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POINCARE AND LOGARITHMIC SOBOLEV INEQUALITIES
BY DECOMPOSITION OF THE ENERGY LANDSCAPE

GEORG MENZ AND ANDRE SCHLICHTING

ABsTrACT. We consider a diffusion on a potential landscape which is given by
a smooth Hamiltonian H : R™ — R in the regime of low temperature . We
proof the Eyring-Kramers formula for the optimal constant in the Poincaré (PI)
and logarithmic Sobolev inequality (LSI) for the associated generator L =
eA — VH -V of the diffusion. The proof is based on a refinement of the
two-scale approach introduced by Grunewald, Otto, Westdickenberg and Vil-
lani [GOVWO09|; and of the mean-difference estimate introduced by Chafal
and Malrieu [CM10]. The Eyring-Kramers formula follows as a simple corol-
lary from two main ingredients: The first one shows that the PI and LSI
constant of the diffusion restricted to a basin of attraction of a local mini-
mum scales well in €. This mimics the fast convergence of the diffusion to
metastable states. The second ingredient is the estimation of a mean-difference
by a weighted transport distance. It contains the main contribution to the PI
and LSI constant, resulting from exponentially long waiting times of jumps
between metastable states of the diffusion.

1. INTRODUCTION

Let us consider a diffusion on a potential landscape which is given by a sufficiently
smooth Hamiltonian function H : R™ — R. We are interested in the regime of low
temperature € > 0. The generator of the diffusion has the following form

L:=cA—VH-V. (1.1)

The associated Dirichlet form is given for a test function f : R™ — R by

&)= [(-Lnf du=c [ 947 d

The corresponding diffusion &; satisfies the stochastic differential equation, also
called over-damped Langevin equation (cf. e.g. [LL10])

d¢, = —VH(&) dt + v2e dB;, (1.2)

where B; is the Brownian motion on R"™. Under some growth assumption on H
there exists an equilibrium measure of the according stochastic process, which is
called Gibbs measure and is given by

p(dz) = Ziexp (—Hix)> dz  with 2, = /exp (- Hix)> de.  (1.3)

m

The evolution (1.2) of the stochastic process &; can be translated into an evolution
of the density of the process . Namely, under the assumption that the law of the

Date: July 9, 2012.

2000 Mathematics Subject Classification. Primary 60J60; secondary 35P15; 49R05.

Key words and phrases. diffusion process, Eyring-Kramers formula, Kramers Law, metastabil-
ity, Poincaré inequality, spectral gap, logarithmic Sobolev inequality, weighted transport distance.

1
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initial state &; is absolutely continuous w.r.t. the Gibbs measure u, the density fiu
of the process &; satisfies the Fokker-Planck equation (cf. e.g. [@ks98] or [Sch10])

Oift =Lfi=eAfi —VH-Vf.

We are particularly interested in the case where H has several local minima. Then
for small €, the process shows metastable behavior in the sense that there exists a
separation of scales: On the fast scale, the process converges quickly to a neigh-
borhood of a local minimum. On the slow scale, the process stays nearby a local
minimum for an exponentially long waiting time after which it eventually jumps to
another local minimum.

This behavior was first described in the context of chemical reactions. The
exponential waiting time follows Arrhenius’ law [Arr89] meaning that the mean
exit time from one local minimum of H to another one is exponentially large in the
energy barrier between them. By now, the Arrhenius law is well-understood even
for non-reversible systems by the Freidlin- Wentzell theory [FW98], which is based
on large deviations.

A refinement of the Arrhenius law is the Fyring-Kramers formula which ad-
ditionally considers pre-exponential factors. The Eyring-Kramers formula for the
Poincaré inequality (PI) goes back to Eyring [Eyr35] and Kramers [Kra40]. Both
argue that also in high-dimensional problems of chemical reactions most reactions
are nearby a single trajectory called reaction pathway. Evaluating the Hamiltonian
along this reaction coordinate gives the classical picture of a double well potential
(cf. Figure 1) in one dimension with an energy barrier separating the two local
minima for which explicit calculations are feasible.

A

sacldle

energy barrier

\/ local minima
>

global' minima

FI1GURE 1. General double-well potential H on R.

However, a rigorous proof of the Eyring-Kramers formula for the multidimen-
sional case was open for a long time. For a special case, where all the minima of
the potential as well as all the lowest saddle points in-between have the same en-
ergy, Sugiura [Sug95] defined an exponentially rescaled Markov chain on the set of
minima in such a way that the pre-exponential factors become the transitions rates
between the basins of the rescaled process. For the generic case, where the local
minima and saddles have different energies, the group of Bovier, Eckhoff, Gayrard
and Klein [BEGK04, BGKO05| obtained first-order asymptotics that are sharp in
the parameter €. They also clarified the close connection between mean exit times,
capacities and the exponentially small eigenvalues of the operator L given by (1.1).
The main tool of [BEGK04, BGKO05] is potential theory. The small eigenvalues are
related to the mean exit times of appropriate subsets of the state space. Further,
the mean exit times are given by Newtonian capacities which can explicitly be
calculated in the regime of low temperature .



PI AND LSI BY DECOMPOSITION OF THE ENERGY LANDSCAPE 3

Shortly after, Helffer, Klein and Nier [HKN04, HN06, HN05] also deduced the
Eyring-Kramers formula using the connection of the spectral gap estimate of the
Fokker-Planck operator L given by (1.1) to the one of the Witten Laplacian. This
approach makes it possible to get quantitative results with the help of semiclassical
analysis. They deduced sharp asymptotics of the exponentially small eigenvalues
of L and gave an explicit expansion in € to theoretically any order. An overview on
the Eyring-Kramers formula can be found in the review article of Berglund [Ber11].

In this work, we provide a new proof of the Eyring-Kramers formula for the
first eigenvalue of the operator L, i.e. its spectral gap. The advantage of this new
approach is that it extends to the logarithmic Sobolev inequality (LSI), which was
not investigated before. The LSI was introduced by [Gro75] and is stronger than the
PI. Compared to PI, the LSI has some advantages, which we outline in Remark 1.4.
Usually, the LSI is harder to deduce than the PI due to its nonlinear structure.

By deducing the Eyring-Kramers formula for the LSI, we encounter a surprising
effect: In the generic situation of having two local minima with different energies,
the Eyring-Kramers formula for the LSI differs from the Eyring-Kramers formula
for the PI by a term of inverse order in €. However, in the symmetric situation of
having local minima with the same energy, the Eyring-Kramers formula for the LSI
coincides with the corresponding formula for the PI (cf. Corollary 2.15).

We conclude the introduction with an overview of the article:

In Section 1.1, we introduce PI and LSI.

In Section 1.2, we discuss the setting and the assumptions on the Hamiltonian H.
In Section 2, we outline the new approach and state the main results of this work.
In Section 3 and Section 4, we proof the main ingredients of our new approach.
Namely, in Section 3 we deduce a local PI and a local LSI with optimal scaling in ¢,
whereas in Section 4 we estimate a mean-difference by using a weighted transport
distance.

In the appendices, we provide for the convenience of the reader some basic but
non-standard facts that are used in our arguments.

1.1. Poincaré and logarithmic Sobolev inequality.

Definition 1.1 (PI(p) and LSI(p)). Let X be an Euclidean space. A Borel prob-
ability measure p on X satisfies the Poincaré inequality with constant g > 0, if for
all test functions f: X — RT

var, (f) ::/<f—/f du>2dué é/IVfIQd/A PI(o)

In a similar way, the probability measure p satisfies the logarithmic Sobolev inequal-
ity with constant a > 0, if for all test function f : X — R™ holds

_ f 1V
Ent,, (f) ~—/f logffdu oz (] ) dp < ~ 37 dp =: I(fulp), LSI(a)

where I(fu|u) is called Fisher information. The gradient V is determined by the
Euclidean structure of X. Test functions are those functions for which the gradient
exists and the right-hand-side in PI(p) and LSI(«) is finite.

Remark 1.2 (Relation between PI(p) and LSI(a)). Rothaus [Rot78] observed that
LSI(c) implies PI(«). Therefore, we set f = 1+ ng for n small and find

Entu(fQ) = 2n? var,(g) + O(n?) as well as /|Vf|2 dp = n? / \Vg|2 dy.

Hence, if p satisfies LSI(«) then pu satisfies PI(«), which always implies a < p.
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The connection of the PI to the spectral gap of the operator L in (1.1) is the
variational characterization of the latter one.

Lemma 1.3. The spectral gap osc of the operator L has the variational character-
ization )
e E) IV dp

0sG = lrflf var, () EHJ}f var,(f) SG(osc)

where the infimum runs over all non-constant test functions f : R™ — R.

From the defintion of PI(9) and SG(osc) follows that the operator L has a spectral

gap of size psc = o¢ if and only if the Gibbs measure p satisfies PI(o) with optimal

constant o.

Remark 1.4 (Difference between LSI and PI). Using a Gronwall type argument it
is easy to see that the PI and the LSI imply exponential decay of the process &; to
equilibrium, i.e.

if u satisfies PI(p), then var, (f;) < exp(—2pet) var,(fo), and
if u satisfies LSI(p), then Ent,(f:) < exp(—2p¢et) Ent,(fo).

In order to give a meaning to the last two inequalites, one still has to estimate
the intial variance var,(fo) or the initial entropy Ent,(fo). Using a simple toy
example one can see an advantage of the LSI over the PI: We choose the Gibbs
measure p normally distributes as A'(0,1d). The initially state fou is also choosen
to be normally distributed according to N (0,0 Id) for some o > 0. Then direct
calculation reveals
2 .

var,(fo) = (ﬁ) -1 ifo<?2

whereas  Ent,(fo) = 2(0 —1-logo).
00 if o >2 2

1.2. Setting and assumptions. This article uses almost the same setting as found
in [BEGK04, BGKO05]. Before starting the precise assumptions on the Hamilton-
ian H, we introduce the notion of a Morse function.

Definition 1.5 (Morse function). A smooth function H : R" — R is a Morse
function, if the Hessian V2H of H is non-degenerated on the set of critical points.
More precisely, for some 1 < Cy < oo holds

1
VreS:={reR":VH =0} : G < ||V2H(z)| < Ch. (1.4)

We make the following assumption on the Hamiltonian H which despite the non-
degeneracy matter if the domain of H is unbounded. Hereby, we have to assume
stronger properties for H if we want to proof the LSI.

Assumption 1.6 (PI). We assume that H € C3*(R",R) is a Morse function.
Further, for some constants Cyg > 0 and Ky > 0 holds

1|ir|n inf [VH| > Cy. (Alpr)
xr|— 00
liminf [VH|* — AH > —Kjy. (A2p1)
|| —o00

Assumption 1.7 (LSI). We assume that H € C3(R™,R) is a Morse function.
Further, for some constants Cyg > 0 and Ky > 0 holds

2
Jim inf [V @) _ AH(z)

iI;f V?H(z) > —Kg. (A2ps1)

> Cy. (Alisr)
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Remark 1.8 (Discussion of assumptions). The Assumption 1.6 yields the following
consequences for the Hamiltonian H:

e The condition (Alp;) ensures that e~ # is integrable and can be normalized
to a probability measure on R™. Hence, the Gibbs measure p given by (1.3)
is well defined.

e A combination of the condition (Alpr) and (A2p1) ensures that there exists
a spectral gap for the operator L given by (1.1). Equivalently, this means
by the variational characterization of the spectral gap of L (cf. Lemma 1.3)
that the Gibbs measure u given by (1.3) satisfies a PI for sufficiently small €.

e The Lyapunov-type condition (A2pr) allows to recover the Poincaré con-
stant of the full Gibbs measure p from the Poincaré constant of the Gibbs
measure pp restricted to some ball B with radius R > 0 (cf. Section 3).

e The Morse Assumption (1.4) together with the growth condition (Alpr)
ensures that the set S of critical points is discrete and finite. In particular,
it follows that the set of local minima M = {mq,...,mps} is also finite,
ie. M :=#M < .

Similarly the Assumption 1.7 has the following consequences for the Hamiltonian H:

e The differences between the assumptions on H for the PI and the LSI
is that (Alpr) means at least linear growth at infinity for H, whereas a
combination of condition (Alpgr) and (A2:s1) yields quadratic growth at
infinity for H; that is

H
lim inf M

>Cy. (AO.s1)
Moreover, quadratic growth at infinity is also a necessary condition to ob-
tain LST (cf. [Roy07, Theorem 3.1.21.]).

e In addition, (Al;sy) and (A2;s1) imply (Alpr) and (A2p1), which is only
an indication that LSI(«) is stronger than PI(p) in the sense of Remark 1.2.
Whenever we refer to Assumption 1.6 the properties in question hold also
under the Assumption 1.7.

e The condition (Alrgr) also is a Lyapunov type condition. It only implies a
defective Wl-inequality (cf. Appendix G). To deduce LSI, one additionally
has to assume the condition (A2psr) (cf. Section 3).

The final non-degeneracy assumption is not really needed for the proof of the
Eyring-Kramers formula, but to keep the presentation feasible and clear. The saddle
height H(m;, m;) between two local minima m;, m; is defined by

A,y = inf { s 72 (5) 7 € OO B2 (0) = s (1) = s .

Assumption 1.9 (Non-degeneracy). There exists § > 0 such that:

(t) The saddle height between two local minima m;, m; is attained at a unique

~

critical point s; ; € S, i.e. it holds H(s; ;) = H(m;,m;). The point s; ; is
called optimal or communicating saddle between the minima m; and m;.
1t follows from Assumption 1.6 that s; ; is a saddle point of index one, i.e.
{z € R": (V2H(s; )x,x) <0} is one-dimensional.

(i) The set of local minima M = {mq,...,mp} is ordered such that my is the
global minimum and for all i € {3,..., M} yields

H(Sl’g) — H(mg) Z H(Sl’i) — H(mz) + 0.
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2. OUTLINE OF THE NEW APPROACH AND MAIN RESULTS

In this section we present the new approach to the Eyring-Kramers formula
and formulate the main results of this article. Because the strategy is the same
for the PI and LSI, we deal with both cases simultaneously. The approach uses
ideas of the two-scale approach for LSI [GOVW09, OR07, Lel09] and the method
by [CM10] to deduce PI and LSI estimates for mixtures of measures. However, the
heuristics outlined in the introduction provide a good orientation for our proceeding.
Remember that we have a splitting into two time-scales:

e the fast scale describes the fast relaxation to a local minima of H and
e the slow scale describes the exponentially long transitions between local
equilibrium states.

Motivated by these two time scales, we specify in Section 2.1 a splitting of the
measure y into local measures living on the basin of attraction of the local minima
of H. This splitting is lifted from the level of the measure to the level of the
variance and entropy. In this way, we obtain local variances and entropies, which
heuristically should correspond to the fast relaxation, and coarse-grained variances
and entropies, which should correspond to the exponentially long transitions.

Now, we handle each contribution separately. The local variances and entropies
are estimated by local PI (cf. Theorem 2.6) and local LSI respectively (cf. Theo-
rem 2.7). The heuristics suggest that this contribution should be of higher order
because this step only relies on the fast scale.

Before we can estimate the coarse-grained variances and entropies, we have to
bring them in the form of mean-differences. This is automatically the case for
the variances. However, for the coarse-grained entropies one has to apply a new
weighted discrete LSI (cf. Section 2.2), which causes the difference between the
PI and LSI in the Eyring-Kramers formula. The main contribution to the Eyring-
Kramers formula (cf. Corollary 2.12 and Corollary 2.14) results from the estimation
of the mean-difference, which is stated in Theorem 2.9.

At this point let us shortly summarize the the main results of this article:

e We provide good estimates for the local variances and entropies (cf. Sec-
tion 2.3.1) and

e We provide sharp estimates for the mean-differences (cf. Section 2.3.2).

e From these main ingredients, the Eyring-Kramers formulas follow as simple
corollaries (cf. Section 2.3.3).

We close this chapter with a discussion of the optimality of the Eyring-Kramers
formula for the LSI in one dimension (cf. Section 2.4).

2.1. Partition of the state space. The inspiration to use a partition of the state
space comes from the work [JSTV04] for discrete Markov chains. Motivated by
the fast convergence of the diffusion & given by (1.2) to metastable states, we
decompose the Gibbs measure p into a mixture of local Gibbs measures p; in the
following way: To every local minimum m; € M for i = 1,..., M we associate its
basin of attraction €); defined by

Q; = {y eR"™: tlifgoyt =m, Y = —VH(y),y0 = y} .

