Max-Planck-Institut
fiir Mathematik
in den Naturwissenschaften
Leipzig

A combinatorial proof of the Eisenbud-Goto
conjecture for monomial curves and some
simplicial semigroup rings
by
Max Joachim Nitsche

Preprint no.: 10 2011







A combinatorial proof of the Eisenbud-Goto conjecture for
monomial curves and some simplicial semigroup rings

Max Joachim Nitsche

Max-Planck-Institute for Mathematics in the Sciences
Inselstrasse 22, 04103 Leipzig, Germany
E-Mail: nitsche@mis.mpg.de

25th March 2011

Abstract
We will give a pure combinatorial proof of the Eisenbud-Goto conjecture for arbitrary
monomial curves. In addition to this, we show that the conjecture holds for certain
simplicial affine semigroup rings.

1 Introduction

Let S be a homogeneous simplicial affine semigroup, i.e., (up to isomorphism) S is the
submonoid of (N9, +) generated by a set A := {e1,...,eq,a1,...,a.} C N where

e1:= (a,0,...,0),e2 := (0,,0,...,0),...,eq4 :=(0,...,0, ),

a; = (ai[1]7 .. ,ai[d}), with a1+ .-+ aq = @, 1=1,...,c

Further we assume that the integers a;;,¢ =1,...,¢,7 = 1,...,d are relatively prime and
we assume that d > 2,¢ > 1 and a > 2. Let K be an arbitrary field; by K[S] we denote the
affine semigroup ring of S and we identify the ring K[S] with the subring of the polynomial
ring K[t1,. .., tq] generated by monomials t* := t(ll[” . otg["”, fora = (ay,...,aq) € S. In
the following we study the Z-grading on K[S] which is induced by degt® = (Zle ap))/ .
We note that dimK|[S] = d. By R := K|[z1,..., 24+ we denote the standard-graded
polynomial ring over K, i.e., degx; =1 for all i = 1,...,d+ c. Thus, we have a Z-graded
surjective K-algebra homomorphism:

m: Kz, ..., xq1¢] — K[9],

given by z; — t&, i =1,...,dand x4, — t%, j =1,...,c. Hence K[S] = R/kerm, where
kerr is a homogeneous prime ideal of R. Let mp denote the maximal homogeneous ideal
of R. For a graded R-module M, we set a(M) := max {n | M,, # 0} with a(M) := —oo if
M = 0. As usual the Castelnuovo-Mumford regularity regK[S] of K[S] is defined by

regK[S] := max {i + a(H},,, (K[5]))|0 < i < dimK[S]} .

Since the Eisenbud-Goto conjecture [2] is widely open in general, it would be nice to
answer the following:
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Question (Eisenbud-Goto). Does regK|[S] < degK[S] — codimK[S] hold?

Where codimK[S] := dimg K[S]; — dimK[S] = ¢ and degK[S] denotes the multiplicity
of K[S]. By a result of Treger [18] the question has a positive answer if K[S] is Cohen-
Macaulay; the Buchsbaum case was proven by Stiickrad and Vogel in [I7]. For projective
monomial curves, i.e., d = 2, the Eisenbud-Goto conjecture holds by a result of Gruson
Lazarsfeld and Peskine [5]. The case ¢ = 2 was proven by Peeva and Sturmfels in [16].
Moreover, in [7], Herzog and Hibi showed that the Eisenbud-Goto conjecture holds for
(homogeneous) simplicial affine semigroup rings with isolated singularity. In addition to
this the question has a positive answer if the ring K[S] is seminormal, see [I4]. We also
refer to the paper of Lazarsfeld [10] for a proof of the Eisenbud-Goto conjecture for smooth
surfaces in characteristic zero. In [8, Theorem 3.2] Hoa and Stiickrad presented a very
good bound for the regularity of K[S]; in addition to this they provided some positive
answers for the Eisenbud-Goto conjecture. However, the Eisenbud-Goto conjecture is still
widely open even for simplicial affine semigroup rings.

In case that dimK[S] = 2 there are much better bounds than a — ¢, in [9] L’vovsky
showed that the regularity of K[S] is bounded by #L + #L' + 1, where L and L’ are the
longest and the second longest gap of S. If we further assume that (1,a—1),(a—1,1) € S
we even get a better bound, namely reg K[S] < #L+ 1 where L is the longest gap of S, by
a result of Hellus, Hoa, and Stiickrad [6]. For further details we refer to [6, Introduction].
However, the combinatorial bound in [6] needs the assumption that the corresponding
monomial curve is smooth; it should be mentioned that even this bound is far from sharp
for ¢ > 4 (see [6], 13]). Moreover, in [I0], Giaimo showed that the Eisenbud-Goto conjec-
ture still holds for connected reduced curves.

In [8], Hoa and Stiickrad introduced a decomposition of the ring K[S] into a direct
sum of certain monomial ideals. By using this they were able to show that the regularity
of K[S] is bounded by d(degK[S] — ¢ — 2) + 2, provided that degK|[S] > ¢ + 2, see [8]
Theorem 3.5]. Recently in [I4] the author used this decomposition to prove the conjecture
in the seminormal case. We will again use this idea to give a combinatorial proof of
the Eisenbud-Goto conjecture for monomial curves in Theorem unfortunately our
proof does not yield the L’vovsky bound (see Remark . In Section [3| we will prove
the conjecture in case that all monomial ideals in the decomposition are generated by at
most two elements for arbitrary d. In Section [2] we will again recall the construction of
the decomposition of the ring K[S], moreover, we will develop the main tools which are
needed to prove the assertions in Section [3|and in Section [dl For unspecified notation we
refer to [IL [12].
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2 Basics

Let G := G(S) be the group generated by S in Z¢. By x[;) we denote the i-th component of
z and degx := (Z?Zl zp))/a, forx € G. Weset Bs :={rx € S|x—e; ¢ S,Vj=1,...,d}.
We note that if x ¢ Bg, then x +y ¢ Bg for all z,y € S. We define z ~ y if  —y € aZ?,
hence ~ is an equivalence relation on G. It is obvious that every element in G is equivalent
to an element in G N D, where D := {(xp,...,2[q) € Q|0 < rp) < @,Vi} and for all
z,y € G N D with x # y we have z # y. Hence the number of equivalence classes
f:=7(G N D) in G is finite. One can show that there are exactly f equivalence classes
inG,GND,S,andin Bg. By I',...,I'y we denote the equivalence classes on Bg. For
t=1,...,f we define

hy == (min {mp)|m € Iy} ,min {mp) |m € '} ,...,min {my |m € T }).

