dy - / " Gy uoly — 7) dy.

Let ¢ (z,t) denote the solution in the special case when uy(z) = 1 for all = >
0, that is

vet) = [ Gudy— [ Gty (26)
then in the general case,
U(l’, t) = UO(O)?,D(.Z', t) + U(l’, t)7

where v is the solution with initial datum wug(x) — u(0), and is therefore
continuous at (0,0). Since

/ Gy tydy = G(0,.1) = E,(0) = 1,

we can simplify (26),

B=1-2] Gt)dy=1- M, dy,
¢<m ) /x (y ) Y \/W/x /2( Kt Y

and obtain 9 in the form of a similarity solution,

P(z,t) = \If(\/%> where =1 —/ M, /2(y

If we fix t > 0 and let z — 0, then ¢(x,t) — = 0, whereas if we
fix x > 0 and let ¢ — 0, then w(a:,t) — U(o0) = 1.

To handle a Neumann boundary condition, u,(0,t) = 0, we proceed in the
same way except that we use the even extension of ug, so that ug(—x) = ug(x)
and

u(r,t) = /Ooo Gz —y,t) + Gz +y,t)]uo(y) dy

~ [ Gltiule -y + [ Glotuly - ) dv

—0o0
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Although u(x,t) — u(0,0) = ug as (z,t) — (0,0), the derivative

wlet) = [ " Gy, i — ) dy — / " Gy, iy — z) dy

—00

is discontinuous at (0,0). In the special case uy(z) = = for « > 0, we have
uz(z,t) = (z,t), and in general

Uy (2, t) = up(0)(z, t) + v(x, t),

with v continuous at (0, 0).
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