Up to sets of Lebesgue measure zero, the set Py, = {Qz}f‘il is a partition of R".
We can associate the local Gibbs measure u; to each element of the partition 2; as
the restriction of u

wi(dz) = 1q,(z) exp (— Hix)) dz, where Z; = u(). (2.1)

ZiZu
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The marginal measure [ is given by a sum of Dirac measures i = Z101+---+Zp0n-
We note that >, Z; = 1, since {Q,}ﬁl is a partition of R™ and u a probability
measure. The starting point of the argument is a representation of the Gibbs
measure p as a mizture of the mutual singular measures p;, namely

w=2Zyp1+- -+ Zyphn- (2.2)

The decomposition of ;1 can be lifted to a decomposition of the variance var,(f)
and entropy Ent,(f) by a straightforward substitution of the mixture representa-
tion (2.2) of . The equations below were also used in [CM10, Section 4.1].

Lemma 2.1 (Splitting of variance and entropy for partition). For all f : R" — R
holds

M M

var(f) = 3 Zivan, (1) + 33 22, (B () B, (1) (23)
1;4 1=1 3>

Ent,(f) = Z Z;Ent,, (f) + Ent; (f) . (2.4)

We call the terms var,,(f) and Ent,,(f) local variance and local entropy. The
term (B, (f) — By, (f))2 is called mean-difference and Ent(f), denoted by coarse-
grained entropy, s given by
M _
Ent; (f) =Y Zifi log ZMfZ (2.5)

i=1 j=1437J
where f(i) = f; = E,, (f)-

2.2. Discrete logarithmic Sobolev type inequalities. From (2.4) we have to
estimate the coarse-grained entropy Entg( f). From the heuristic explanation, we
expect that the main contribution comes from this term, which we want to treat
further. If H has only two minima, we can use the following discrete LSI for a
Bernoulli random variable, which was found by Higuchi and Yoshida [HY95] and

Diaconis and Saloff-Coste [DSC96, Theorem A.2.] at the same time.

Lemma 2.2 (Optimal logarithmic Sobolev inequality for Bernoulli measures). A
Bernoulli measure p, on X = {0,1}, i.e. a mizture of two Dirac measures p, =
pdo + g1 with p+ q = 1 satisfies the discrete logarithmic Sobolev inequality

pq 2
Ent, (f%) < f(0) = f(1 2.6
o () A(p,q)( (0) = f(1)) (2.6)
with optimal constant given by the logarithmic mean (c¢f. Appendiz A)
pP—q .
Ap,q):=17———, forp#q and A(p,p):=lim Ap,q) =p.
logp —loggq a—p

We want to handle the general case with more than two minima. Therefore, we
need to answer the question of how to generalize Lemma 2.2 to discrete measures
with a state space with more than two elements. An application of the modified
LST for finite Markov chains of Diaconis and Saloff-Coste [DSC96, Theorem A.1.]
would not lead to an optimal results (cf. [Sch12, Section 2.3.]). Even for a generic
Markov chain on the 3-point space, the optimal logarithmic Sobolev constant is
unknown. Therefore, we will use the following direct generalization of Lemma 2.2,
which is a type of weighted LSI.
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Lemma 2.3 (Weighted logarithmic Sobolev inequality). For m € N let p,, =
2211 Z;0; be a discrete probability measure and assume that min; Z; > 0. Then for
a function f :{1,...,m} — ]RJr holds the weighted logarithmic Sobolev inequality

Ent,,, (f?) <ZZA Z“Z - ). (2.7)

=1 j>1

Proof. We conclude by induction and find that for m = 2 the estimate (2.7) just
becomes (2.6), which shows the base case. For the inductive step, let us assume
that (2.7) holds for m > 2. Then, the entropy Ent,,, ., (f?) can be rewritten as
follows

EntMerl (f2) = (1 - Zm+1) Entﬂm(fQ) + EntV(f)7

where the probability measure fi,, lives on {1,...,m} and is given by
~ K3
= —;.
o= Y

Further, v is the Bernoulli measure given by v := (1 — Z,,4+1)d0 + Zm+101 and the
function f:{0,1} — R is given with values

. " Zif? .
fo= Zifz and  f1:=f7 .0

i L Zmn

Now, we apply the inductive hypothesis to Entg, (f 2) and arrive at

1~ Znm
(1= Zm+1) Enty,, (f*) < (1= Zinga ZZ 1—Z mi1)? A(Z; Z+; (o= 1)
=1 j>l v

G Z;Z;

where we used A(-,-) being homogeneous of degree one in both arguments (cf.
Appendix A), i.e. A(Aa, A\b) = AA(a,b) for A,a,b > 0. We can apply the inductive
base to the second entropy Ent, ( f), which in this case is the discrete LSI for the
two-point case (2.6)

5 Zm+1(1 = Zm+1)
Ent,(f) < — 2.8
nt, (f) < A d— Zoa) \V fo— f1 (2.8)
The last step is to apply the Jensen inequality to recover the square differences
(fz — fm+1)2 from

m
f Zif‘2 2
(\/ fo \ f1) ~ =t Jmt1 + g1
>zl 11 ZZ"f:+1
2
Z 1— fm+1) .

i=1 m+1

We obtain in combination with (2.8) the following estimate

Ent,(f) < Imi1 Zi ( )2
(f)— A(Zm+1,1— m+1 Z f +1)

To conclude the assertion, we first note that 1 — Z,,,41 = ijl Z; > Zj for j =
1,...,m. Further, A(a,-) is monotone increasing for a > 0, i.e. dpA(a,b) > 0 (cf.
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Appendix A). Both properties imply that A(Zp11,1 — Zny1) > A(Zpm+1, Z;) for
j=1,...,m, which finally shows (2.7). O

We are now able to estimate the coarse-grained entropy Entﬂ(ﬁ) occuring in
the splitting of the entropy (2.4) with the help of Lemma 2.3. This generalizes the
approach of [CM10, Section 4.1.] to the case of finite mixtures with more than two
components.

Lemma 2.4 (Estimate of the coarse-grained entropy). The coarse-grained entropy
n (2.5) can be estimated by

M

— ZZV
o () <35 (S 225000 5= 22, )50
i= Ve

where f2:{1,...,M} — R is given by f2 :=E,,(f?).

Proof. Since ji = Z161 + -+ - + Zp 0 is finite discrete probability measure, we can
apply Lemma 2.3 to Ent;(f?)

Entj(f2)) <;§AZ“Z (\/7 f) (2.10)

The square-root-mean-difference on the right-hand side of (2.10) can be estimated
by using the Jensen inequality

(V By, (£2) — /By, (f2)) < By (f2) — 24/ By, (F)E,, (£2) +By,, ()
2B, () (f) (2.11)
< By, (f2) = 2B, (N)E, () + By, (F)
= var,,, () + var,, (f) + (B, (f) — B, ()

Now, we can combine (2.10) and (2.11) to arrive at the desired result (2.9). O

The combination of the splitting Lemma 2.1 with the above Lemma 2.4 results
in an estimate of the entropy in terms of local variances, local entropies and mean-
differences.

Corollary 2.5. The entropy of f with respect to p on a partition {Ql}f\il with
restricted probability measures p; on €; can be estimated by

Ent,(f <ZZ Ent,,, (f?) +ZZAZ Z) var,, (f)

i=1 j#i

M (2.12)
R3S W72 En D= Bu ()’

2.3. Main results. The main results of this work are good estimates of the single
terms on the right-hand side of (2.3) and (2.12). In detail, we need the local PI and
the local LSI provided by Theorem 2.6 and Theorem 2.7. Furthermore, we need
good control of the mean-differences, which will be the content of Theorem 2.9. Fi-
nally, the Eyring-Kramers formulas in Corollary 2.12 and Corollary 2.14 are simple
consequences of these representations and estimates.



10 GEORG MENZ AND ANDRE SCHLICHTING

2.3.1. Local Poincaré and logarithmic Sobolev inequalities. Let us now turn to the
estimation of the local variances and entropies. From the heuristic understanding
of the process &; given by (1.2), we expect a good behavior of the local Poincaré and
logarithmic Sobolev constant for the local Gibbs measures p,; as it resembles the
fast convergence of & to a neighborhood of the next local minimum. Therefore, the
local variances and entropies should not contribute to the leading order expansion
of the total Poincaré and logarithmic Sobolev constant of ;. This idea is quantified
in the next both theorems.

Theorem 2.6 (Local Poincaré inequality). Under Assumption 1.6, the local mea-

sures {Ni}iAi1; obtained by restricting p to the basin of attraction Q; of the local
minimum m; (cf. (2.1)), satisfy P1(o;) with

oyt =0(e).

Theorem 2.7 (Local logarithmic Sobolev inequality). Under Assumption 1.7, the

local measures {,ui}f\il, obtained by restricting p to the basin of attraction §; of the
local minimum m; (cf. (2.1)), satisfy LSI(c;) with

;b =0(1).

K3

Even if there are simple heuristics for the validity of Theorem 2.6 and Theo-
rem 2.7, the proof is not straightforward. The reason is that our situation goes
beyond the scope of the standard tools for PI and LSI:

e The Bakry-Emery criterion (cf. Theorem 3.1) cannot be applied because
we do not have a convex Hamiltonian.

e A naive application of the Holley-Stroock perturbation principle (cf. Theo-
rem 3.2) would yield an exponentially bad dependence on the parameter .

e One cannot apply a simple Lyapunov argument, because one cannot impose
a drift condition due to the saddles on a basin of attraction.

Therefore, we are forced to apply a more subtle Lyapunov argument, which is based
on a perturbation argument and on an explicit construction of a Lyapunov function.
We outline the argument for Theorem 2.6 and Theorem 2.7 in Section 3.

Remark 2.8 (Optimality of Theorem 2.6 and Theorem 2.7). The one-dimensional
case indicates that the results of Theorem 2.6 and Theorem 2.7 for a Gibbs measure
obtained from restricting its Hamiltonian H to the basin of attraction 2 of a local
minimum is the best behavior in €, which one can expect in general. The optimality
in the one-dimensional case was investigated in [Sch12, Section 3.3.] by using the
Muckenhoupt functional [Muc72| and Bobkov-Gétze functional [BG99).

2.3.2. Mean-difference estimate. Let us now turn to the estimation of the mean-
difference (E,, (f) — E,, (f))2 From the heuristics and the splitting of the vari-
ance (2.3) and entropy (2.12), we expect to see in the estimation of the mean-
difference the exponential long waiting times of the jumps of the diffusion &; given
by (1.2) between the basins of attraction ;. We have to find a good upper bound
for the constant C' in the inequality

(B (f) — By (f)" < C/ V£ dp.

Therefore, we introduce in Section 4.1 a weighted transport distance between proba-
bility measures which yields a variational bound on the constant C'. By an approx-
imation argument (cf. Section 4.2), we give an explicit construction of a transport
interpolation (cf. Section 4.3), which allows for asymptotically sharp estimates of
the constant C.
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Theorem 2.9 (Mean-difference estimate). Under Assumption 1.6, the mean-dif-
ferences between the measures p; and pij fori=1,... M =1l and j=i+1,...,.M
satisfy

2. Zy 27me/|det V2H (s; ;)| eH(s;-,j)

™ (2me)E 1A= (si5)]

(B ()~ By (1) [Vt an (213)
where A~ (s; ;) denotes the negative eigenvalue of the Hessian V?H(s; ;) at the 1-
saddle s; ; defined in Assumption ii. The symbol S means < up to a multiplicative
error term of the form

1+ O(y/e |log e|%)
The proof of Theorem 2.9 is carried out in full detail in Section 4.

Remark 2.10 (Multiple minimal saddles). In Assumption 1.9, we demand that there
is exactly one minimal saddle between the local minima m; and m;. The technique
we will develop in Section 4 is flexible enough to handle also cases, in which there ex-
ists more than one minimal saddle between local minima. The according adaptions
and the resulting theorem can be found in [Sch12, Section 4.5.].

Remark 2.11 (Relation to capacity). The quantity on the right-hand side of (2.13) is
the inverse of the capacity of a small neighborhood around m; w.r.t. to a small neigh-
borhood around m;. The capacity is the crucial ingredient of the works [BEGKO04|
and [BGKO5].

2.3.3. Eyring-Kramers formulas. Now, let us turn to the Eyring-Kramers formulas.
Starting from the splitting obtained in Lemma 2.1 and Corollary 2.5, we will see
how a combination of Theorem 2.6, Theorem 2.7 and Theorem 2.9 immediately
leads to the multidimensional Eyring-Kramers formulas for the PI (cf. [BGKO5,
Theorem 1.2]) and LSI.

Corollary 2.12 (Eyring-Kramers formula for Poincaré inequality). Under As-
sumption 1.6, the measure p satisfies P1(p) with

<77 Z, 2me\/|det V2(H(s1,2))] JLCEL (2.14)
e ()] ’ |

1

where A\~ (s1.2) denotes the negative eigenvalue of the Hessian V2H (s12) at the 1-
saddle s12. Further, the order is given such that H(my) < H(m;) and H(s12) —
H(ms) is the energy barrier of the system in the sense of Assumption 1.9.

Proof. We start from the decomposition of the variance into local variances and
mean-differences given by Lemma 2.1. Then, an application of Theorem 2.6 and
Theorem 2.9 yields the estimate

vary(f) <D Zivar, (f) + 323 ZiZ; (B (f) = By ()

i g<i

2

(2.15)

7:7; 7, 2ne\/|det V2H (s; ;)| HGip 2
<O0(@) |+ A = : /v du.
SOE | +2.2 ey T e VI dp
1 J>1 7
The final step is to observe, that by Assumption 1.9, the exponential dominating
term in (2.15) is given for i =1 and j = 2. O

In [BGKO05, Theorem 1.2]) it is also shown that the upper bound of (2.14) is
optimal by an approximation of the harmonic function. Therefore, in the following
we can assume that (2.14) holds with = instead of <.
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Remark 2.13 (Higher exponential small eigenvalues). The main result of [BGKO05,
Theorem 1.2] does not only characterize the second eigenvalue of L (i.e. the spec-
tral gap) but also the higher exponentially small eigenvalues. In principle, these
characterizations can be also obtained in the present approach: The dominating
exponential modes in (2.15), i.e. those obtained by setting i = 1, correspond to the
inverse eigenvalues of L for j = 2,..., M. By using the variational characteriza-
tion of the eigenvalues of the operator L (cf. Lemma 1.3), the other exponentially
small eigenvalues may be obtained by restricting the class of test functions f to the
orthogonal complement of the eigenspaces of smaller eigenvalues.

Corollary 2.14 (Eyring-Kramers formula for logarithmic Sobolev inequalities).
Under Assumption 1.7, the measure p satisfies LSI(«) with

z < YAVA Zl‘« 2715\/|detv2(H(51,2))| eH(51,2) N 1 1
a ™~ M2y, Z2) (2me)s |A=(s1,2)] MZ1,Z3) o

. (2.16)

where A\~ (s12) denotes the negative eigenvalue of the Hessian V*H (s12) at the 1-
saddle s1,2. Further, where we assume that the ordering is given such that H(my) <
H(m;) and H(s1,2) — H(mg) is the energy barrier of the system in the sense of
Assumption 1.9.