Let T := K[y1,- - ., ya) be the polynomial ring graded by degy; = 1 foralli =1,...,d. We
set Ty := {y(f—ht)/a |z € T}, where ylony ) = y‘ll[” -~-y§[‘”, for (apyy,...,aq) € Ne.
By construction I; := ['; T are monomial ideals in T, since hy ~ z for all z € I';. We note
that heightl, > 2, since gedl'; = 1, for allt = 1,..., f. We define m¢ as the homogeneous
maximal ideal of T' and mg as the homogenous maximal ideal of K[S] (see [8, Section 2]).

Proposition 2.1 ([8, Proposition 2.2]). There are isomorphisms of Z-graded T-modules:
1) K[S] =@/, I(~deghy).
2.) Hj, (K[S) = @], Hj,(I)(~degh) for alli > 0.

nrt
Applying the fact Hi (K[S]) = Hi _(K[S]) we have:
regK[S] = max {regl; + degh |t =1,..., f}, (1)
where regl; is the regularity of I; considered as a Z-graded T-module.

Remark 2.2. After a talk of the author given in Berkeley, David Eisenbud and Janko
Bohm have written the Macaulay?2 package MonomialAlgebras.m2. In this package they
consider the case of arbitrary affine semigroups Q' C @ C N such that K[Q)] is finite over
K[Q']; the package is able to decompose the ring K[Q)] as a direct sum of monomial ideals
in K[Q'] (see [8, Proposition2.2] and [I5, Proposition4.1] for results in the simplicial
case). We refer to the Macaulay2 homepage [4], where the package should appear soon.

Definition 2.3. Let x,y € S. Wedefinez > y if xy) >y forallk = 1,...,d. Moreover,
we say that > y if 2 > y and there is at least one k € {1,...,d} such that zp) > yp.

Remark 2.4. By Proposition it follows that degK[S] = f. Since I';y C Bg, we have
'y C {(a1,...,a.) for all t = 1,..., f. Moreover, it is clear that {0,as,...,a.} C Bg.
Consider an element x € {0,a1,...,a.} and an element y € Bg with x # y. Suppose
that © ~ y. Since 0 < z; < «a for all i@ = 1,...,d we have y > z and therefore
y & Bg. This shows that x £ y. Without loss of generality we therefore may assume that
Fl = {0}7F2 = {al}, e 7Fc+1 = {CLC}.

Definition 2.5. For an element z € S we say that a sequence A\ = (by,...,b,) has

s-property if by, ..., b, € {a1,...,ac. andx—by € S,2—b1—by € S,...,2—(3]_, bj) € S;
we say that the length of A is n. Let A = (by,...,b,) be a sequence with *-property; we
define x(A, i) := 2 — (32, bj) for i = 1,...,n and z(,0) := z. By A, we denote the set
of all sequences with x-property of x with length degx.



Remark 2.6. Assume that z € S has a sequence A = (by,...,b,) with x-property. Then
we get deg (A, i) =degx —i for i =0, ...,n and therefore z(\, degx) = 0 for n = degx.
Hence the length of a sequence with x-property of x is bounded by degx. Moreover, for
0 <1i<j<n, wehave x(X,i) > x(\,j). There are elements in S with no sequence with
*-property, e.g., A, = (). We note that the set A, is always finite.

Proposition 2.7 ([14, Proposition 2.5]). Let x € Bg \ {0}.
1) Ay #0.

2) Let (by,...,by) be a sequence with x-property of x. Then there exists a sequence with
s-property (b1,...,bn, b1, .., bdegz) € Ag.

Definition 2.8. Let A = (by,bo,...,b,) be a sequence with x-property of x. We define
A*:= (bp,bn—1,...,b1) as the trivial permutation of A.

Proposition 2.9 ([I4, Proposition2.6]). Let x € S and A = (by,...,b,) be a sequence
with *-property of x. Let o : {1,...,n} — {1,...,n} be a bijection.

1) (bo1)s---»>bo(n)) is a sequence with x-property of x, in particular \* has *-property.

2) (b1,...,bm) is a sequence with x-property of x for all1 < m < n.

Lemma 2.10. Let x € Bg \ {0} and A = (b1,...,bdegz) € Ag. Then

1) x(\,4) € Bg foralli=0,...,degz.
2) We have x(A, i) # x(\,§) for all 0 <i < j < degx.
3) x—x(A\ i) =z(N,degz —i) for alli=0,...,degx.

Proof. 1) and 2) can be found in [I4, Lemma2.7]. We have

i % degx—1
r—x(Ni)=z—(z - ij) = ij =x— Z bdeg zt1—j = ¢(A*,degx — ).
j=1 j=1 j=1

O

Theorem 2.11 ([8 Theorem 1.1]). We have degx < degK[S]—codimK[S] for allz € Bg.
We also refer to [14], Corollary 2.8] for a proof of Theorem in our notation.

Definition 2.12. Let z,y € Bg \ {0} with z ~y, A € A;, and v € A,;. We define
LA\ v) = {(i,j) € N2 |x(\4) ~y(r,),0 <i < degz,0 < j < degy} and
2. 0\ v) = #ANv) — 2.

Definition 2.13. Let z,y € Bg \ {0} with & ~ y, we define the number é(z, y) by:

§(z,y) == /\einiyneA I\, v).

Definition 2.14. Let z,y € S with  ~ y. We define h(z,y) € G by:

h(z,y) == (min{zy, yju b min{z ), Y2} - - - min{z g, Yia)})-



Remark 2.15. Let 2,y € Bg \ {0} with x ~ y, A € A,, and v € A,. We always have
(0,0), (degz,degy) € A(\,v), since x(A,0) ~ y(v,0) and xz(\,degx) ~ y(v,degy). Hence
d(A,v) > 0 and d(z,y) > 0. Moreover, if (i,7) € A(\,v), then (i, k) ¢ A(A,v) for all
k € {0,...,degy} \ {s} by Lemma 2.10] since otherwise y(v, k) ~ y(v,j) for k # j. This
argument shows that #A(\,v) < min {degx,degy} + 1.