Proof. The starting point is the estimate in Corollary 2.5 from which we are left
to bound the local entropies and variances as well as the mean-differences. The
according bounds are the statements of Theorem 2.6, Theorem 2.7 and Theorem 2.9
and lead to

Ent, (f2) < O(1 ZZ/\W\ du; + O ZZAZ o /|Vf| dus

Ny s (2.17)
AV Zy, 2me+/|det VQH(SZ‘_jﬂ H(si,5) / 2
. : : v/ dp.
LNz B e ¢ VT

The first term on the right-hand side of (2.17) is just O(1 f\Vf\ dp. For es-
timating the second term, we have to take care of the expression and use the
one-homogeneity of A(-,-) (cf. Appendix A)

Z;
ZiZj log 7 Z
=7; L = 7Z;P (—7) , where P(z) :=
AZe2) = DT Z (@)

log x
. 2.18
- (2.18)

The function P(x) is decreabing and has a logarithmic singularity in 0. Therefore,
we have to take care when Z 7 becomes small. Let us therefore do an asymptotic

evaluation of Z Z’ which can be deduced from

H 2me) 2 nt1 H(m,
ZiZ, z/ e~ dx = __(re): +O0(e : )| e” e (2.19)
Q; det V2H (m;)

This formula immediately leads to the identity

7. V2H (m; H(m;)—H(mj)
i) ~ 7(7/”]) e € . s (220)
Zj VQH(mZ)
which becomes exponentially small provided that H(m;) > H(m;). In particular,
using the expression (2.19) in (2.18) results in

7,7,

N7 7))~ Z;0(eh). (2.21)



PI AND LSI BY DECOMPOSITION OF THE ENERGY LANDSCAPE 13

Hence, also the second term in (2.17) can be estimated by O(1) [ |V f]*du. This
shows that the third term dominates the first two on an exponential scale. This
leads to the estimate

M
Z;7Z; Z, 2me\/|det VZH(s; ;)| HGip
Entu(fQ)SJZZA J 13 | ( J)|€ = |Vf|2d/,6

(Zi, Z;) (2me) % IA~(si,5)

i=1 j>i

From Assumption 1.9 together with (2.19) and (2.21) follows that the exponential
leading order term is given for i = 1 and j = 2. O

Corollary 2.15 (Comparison of ¢ and « in special cases). Let us state two specific

cases of (2.14) and (2.16). Therefore, let {ﬁf}ﬁl denote the Hessian of H evaluated
at the minima m;, i.e.

K7 = det V2H (m;).
Firstly, if H(m1) < H(ma), it holds

11 2me/|det V2(H (s1,2))] eH(st)E—H(mz)7 (2.22)
0 K2 (A~ (s1,2)]

2< <H(m2) —Hm) |, <”1>> 1 (2.23)
o € K2 1%

A special case occurs when H(mq1) = H(ms) and the constants take the form

1 - 1 27T6\/|det V2(H(8172))‘ H(sy 2)—H(mg) (2 24)
0 kit ho A~ (51,2)] ’ '

2 < 1 2mey/|det V2(H(s1,2))] JLICHIE (2.25)
a ™ Ak, K2) A~ (s51,2)]

Proof. If H(my) < H(msz), then holds by (2.19) Z; = 1+ O (efw)

Therefore, the factor Z;Z, (QZ“) 7 evaluates with (2.19) to
e
2.7, Zy, ~ 1 _ H(mp)

n (& € 3
(2me)2 /det V2H (ms)

which leads to (2.22). For the LSI, we additionally have to evaluate the factor

ﬁ which can be done with the help of (2.20)
1 Z; H(mg)—H(mj)
- (o)
NZ,z) ~ ez Lol
(2.20) V2H(mj;) _ HOn)-—HOmy)
~ 10g R— ) & .

That is already the estimate (2.23).
Let us turn now to the case H(m;) = H(ms). Then, we can evaluate Z,, like
in (2.19) and obtain by assuming H(m;) = H(ms) =0

Z,= ((27:31)3 - (27;2)3 +O(e”21)) .

Therewith, the factor Z;Z5 ? Z“)% results with (2.19) in
e

27, Zy (2me): Z1Z, 727, 1 o111
(2me) % Z, (2me)7 (2me)® 4L KL K2 K1tk
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which precisely leads to the expression (2.24). By using the homogeneity of A(:,-)
(cf. Appendix A) and (2.19) follows for the LSI

2%, Z, 1 1

A(Z]_7ZQ) (27&3‘)% o A<(2ﬂ'8)% (2#5)%) - A(I’ig,l’il)'

Z2Zy 0 Z1Z,

Finally, the result (2.25) is a consequence of the symmetry of A(:,-). O

Remark 2.16 (Identification of o and ). Remark 1.2 shows that always o < p. Let

us introduce the shorthand notation k; = /det V2H(m;). We want to compare

the case when H(mq) = H(ms2) where we observe by comparing (2.24) and (2.25)
K1+k2

4 2
1<=<—. 2.26
~ a ™ Ak, Kk2) (2.26)
The quotient in (2.26) consists of the arithmetic and logarithmic mean. The lower
bound of 1 can also be observed by applying the logarithmic-arithmetic mean in-
equality from Lemma A.1. Moreover equality only holds for k1 = k2. Hence, only

in the symmetric case with k1 = k2 holds ¢ ~ «.

Remark 2.17 (Relation to mixtures). If H(m;) < H(mz), then (2.23) gives

e < 1 log (@ew) A L [log Zs|, where Zs = (). (2.27)

o 2 K1 2
which shows an inverse scaling in e. Different scaling behavior between Poincaré
and logarithmic Sobolev constants was also observed by Chafal and Malrieu [CM10]
in a different context. They consider mixtures of probability measures vy and 14
satisfying PI(p;) and LSI(c;), i.e. for p € [0,1] the measure v, given by

vp =pro+ (1 —p)rs.

They deduce conditions under which also v, satisfies PI(g,) and LSI(«,) and give
bounds on the constants. They show in the one-dimensional case examples where
the Poincaré constant stays bounded, whereas the logarithmic Sobolev constant
blows up logarithmically, when the mixture parameter p goes to 0 or 1. The common
feature of the examples they deal with is vy < vy or v < v;. This case can
be generalized to the multidimensional case, where also a different scaling of the
Poincaré and logarithmic Sobolev constants is observed. The details can be found
in [Sch12, Chapter 6].
In the present case the Gibbs measure p has also a mixture representation given
in (2.2). In the two-component case it looks like

w= 211 + Zapo.

Let us emphasize, that p; L ps. (2.27) shows also a logarithmic blow-up in the
mixture parameter Zs for the ratio of the Poincaré and the logarithmic Sobolev
constant.

2.4. Optimality of the logarithmic Sobolev constant in one dimension. In
this section, we want to give a strong indication, that the result of Corollary 2.14
is optimal. Therefore, we will explicitly construct a function attaining equality
in (2.16) for the one dimensional case. Therefore, let p be a probability measure on
R having as Hamiltonian H a generic double-well (cp. Figure 2). Namely, H has
two minima m; and my with H(m) < H(msz) and a saddle s in-between. Then,
Theorem 2.14 shows

inf f(g/)Zdiu’ > A(ZDZQ) Vv 2me V |H”(S)| 671{(5)_:{(7"2)
g:f g2dp=1 [g*logg?dp ~ Z1Z,  Z, 2me ’

(2.28)
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A
H(s) .
energy barrier
Hlma) N4 T
0 o >

mi

FIGURE 2. Double-well potential H on R (labeled).

We have to construct a function g attaining the lower bound given in (2.28)
satisfying H(m1) < H(mz). We make the following ansatz for the function g and
firstly define it on some small J-neighborhoods around the minima m;y,my and the
saddle s:

g(my) ,x € Bs(my)
y—s)2
9(@) = | glma) + Lot [0 o= dy € By(s)
olm:) o & Byma).

The ansatz contains the parameters g(my), g(ms) and o. Furthermore, we as-
sume that in-between the d-neighborhoods g is extended to a smooth function in a
monotone fashion.

The measure p is given by

Y {€5) _ H(a)
p(dz) = —e "¢ | where Z,= [ e = da.
Zn

We fix Z,, by assuming that H(m;) = 0. We can represent x as the mixture
W= 2Zip1 + Zaps, where p1 = pLy and  po = Lo,

hereby, Q0 = (—00,s) and Qy = (s,00) and Z; = p(£;) for ¢ = 1,2, which implies
Z1+Zy = 1. Then, for the ansatz g, we find via an asymptotic evaluation of [ g2du
!
/gzdu ~ 719 (m1) + Zag”(m2) = 1.
This motivates the choice

1-— 1-—
and g*(my) = Z2T = 1_7;1, for some 7 € [0, 1]

-
Zy

g*(my) =

Let us now calculate the denominator of (2.28)

1-
/92 log g*dp = 71log S (1—7)log T (2.29)
Z Zy
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The final step is to evaluate the Dirichlet energy [(g’)?dp. Therefore, we do a Taylor
expansion of H around s. Furthermore, since s is a saddle, it holds H”(s) < 0

— 2 z—s)2 H(x)
N2du ~ (g(mz) — g(my1)) / o _HG)
/(g) . Z,, 2meo Bs( )e v

) —stm) g (e et
- Z[L 271'50' Bg(s)

2.30
L)) s [t g, (2:30)
Z, 2neo Bs(s)

( [T /1—7’)2 V2re _HEo 1 1
R — = — —— e s —
Zl ZQ Z[L 271'50, %—FH"(S)
where we assume that o is small enough such that 2+H"(s) > 0. The last step is to

minimize the right-hand side of (2.30) in o, which means to maximize the expression

20 + 02H"(s) in 0. Elementary calculus results in o = —H,,l(s \H”(s)| > 0 and

therefore
20y ~ T 1= ? V2me /|H"(s)| .0
N V7 V7S Z, Ime

Hence, we have constructed by combining (2.29) and (2.31) an upper bound for the
optimization problem (2.28) given by a one-dimensional optimization in the still
free parameter T € (0,1)

2
T 1-—7
. (\/ Zi T\ 7z ) V2re /|H"(s) _f)
min

re(0.1) | 7log 7~ + (1 —7)log 12—27 Z, 2me

(2.31)

The minimum in 7 is attained according to Lemma A.3 for 7 = Z,

<\/§j?7 \/%)2 _ A(ZhZz).

min
7€(0.1) Zylog 2% + Zy log 2L Z1 7

3. LOCAL POINCARE AND LOGARITHMIC SOBOLEV INEQUALITIES

In this section, we want to proof the local PI of Theorem 2.6 and the local LSI
of Theorem 2.7. Therefore, we consider only one of the basins of attraction ; for
fixed 7 and we can omit the index i. We will write €2 and p instead of €; and u;
respectively. Further, we assume w.l.o.g. that 0 € ) is the unique minimum of H
in €.

Let us begin with stating the two classical conditions for PI and LSI. The first
one is the Bakry-Emery criterion which states the convexity of the Hamiltonian
exhibits good mixing for the associate Gibbs measure.

Theorem 3.1 (Bakry-Emery criterion [BES5, Proposition 3, Corollaire 2|). Let H

be a Hamiltonian with Gibbs measure p(dz) = Z,; le=="H®)dy and assume that
V2H(x) > X\ >0 for all x € R™. Then u satisfies PI( ) and LSI(«) with

A A

0> — and o> —

€ e’

The second condition is the Holley-Stroock perturbation principle, which allows
to show PI and LSI for a very large class of measures. However, in general the
constant obtained from this principle will be not optimal in terms of scaling with
the temperature €.
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Theorem 3.2 (Holley-Stroock perturbation principle [HS87, p. 1184]). Let H be
a Hamiltonian with Gibbs measure p(dz) = Z;le_sle(”’)dx. Further, let ¢ be a
bounded function and denote by [i the Gibbs measure with Hamiltonian H + 1, i.e.
p(de) = — s and  p(dz) = Ry,
Z;L Zﬁ
Then, if v satisfies PI(o) or LSI(«) then also i satisfy P1(0) or respectively LSI(&).
Hereby the constants satisfy the relations

osc _osci

0>e = p and a>e = a, (3.1)

where osc := sup Y — inf 1.

For the proofs relying on semigroup theory of Theorem 3.1 and Theorem 3.2 we
refer to the exposition by Ledoux [Led01, Corollary 1.4, Corollary 1.6 and Lemma
1.2]. The only difference is, that we always explicitly express the temperature e
and consider H being e-independent.

Let us summarize the reasons, why we cannot directly apply the above standard
criteria for the PI and LSI to a Hamiltonian restricted to the basin of attraction of
a local minimum.

e The criterion of Bakry-Emery [BE85| does not cover the present situation,
because in general H is not convex on the basin of attraction (.

e The perturbation principle of Holley-Stroock [HS87] cannot be applied
naively because it would yield an exponentially bad dependence of the
Poincaré constant p on €.

Nevertheless, we will use both of them in the proof. The perturbation principle of
Holley-Stroock will be used very carefully. In particular, we will compare the mea-
sure p with a measure [i, which is obtained from the construction of a perturbed
Hamiltonian H. such that |H — H.||cc = O(¢) in Q. The condition of slight per-
turbation allows to compare the Poincaré and logarithmic Sobolev constants of p
and i upto an e-independent factor. The second step consists of a Lyapunov argu-
ment developed by Bakry, Barthe, Cattiaux, Guillin, Wang and Wu (cf. [BBCGO0S],
[BCGO§], [CGW10] and [CGWWO09]). The Lyapunov conditions shows similarities
to the characterization of the spectral gap by Donsker and Varadhan [DV76]. We
will state a Lyapunov function for i, which will allow to compare the scaling behav-
ior for the Poincaré and logarithmic Sobolev constants with the truncated Gibbs
measure fi, (cf. Definition 3.5 and Lemma 3.6).

The following definition is motivated by the Holley-Stroock perturbation princi-
ple and becomes eminent from the subsequent Lemma 3.4.

Definition 3.3 (s-modification H. of H). We say that H. is a e-modification of H,
if for all € small enough H, is of class C2(Q2) N C°(2) and satisfies the condition:
H. is e-close to H, i.e. there exists an e-independent constant Cz > 0 such that

Vo € Q: |Ho(x)— H(z)| < Cpe. (H.)

The associated modified Gibbs measure £ obtained from the e-modified Hamilton-
ian H. of H is given by
1
S (da) —
fi(dz) Z

_He
e = dux.

Lemma 3.4 (Perturbation by an e-modification). If the e-modified Gibbs measure
i satisfy P1(9) and LSI(&) then the associated measure u also satisfies PI(p) and
LSI(«), where the constants fulfill the estimate

0>e Cng and a>e ¢

Q. (3.2)
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Proof. We just can apply Theorem 3.2 with H replaced by Hand ¢ = H— H.
Finally, observe that by (H.) holds

osctp = sup(H — H) — inf(H — H) < 2|H — H| < 2Cge¢.
Therewith, the bound (3.1) becomes (3.2). O

Definition 3.5 (Truncated Gibbs measure). To the Gibbs measure p we associate
by fi, the truncated measure obtained from p by restricting it to a ball of radius
a+/e around 0 for some a > 0

_H(=)

fla(dz) = —— 1p, (z) e” = da.

Lemma 3.6 (PI and LSI for truncated Gibbs measure). The measure fi, satisfies
PI(4) and LSI(&) for € small enough, where

1 1

-=0 d —=0(e). 3.3

2=06)  ad £ =0() (33)
Proof. In the local minimum 0 of Q the Hessian of H is non-degenerated by As-
sumption 1.6 or 1.7. Therefore, for € small enough, H is strictly convex in B, z

and satisfies by the Bakry-Emery criterion (cf. Theorem 3.1) PI(p) and LSI(&)
with ¢ and & obeying the relation (3.3). O

3.1. Lyapunov conditions ...

3.1.1. ... for Poincaré inequality. In this subsection, we will show that there exists
an e-modified Hamiltonian H, which ensures that the Poincaré constant of fi is of
the same order as the Poincaré constant of the truncated measure fi, from Defini-
tion 3.5. Therefore, we will state a Lyapunov function for the measure fi. Firstly,
let us introduce the notion of a Lyapunov condition.

Definition 3.7 (Lyapunov condition for Poincaré inequality). Let H : Q@ — R be
a Hamiltonian and let

Io(z) H@
dx) = e "«

p(dz) 2

denote the associated Gibbs measure p at temperature . Then, W : Q — [1,00) is

a Lyapunov function for H provided there exist constants R > 0, b > 0 and A > 0

such that

dx

1
- LW < W +b 1, (3.4)

[BBCGOS] is recommended for further information on the use of Lyapunov con-
ditions for deducing PI. The main ingredient of this technique is the following
statement:

Theorem 3.8 (Lyapunov condition for PI [BBCGO08, Theorem 1.4.]). Suppose that
H fulfills the Lyapunov condition (3.4) and that the restricted measure pg given by

1
pr(de) = p(dr)q,= 2 (7) pu(dz), where Qr=QNBg
1(S2r)

satisfies PI(og). Then, p also satisfies P1(p) with constant

0=

b+ or er:

We want to apply Theorem 3.8 to our situation. Hence, we do not only have to
verify the Lyapunov condition (3.4) but also have to investigate the dependence of
the constants R, b and A on the parameter €. Therefore, we will explicitly construct
an e—modification H. of H in the sense of Definition 3.3. More precisely, we deduce
the following statement:
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Lemma 3.9 (Lyapunov function for PI). Without loss of generality we may assume
that 0 € Q) is the unique minimum of H in . Then, there exits an e—modification
H. of H in the sense of Definition 3.3 such that for some constant a > 0 large

enough holds with Ay > 0
1, - 1 ~ Ao
—AH_(z) — —|VH.(2)]* < - = ! > : :
5o AH:(2) = 5| VH(2)]" < == forall |z > ave (3.5)

In particular, H, satisfies the Lyapunov condition (3.4) with Lyapunov function

1 - b A
W (z) = exp <26H€(x)> and constants R = av/e, b< ;0, and A > ?0. (3.6)

If the above lemma holds true the content of the local PI of Theorem 2.6 is just
a simple consequence of a combination of Theorem 3.8 and Lemma 3.4. We will
outline the proof in Section 3.2. Likewise, the statement of Lemma 3.9 directly
follows from the following two observations.

Lemma 3.10. Assume that the Hamiltonian H satisfies the Assumption (AZ2p1).
Then, there is a constant 0 < Cyg < 0o and 0 < R < oo such that
AH(z) |VH(z)|? < Cu
2 4?2 T ¢
Moreover, let us assume that H is a Morse function in the sense of Definition 1.5.
Additionally, let S denote the set of all critical points of H in Q; that is
S={yeQ|VH(y) =0}.

Then, there exists a constant 0 < cy depending only on H such for a > 0 and ¢
small enough holds

\VH(z)| > crav/e for allz ¢ | ] B, z(y)- (3.8)
yeS

for all |z| > R. (3.7

In particular, this implies that there is a constant Cy > 0 such that

AH VH@@)]? = C
25@) | 4;?' < for all z € BR(O)\yLEJS B,z(y).  (3.9)

Proof. The proof basically consists only of elementary calculations based on the
non-degeneracy assumption on H. For showing (3.7) we use the assumptions (Alp;)
and (A2p1). Therefore, we define R such that

Ve > R: |VH|ZC—2H and |VH|—-AH(z)> —2Ky.

Therewith, it is easy to show, that for |z| > R holds
2 2 2
AH(z) |VH(z)| <1<KH_1<1 1) C’H><_CH

2e 42 T ¢ 2 \2¢ 4 32¢’
for e < %Czif?g@’ which proves the statement (3.7). The condition (3.8) is first

checked for a d-neighborhood around the critical points y € S. There, by the
Morse assumption on H (cp. Assumption 1.6 and Definition 1.5), we can do a
Taylor expansion of H around the critical point y and find for z € Bs(y)\B, z(v)

IVH(@)| > [Amin( VH(5)] av/% + O(?). (3.10)

This shows, that (3.8) holds for x € Bs(y)\B, z(y). To conclude, we assume
that (3.8) does not hold for some critical point y, i.e. for every ¢ > 0 and ¢y > 0
and a > 0 we find © ¢ B, z(y) such that |[VH(z)| < cpay/e, which by (3.10)
contradicts the Morse assumption (1.4) for € small enough. Finally, (3.9) is a
conclusion of a combination of (3.7) and (3.8). O
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The second observation needed for the verification of Lemma 3.9 is given by the
following statement, which is the main ingredient for the proof of the local PI.

Lemma 3.11. On a basin of attraction Q there exists an e—modification H. of H
in the sense of Definition 3.3 satisfying

(i) The modification H, equals H except for small neighborhoods around the
critical points except the local minimum of H, i.e.

H.(z) = H(z), for all x ¢ U B, z(y).
yeS\{0}

(i) There are constants 0 < Cy and a > 1 such that for all small € it holds
AH.(z) |VH.(z)]? Cy
9 122 < - forall x € U B, z(y)- (3.11)
yes\{0}

Proof of Lemma 3.11. By the property (i) of Lemma 3.11, it is sufficient to con-

struct the e-modification H. on a small neighborhood of any critical point y, which
is not the global minimum of H in €. By translation, we may assume w.l.o.g. that
y=0.

Because the Hamiltonian H is a Morse function in the sense of Definition 1.5, we
may assume that u;, i € {1,...,n} are orthonormal eigenvectors w.r.t. the Hessian
V2H(0). The corresponding eigenvalues are denoted by \;, i € {1,...,n}. Addi-
tionally, we may assume w.l.o.g. that A1,..., ¢ <0 and Ap41,..., A, > 0 for some
¢e{l,...,n}. Ifall \; < 0, we set H.(x) = H(z) on B, /z(0) and directly observe
the desired statement (7).

For the construction of H,, we need a smooth auxiliary function £ : [0,00) — R
that satisfies

&(z)=-1 for|z] < %\/5 and —1<¢&(z) <0 forz€[0,00) (3.12)
as well as for some C¢ > 0 and any |z| < ay/e
€D<L md ) =€) =€) =0 forldzaE (313

Ve
Let us choose a constant 6 > 0 small enough such that
0
. 1 _
*52:(n*2€)5+2)\i<0 and 5§§mln{)\i:z:5+l,...,n}.(3.14)
i=1

Because uy, ..., u, is an orthonormal basis of R™, we introduce a norm |- |s on R"™
by

y4 n
1 2 1 2
|23 = Z§5|<Ui~”ﬂ>\ + Y 5 = 8) [{us, )
i=1 i=0+1
The norm |-|; is equivalent to the standard euclidean norm |-| and satisfies the
estimate

0 At — 0
lal® < laly < 22— 2 <, (3.15)
where A\ =max{\;:i=/¢+1,...,n}. With the help of the function
Hy(x) = & (J2[3) (3.16)

we define the e-modification H. of H on a small neighborhood of the critical point
0 as

H.(z) = H(z) + Hp(x).
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Note that by definition of Hj, holds H.(z) = H(z) for all |z|s > a\/e. Therefore,
the property (7) of Lemma 3.10 is satisfied by the equivalence of norms on finite
dimensional vectorspaces (3.15).

For the verification of the statement (i¢) of Lemma 3.10, it is sufficient to deduce
the following two facts: The first one is the estimate

AH(z) < fg for all |z]5 < g\@. (3.17)

The second one is that there is a constant 0 < C'y such that for a large @ > 1 and
small enough ¢ holds

2 7 2
AH;(x) _ |V11;sg(l’)| <Oy for all g\/g < |zls < av/e. (3.18)

Let us have a look at (3.17). Because the function £ has derivative —1 for |z|s <
V€, straightforward calculation yields

L n
VPH(x)=V?H() =Y duwi@u— »  (Ai—0) w®u,
1=1 i=0+1

Taking the trace in the above identity results in

AH(z) = AH(x) — i Ai + (n — 20)6.
i=f+1
By the Taylor formula there is a constant 0 < C' < oo such that
AH(z) — AH(0)] < Clal.
Therefore, we get for |z|s < §+/¢

AH(z) = AH(0) — En: \i + (n — 20)5 + AH(z) — AH(0)
i=0+1

¢
(314) 5
§2A1+(n72€)6+03\/é < =3+ CavE< -3,
=1

for /e < g—‘i, which yields the desired statement (3.17).
Let us turn to the verification of (3.18). On the one hand, straightforward calcula-
tion reveals that there exists a constant 0 < C'a < oo such that

AH(z) <Cx  for all %\/E < |z|s < ave. (3.19)
Indeed, we observe

~ 2
AL (w) = AH(@) +€"(2f}) |VIal3| + € (2l3) Alal}

<0 >0

4 n 2

25 (ug, ) u; + Z (i — 0) (ui, z) uy

i=1 i={+1

C C
755 Ahax 21> < Cwr + 7’; a’e < Oy + Cea® /e < Ca,
for some Ca and e small enough, which yields (3.19).

On the other hand, we will deduce that there is a constant 0 < ¢y < oo such
that

< AH(z)+

|VH.(z)|> > ey a®> e for all g\/g < |z|s < av/e. (3.20)
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We want to note that the observations (3.19) and (3.20) already yield the desired
statement (3.18). Indeed, we get for a? > 4%

7 ] 2 2
AH.(x) _ |VH. ()| < % _ Gva < ,% for all g\/g < lzls < a\/g,

2e 4e2 - 2 4e T 2

which is the desired statement (3.18). Therefore, it is only left to deduce the
estimate (3.20). By the definition of H. from above, we can write

IVH.(2)* = [VH(2)]* + |V Hy()|* + 2 (VH(z), VHy(z)) . (3.21)

Let us have a closer look at each term on the right-hand side of the last identity
and let us start with the first term. By Taylor’s formula we obtain

|VH(z) — V2H(0)z| < Cy|z|? (3.22)
where 0 < C'y < oo denotes a generic constant. Therefore, we can estimate
|VH(z)|> > |[V2H(0)z|? — Cya*e?  for |z|s < av/e. (3.23)
By the definition of A\q,...\,, we also know

|VZH(0)z|* = ZV (i, x)|* . (3.24)

Let us have a closer look at the second term in (3.21), namely |V H,(z)|?.

the definition (3.16) of |V Hy(z)|* follows

[VH,(x)|* = [€'(|«[3)] <Z52 wp @)+ D (= 0)* [, >|2> (3.25)

i=0+1

From

< 2)‘+ax ‘xlé

Now, we turn the the analysis of the last term, namely 2 (VH(z), VHy(x)). By
using the estimates (3.22) and (3.25), we get for |x|s < av/e.

(VH(z), VHy(z)) = (V?H(0)z, VHy(2)) + (VH(z) — V2H(0)z, VHy(z))

(3.22)
> <V2H( )z, VHy(z)) — 207 Amax|2[3 (3.26)

> - ZM!& |2[3) | [{us,

- Z &' (12[2)] [{us, 2)* — 209 Amaxa®e?.
i=0+1

Combining now the estimates and identities (3.21), (3.23), (3.24), (3.25) and (3.26),
we arrive for |z|5 < av/e at

4
VAL (2) Z(A 51 (12f3)]) i) P

N\o:

£ 3 (= Q=€ (2B)) Ius )P — 409 Ap?

i=0+1

By (3.12) holds |¢/(|z|3)] < 1, which applied to the last inequality yields

M\w

|VH. (z) |2>52Z|u1, )P —4Co ), a®

=1
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Because uq, ... u, is an orthonormal basis of R™, the desired statement (3.20) fol-
lows for “¥= < |z]5; < a4/c from

] 2 2/,.12 + 5 3 (319 20° 2 + 3.3
|VH (2)|* > = §*|z|* —4Cv A} a’e2 > - |x|5 — 40V A ca”e?
>\max
2 3
> —— a’c —4Cv |, a’e? > cya’e
max
2
for some cy < 2)\% and € small enough. (]

We have collected all auxiliary results needed in the proof of Lemma 3.9.

Proof of Lemma 8.9. The condition (3.5) is a consequence of (3.7) from Lemma 3.10
and of (3.11) from Lemma 3.11. Now, we verify the Lyapunov condition (3.4) and

calculate with W = exp (éﬁg)
LW 1
e W 2
Choosing |z| > a+/z := R one obtains from (3.5) the estimate A > 22, If |z| < ay/z,
we note that H. = H in B, /2(0). Furthermore, H is quadratic around 0 and

therefore is bounded by H(z) < Cga’e for |x| < ay/e. Using, this in the definition
of W, we arrive at the bound for |z| < a/e

_ 1 ~ 19 1 - 1 - 1 = 1

C'Ha2

W(zx) = ez H () <e 2

This yields the desired estimate on the constant b, namely for |z| < ay/e

CHu2
1 1 Chye™ 2 bo
—LW(x) < —AH(x)W(z) < ——— =1 —,
cLW(2) < S AH@)W () < —— 5
which finishes the proof. U
3.1.2. ... for logarithmic Sobolev inequality. The Lyapunov condition for proving

LSI is stronger than the one for PI. Nevertheless, the construction of the e-modified
Hamiltonian H. from the previous section carries over and we can mainly use the
same Lyapunov function as for the PI. The Lyapunov condition for LSI goes back
to the work of Cattiaux, Guillin, Wand and Wu [CGWW09]. We will apply the
results in the form of the work [CGW10]. We will restate the proofs of the main
results in [CGW10] for two reasons: Firstly, to adopt the notation to the low
temperature regime and more importantly, to work out the explicit dependence
between the constants of the Lyapunov condition, the logarithmic Sobolev constant
and especially their e-dependence.

Theorem 3.12 (Lyapunov condition for LSI [CGW10, Theorem 1.2]). Suppose
that there exists a C?-function W : Q — [1,00) and constants \,b > 0 such that for
L=ecA—VH-V holds

1 LW 2
VeeQ: ——— < =)\ b. 3.27
pe it < A+ (3.27)
Further assume, that V2H > — Ky for some Kg > 0 and u satisfies P1(o), then p
satisfies LSI(«r) with

2
§21<1+wxmm>>+

Kn  Kn(b+ Mu(|z]?)) + 2eA
2e 0EA ’

1
- 3.28
@ A\2 0 ( )

where pu(|z|?) denotes the second moment of pu.
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Lemma 3.13 ([CGW10, Lemma 3.4]). Assume that U is a non-negative locally
Lipschitz function such that for some lower bounded function ¢

L
ei = LU +¢|VUP < —¢¢ (3.29)

in the distributional sense. Then for any g holds

/¢92du < /|V9|2du-

Proof. We can assume w.l.o.g. that g is smooth with bounded support and ¢ is
bounded. For the verification of the desired statement, we need the symmetry of L
in L2(p):

[-Lngau= [ s-pgan=c [v1-Tgan (3.30)
and the simple estimate
2gVU - Vg < |VU|* ¢* + |Vg|*. (3.31)
An application of the assumption (3.29) yields

(3.29)
5/¢>g?du < / (—LU —5|VU|2) g2du

) (3.31)
(3230)5/ (QQVU -Vg— |VU|292) dp < 5/ IVg|? dp,
which is the desired estimate. [l

The proof of Theorem 3.12 relies on an interplay of some other functional inequal-
ities, which will not occur anywhere else. Therefore, in Appendix G a condensed
summary may be found.

Proof of Theorem 3.12. The argument of [CGW10] is a combination of the Lya-
punov condition (3.27) leading to a defective WI inequality and the use of the HWI
inequality of Otto and Villani [OV00]. In the following, we will use the measure v
given by v(dz) = h(x)u(dz), where we can assume w.l.o.g. that v is a probability
measure, i.e. [ hdu = 1. The first step is to estimate the Wasserstein distance in
terms of the total variation (cf. Theorem G.2 and [Vil09, Theorem 6.15])

W3 (v, 1) <201 (v = )|z (3.32)

For every function g with |g] < ¢(z) = A \x|2, where A is from the Lyapunov
condition (3.27) we get

/gdz/— /¢d’/+/¢d,u N
:/(Am —b)h(m),u(d;v)_y/bderﬂ((b)’ (3.33)

We can apply to [(A |av|2 — b)h du Lemma 3.13, where the assumption is exactly
the Lyapunov condition (3.27) by choosing U = log W and arrive at

/(A|x| — b du</\vf\ ‘V;L‘ dj = 31( ), (3.34)

by the definition of the Fisher information. Taking the supremum over g in (3.33)
and combining the estimate with (3.32) and (3.34) we arrive at the defective WI
inequality

W) NP - i)l < SI0) + b ule). (3.39)
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The next step is to use the HWT inequality (cf. Theorem G.6 and [OV00, Theorem
3]), which holds by the assumption V2H > —Ky

Ky
Enty, (h) < Wa(v, p)v/21(v|p) + ¥W22(Va 1)
Substituting the defective WI inequality into the HWI inequality and using the
Young inequality ab < Za® + 5-b? for 7 > 0 results in
1 Ky

Bu (1) < 710n) + (52 + 52 ) WHw)

2oy () e+ (22 e

T

(3.36)

The last inequality is of the type Ent,(h) < Q%I(VW) + B [ hdp and is often
called defective logarithmic Sobolev inequality dLSI(cag, B). It is well-known, that
a defective logarithmic Sobolev inequality can be tightened by PI(p) to LSI(«) with
constant (cf. Proposition G.9)

-4 2Te (3.37)

A combination of (3.36) and (3.37) reveals

1 1 (1 Ky\ 1(1(1 Ky

a—7+%(T+ E)+Q<Aaﬂ-g>@+u@»+a
1 /1 b Ky Ku( 2\

—ry (L 0Fp0)) Ka Kabruo) v2A _  a
TA\ 2 0 2e 0EA T

The last step is to optimize in 7, which leads to 7 = /¢ and therefore é =2\/c1+
¢o. The final result (3.28) follows by recalling the definition of ¢(z) = A |z|>. O

For proofing the Lyapunov condition (3.27) we can use the construction of an
e-modification done in Lemma 3.11.