Conjecture 2.16. Let x,y € Bs \ {0} with x ~y. Then §(x,y) < degh(x,y) — 1.

Example 2.17. Consider the semigroup S = ((30,0), (0,30), (3,27),(23,7)). We have
x = (27,243),y = (207,63) € Bs and  — y = (—180,180) € 30Z2, hence x ~ y. Clearly
Ay = {((3,27),...,(3,27))} = {A} and A, = {((23,7),...,(23,7))} = {v}. Moreover,
we have §(z,y) = 2, since A(\,v) = {(0,0),(3,3),(6,6),(9,9)} and #A, = #A, = L
Moreover, h(z,y) = (27,63), hence deg h(x,y) = 3. In this case é(z,y) =2=3-1=
deg h(z,y) — 1, i.e., Conjecture holds and is sharp.

Remark 2.18. Let € Bg\{0}. It is often useful to illustrate a sequence with *-property
A € A, as a graph, where the set of vertices is a subset of {z(A,i)|i € {0,...,degxz}}.
Let (A, 7) and x(A, j) be two vertices; there is an edge between x(A, i) and (A, j) if j > ¢
and there is no vertex x(\, k) with j > k > i. Moreover, z and 0 will always be vertices.
So Example can be illustrated by the graph

r——x(\,3) ————— 2(A\,6) ———— (1, 9) =0,
and by the graph
y———yw3) ————y(,6) ————y(1,9) =0.

To get a better understanding and to avoid extensive writing we will illustrate these
situations by:

2(\3) ——— (A, 6) ————— 2(),9) = 0
! ! !
; ; ;

y(,3) ————y(¥,6) ————y(»,9) =0,
where the sidled lines denote equivalent elements. Sidled lines always denote equiv-

alent elements, though equivalent elements may not be illustrated in such a
picture.

@~~~ B

Definition 2.19. Let z,y € Bg \ {0} with x ~y, A € A, and v € A,
1. Let (4,7), (¢',7) € A\, v). We define a partial order < on A(X,v) by (¢,7) < (¢/,5)
ifi <+ and j < j'.
2. We say that A and v are crossless if (A(X,v), <) is a totally ordered set, meaning
for all (i, ), (i, ) € A(X,v) we have (i, j) < (¢, j') or (i,4) = (i, 5).
3. We say that x and y are crossless if there exist sequences with s-property X € A,
and v/ € A, which are crossless.

Remark 2.20. We note that x and = are crossless, since we may choose the same A € A,
in particular A(X,A) = {(0,0),(1,1),...,(degz,degx)}, i.e., #A(AN) = degx + 1.



Example 2.21. Note that z and y in Example[2.17]are crossless. Unfortunately this prop-
erty does not hold in general. Consider the semigroup S = ((79,0), (0,79), (77,2), (34, 45))).
For z = (1232,32),y = (442,585) € Bg with o ~ y, A, = {((77,2),...,(77,2))} = {\},
and Ay = {((34,45),...,(34,45))} = {v}. Wehave A(\,v) = {(0,0), (5,9), (11,4), (16, 13)}.
This situation can be illustrated by:

(A, b)) ——— (), 11)

Pl

y(v,4) ————y(,9)

o

@~~~ B
S A~~~

b

i.e., A and v are not crossless and therefore x and y are not crossless, since #A, = #A, =
1. Moreover, we have §(\,v) = 6(z,y) = 2 and degh(x,y) = deg(442,32) = 6, i.e.,
Conjecture holds.

Remark 2.22. Let 2 € Bg \ {0}, A = (b1,...,bdegz) € Ay, and i € {1,...,dega — 1},

i.e.,

r—— (N, i) —— 0.
Then (by,...,b;) € Ayr dega—i), since z(A*,degz — i) = Z§'=1 b;; moreover, we have
(bit1s-- - bdega) € Ay(ri)» since z(X, i) = E?ig]_x_ibi+j. Let B,C C N%. We define the

set B+ C :={b+c|b€ B,c € C} C N? with the usual addition of tuples.

Lemma 2.23. Let z,y € Bg \ {0} with x ~ y, X = (b1,...,bdegz) € Ay, and
v ="_(g1,--10degy) € Ny with 6(\,v) >0, i.e.,

x(A, 1)

o

2
5
y(v, k)

@~~~ B
[=INN

for some i€ {1,...,degax —1} and some k € {1,...,degy—1}. Let 2’ = x(\*,degx — i),
" =x(\i), vy =y(v*,degy—k), and vy’ = y(v, k). Moreover, let N = (by,...,b;) € Ay,
N = (bit1,. - bdegz) € Agrr, V= (g1, ., 98) € Ay, and V"' = (Grt1, .-, Gdegy) € Ay
We have:

1) z(A*,degx — i) ~ y(v*,degy — k).

2) AN, v) ={(m,n) € A\, v)|(m,n) < (i,k)}.

3) {(1.1)} + AN0) = {(m.m) € AL | (m.m) > (i, F)}

4)

5)

6)

If X and v are crossless, then X' and v' are crossless.
If A and v are crossless, then N and v" are crossless.
SN, V) + (N, V") < 5(\ v) — 1. Equality holds, if X and v are crossless.

Proof. 1) This follows from z —y, z(\, i) — y(v, k) € aZ9.

2) Let m,n € N with m < ¢ and n < k. We have z(A\,m) — 2/(N,m) = z(\,4) and
y(y, 'fl) - y’(l/,n) = y(y7 k) Hence

.I‘()\,’n’l) - y(l/a 'fl) +y/(ylan) - x/(Alvm) € aZda

which proves 2).



3) Let m,n € N with m < degx — i and n < degy — k. The assertion follows from
"N ,m)=a(A\,m+i) and y’'("',n)=y(v,n+k).

4),5) This follows from 2) and 3).