Lemma 3.14 (Lyapunov function for LSI). There exists an e-modification H,. of
H satisfying the Lyapunov condition (3.27) with Lyapunov function
. o

1 b
W(xz) = exp (%Hg(x)) and constants b = ;0, and A > e

for some by, \g > 0 and Hessian VQI:I(I) > =Ky for some Kg > 0.

The proof consists of three steps, which correspond to three regions of interests.
First, we will consider a neighborhood of oo, i.e. we will fix some R > 0 and only
consider |z| > R. This will be the analog estimate to formula (3.7) of Lemma 3.10.
Then, we will look at an intermediate regime for a\/e < |z| < R, where we will
have to take special care for the neighborhoods around critical points and use the
construction of Lemma 3.11. The last regime is for |z| < ay/e, which will be the
simplest case.

Therefore, besides the construction done in the proof of Lemma 3.11, we need
an analogous formulation of Lemma 3.10 under the stronger assumption (Alpss).

Lemma 3.15. Assume that the Hamiltonian H satisfies Assumption (Alpgsr).
Then, there is a constant 0 < Cy < o0 and 0 < R < oo such that for e small
enough

2
AH() |\VH@E _ Cn o

> R. :
5 2 ST forall |x| > R (3.38)
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We skip the proof of the Lemma 3.15, because it would work in the same
way as for Lemma 3.10 and only consists of elementary calculations based on the
non-degeneracy assumption on H. The only difference, is that we now demand
the stronger statement (3.38), which is a consequence of the stronger assump-
tion (Alpsy) in comparison to assumption (AZ2pr).

Now, we have collected the auxiliary statements and can proof Lemma 3.14.

Proof of Lemma 3.14. First, let us check the lower bound on the Hessian of H. We
will use the same construction as of the PI in Lemma 3.11. Therefore, the support
of H — H is compact and H is composed only of smooth functions, which already
implies the lower bound on the Hessian for compact domains. Outside a sufficient
large domain, the lower bound is just the Assumption (A2;s1). Now we can turn

to verify the Lyapunov condition (3.27) and calculate with W = exp(5 H.)

1 LW 1, - 1 ~ 1 ~ 1, - 1 ~

= =_—AH.+ —|VH.]? - —|VH.|? = —AH. — —|VH.].

e W 2e 6+452‘ g 252‘ g 26 € 452| o

If |z| > R with R given in Lemma 3.15, we apply (3.38) and have the Lyapunov
condition fulfilled with constant A = CTH This allows us to only consider z € BzN(2,
which is of course bounded. In this case, Lemma 3.9 yields for ay/e < |z| < R the
estimate

e W = ¢~ R
For |z| < a+/e holds by the representation (3.39) since H is smooth and strictly
convex in B, ~ the bound

1LW A A
- <20 <20 g, (3.39)

1Lw 1 bo

—— < —AH(x) < —. !

e W = 2 (2) = € (340)
A combination of (3.39) and (3.40) is the desired estimate (3.27). O

3.2. Proof of the local inequalities. In the previous Section 3.1, we were able
to construct Lyapunov functions for the Hamiltonian restricted to the basin of
attraction for each minimum. This is sufficient to finally prove the local PI and
LSI of Theorem 2.6 and Theorem 2.7, which consist of mainly checking, whether
the constants in the Lyapunov conditions show the right scaling behavior in €. Let
us start by restating the local PI.

Theorem 2.6 (Local Poincaré inequality). Under Assumption 1.6, the local mea-

sures {ui}ij‘il, obtained by restricting p to the basin of attraction Q; of the local
minimum m; (cf. (2.1)), satisfy PI(o;) with

07 ' =0(e).

Proof. We prove the theorem for each u; individually and omit the index i. The first
step is the application of the Holley-Stroock perturbation principle in Lemma 3.4,
which ensures that whenever H. is an e-modification of H, i.e. sup,cq|H.(z) —
H(x)| < Cpe, the Poincaré constants are of the same order in terms of scaling in
€, i.e.

0>e g, (3.41)

In the next step, we construct an explicit e-modification H satisfying the Lyapunov
condition Definition 3.7. Therefore, we can apply Theorem (3.8) with constant A
and b satisfying the bounds (3.6) from Lemma 3.9. This leads to a lower bound for
0 by

AR Aoor

0> > .
b+ or bo + €or

(3.42)
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The final step is to observe that, since R = a+/e, we can assume that the measure
AR = LB, . 18 just the measure fi,. Therefore, it holds gl_%l = O(e) by Lemma 3.6,
which leads by combining the estimates (3.41) and (3.42) to the conclusion p~! =
O(e). O

Before continuing with the proof of the local LSI of Theorem 2.7, we want to
remark, that the Lyapunov condition for the PI and in particular for the LST imply
an estimate of the second moment of p.

Lemma 3.16 (Second moment estimate). If H fulfills the Lyapunov condition (3.4),
then p has finite second moment and it holds

2
[ 1ol ntan) < EE (3.43)

Proof. As it is outlined in [BBCGOS]|, the Lyapunov condition (3.4) yields the fol-
lowing estimate: for any function f and m € R it holds

/(f—m)ZduS }\/IVfIQdMﬂL?\/QR (f —m)?dy.

We set f(z) = |z| and m = 0 to observe the estimate (3.43). O

As a direct consequence, we get the desired estimate on the second moment.

Corollary 3.17. If H fulfills the assumptions (Alpr) and (A2p1), then u has finite
second moment and it holds

/ 2 pu(dz) = O(e).

Proof. We cannot apply the previous Lemma 3.16, but first have to do a change of
measure to a measure [i, where [ comes from an e-modified Hamiltonian H. of H

[ 1ol < e [ o a

Moreover, Lemma 3.9 ensures that H. satisfies the Lyapunov condition (3.4) with
constants A > %, b < b?o and R = ay/e. Now, we can apply the previous
Lemma 3.16 and immediately observe the result. O

Theorem 2.7 (Local logarithmic Sobolev inequality). Under Assumption 1.7, the
local measures {,ui}?il, obtained by restricting p to the basin of attraction Q; of the

local minimum m; (cf. (2.1)), satisfy LSI(c;) with
ot =0(1).

K3

Proof. For the same reason as in the proof of Theorem 2.6, we omit the index 1.
The first step is also the same as in the proof of Theorem 2.6. By Lemma 3.4 we
obtain that, whenever H. is an e-modification of z in the sense of Definition 3.3,
the logarithmic Sobolev constants o and & of p and fi satisfy a > exp(—2Cy)a.
The next step is to construct an explicit e-modification H satisfying the Lyapunov
condition (3.27) of Theorem 3.12, which is provided by Lemma 3.14.

Additionally, the logarithmic Sobolev constant & depends on the second moment
of fi. Since H. satisfies by Lemma 3.9 in particular the Lyapunov condition for
PI (3.4) with constants A > %, b < %O and R = a+/e, we can apply Lemma 3.16

and arrive at
1+ R% 1+ bya?
/|w\2d/1S T2 2 o).
A Ao




28 GEORG MENZ AND ANDRE SCHLICHTING

Now, we have control on all constants occurring in (3.28) and can determine the
logarithmic Sobolev constant & of . Let us estimate term by term of (3.28) and
use the fact from Theorem (2.6), that f satisfies PI(g) with g7 = O(e)

2 % <;+b+k‘;(|x| )> gw% (;+O(1)) = 0(Ve).

The second term evaluates to % = O(1) and finally the last one

Ku(b+ Mi(Jz[?) + 26N
0EN N

0(c) (KH (bgo + O(s)) + 0(1)> —0(1).

A combination of all the results leads to the conclusion @' = O(1) and since H.
is only an e-modification of H also a=! = O(1). O

4. MEAN-DIFFERENCE ESTIMATES — WEIGHTED TRANSPORT DISTANCE

This section is devoted to the proof of Theorem 2.9. We want to estimate the
mean-difference (Em f—E, f)2 for ¢ and j fixed. The proof consists of four steps:

In the first step, we introduce the weighted transport distance in Section 4.1.
This distance depends on the transport speed similarly to the Wasserstein distance,
but in addition weights the speed of a transported particle w.r.t. the reference
measure p. The weighted transport distance allows in general for a variational
characterization of the constant C' in the inequality

(B, (f) — E,, (1) < c/ V£ dp.

The problem of finding good estimates of the constant C' is then reduced to the
problem of finding a good transport between the measures ; and p; w.r.t. to the
weighted transport distance.

For measures as general as y; and (1, the construction of an explicit transport
interpolation is not feasible. Therefore, the second step consists of an approxima-
tion, which is done in Section 4.2. There, the restricted measures p; and p; are
replaced by simpler measures v; and v;, namely truncated Gaussians. We show in
Lemma 4.6 that this approximation only leads to higher order error terms.

The most import step, the third one, consists of the estimation of the mean-
difference w.r.t. the approximations v; and v;. Because the structure of v; and v; is
very simple, we can explicitly construct a transport interpolation between v; and v;
(see Lemma 4.11 in Section 4.3). The last step consists of collecting and controlling
the error (cf. Section 4.4).

4.1. Mean-difference estimates by transport. At the moment let us consider
two arbitrary measures vy < p and 17 < p. The starting point of the estimation
is a representation of the mean-difference as a transport interpolation. This idea
goes back to Chafail and Malrieu [CM10]. However, they used a similar but non-
optimal estimate for our purpose. Hence, let us consider a transport interpolation
(@5 : R™ — R")s¢0,1] between vy and vy, i.e. the family (®,).¢p0,1] satisfies

(I)o = Id7 (‘bl)ﬁljo =, and (‘I)s)ﬂl/() =!I Vs.

The representation of the mean-difference as a transport interpolation is attained
by using the fundamental theorem of calculus, i.e.

2

(B (f) — o, ()" = (/01 /(Vf@s),fi')S) dvg ds)
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At this point it is tempting to apply the Cauchy-Schwarz inequality in L?(dvg x ds)
leading to the estimate of Chafai and Malrieu [CM10]. However, this strategy
would not yield the pre-exponential factors in the Eyring-Kramers formula (2.14)
(cf. Remark 4.2). On Stephan Luckhaus’ advice the authors realized the fact that
it really matters on which integral you apply the Cauchy-Schwarz inequality. This
insight lead to the following proceeding

(B (f) = Eu, () = (/01 /(Vf@s o @) du, ds>2

- (/ <vf,/0 P 0Pt il: ds> du>

1 2

g/ / D o0t dv, ds| dp /|Vf|2d,u. (4.1)

0 dp

Note that in the last step we have applied the Cauchy-Schwarz inequality only in

L?(dy) and that the desired Dirichlet integral [ |V f |” dy is already recovered.
The prefactor in front of the the Dirichlet energy on the right-hand side of (4.1)

only depends on the transport interpolation (®s)scjo,1)- Hence, we can infimize

over all possible admissible transport interpolations and arrive at the following

definition.

2

Definition 4.1 (Weighted transport distance 7,,). Let p be an absolutely continu-
ous probability measure on R™ with connected support. Additionally, let v and 14
be two probability measures such that vy < p and 11 < pu, then define the weighted
transport distance by
2

dp. (4.2)

1
. dv,
2 e —1 S
T (vo,v1) i= lgf/ /O Py 0P s ds

The family (®,),cjo,1) is chosen absolutely continuous in the parameter s such
that ®g = Id on supp vy and (®1);19 = v1. For a fixed family and (®;)s¢[0,1) and a
point z € supp i the cost density is defined by

1
Alz) = / by 071 (2) vs(x) ds (4.3)
0
Remark 4.2 (Relation of 7,, to [CM10]). The transport distance 7,,(vp, v1) is always
smaller than the constant obtained by Chafai and Malrieu [CM10, Section 4.6].
Indeed, applying the Cauchy-Schwarz inequality on L?(ds) in (4.2) yields

1 1
. dv dv,
2 : —12 s S
T, (vo,v1) §1£Sf//0 |Ds 0 @7 m ds /0 m ds du

< inf ( su /1 dys(x)ds //1@ |* ds du
=3, mp 0 dl/’/ o s 0>

where we used the assumption that v; < u for all s € [0,1] in the last L'-L°°-
estimate.

Remark 4.3 (Relation of T, to the L?-Wasserstein distance W5 ). If the support of p
is convex, we can set the transport interpolation (®).e[o,1 to the linear interpola-
tion map ®s(x) = (1 — s)z + sU(x). Assuming that U is the optimal Wa-transport
map between 1y and 1y, the estimate in Remark 4.2 becomes

1
7;2(1/0,V1) < (SUP/ ile (x) ds) WQQ(I/U, V).
0

@ K
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Remark 4.4 (Invariance under time rescaling). The cost density A given by (4.3)
is independent of rescaling the transport interpolation in the parameter s. Indeed,
we observe that

Alz) =

9

T
L/ BT o (BT) 1 (x) 17 (x) dt

1
/ B, 0 ®7 () vy(z) ds
0 0

where &' = &,/ and vl = Vi)

Remark 4.5 (Relation to negative Sobolev-norms). The weighted transport distance
is a dynamic formulation for the negative Sobolev norm H~!(du) like Benamou
and Brenier did for the Wasserstein distance [BB00]. Precisely, for vg = gou and
1 = o1 holds

Tuvo, 1) = lloo = o1ll g-1(a) = nf {/ \J?dp:eV-J—VH-J =g — gl} :

In fact, it is possible to define a whole class of weighted Wasserstein type distances
interpolating between the negative Sobolev norm and the Wasserstein distance.
Theses transports were found by Dolbeault, Nararet and Savaré [DNS09]. However,
the authors were unaware of their work during the preparation of this article.

4.2. Approximation of the local measures ;. In this subsection we show that
it is sufficient to consider only the mean-difference w.r.t. some auxiliary measures v;
approximating u; for ¢ = 1,..., M. More precisely, the next lemma shows that
there are nice measures v; which are close to the measures p; in the sense of the
mean-difference.

Lemma 4.6 (Mean-difference of approximation). For i = 1,..., M let v; be a
truncated Gaussian measure centered around the local minimum m; with covariance
matriz ¥; = (V2H(m;)) ™!, more precisely

1 27 e—my) = e—my)
v;(dz) = 7 e” " = 1g,(x) dx, where Z,, = / e” T = dz, (4.4)
V; Ei
where we write Alx] := (x, Ax). The restriction F; is given by an ellipsoid
Ei={x eR":|S; % (x —m;)| < V2 w(e))}. (4.5)

Additionally, assume that p; satisfies P1(o;) with o; ' = O(e).
Then the following estimate holds

(Ev,(f) = B () < O(e20°(e)) / V£I? dps (4.6)

where the function w(e) : RT — RT in (4.5) and (4.6) is smooth and monotone
satisfying

w(e) > |10g5\% fore < 1.

The first step towards the proof of Lemma 4.6 is the following statement.

Lemma 4.7. Let v; be a probability measure satisfying v; < w;. Moreover, if p;
satisfies PI(0;) for some g; > 0, then the following estimate holds

(B )~ B (1) < ovan () [ 1911 (47)
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Proof of Lemma 4.7. The result is a consequence from the representation of the

mean-difference as a covariance. Therefore, we note that dy; = d”f dp; since

du
v; < p; and use the Cauchy-Schwarz inequality for the covariance

(EAﬂ—EAﬁVz/fiZ@u—/ﬁ%/gZdm

= covii (j:l_,f) < vary, <(011;:> var, (f).

(2

Using the fact that p; satisfies a PI results in (4.7). O

The above lemma tells us that we only need to construct v; approximating pu; in
variance for i = 1,... M. The following lemma provides exactly this.

Lemma 4.8 (Approximation in variance). Let the measures v; be given by (4.4).
Then the partition sum Z,, satisfies for € small enough

Z,, = (2me)2+/det 8; (14 O(V2)). (4.8)
Additionally, v; is a good approximation in variance of p;, i.e.
dy;
v, (§24) = OVE ), (19
dp,
Proof of Lemma 4.8. The proof of (4.8) reduces to an estimate of a Gaussian inte-
gral on the complementary domain R™\ E;

=7 Hz—m,)
Z,, = e~ 2 dz
E

i

n 1 =, 1[1*7”1',]
= (2me)2/detX; |1 — ———+—— - 2e dx | .
(2me)? v/ de < (zmzm/ s “)

The integral on the complementary domain R™\ E; evaluates by the change of vari-
ables z — y = (2¢%;)" 2 (x — m;) to
1 / 27 o —m;) 1 2

— —— BdeI = —x €7y dy

(27’(6)5’\/ det i n\E; T2 R\ B, ()

= 771” /Oo rn=le=mdp = 7“%7622(6))7

F(§ + 1) w(e) F(ﬁ)

where I'(%,w?(¢)) is the complementary incomplete Gamma function. It has the
asymptotic expansion [Olv97, p. 109-112] given by

r (g,oﬂ(a)) = 0(e " D" 2(2)), for w(e) > v/n.

We obtain (4.8) by the choice of w(e) > |log s|%, since the error becomes
O(eiWQ(E)wnfz(s)) = O(e|loge|2 ") = O(Vz), fore <e ™.

For the proof of (4.9), we compare the asymptotic expression for Z,,, = ZiZMeafl"”
from (2.19) and Z,, and obtain

Zy, = Zy, + O(Ve). (4.10)
The relative density of v; w.r.t. pu; can be estimated by Taylor expanding H
around m;. By the definition of v; given in (4.4), we obtain that ¥, [y — m;] —

H;(y) = O(ly — m4|*). This observation together with (4.10) leads to
dy; Zui  — 25 y—mil+ L H, 7., olv=—m®
= 22 Y m1]+25 HT(y)]l . — ZHi e ]l .
i, () 7€ 5 (y) 7€ B (y)

1+ 0(Ve W?(e)).




32 GEORG MENZ AND ANDRE SCHLICHTING

Now, the conclusion directly follows from the definition of the variance
dv; / (dui)2 < dv; )2
var,, | — | = du; — dp;
g <d/%) B, \dy; du;
2

— 14+ 0(VEW(e) — 1.

d

Proof of Lemma 4.6. A combination of Lemma 4.7 and Lemma 4.8 together with
the assumption g; ' = O(¢) immediately reveals

4.7),(4.9)

(Ew, (f) *Em(f))Q( < O(e2ui(e)) / V£ dp.
O

4.3. Affine transport interpolation. The aim of this section is to estimate
(Ey,(f) - E,, (f))2 with the help of the weighted transport distance 7,(v;,v;) in-
troduced in Section 4.1. The main result of this section estimates the weighted
transport distance 7, (v;,v;) and is formulated in Lemma 4.11. For the proof of
Lemma 4.11, we construct an explicit transport interpolation between v; and v;
w.r.t. the measure u. We start with a class of possible transport interpolations and
optimize the weighted transport cost in this class.

Let us state the main idea of this optimization procedure. Therefore, we recall
that the measures v; and v; are truncated Gaussians by the approximation we have
done in the previous Section 4.2. Hence, the measures v; and v; are characterized
by their mean and covariance matrix. We will choose the transport interpolation
(cf. Section 4.3.1) such that the push forward measures v, := (®,)s1 are again
truncated Gaussians. Hence, it is sufficient to optimize among all paths v connect-
ing the minima m; and m; and all covariance matrices interpolating between ;
and X;.

4.3.1. Definition of reqular affine transport interpolations. Let us state in this sec-
tion the class of transport interpolation among we want to optimize the weighted
transport cost.

Definition 4.9 (Affine transport interpolations). Assume that the measures v;
and v; are given by Lemma 4.6. In detail, v; = N(m;,e ') E; and v; =
N(mj;,e713;)LE; are truncated Gaussians centered in m; and m; with covariance
matrices e 7'3; and e7'X;. The restriction E; and E; are given for I = 1,..., M
by the ellipsoids

1 1
E ={zcR":|%, % (x—m)| < V2ew(e)}, where w(e) > [loge|?.

A transport interpolation ®, between v; and v; is called affine transport interpola-
tion if there exists

e an interpolation path (vs)scjo,7) between m; = v and m; = yr satisfying
Y= (VS)SE[O,T] € C2([07T]7Rn> and Vs € [OvT] : ;VS € Sn717 (411)

e an interpolation path (¥).c[o,r] of covariance matrices between ¥; and ¥;
satisfying

Y= (2)sepr € C*(0,T),RETL), Zo=3%; and Yp =13,

sym,+
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such that the transport interpolation (®).c(o,7] is given by
11
Dy (z) =223, % (x — mo) +7s- (4.12)

Since the cost density A given by (4.3) is invariant under rescaling of time (cf. Re-
mark 4.4), one can always assume that the interpolation path 7, is parameterized
by arc-length. Hence, the condition 45 € S™~! (cf. (4.11)) is not restricting.

We want to emphasize that for an affine transport interpolation ()07 the
push forward measure ()1 = v, is again a truncated Gaussian N (v, e71Y,)LE,,
where F is the support of v; being again an ellipsoid in R™ given by

E,={z e R": S5 % (z — 7s)| < V2 w(e)). (4.13)
Therewith, the partition sum of v, is given by (cf. (4.8))

Z,. = (2re) 2 \/det ¥, (1 + O(Ve)). (4.14)

1
By denoting o5 = 32 and using the definition (4.12) of the affine transport inter-
polation (®)sep0,7), We arrive at the relations

Dy (x) = de00 Hx — mo) + s,
. (y) = ooy (Y — 7s) + Mo,
(bs o (I)Zl(y) = dsU;I(y - '-Ys) +7§

Among all possible affine transport interpolations we are considering only those
satisfying the following regularity assumption.

Assumption 4.10 (Regular affine transport interpolations). An affine transport
interpolation (7s,s)scjo,r) belongs to the class of regular affine transport inter-
polations if the length T" < T™* is bounded by some uniform T* > 0 large enough.
Further, for a uniform constant c, > 0 holds

inf{r(z,y,2) 1z, y,z €v, 0 #y# 2z #x} > ¢y, (4.15)

where r(x,y,z) denotes the radius of the unique circle through the three distinct
points x,y and z. Furthermore, there exists a uniform constant Csx, > 1 for which

C5'1d <%, <Cgld  and |5, < Cs. (4.16)

The infimum in condition (4.15) is called global radius of curva-
ture (cf. [GMSvdMO2]). It ensures that a small neighborhood of
size %” around 7 is not self-intersecting, since the infimum can only
be attained for the following three cases:

(i) All three points in a minimizing sequence of (4.15) coalesce
to a point at which the radius of curvature is minimal.

(ii) Two points coalesce to a single point and the third converges
to another point, such that the both points are a pair of
closest approach.

(ili) Two points coalesce to a single point and the third converges FIGURE 3.
to the starting or ending point of . Global radius

T

of curvature
In the following calculations, there often occurs a multiplicative error of the
form 1+ O(y/z w3(g)). Therefore, let us introduce for convenience the notation “~”
meaning “=" up to the multiplicative error 1+ O(y/z w?(¢)). The symbols “<” and
“>” have the analogous meaning.
Now, we can formulate the key ingredient for the proof of Theorem 2.9, namely
the estimation of the weighted transport distance 7, (v;,v;).
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Lemma 4.11. Assume that v; and v; are given by Lemma 4.6. Then the weighted
transport distance T,,(v;,v;) can be estimated as

1 2
. dv
20, N -1 9V
T, (vi,vj) 14{13f/(/0 |50 D m ds) dp

L dv 2
< inf T, 007 —24d d
_l‘l’s/(o| *° 6|dM S) s

i 2me ( |det(V2H(8i’j)| + T(CE)"; w2(a)> M’

= e e €
(2me)> |A~(si,5)] ome

A

(4.17)

where the infimum over W, only considers reqular affine transport interpolations V4
in the sense of Assumption 4.10.

In particular, if we choose w(e) > |log e|2, which is enforced by Lemma 4.6, we get
the estimate

i) < iy PRI S (roEL@). )

Before turning to the proof of Lemma 4.11, we want to anticipate the structure of
the affine transport interpolation (v, ¥) which realizes the desired estimate (4.18):
Having a closer look at the structure of the weighted transport distance ’7;2 (v, v5), it
becomes heuristically clear that the mass should be transported from E; to E; over
the saddle point s; ; into the direction of the eigenvector to the negative eigenvalue
A" (s;;) of V2H(s; ;). There, only the region around the saddle gives the main
contribution to the estimate (4.18). Then, we only have one more free parameter
to choose for our affine transport interpolation (v, X): It is the covariance structure
3+ of the interpolating truncated Gaussian measure v« at the passage time 7*
at the saddle point s; ;. In the proof of Lemma 4.11 below, we will see by an
optimization procedure that the best ¥,« is given by X! = V2H (s; ), restricted
to the stable manifold of the saddle point s; ;.

The proof of Lemma 4.11 presents the core of the proof of the Eyring-Kramers
formulas and consists of three steps carried out in the following sections:

e In Section 4.3.2, we carry out some preparatory work: We introduce tube
coordinates on the support of the transport cost A given by (4.3) (cf.
Lemma 4.12), we deduce a pointwise estimate on the transport cost .4
and we give a rough a priori estimate on the transport cost A.

e In Section 4.3.3, we split the transport cost into a transport cost around
the saddle and the complement. We also estimate the transport cost of the
complement yielding the second summand in the desired estimate (4.17).

e In Section 4.3.4, we finally deduce a sharp estimate of the transport cost
around the saddle yielding the first summand in the desired estimate (4.17).

4.3.2. Preparations and auziliary estimates. The main reason for making the reg-
ularity Assumption 4.10 on affine transport interpolations is that we can introduce
tube coordinates around the path «. In these coordinates, the calculation of the
cost density A given by (4.3) becomes a lot handier.

We start with defining the caps E; and Ef. as

Ey :={x € Ey: (x —v0,%) <0} and Ej :={x € Er:{(x—~7,97) > 0},

The caps E; and E;: have no contribution to the total cost but unfortunately need
some special treatment. Further, we define the slices V; with s € [0, 7

V, = {z € span {5} |Zs_%x\ < V2e w(e)}.
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In span V, we can choose a basis €2, ..., e? smoothly depending on the parameter s.
In particular, there exists a family (Qs)seo,r) € C*([0,T],50(n)) satisfying the
same regularity assumption as the family (¥;),¢jo,7) such that
Q.e! = A, Qset =el, fori=2,...,n, (4.19)
where (e!,...,e") is the canonical basis of R™.
Let use now define the tube E as

E= ) (n+W).

s€[0,T]
The support of the cost density A given by (4.3) is now given by
suppA = E; UEU Ef. (4.20)
By the definition (4.13) of E and the uniform bound (4.16) on ¥4 holds
diamV, < 21/2¢Cs w(e). (4.21)

Therewith, we find
supp A C B2mw(s)((%)re[o,ﬂ) = {x eR™: |z — 7| € 24/2eCx w(e)} .

The assumption (4.13) ensures that By /szc5 () ((V7)ref0,77) Is not self-intersecting
for any ¢ small enough. The next lemma just states that by changing to tube
coordinates in E one can asymptotically neglect the Jacobian determinant det .J.

Lemma 4.12 (Change of coordinates). The change of coordinates (1,z) — x =
Yr + zr with z. € V; satisfies for any function & on E

/E £(z) dz ~ /0 ' /V 42 ds

Proof of Lemma 4.12. We use the representation of the tube coordinates via (4.19).
Therewith, it holds that z = v, +Q,z, where z € {0} x R"~1. Then, the Jacobian J
of the coordinate change x +— (7,Q-2) is given by

J= (¥ + QTZ, (Qr)2;- -5 (Qr)n) € R,

where (Qr); denotes the i-th column of Q. By the definition (4.19) of Q, follows
4, = (Q-)1. Hence, we have the representation J = Q,+Q,2z®e;. The determinant
of J is then given by

det (QT YO, 20 61> - det:(?T) det (Id HQTO2) ® 61) — 14+ (QIQTZ)I .

By Assumption 4.10 holds ||Q, || < Cs implying (Q] Q,2)11 = O(2). Since Q,z €
Vi, we get O(z) = O(v/e w(e)) by (4.21). Hence we get

det J =1+ O(Ve w(e)),
which concludes the proof. O
An important tool is the following auxiliary estimate.

Lemma 4.13 (Pointwise estimate of the cost-density A). For x € supp A we define

T = argmin |z — 7| and  zp = — . (4.22)
s€[0,T)

Then the following estimate holds

71zl £7 1)

Alz) < (2’/T€)_% ¢det171(QIj;1QT) R P, e~ (4.23)
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FIGURE 4. The support of A in tube coordinates.

where Q is defined in (4.19) and X771 is given by

- 1
DINEIESD SR ]2;1% X 14, (4.24)

Further, dety 1 A is the determinant of the matriz obtained from A removing the
first row and column.

Remark 4.14. With a little bit of additionally work, one could show that (4.23) holds
with “~” instead of “<”. It follows from (4.24) that the matrix ! is positive
definite. Hence, A is an R"~!-dimensional Gaussian on the slice v, + V;, up to
approximation errors.

Proof of Lemma 4.13. We start the proof with some preliminary remarks and re-
sults. By the regularity Assumption 4.10 on the transport interpolation, we find
that for all « € supp.A holds uniformly

Ir(z) == {s: E, >z} satisfies H'(Ir(z)) = Oz w(e)).

This allows to linearize the transport interpolation around 7 given in (4.22). It

holds for s such that x € E,
Es_l[x =] = E;lh'r + 20 —vs] + O(E%W?’(E)) (4.25)
= S7(7 = 8)4r 4 2:] + O(e303(e)). '

For similar reasons, we can linearize the determinant det ¥, and have det X, =
det X, + O(\@ w(e)). Finally, we have the following bound on the transport speed

[©, 0@ (2)[1p, (x) = |6s0 36—’75 )+ s | 1, (2
(!US (@ —7)] + [7s]) 11E (z) (4.26)
< (Cslz =7+ 1)1, (@) = (1 +O0(Ve w(e)) g, (2).
Let us first consider the case z € E. We use (4.14), (4.25) and (4.26) to arrive with
T =", + z; where z, € V. at

_ 5 o p-L 1 leap
A(x)/IT(z)@SO(I)S (z)] 7 exp< 2528 [x 'ys]) 1g, (z)ds

1 14+ O0(Ve w(e)) 1,
<At . (gt ad) o

(2m)2\/7/ Xp ( 520 (T = 8)ir + zT]> ds

_ VdetX Y7t V2re

@me) foo1,]

exp (=57 ) (14 OWEW(0)
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where the last step follows by an application of a partial Gaussian integration (cf.
Lemma B.1). Finally, by using the relation (C.2), we get that
E 1
= e
and conclude the hypothesis for this case.
Let us now consider the case x € E; U Eif . For convenience, we only consider the

case © € Ej . By the definition of E; holds 7 = 0. The integration domain I (z)
is now given by

= det11(Q X7'Q,),

Ir(z) =[0,s") with s*=0(/zw(e)). (4.27)
Therewith, we can estimate A(x) in the same way as for z € E and conclude the
proof. O

We only need one more ingredient for the proof of Lemma 4.11. It is an a priori
estimate on the cost density A.

Lemma 4.15 (A priori estimates for the cost density A). For A it holds:
/ Alz)dz < T, and (4.28)

n—1

(CZ> ’ for x € supp A. (4.29)

2me

Alz)

N

Proof of Lemma 4.15. Let us first consider the estimate (4.28). It follows from the
characterization (4.20) of the support of A that

/ Az) do = / Alz) dz + /E e A(z) da. (4.30)

Now, we estimate the first term on the right-hand side of the last identity. Using the
change to tube coordinates of Lemma 4.12 and noting that the upper bound (4.23)
is a (n — 1)-dimensional Gaussian density on V; for 7 € [0, T], we can easily infer

that
/A@MwSM=T
E

Let us turn to the second term on the right-hand side of (4.30). For convenience,
we only consider the integral w.r.t. the cap Ej . It follows from (4.26) and (4.27)

that
1 s
A(z) dz < / / vs(x) ds do = / / vs(x) do ds
Ey Ey Jo 0 S

SAK/MMMMfmﬁmm,

which yields the desired statement (4.28).