6) Since (i,k) € A(N,v'),(0,0) € AN, V") and AN, V') C {0,...,i} x{0,...,k}, we
have

# (A()‘/’ V,) n ({(17 k)} + A()‘H’ VH))) =1

Hence
2),3)
HAWN V) +#AWN V) =1 =# (AN, V)U{E R+ AN, Y)) < #ANY). (2)
By this we get

SN V)N V) = #AN V) +H#AN V) —1-3 < #A(\,v)—2—-1=6(\,v)—1. (3)

If A and v are crossless we have equality in , by 2) and 3). Hence we have equality in
B). O

Lemma 2.24. Let z,y € Bg \ {0} with x ~ y, A = (b1,...,bdegz) € Ay, and

v="_(g1,-..,9degy) € Ny. If A and v are not crossless, i. e.,
x x(Ai) —— x(\, j) 0
¢ ~
0 {
5 K 5
y yw, ) ——————y(v, k) 0,

for some i, 5,1,k € Nwithi < j <degz andl < k < degy, then

1) A* and v* are not crossless, in particular:

x (A, degx — j) —————— x(\*,degx — 1) 0
; ~ :
Y y(v*,degy — k) ————— y(v*,degy — 1) 0.

2) i,l>2andj<degx —2, k <degy — 2.

3) w(Ai) # y(v, k) and 2(X, j) # y(v,1).

4) y(W, k) > (N8 and (N, J)m) > Y, D) for some n,m € {1,...,d} with
n#m.

5) y(, k) < 2N 8) ) and (N, ) mr) < YW, Dy for some n',m” € {1,...,d}.

Proof. 1) By Lemma 1) we get z(\*,degxz—i) ~ y(v*,degy—k) and z(\*,degz—j) ~
y(v*,degy — 1) with degz — i > degx — j and degy — k < degy — [. Hence \* and v* are
not crossless.

2) By Lemma we have 4,0 # 0, j # degx, k # degy. Suppose j = degzx — 1,
i.e., degz()\, j) = 1; which contradicts degy(v,l) > 2, since | < k < degy (see also Re-
mark . The claim follows by symmetry and 1).

3) By symmetry we only need to show that a(\,i) # y(v, k). Suppose to the contrary
that x(\,i) = y(v, k). Then v/ = (g1,..., 9k bit1,---,bdegz) € Ay. By this we get



yW' k+j—14) = x(Nj) ~ y(v,l) = y(@',1). Which contradicts Lemma since
k+j—i>1

4),5) Since z(\, 1) # y(v, k) and (A, 1), y(v, k) € Bg \ {0} with z(X, i) ~ y(v, k) we have
Yy, k) > (N, i) and y(v, k) < @(X,0)[ for some n,n' € {1,...,d}. Analogous
(N, )] > YW Dy and (X, j)im < (v, 1)) for some m,m’ € {1,...,d}. Suppose
that m = n, then x(X, j)m) > YV, Dim) = YV, k) ) > (A, 8)(m) = (N, J)[m], @ contradic-
tion. O

Lemma 2.25. Consider the same situation as in Lemma |2.24, Let n,m € {1,...,d}
such that y(v, k) > (X, 1)1 and 2(X, )im) > YV, 1) m). Then

Dy, Dy > (N 5) -

Proof. 1) We have y(v,1)(n) > y(V, k)] > ©(A, 1)) = (A, 5)n)-
2) We have x()‘7z)[m] > $(Aaj)[m] > y(y7 l)[m] > y(ya k)[m] O

Proposition 2.26. Letz,y € I'y C Bg\{0} for somet € {1,...,f}, A€ A;, andv € A,
If X and v are not crossless, then there is some z € 'y with z # x,y.

Proof. We have

z(A i) ————z(A])

o

y(u,l) —y(, k)

for some 7, 7,0,k € N with 0 <i < j <degx and 0 <! < k < degy. We set

o

(@~~~ B
S A~

)

Z=a(N ) +y -y ) =z j) +y(v" degy — ).
By Lemma [2.24] 5) we have:
(N, J) ) <y, D))
for some h € {1,...,d}. By this we get th} < y[p)- By Lemma[2.241) and 5) we get
y(v*, degy — D) < z(A", degx — j)g

for some g € {1,...,d}. By this we get ng] < 2[4 By construction 2’ € S. Consider an

element z 1= 2/ — Zizl Nyu€y € S such that Zizl N, 18 maximal. This means z € Bg, in
particular z < z’. By this we have z # x,y. Moreover, z ~ 2’ and by Lemma 1):

7 —x=a(\j)+y(* degy — 1) —x = y(v*,degy — 1) — x(\*,degx — j) € aZ*,
hence 2’ ~ z, i.e., z € T'y. O
Corollary 2.27. Let #I'y = 2 for some t € {1,...,f}, say Ty = {z,y}, A € A, and
ve M, Then X\ and v are crossless, in particular x and y are crossless.

Proof. Suppose that A and v are not crossless. Then by Proposition [2.26] we get z € T’y
with z # x,y, which contradicts #I';y = 2. Hence = and y are crossless as well. O



Lemma 2.28. Let ', 2",y ,y" € S such that &' ~y', 2" ~y". Moreover, let x =z’ + 2"
and y =1y +1vy". Then
h(z',y") + h(z”,y") < h(z,y).

Proof. Let i € {1,...,d}, we have x ~ y and
2min {ap), v = 2 + Y — lep — vl = 24 + vl + 20+ v — e — vl + 2 - v

! ! / / 1 1 1 1 _ . ! ! . 1 1
> Ty +ypy) — [ — il + 25 + v — (2 — Yl = 2min {x[i]v?fm} + 2 min {xm’ym} :
Hence h(2’,y') + h(z",y") < h(x,y). O

Proposition 2.29. Let z,y € Bg \ {0} withx ~y, A€ A;, andv € Ay. If X and v are
crossless, then §(\,v) < degh(zx,y) — 1.

Proof. We show this by induction on §(\,v) € N. Let §(A\,v) =0, i.e., we need to show
that degh(z,y) > 1. Suppose to the contrary that degh(z,y) = 0, hence h(z,y) = 0.
Thus x,y ~ 0, which contradicts x,y # 0.

Let 6(A\,v) =n+1> 0. Fixan i € {1,...,dega — 1} such that z(X,i) ~ y(v, k) for
some k € {1,...degy—1}. With the notation of Lemma[2.23|2',2",y',y" € Bg\ {0} (see
Lemma [2.10) with 2’ ~ 3’ and " ~ y”. Since A and v are crossless we get by Lemma [2.23]
that A’ € A, and v/ € Ay are crossless and also that \” € A,» and v € Ay are crossless.
Hence by induction

S\, v) Izzmé()\', VY + 0N V") +1 <degh(z',y) +degh(z”,y") —1 < degh(z,y) — 1.