Let us now consider the estimate 4.29. Note by Remark 4.14 the matrix i;l given
by (4.24) is positive definite and the matrix we subtract is also positive definite.
Therefore, it holds in the sense of quadratic forms

0<yt=x"1— yleyit<urt

= ]
Now, the uniform bound (4.16) yields

= n=1
Vdet11(QTE71Q,) < ¢35
Then, the desired statement (4.29) follows directly from the estimate (4.23). O
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4.3.3. Reduction to neighborhood around the saddle. Firstly, observe that from
(4.29) follows the a priori estimate

./42 €T C n-t 1 x
M(;)) < (2;;) Z, ez1®), (4.31)

Hence, on an exponential scale, the leading order contribution to the cost comes
from neighborhoods of points where H(x) is large. Therefore, we want to make the
set, where H is comparable to its value at the optimal connecting saddle s; ;, as
small as possible. For this purpose, let us define the following set

Eyy:={z esuppA: H(x) > H(s;;) —ew’(e)}. (4.32)
Therewith, we obtain by denoting the complement =£ 5, := supp A\E, 5 the split-

ting

.A2

T [ 4
E 5 p(x

The integral on Zf 5, can be estimated with the a priori estimate (4.31) and Lem-
ma 4.15 as follows

2 (4.32) H(s;,j)
Aw) dv < Zye = 7‘”2(5)/ A%(z) do

I
BS 5 ()
(4.29) H(s;
< gt >< ) /A (4.33)
2me
(428) ZHeH(Zi,j) —w?(e) <Cz >
~ 2me

We observe that estimate (4.33) is the second summand in the desired bound (4.17).

4.3.4. Cost estimate around the saddle. The aim of this subsection is to deduce the
estimate

A2(z) < Z Heip) 2me |det(V2H (s, ;)]

=5 A Y Cre)E A s
Note that this estimate would yield the missing ingredient for the verification of
the desired estimate (4.17).

By the non-degeneracy Assumption 1.9, we can assume that e is small enough
such that By UES C 25,5 It follows that =, 5, C E. We claim that the transport
interpolation ®; can be chosen such that there exists a connected interval It C [0, T]
satisfying

(4.34)

ZsC |JVitr) and  H'(Ir) = O(Vew(e)). (4.35)
selr
Indeed, the level set {z € R" : H(z) < H(s; ;) —ew?(e)} consists of at least two
connected components M; and M; such that m; € M; and m; € M;. Further, it
holds
dist(M;, M) = |z —y| = O(Ve w(e)),

wEM“yEJ\/[
which follows from expanding H around s;; in direction of the eigenvector cor-
responding to the negative eigenvalue of V2H(s; ;). We can choose the path v
in direction of this eigenvector in a neighborhood of size O(y/e w(e)) around s; ;,
which shows (4.35).
Combining the covering (4.35) and Lemma 4.12 yields the estimate

A@) 4 / A0 +2) 4 g (4.36)
SIS :u ) Ir ’Ys + zs
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Recalling the definition (4.19) of the family of rotations (Q)refo, 1], it holds that
zr = Q,z with z € {0} x R"~!. Hence, the following relation holds

2 2
/ / A t2) g dT:/ / Ty () £C@r2) g,
Ir JV, w(vr + 27) {0}xR =1 JIp p(yr + Qr2)

(4.37)
The next step is to rewrite H (v, + Qrz). We can assume, that v actually passes
the saddle s; ; at time 7% € (0,7T'). Then, by the reason that |z.| = O(\/e w(e))
for z, € V; and the global non-degeneracy assumption (1.4), we can Taylor expand
H(v; + z;) around s; ; = v,« for 7 € Iy and 2, = @,z € V.. More precisely, we
get

H(yr +Qr2) — H(sij)
1
= SV2H(si))lr + Qrz = i + Ollyr + Qrz = 510%)

= SV H(si)lr — -] 5 VP Hs:,)[Q-]

+(Qr2, V2 H (i) (% = ¥r+)) + Olvr + Qrz — 7

Now, further expanding ~, and @), in 7 leads to

%)

Yr =Y+ + Ve (T = 77) + O(]7 = 77[), and
Qrz=Qrz+O(1 — 7" |2|).

For the expansion of H, we arrive at the identity

H(v: +Qrz) — H(s;j) =
SV H(50) [ (1 — 1) £ O7 = 7*P)] 4 5V H(s5:)[Qr-2 + Ol — 7|2
+(Qrz + O = T 121), V2 H si) (3 (r = 7) + O(Ir = 7*[%)))
L O(e + Qrz — e )

= SV H(si )] (7= 77 4 5V H(5:5)[Qr- ]
Qe V2 H (51330} (7 — 7)
FO(r =P el = 72 2P I = 7).

Using |7 — 7*| = O(v/e w(e)) and |z| = O(v/e w(e)) we obtain for the error the
estimate

Ofr =7, el r = 72 1o Ir = 71 |#f") = O(e? w2(e)).

The term (Q-+z, V2H (s; ;)37 ) (T —7*) in the expansion of H has no sign and has
to vanish. This is only the case, if we choose 4« as an eigenvector of VQH(SM) to
the negative eigenvalue A~ (s; ;), because then

(Qrez, V2H (51,3) 7+ ) (1 = 77) = A7 (815) (Qre2,%7+) = 0.
Additionally, by this choice of 4~ the quadratic form V2H (s; ;)[§,+] evaluates to
V2H (s1)[r<] = A7 (s1,5) i = A7 (51,5)-

Therefore, we deduced the desired rewriting of H (v, + Q,z) as

H(vr +Qrz) = H(sij) — [\ (sij)|(t —7)% + %WH(SM)[QT*Z] +0(e2 Wi(e)).
(4.38)
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From the regularity assumptions on the transport interpolation we can deduce that
£1Qr2 = £2MQr 2 + O(7 — 77| |2%)
= 37 Qr 2+ O(Ir = 77| [2D)] + Ol — 77 |2)
S2NQr 2] 4+ O(e2 WP (e)).
Then, it follows easily from the definition (4.23) of P, that
P, = P+ for T € Ir. (4.39)

Applying the cost estimate (4.23) of Lemma 4.13, the representation (4.38) and the
identity (4.39) yields the estimate for v; + Q,z)inZ,

2 S5 4 S ov2H(s; 1)) xz) (55 DI (r—7)2
Mszuem S R U [ R R (i (4.40)
p(yr + Qrz)

The exponentials are densities of two Gaussian, if we put an additional constraint
on the transport interpolation. Namely, we postulate

2% —V2H(s;;) >0 on spanV;-

in the sense of quadratic forms. It holds that spanV,« = Q.-({0} x R"*"!) =

span {4, }l is the tangent space of the stable manifold in the 1-saddle s; ;. With
this preliminary considerations we finally are able to estimate the right-hand side
of (4.37) as follows

2
/ / 1y (Qr2) M dr dz
{0}XR"71 It

T*

p(yr + Qrz)
(4.40) H(s;) @27 -V2H(s; ;))Q, 2] |A*(si,j)|(7_f*)2
SZye = / / P2 e 2 - e dr dz
{0}xR"—1 JIrp
H(s; ;) V2 (22:*1—V2H(si7]‘))[QT* 2]
<Z,e i/ Pf* e 2¢ dz
VIAT(8i)] J {0y xmn—1
VIAT (i)l \/detM (QL@E;& - VQH(SM))QT*>
 Zy 6H<S;,j> 2me det; 1 (QLX71Q.)
(2me) 2

VIXGsig)] \/ detrr (Q (257! = V2H(5:,1))Qr) |

to optimize!

The final step consists of optimizing the choice of Y. Let us use the notation
A=QLx7'Q, and B = Q. H(s; ;)Q~. Then the minimization problem has the
structure

A
inf dety.y :24—B>0 on {0} xR"'}. (4.42)
AE]R;LmeTfJr det171 (2A — B)

In the appendix, we show in Lemma D.1 that the optimal value of (4.42) is attained
at X! = V2H (s; ;) restricted V,~. The optimal value is given by

det; 1 A
et11 _ \/detm( L V2H (si;)Qr+).

Vdety 1 (24 - B)
Because V- is the tangent space of the stable manifold of the saddle s; j;, it holds
_ det(V2H(si;)) _ |det(V2H (si,;))|
S X Gy Gl

detlyl(Q:*VQH(siyj)Ql) (443)
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The final step is a combination of (4.36), (4.37), (4.41) and (4.43) to obtain the
desired estimate (4.34).

For the verification of Lemma 4.11, it is only left to deduce the estimate (4.18).
For that purpose we analyze the error terms in the estimate (4.17) i.e.

74(1/2_7yj) <

H(s; j) det(V2H(s; ;
< Zy e 97e |det(V2H (s; ;)]
" (2me)z

—w?(e)
+ .
A~ (si)] Vare )

=0(1) —O(e" B e—w2(9)

By the choice of w(e) > |log E|%, enforced by Lemma 4.6, we see that
O(e™#e™" @) = O(e).

Recalling, that “<” means “<” up to a multiplicative error of order 1+O(y/z w?(¢))
we get

H(sj j det(V2H (s; ;
Zy e o /Idet(V2H (si)] (1+0(VEw*(2)).

T2 iy Vg S n
Vi) X ey ()l

m

The last inequality already yields the desired estimate (4.18) by using the observa-
tion

(1+0(ve w?’(a))) (1+0(Ve) = (1+0(Ve w3(5))) .

4.4. Conclusion of the mean-difference estimate. With the help of Lemma 4.6
and Lemma 4.11 the proof of Theorem 2.9 is straightforward. We can estimate
the mean-differences w.r.t. to the measure p; by introducing the means w.r.t. the
approximations v; and v;.

(Eui(f>_EMj (f)) = (Eub(f)_]Em(f> + ]EVi(f)_]EVj (f) + ]EVj (f)_]EHj (f))

We apply the Young inequality with a weight that is motivated by the final total
multiplicative error term R(e) in Theorem 2.9. More precisely,

2 2

2

(B () =By ()" < (1+e30%)) (B () — By ()" +
+2(1+ w7 @) (B (1) = Bun (1) + (B, (1) = By (1))
Then, the estimate (4.6) of Lemma 4.6 yields
(Ep () = By ()" < 1+ VE W (0)) (Bu, () — Euy () +O(e) / V1% dp,
(4.44)
which justifies the statement, that the approximation only leads to higher-order

error terms in €. An application of (4.1) to the estimate (4.44) transfers the mean-
difference to the Dirichlet form with the help of the weighted transport distance

(B () = By (1) < (1 + VEW*(©)) T2 (w3 05) + 0(e) / IV 17 du,

The weighted transport distance 7,(v;,v;) is dominating the above estimate. Fi-
nally, we arrive at the estimate

(B ()~ By, ()’ < T2 1) / IV FP du

Now, the Theorem 2.9 follows directly from an application of the estimate (4.18)

of Lemma 4.11 and setting w(e) = |log€\%.
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APPENDIX A. PROPERTIES OF THE LOGARITHMIC MEAN A

In this part of the appendix, we collect some properties of the logarithmic
mean A(-,-). Let us start with a collection of some essential properties for this sec-
tion. A more complete study can be found in [Car72] and the recent review [Bha0§|.

Let us first recall the definition of A(-,-) : RT x RT — R™*

a—2b

Aa,b) = loga —logb’

a#b and Ala,a) = a.
The value of A(a,b) is also given by the logarithmic average of a and b
1
X X 1
A(a,b) = / a®b ¢ ds =
0

loga — log b
The equation (A.1) justifies the statement, that A(-,-) is a mean, since one imme-
diately recovers the simple bounds min {a, b} < A(a,b) < max {a,b}. Furthermore,
the following representations hold for 1/A(-,-)

1 1 dr © dr
A(a,b) :/O ra+ (1—7)b :/0 (a+7)b+71) (A.2)

Some immediate properties are:

[a*p' ]! (A.1)

s=0"

e A(:,) is symmetric
e A(-,-) is homogeneous of degree one, i.e. for A > 0 holds A(Aa, \b) =

A (a,b).
The derivatives of A(-,-) are given by straight-forward calculus
1 Aa,b)
A =—(1- :
04\ (a,b) oz —logh ( o ) >0 and
1 A(a,b)
A =—[1-— .
Ph(a,b) logbloga( b ) >0

Hence A(-, ) is strictly monotone increasing in both arguments.
The following result is almost classical.

Lemma A.1. The logarithmic mean can be bounded below by the geometric mean
and above by the arithmetic mean

b
Vab < Aa,b) < ot

2 )

(A.3)
with equality if and only if a = 0.
There exists at least four proofs of the inequality A.3

[Car72, Theorem 1] uses the representation (A.2)

[Miell, Appendix A] starts with (A.1) and uses the convexity of s — a®b!~*
[Bha08] gives an argument by simple calculus.

Again [BhaO8] relates the terms in question to hyperbolic trigonometric
functions, which allow for a quantification of the error, in the case with no
equality. We will present his proof here.

Proof. Since w.l.o.g. a,b > 0, we can switch to exponential variables and set a = e*
and b = e”. Therewith we arrive for the quotient of geometric and logarithmic mean

at

r—y
Vab e R I S — T— (A.4)
A(a,b) er —e¥  o5FF' _e*3"  sinh (:”2—?4)
t

is symmetric and strictly decreasing

It is easy to verify, that the function ¢ —

in ||, hence it has a unique maximum for ¢ = 0 with 1. This proves vab < A(a,b)
with equality only if a = b.
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By the same reasoning, we obtain for the quotient of arithmetic and logarithmic
mean in exponential variables

a+b T—y
2 — 2

A(a,b)  tanh (%)

Again, one can check that the function ¢ — ﬁ is symmetric and strictly in-
creasing in |¢], hence it has a unique minimum for ¢ = 0 with value 1. This proves
a£b > A(a,b) with equality only if a = b. O

The bounds in (A.3) are good, if a is of the same order as b, whereas the following
bound is particular good if § becomes very small or very large.

Lemma A.2. It holds for p € (0,1) the following bound

Alp,1— 1 1
A1-p) < min T (- (A.5)
p(1-p) plogs (1 —p)log =,

Proof. Let us first consider the case 0 < p < % Then, it is enough to show, that

A(p,1— 1 (1-2p)log;
Alp1-p) plog — = —( ) <1 (A.6)
p(1—p) P (1-p)log =~
This follows easily from the following lower bound on the denominator

1—

1 1 1 1
(1—p)log —L = (1—2p)10g;+plog];—(1—p)10g1 > (1—2p)10g§,

since plog% - (1-p) loglflp >0for0<p< % The case % < p < 1 follows by
symmetry under the variable change p — 1 — p. It remains to check the case p = %
The left-hand side of (A.6) evaluates for p = 1 to
Alp,1— 1
lim M plog — =log2 < 1.
p—1 p(1—p) p
O

The logarithmic mean also occurs in the following optimization problem, which
appears in the proof of the optimality of the Eyring-Kramers formula for the loga-
rithmic Sobolev constant in one dimension (cf. Section 2.4).

Lemma A.3. Forp e (0,1) and t € (0,1) we define the function hy,(t) according

to
oo (VB

B tlog%—i—(l—t)log%'

Then it holds

hy(t) = ————=.
re(0) () p(1—p)

The minimum in (A.7) is attained fort =1—p.

(A7)

Proof. Let us introduce the function f, : (0,1) — R and g, : (0,1) — R given by
the nominator and denominator of (A.7), namely

2
fo(t) = (\/%— ,/11_;;> and gp(t) = tlogf} +(1—1t)log %.
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It is easy to verify, that the following relations for the derivatives hold true

_ t 1—t 1 1 / o t 1—t
= (Vi-Vi=) (ﬁ+<1—p><1—t>> gp(t) = log ; ~log 1=, (A-8)

f;,/(t) = ((11 ;;; 2(1— t)2t2 >0, g;,/(t) - (1—1t)t > 0.