O

Corollary 2.30. Let z,y € Bg \ {0} with x ~ y. If x and y are crossless, then
(5((E,y) < degh(xvy) -1

Proof. Since x and y are crossless, there are some sequences with *-property A € A, and
v € Ay which are crossless. Hence by Proposition [2.29]

§(I7y) < 5()‘7V) < degh(x,y) -1

Definition 2.31. Let z,y € Bg \ {0} with z ~ y.

1. By a cross we mean a tuple (\,v,i,4,0,k) € Ay x A, x N* with i < j < degz and
I < k < degy such that z(\, i) ~ y(v, k) and x(A,j) ~ y(v,1). We say that A and v
have a cross.

2. Let A € A, and v € A,. We say that two crosses (A, v,14, 7,1, k) and (A, v, 7, j',', k')
are disjoint if j <’ and k <1’ or if j/ < i and k' <.

3. The height of a cross (\,v,14, 4,1, k) is defined to be (j — i,k — 1) € N2.



Lemma 2.32. Let z,y € Bg \ {0} with x ~y, A € A,, and v € Ay. If we have two
disjoint crosses (A\,v,i,5,1,k) and (A, v,i', 7', I', k") of height (j — i,k — 1) and of height
(j' =i K =1, i.e.,

f z(\, 1) (N, J) (A, 1) x(Aj)——0

hV !
: el Pl :
yiy(wl) y(y, k) y(l/v l/) 7y(y, k,) 70,

with0<i<j<i <j <degx and 0 <l <k <l <k <degy, then there are elements
XN e A, and v € Ay with a cross of height (j —i+j —i',k—1+K —=U).

Proof. Let A= (b1,...,bdegz) and v = (g1, ..., gdegy)- Set
A/:(bj-‘rh'"7bj/abi-‘r17"'ab_]'vbl7"'7bi7bj/-|-17"~7bdegaf)

and
V/ = (gk"rl? BN () IR R PN /) PN ¢ RPN ¢/ P /) Uy P agdegy)-
By construction and Proposition N € A, and v € Ay. We claim that z(X, 7' — j) ~
y(', k' =1) and z(N,j — i) ~y(/,I' — k). Note that ¢/ —j < j ' —iand &' — 1 > 1" — k;
therefore (N, v',¢' —j, 7' —i,I' —k, k' —1) is a cross of height (j —i+j =i, k—1+ Kk =1).
To verify the claim, note that
i'—j

.’E()\/,i/ _]) =T — ijth =T — ($()\,]) _x(Aail)) ~Y— (y(’/vl) _y(Va k/))

k' —1 k' —k k

-1
DT ITEIE SENE S TN )
t=1 t=1 u=1

and

U—k
y U=k =y =Y g =y~ (k) —ywl) ~z = (z(\i) — 2(\,§)

S -/ . .
J —t J —J J

==Y bipp=a— Y bisr— > bipu=a(N,j —i).
t=1 t=1 u=1

3 The case of at most two elements

Definition 3.1. For a monomial m = y}fl e yfld € T we define degm = Z?Zl bj.

Definition 3.2. We define the set I'(S) C {I'y,..., T} by: T, e I'(S) for t € {1,..., f}
if reg K[S] = regl; + deg hy.

Theorem 3.3. Let I'y € T'(S) for somet € {1,..., f}. If #T'y < 2, then

regK[S] < degK[S] — codimK[S].
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Proof. If #I'y = 1, then the assertion follows from Theorem So we only have to
consider the case #I'; = 2. Let 2,2’ € Iy with o # 2/, m = y(@=")/@ and p = yl&'—ho)/a,
By construction m,n are a regular sequence on 7. Using the Koszul Complex (e. g., see
[1, Section 17.1]) we get

regK[S] = regl; + deg hy = degx + degax’ — deghy — 1. (4)

Let A € A, and v € A,,. By Corollary X and v are crossless. Consider the set L in
BSI

L={xz(\,0),...,2(\,degz—2),z(\,degz)} U{z'(v,0),...,2' (v,deg 2’ —2), 2’ (v,deg x’)}.

By construction, every element in L is not equivalent to an element in {a1,...,a.}, since
for all z € L we have deg z # 1 (see Remark[2.4). By I'}, ..., T we denote the equivalence
classes on L. Hence

g=degx+degz’ —# (AN v)\ {(degz — 1,degz’ — 1)}) > degz + degx’ — #A(\, V)
=degr +degx’ —(\,v) —2 > degx +degx’ —deghy —1, (5)

since h(x,2') = h;. Hence

(5)
degK|[S] > g+¢ g degz + dega’ —deghy — 1+ ¢ = regK|[S] + c.

O
Corollary 3.4. If #I', <2 forallt =1,...,f, then
regK[S] < degK[S] — codimK[S].
Proof. Follows from Theorem |3.3 O

Example 3.5. Consider the following semigroup in N* with o = 6:
S ={e1,...,e4,(0,2,0,4),(3,0,2,1),(0,2,2,2)).

We define the reduction number r(K[S]) := max{degz|xz € Bg} (see [§]), by Theo-
rem the Eisenbud-Goto conjecture holds for the reduction number. Using Macaulay2
[4] we get regK[S] = 6 > r(K[S]) = 5. Moreover, we have

I, = {(3,6,4,11), (15,0, 10,5)} € I'(S),

for some t € {1,...,f}, since regl; + degh; = reg(yoys,y>ys) + 2 = 6 and there-
fore Eisenbud-Goto holds by Theorem We note that S is not seminormal by [T}
Theorem 4.1.1] and not Buchsbaum, since (3,6,10,5) + 2e1,(3,6,10,5) + e4 € S, but
(3,6,10,5) + e1 = (9,6,10,5) ¢ S (see [19, Lemma 3]).