Hence, both functions f, an g, are strictly convex and have a unique minimum for
t = p, where they are both zero. The derivative of the quotient of f, and g, has
the form

/ . fp( ) 1 , 3 ,
lt) = (gp(t)> 2@ Vo) = (1g0) (A.9)
The representation (A.8) for g, leads to

WL(DGE(E) = (t£1(0) — Fo(0) Tog £+ (L= OF3(0) + fy(0) log 1L, (A.10)
Now, we can use (A.8) for f, to find

50 = 5o = (/5 - \ﬁ)<\fm\fm>
= s (Vi Vi)

(T =1)f(t) + fp(t) (\f \/>) (A.12)

Using (A.11) and (A 12) in (A.10) leads by (A 9) to

-5 m(m =)

=:wp(t)

(A.11)

and likewise

Since g,(p) = g,(p) = 0 and g,/(p) > 0, the function 92—(” has a pole of order 4

in t = p. Moreover, the function v,(t) has a simple zero in ¢t = p. We have to do
some more investigations for the function w,(t). First, we observe that w,(t) can

be rewritten as
t—p (@mg; (-0 -p) 1og%_;§>

)= i \ G-p) =0

=y (t) =0p (1)

The function W (t) can be expressed in terms of the logarithmic mean
i vip V1=t - p)
) = _ A.13
O = Ry T AI =1 p) (A.13)

and is measuring the defect in the geometric-logarithmic mean inequality (A.3).
Let us switch to exponential variables and set

t 1-—t
z(t) = log\/> and y(t) :=log/——.
0 . (0 —

Note, that either z(t) < 0 < y(t) for t < p or y(¢t) < 0 < z(t) for t > 0 with equality
only for ¢t = p. Therewith, (A.13) becomes with the same argument as in (A.4)
PP N 1
P sinh (z(t))  sinh (y(¢))
By making use of the fact, that the function z — f— is symmetric, monotone
decreasing in |z| and has a unique maximum in 1, we can conclude that

wp(t) =0  ifand only if () = —y(1).
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The solutions to the equation z(t) = —y(t) are given for ¢t € {p, 1 — p}. Let us first
consider the case t = p, then z(t) = y(t) = 0 and w,(p) is a zero of order 2, since
the function x — = is strictly concave for ¢ = 0. Now, we can go back to hy,(t)
and argue with the representation
t)ab, (t)w,(t) !
lim 7/ (#) = lim Uy (D), (1) )w’;’( JB(®) 2,
t—p t—p 9y (t)

This is a consequence of counting the zeros for ¢ = p in the nominator and denomi-
nator according to their order. For the denominator gﬁ (p) is a zero of order 4. For
the nominator we have v,(p) is a zero of order 1, wy(p) is a zero of order 1 and
Wp(p) is a zero of order 2, which leads in total again to a zero of order 4 exactly
compensating the zero of the denominator.

The other case is t = 1 — p. Let us evaluate h,(1 — p), which is given by

sy (0= (1 -p)°
(1—p)log =2 + plog 12
1 (»—(1-p))? A(p,1—p)

Cp(l=p)(p—(1—p)logiZ,  p(l-p)

hp(1~p) =

Since, t = 1 — p is the only critical point of h,(¢) inside (0,1), it remains to check
whether the boundary values are larger than h,(1 — p). They are given by

1 1
lim h,(t) = ———— d lim hy(t) = ——.
tE)I(l) p( ) (l—p)logﬁ an tEH p( ) plog%

We observe, that the demanded inequality to be in a global minimum

— !
hp(l—p):w<min 117 1 <
p(1—p) plog; (1 —p)log
is just (A.5) of Lemma A.2. O

APPENDIX B. PARTIAL GAUSSIAN INTEGRALS

This section is devoted to proof the representation for partial or incomplete
Gaussian integrals. Lemma (B.1) is an ingredient to evaluate the weighted transport
cost in Section 4.3.

Lemma B.1 (Partial Gaussian integral). Let X~' € R{Y, be a symmetric positive
definite matriz and let n € S"~1 be a unit vector. Therewith, {rn + zL}TeR is for

2zt € span {n}J‘ an affine subspace of R™. The integral of a centered Gaussian

w.r.t. to this subspace is given by

/]Rexp (—;Zl[m + zﬂ) dr = gfr[m exp (_271[2;])7

B Z_l 2—1
with S0 =yl -2 182 1
- n]
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Proof. To evaluate this integral on an one-dimensional subspace of R, we have to
expand the quadratic form ©7![rn + 2] and arrive at the relation

/]Rexp (;El[erZL]) ar
= exp <_;El[zl]> /]Rexp <—jEl[7]] +r(n, ElzJ->) dr
:exp(—lz‘wzw)‘””fem)<@%2‘%fv2)

2 1] 257 [n]
2 1 Yipey?
- g (4T )
S-1n] 2 " tn]
which concludes the hypothesis. O

APPENDIX C. SUBDETERMINANTS, ADJUGATES AND INVERSES
Let A € RZX", , then define for n € S"~! the matrix

sym,-+
A= A— M
Aln)

The matrix A has at least rank n— 1, since we subtracted from the positive definite
matrix A a rank-1 matrix. Further, from the representation it is immediate, that
A has rank n— 1 if and only if 7 is an eigenvector of A. In this case ker A = span .
It is easy to show that

(C.1)

A>0 on span{n}".

Let V = span {n}" be the (n — 1)-dimensional subspace perpendicular to . Then
for a matrix A € R, we want to calculate the determinant of A restricted to
this subspace V. This determinant is obtained by first choosing () € SO™ such that
Q({0} x R"™!) = V and then evaluating the determinant of the minor consisting
of the (n — 1) x (n — 1) lower right submatrix of Q" AQ denoted by det; 1 (Q T AQ)

. Hence, we have

det1 1(Q" AQ), with @ € SO(n): Q' n=¢'=(1,0,...,0)".

Since V' = span {n}{ it follows that the first column of @ is given by 1 and we can
decompose Q" AQ into

T
QTAQ = (f@T Q/ﬁj,
QTAn  QTAQ

where for a matrix M, M is the lower right (n—1) X (n — 1) submatrix of M and
for a vector v, ¥ the (n — 1) lower subvector of v. Therewith, we find a similarity
transformation which applied to QT AQ results in

detA—detQTAQ—det«/A@T Qjﬁ) (1 _QAT[?]"»
0TAn GTAQ) \0 1,

( Aln] 0 >
=det | ——T ——— I

QTAU QTAQ — 2[77] =

QT An® QTAn>

= Aln] detq 1 (QTAQ - A
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The determinant of the minor is given by

det; ; <QTAQ _ W) = dety <QT (A _ W) Q) )

Afn Aln
Hence, by the definition (C.1) of A and the subdeterminant we found the identity
det A = An]det; 1(Q" AQ). (C.2)

APPENDIX D. A MATRIX OPTIMIZATION

Lemma D.1. Let B € Ry, then it holds

mf {9 oo Bl - VierB
AERD L det (2A — B)
and for the optimal A holds A = B.
Proof. We note that
det A B 1
V/det 24 - B) \/det(A—l) det(21d —A~3BA~%)

Therewith, it is enough to maximize the radical of the root. Therefore, we substitute
A=% = CB~% with C > 0 not necessarily symmetric and observe that A" =
B~2CT. We obtain

det(A™") det(2Id —A~2 BA™2) = det(B~") det(CCT) det(21d —CCT).
Note, that CCT € R:yxnl 4 and it is enough to calculate

m

sup {det(é’) det(2Id—C): C < ZId} .
OER:;;:Jr

From the constraint 0 < C' < 21d we can write C' = Id +D, where D is symmetric
and satisfies —Id < D < Id in the sense of quadratic forms. From here, we finally
observe

det(C) det(21d —C) = det(Id +D) det(Id —D) = det(Id —D?).
Since D? > 0, we find the optimal C' given by Id, which yields that A = B. O

APPENDIX E. JACOBI’S FORMULA

Lemma E.1 (Jacobi’s formula). Let R 5 ¢t — &, € {A € R™"*" : det A # 0} be a
differentiable function, then

d .
En log det ®; = tr (<I)t 1<I>t) .

Proof. We first note that the determinant of ®(¢) is a multilinear function d of the
columns ¢}, ..., %, i.e. det ®; = d(é;,...,¢") Then, it follows

d | n—1 in

&detq)t :d(¢%7¢?77¢?)++d(¢t153 t 1a¢t)'

Now, the proof consists of two steps. We first proof the identity (E.1) for ®; = Id
and then generalize this result. If we assume w.l.o.g. that &3 = Id. By expanding

the determinant d(¢}, ¢?, ..., ¢}) along its first column it immediately follows that
; 11,1
d(¢%7¢?77¢?) = ¢t :
From here we conclude that

d .
a det q)t =1tr (I)t.
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Now, let ®; = A be a general invertible matrix. Hence, we can apply the result
from the first step to A~'®, and arrive at

d _ -
7 det (A7) = tr (A0,
The results follows by substituting A back. O

APPENDIX F. JACOBI MATRICES

For a smooth function f : R™ — R"™ denotes Df(x) the Jacobi matriz of the
partial derivatives of f in z € R™ given by

Df(x) = <§j< >> .

Lemma F.1. Let A, B € R™*", then it holds

T Az + f(Bx)

_ Az + f(Bx)

V |Az + f(Bz)| = (A4 Df(x)B) e F B F1)
fl) _ 1 f(z) f(x) )

DGy = e (O © o) P

Proof. Let us first check the relation (F.1) and calculate the partial derivative

2
d|Az + f(Bx)| 1 d | |
PR 1V P 175 IR T @Aﬁﬁf]@x)) (F.3)

The inner derivative of (F.3) evaluates to

2
(Dt 500 ) =2 (T 500 ) (a5 512,
K3 k : ,L

(F.4)
The derivative of f;(Bz) becomes
df;(Bx) _ df; O Bik®k, - -5 2y Bukk)
dx, dz;,
(F.5)

Zakfj (Bx)Byi = (D f(Bx)B)j;i.
Hence, a combination of (F. 3) (F.4) and (F.5) leads to

d|Az + f(Bz)|
o = T AE D () + £(B2)) (A (D (B2) )

_ oy py7 Ao+ £(Bo);

which shows (F.1). For the equation (F.2), let us first consider the Jacobian of the
function F'(z) = 7, which is given by

1 T T
DF(z)=— | ld——® — | .
0= (o)
Then, by the chain rule, we observe that
f(z)
D =D(Fo = DF D
o = DF e () = DF(f@)Df ().
which is just (F.2). O
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APPENDIX G. SOME MORE FUNCTIONAL INEQUALITIES

We already introduced in Section 1.1 the both functional inequalities PI(p) and
LSI(w). The inequalities PI(p) and LSI(«) can be thought as the extremes of a
whole family of inequalities, from which we want introduce at least two more in
this short section.

G.1. Horizontal, vertical and infinitesimal distances. Let us introduce a new
functional inequality incorporating the Wasserstein transportation distance. The
interplay of the different functional inequalities was discovered by Otto and Vil-
lani [OVO00).

Definition G.1 (Wasserstein distance). For any two probability measures u, v on
an Fuclidean space X, the Wasserstein distance of between p and v is defined by
the formula
W2(v,p) =  inf / |z — y|? 7 (dz, dy),
mell(p,v) R» xR™
where II(v, p) is the set of all couplings, i.e. all measures 7 on R™ x R"s with first
marginal » and second marginal p, i.e. [z, 7(-,dy) = v(-) and [p, 7(dz,-) = p(-).

Since the Wasserstein distance measures the displacement between two measure,
it can be thought as a horizontal distance' on the space of probability measures.
On the contrary, classical distances like the total variation, variance or relative
entropy are vertical distances, since they measure the pointwise difference of the
densities between two measures. Often, one is interested in the interplay between a
horizontal and vertical distances and how a distance of the one kind can be bounded
by a distance of the other kind. The following theorem provides a simple and in
general rough bound of the Wasserstein distance between two measures in terms of
the second moment of the total variation of the difference of the two measures.

Theorem G.2 (Control by total variation [Vil09, Theorem 6.15]). Let p and v be
two probability measures on an Fuclidean space X, then

Wip) <2 [ Jof? v~ ul(de) =2} (v = )|

More difficult is the question, whether a horizontal distance can be estimated
by an infinitesimal distance, like the Dirichlet energy or Fisher information, which
somehow measure the local relative fluctuations between two measures. The proto-
type and extensively studied inequality of this type is the transportation-information
inequality.

TV

Definition G.3 (Transportation-information inequality WI). A probability mea-
sure 4 on an Euclidean space X satisfies WI(p) with constant p > 0, if for all test
functions f > 0 with [ fdu =1 holds

1 [|VfP
Wg(fﬂalﬁ) < ﬁ / |f| dp. WI(p)
In the abbreviation WI, W stands for the Wasserstein distance and I stands for the
Fisher information.
It turns out, that the WI inequality is just in-between the PI and LSI.

Lemma G.4 (Relation between LSI(p), WI(p) and PI(p)). Let 1 be a probability
measure on an Fuclidean space X. Then the following implications hold

u satisfies LSI(p) = u satisfies Wl(p) = p satisfies PI(p),

IThe notion of horizontal and vertical distances is adopted from a talk of Nicola Gigli on the
recent preprint [AGS12]
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where all of the implications are strict.

Remark G.5. The first implication in WI(p) is on of the result in [OV00]. An
example satisfying WI(p) but not LSI(p) was constructed in [CGO6]. For the
second implication, one uses a linearization argument, like we already presented
in Remark 1.2. To proof that the implication is sharp, consider the measure
p(dz) = Z texp(—|z|)dz on the real line. Then, the condition [Goz07, Theo-
rem 6] states that u does not satisfy WI(p), but for instance by the Muckenhoupt
functional [Muc72| one can check (cf. [Sch12, Section 5.3.]), that p satisfies PI(p).

PTI as well as LSI are also in this class and bound a vertical distance, i.e. the vari-
ance respectively the relative entropy, by an infinitesimal distance, i.e. the Dirichlet
form respectively the Fisher information. An inequality showing the interplay be-
tween all three kinds of distances, i.e. vertical, horizontal and infinitesimal, was
discovered by Otto and Villani [OV00]. The name HWI-inequality comes from the
quantities in question, since the inequality bounds the relative entropy H in terms
of the Wasserstein distance W and the Fisher information I.

Theorem G.6 (HWI inequality [OV00, Theorem 3|). Let p(dz) = e H@dx a
probability measure on R™, with finite moments of order 2, such that H € C?(R"),
V2H > Ky, Ky € R (not necessarily positive). Then, for all test functions f with
J fdp =1 holds

Ent,(f) = H(fulp) < Walfu, m)v/2I(fulp) — %sz(fmu)- HWI

Remark G.7 (A covariance estimate in terms of 7,). A special case of the “mean-
difference” estimate occurs, by setting vy = gu and v; = u, where g > 0 and
J g dp =1, then we arrive at the following covariance estimate

cov2(f,g) = (Bop (/) — Bu(£)? < T2(g11: 1) / VP du

Finally, setting f = g results in

va,(7) < Tulfs | [ 1957 an (G.1)

The estimate (G.1) has the same structure as the HWT inequality in the sense, that
it connects a vertical with the product of a horizontal and the square root of an
infinitesimal distance. However, the estimate (G.1) does not demand a lower bound
on the Hessian of the exponential density of p.

G.2. Defective logarithmic Sobolev inequality. Let us present how a defective
LSI can be tightened to LSI with the help of PI.

Definition G.8 (Defective logarithmic Sobolev inequality dLSI(ag, B)). A mea-
sure 1 on R™ satisfies the defective logarithmic Sobolev inequality dLSI(ay, B) with
constants g, B > 0, if for all test function f: R™ — R holds

1 v
adq 2f

Proposition G.9 (dLSI(aq4, B) and PI(p) imply LSI(«)). Assume that p satisfies
dLSI(ayg, B) and PI(p), then u satisfies LSI(o) with

1 1 B+2

Ent,(f) < du+B/fdu. dLSI(ay, B)

67 ad o
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Proof. The argument is from [Led99] and is a simple consequence of the estimate

Ent,,(f?) < Ent, ((f = Bu(f))?) + 2 var,(f),
which is due to [Rot86] and [DS89]. An application of dLSI(ay, B) leads to

1
But,(2) < o [ 2194 du-+ (B -+ 2)van, ().
d
The result follow from applying PI(p) to the variance in the last term. O
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