Example 3.6. Let I'; € I'(S) for some ¢t € {1,..., f} with #I'; > 2. Unfortunately this
case is much more complicated. Consider the following situation, let o = 20 and

Ty = {z = (44,104,12),y = (104,44, 12), z = (24,24, 72)}.
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We get h(z,y) = (44,44,12), h(z, z) = (24,24,12) and h(y, z) = (24,24,12). Assume that
Conjecture holds, so = and y could have 4 non-trivial pairwise equivalent elements,
z and z could have 2, as well as y and z. Let us consider a worst case scenario:

:;c z(A\, 1) z(A,2) z(A, 3) x(A,4) x(A,5) (A, 6) ——0
g N N s L
¢ | ¢ ; 0 0 ?
— y(v, 1) ——y(,2) y(v,3) iv y(v,4) ——y(,5) —— y(¥,6) ——0

2 2 2
SR AN BN s
z z(p, 1) z(p,2) z(p, 3) z(p, 4) 0

for some A € Ay, v € Ay, and p € A,. Note that no element in the picture has degree 1. If
we follow the proof of Theorem [3.3]we would get g = 10. So we want the ideal plus the shift
to be smaller or equal to 10. But this is not the case since deg hy = (244244 12)/20 = 3

and regl; = reg(ng,y%y%y@ =9.

4 Monomial curves

In this section we will assume that dimK[S] = 2, i.e., d = 2. Thus, we consider the case
of monomial curves, i.e.,
S = {61,62,(117. .. ,ac} g NQ.

We have f = q, i.e., degK[S] = a. Moreover, T' = K[y, y2] and every monomial ideal I
in T can be uniquely written as:

I =<my,...,m,; > with m; :yll’iygi,i: 1,...,r

where by > ... >b. >0and 0 < ¢ < ... < ¢ (see [I2, Section3.1]). The case r = 1 is
not relevant in our context. Let us assume that r > 2; it is a well known fact that the
regularity of I can be computed by:

Proposition 4.1.
reg/ = max ) {bi+cit1}—1

i=1,...,r—

Proof. By [12, Proposition 3.1] the kernel of g : T" — I, é; — m,; is minimally generated

i4+1—Cq A bi—b; ~ . o .
by ys ' “é — vy, éit1,i=1,...,7 — 1. Hence the minimal free graded resolution of

I has the following form
r—1 T
0— P T(~(b + crr1))— @ T (= (b; + ¢;))—I — 0,
=1 j=1

. i+1—Ci b;—b;
since yo ' T € T(—(b; + ¢))bitesy and yy' T € T(—(bit1 + Cit1))by+eir, - By assump-
tion ¢;11 > ¢; and b; > b; 11, thus b; + ¢;+1 > max {b; + ¢;,biy1 + ¢i+1} and therefore

regl =max{b; +c1,...,br +¢rby +ca—1,...,b—1 + ¢, — 1} =, max_ {bi +ciy1}—1.

yeery

O
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Remark 4.2. Let #I'y > 2 for some t € {1,...,a}. Consider two elements z,y € T';
with @ # y. Suppose x[; = yj;) for some i € {1,2}, then z > y or x < y, a contradiction.
Without loss of generality we may assume that xzj;; < yj;) for some i € {1,2}, then
x>y for j € {1,2}\ {i}, since otherwise < y. This shows that I, is a minimal
generating set of I;. We note that this holds for arbitrary d. By construction and the
above argument

. ~ bi ci s
I =<mq,...,mygr, > withm; € Ty,m; =y'ys',i=1,...,#I,

where by > ... > byr, =0and 0 =c¢; < ... < cyr,.

Definition 4.3. Let z,y € Ty for some t € {1,...,a} with = # y, i.e., x;; > y; and
xp;) <y for i,j € {1,2} with i # j. We say that 2 and y are close if there is no element
z € I'y with Xp) > 2l > Y[ and 2 < 211 < Y-

Example 4.4. Consider the following smooth monomial curve in P° given by
5 =((12,0),(0,12), (11,1),(9,3), (4,8), (1, 11)).
Then by [I3 Corollary 3.9] we get reg K[S] = 4. Moreover, we have:

KS|=ToT(-1)" @ (y1,12)(—-1)* ® (y1,13) (= 1)* ® (47, v2) (—1)* @ (47, Y112, ¥3) (—1).
—_————

=12

By Proposition we have I'(S) = {T'12}, where I'12 = {(31,5),(19,17),(7,41)}. We
note that (31,5) and (19,17) are close, as well as (19,17) and (7,41).

Remark 4.5. Let us consider the case of smooth monomial curves, i.e., we assume that
a; = (a—1,1) and a. = (1, — 1). In this case there is still a much better combinatorial
bound than the one given by L’vovsky in [9]; namely regK[S] < #L + 1, where #L is
the maximal number of consecutive integer points on the line [(«,0), (0, )] not belonging
to S (see [6]). Anyway, even this bound is not sharp, see [I3, Introduction]. We will
now give a short proof of the Eisenbud-Goto conjecture for smooth monomial curves. Let
I, € I(S) for some t € {1,...,a}. By Theorem 2.11 we may assume that #I', > 2. Since
(¢ —1,1),(1,a — 1) € S we have (ka — 1,1),(a — l,K'a + 1) € Ty for some I,k k' € N
with 0 < I < a. Set z = (ka —1,1) and 2’ = (a — [, k' + 1); since 0 < I < « we have
I = (yfes==t ,ygcgz,71> and hy = (o —I,1) and by construction

regK[S] = regl; + deg hy = reg(yf8* ™!, ... ,ygegm N 41 < degz + dega’ — 2.

Let 'y = {0}. By a similar argument, one can show that deghy =1 forallt’ =2,..., «
Let A € A, and v € A,/. Suppose that z(\, m) ~ z'(v,n) for some m € {1,...,degz — 1}
and some n € {1,...,degz'—1}, then by Lemma[2.23|1) and [2.28|we have deg h(z, z') > 2;
since degh(z,2") > 1 for all z,2" € Bg \ {0} with z ~ z/. Hence #A(\,v) = 2. By a
similar argument as in Theorem we get:

degK[S] > degx + degz’ — 2+ ¢ > regK|[S] + ¢

Let us consider the Macaulay curves, i.e., S = {(a,0),(0,a), (e — 1,1), (1, — 1)). We
have(a—1,1)+(1a—1)¢BS,henceBs—{(1 a—l) jla=1,1D)}0<4,j <a—2},
i.e.,

Bs ={0,(1,a—1),(2,2a—-2),...,(a=2,(a = 3)a+ 2), ((a=3)a+2,a—2),..., (a—1,1)}.
~—_——

=(a—2)a—a+2
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We have:
Iy ={0} e ={(L,a—=D}Ts ={(a—1,1)} Ty ={(2,2a - 2), ((a = 3)a+ 2,a — 2)},
s = {(3,30 — 3), (0 —4)a+3,a = 3)}, ..., T = {(a = 2, (@ — D)o + 2), (2 — 2,2)}.
Hence

K[S|=ToT(=1)" @ (47, y2)(-1) @ (74 92) (1) @ ... ® (y1, 45 ) (1),

meaning each T-module of the form (yf,y%)(—lL 1<f,vy<a—-3withf+y=a—-2
appears exactly once in the decomposition. We have regK|[S] = a — 2 = degK|[S] —
codimK[S], i.e., the Eisenbud-Goto conjecture is sharp in this case.

Definition 4.6. Let #I'y > 2 for some t € {1,...,a}. With the notation of Proposi-
tionand Remarkwe get regly = by, + cpp1 — 1 for some k € {1,...,#; — 1}; fix
such an integer k. Let x,z’ € Ty such that my = y(m_ht)/a and mp41 = y(xl_ht)/a. We
define the set I'; := {x,2'} C T;.

Remark 4.7. Consider Example then T'1o = {(19,17),(7,41)}. Whenever #I'; = 2
for some t € {1,...,a}, then Ty =T}.

Proposition 4.8. Let I'; € T'(S) for somet € {1,...,a} with #Iy > 2 and 'y = {z,2'}.
If Conjecture holds for x and x’, then
regK[S] < degK[S] — codimK[S].

In particular this holds, if x and x’ are crossless.

Proof. Assume that xp; > xh] and ) < xb]. Let my = y@—h/o = yzl”“yg’“ and
M1 = y& —hed/ea = yll)’““ygk“. By construction,
regK[S] = regl; + deg h; Def- b + cpy1 — 1+ deg hy
= ((x = he) /)y + (2" = he) /@) o) — 1 + deg hy = deg (zp), 2(y) — 1. (6)

Fix A € A, and v € A, such that 6(z,2") = §(\,v) and consider the set L in Bg:
L={z(\,0),...,2(\,degz—2),z(\,degz)} U{z'(v,0),...,2" (v,deg 2’ —2), 2’ (v,deg ') }.

By construction, every element in L is not equivalent to an element in {aq,...,a.}, since
for all z € L we have deg 2 # 1 (see Remark[2.4)). By I'}, ..., I"} we denote the equivalence
classes on L. Hence

g=degx+degz’ —# (A\,v)\ {(degz — 1,degx’ —1)}) > degx + degx’ — #A(\, V)

>

= deg (21, 7[y)) + deg (x[y), x(g) — (z,2") =2 > deg (zp, 2(y) — 1, (7)

since h(x,z') = (a:fl],x[z]) and therefore

@
degK[S] > g+c¢ g deg (x[l],mig]) —1+4c¢ ® regK[S] + c.

If x and 2’ are crossless, then Conjecture holds by Corollary O
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Remark 4.9. Let #I; > 2 for some t € {1,...,a}. If [; = {z,2'}, then = and 2’ are
close. Thus, by proving Conjecture [2.16] for close elements in Bg we would immediately
get a combinatorial proof of the Eisenbud-Goto conjecture for monomial curves.

Remark 4.10. Let z,y € T; for some t € {1,...,a} with  # y. Moreover, we assume
that x[y) > yp) and xpp) < ypg)- Let A € A, and v € Ay, be not crossless, i.e.,

~
~

o

~

P
y(V7l) - y(y’ k)

@~~~ R
O A~

9

for some i,7,l,k € Nwith 0 <i < j < degz and 0 <! < k < degy. Fix i,k (we could
also fix [, j), then we have one of the following two cases:

1. x()\,i)[l] > y(l/, k)[l] and x()\,i)[g] < y(l/, k)[2]7

2. (N, 9)p) <y, k)py and 2(X, i) > y(v, k) g
by Lemma [2.:24] The first case is what you normally would expect, since the first co-
ordinate of x is bigger than the first coordinate of y. The second case looks a little

strange, but still possible. Keep in mind that x(A*,degx — i) ~ y(v*,degy — k) by

Lemma x(A*,degx—1i),y(v*,degy —k) € Bg by Lemma[2.10] and 2(\*,degx — i) #
y(v*,degy — k) by Lemma Moreover, by construction, z(A\*,degz — i) + z(\, i) =«
and y(v*,degy — k) + y(v, k) = y; see Lemma[2.10]

Lemma 4.11. Consider the same situation as in Remark[{.10, Moreover, let  and y be
close. If (N, i)y > y(v, k) and 2(X,4)g) < y(v, k)g, then

oA, degx — i)y < y(v*,degy — k) and x(A\*, degx — i)y > y(v",degy — k(2.

Proof. Suppose to the contrary that z(A*,degz — i)y > y(v*,degy — k)i and
(X", deg x—i)[g) < y(v*, degy—Fk)[z); see Lemma Define z := y(v, k)+x(\*, deg x—1),
by construction z ~ x,y. Moreover, we have x[1] > z(1], T[g) < 2[2 and 2[y) > Y, 2[2) <
y[g], i.e.,

Ty > 2] > Y 2] < 22 < Y2

Consider an element 2’ := 2 — nje; — naes € S such that n; + ny is maximal. We have
!

Z € Bg, 2 # x,y, 2 < 2z, and 2/ ~ z ~ z,y. Suppose 2 < ypj, then 2 <y, a
contradiction. Suppose Zfz] <z, then 2’ < x, a contradiction. Hence

Ty > 21 > Y), T < 2y < Y2,

and therefore z and y are not close, which is a contradiction. O

Remark 4.12. With the notation of Remark and the assumption that = and y are
close we get by Remark and Lemma [4.11] one of the following two cases:

L x(N,degx —i)py < y(v*,degy — k)pp) and (X", degxz — )9 > y(v*,degy — k)[o].
2. I(}\,Z)[l] < y(I/, k’)[l] and 58()\,1)[2] > y(y, k)[Q]
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Proposition 4.13. Let x,y € Ty for some t € {1,...,a} with x # y. If v and y are
close, then
5(xay) S deg h(:l?,y) - 17

i. e., Conjecture holds for x and y.

Proof. By Corollary we may assume that z and y are not crossless. Moreover, we
may assume that z[y) > y;q; and xp) < ypg. Let us fix a maximal cross in the following
sense, let (A\,v,4,7,1,k) € Ay x Ay X N* be a cross such that j — ¢ is maximal among all
crosses; say A = (b1,...,bdegz) and v = (g1,...,gdegy)- This can be illustrated by the
picture:

z(A i) —————z(\])

e

y(l) ———— (k)

@~~~ R
S A~ o

Without loss of generality, we may assume that for all 5/, k' € N with 7 < j' < degzx
and k < k' < degy we have z()\, j') # y(v, k'), since otherwise we consider the following
sequences with s-property:

)\/:(bj’+17"-abdegxabla"'abj’)EAI and V/:(gk’+1a-"7gdegyaglv"'7gk’)GAya

by this we would get a cross (N, v/, deg z—j'+i,deg x—j'+7, deg y—k'+1, deg y—k'+k). Let
i’ € N be maximal with 0 <4’ < ¢ and xz(\, ") ~ y(v, ') for some I’ € {0,...,degy}. Let
' =ax(N,degax—74), vy =y(w*,degy—1'), 2" =z(\, ),y =y, '), N = (b1,...,by) €
Ay, and v/ = (g1,...,9v) € Ay (see Remark 2.22). So x =2’ + 2" and y =y + 3. We
claim that:

#AN V) < H#AWN V) +deg (z(A,3) —x(N, ) + 2. (8)

In case that i/ = 0 we set #A(N, ') = 1. Consider an element j' € N with j < j' < degz
and suppose to the contrary that z()\,j’) ~ y(v, k') for some k' € {0,...,degy}. By
construction we have k' < k. Hence we get a cross (A, v, 1, j/, k', k) with height (j'—i, k—k’)
which is a contradiction, since j—1 is assumed to be maximal. By this we have (see Remark
2.15)

#ANv) <# (AN v)N{0,...,7} x N)) +deg (z(A,3) — z(\, ) + 2,

i.e., we need to show that (A(X,v)N({0,...,7} x N)) C A(N,v'). In case that i/ =0
we have # (A(A, )N ({0,...,i'} x N)) = 1. Suppose to the contrary that I’ > I, by this
we get a cross (A, v,i',7,1,1") of height (j —4',1" — ), which contradicts the maximality of
j —i. That means I’ <, since I’ # [, i.e., (assume for the picture i’ > 0)

f z(N, i) z(X, ) z(X, 7) 0
0 , e 4
5 § s s
Yy y(v, 1) y(v,1) y(v, k) 0.

Let (m,n) € (A(A\,v)N({0,...,i} x N)) and assume that m ¢ {0,i'}. Suppose to the
contrary that x(A,m) ~ y(v,n) with n > I’. By a similar argument as above, we get
n < [ and clearly n # I, i.e., we suppose that I’ < n < [. Hence (\,v,m,d,l',n)
and (A, v,1,7,1, k) are two disjoint crosses, which contradicts Lemma @ since j — i is
maximal. That means n < I’ and therefore (m,n) € A(N,v’) by Lemma [2.23] 2), which

proves .
Since = and y are close, we get by Remark one of the following two cases:
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L z(\*,degz —i)py < y(v*,degy — k)py and z(\*, degx — )9 > y(v*,degy — k)2
2. x(N i)y <y, k) and (X, i) > y(v, k)2
Case 1:
Applying Lemma to Lemma [2.24] 1) we get (X", degx — j)g > y(v*,degy — 1)z
and therefore (A", degx — j)p) < y(v*,degy — [);1;. Keep in mind that by construction
h(z,y) = (yp3, 2j2))- Hence
h(z,y)n) =y = y(v*, degy — D)y > x(A", degz — j)py
and
h(x,y)) = o) > 2(A",degx — 7))
Thus
degz(N\*,degz — j) + 1 < degh(x,y). (9)
Moreover, we have A(XN,v") C ({0,...,7'} x {0,...,I'}), i.e, #AWN, V') < i + 1 (see
Remark and i’ + 1 < ¢. By this we get
#AN, V') +deg (x(N, i) — (A, j)) <i' +1+degz — i — (degz — j)
=j+i +1—i<j=degz(\*,degx — j), (10)
and therefore

0(@,y) <6\, v) = #ANv)=2 < #AW, V) +deg (z(A, i) —z(A, 5)) @ deg h(z,y)—1.

Case 2:

By Lemma 2) and X and v/ are crossless, since (j —1) is assumed to be maximal.
Hence by Proposition we get:
#AWN V) —2 < degh(x',y') — 1. (11)
In case that ' = 0 we have #A(XN, V') = 1 and deg h(z’,y’) = 0, i.e., equation holds.
We get 2y > 2(X,7)pz, and ypyy > y(v, k) > @(A, ) and therefore deg (yfy, afy) >
degx(A,7) + 1. Hence
deg h(z,y) — 1 = deg (ypuy, 712) — 1 = deg (ypy), 2])) + deg (ypy, 2fy) — 1
/ ! 1 1 " I / .
> degh(2',y") — 1 +deg (yjy) 2py) = #AWN, V) —2+degz(A, i) + 1
> H#AN, V) —2+deg (z(N\, i) —z(N, ) +14+1 > #AN\v) —2 =686\ v) > §(x,y).
O

Theorem 4.14. We have:

reg K[S] < degK[S] — codimK[S].

Proof. Let T'; € T'(S) for some t € {1,...,a}. If #I'; = 1, then the assertion follows from
Theorem [3.3] If #T'; > 2, then the assertion follows from Proposition f.8 and [f.13] O

Remark 4.15. This proof is a new combinatorial proof of the Eisenbud-Goto conjecture
for monomial curves; unfortunately this proof does not yield the L’vovsky bound (see [9]).
So it would be nice to prove Conjecture 2.16] to get better combinatorial bounds for the
regularity of K[S].
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