Max-Planck-Institut
fiir Mathematik
in den Naturwissenschaften
Leipzig

Universal upper bound for the Holevo
information induced by a quantum operation

by

Lin Zhang, Junde Wu, and Shao-Ming Fei

Preprint no.: 20 2013







Universal upper bound for the Holevo information induced by a

quantum operation

Lin Zhang”* Junde Wu®' Shao-Ming Fei“*
* Department of Mathematics, Zhejiang University, Hangzhou 310027, PR China
b Institute of Mathematics, Hangzhou Dianzi University, Hangzhou 310018, PR China

¢ School of Mathematical Sciences, Capital Normal University, Beijing 100048, PR China

Abstract

Let H4 ® Hp be a bipartite system and p4p a quantum state on H4 ® Hp, pa =
Trg (0aB), pB = Tra (pap). Then each quantum operation ®p on quantum system
Hp can induce a quantum ensemble {(p,,04,)} on quantum system H,4. In this
paper, we show that the Holevo quantity x{(pu,0a,)} of the quantum ensemble
{(pu,0a,u)} can be upper bounded by S(pp). By using the result, we answer partly a

conjecture of Fannes, de Melo, Roga and Zyczkowski.

Keywords: Quantum state, Quantum operation, von Neumann entropy, Holevo

quantity.

1 Introduction and preliminaries

Let H be a finite dimensional complex Hilbert space. A quantum state p on H is a posi-

tive semi-definite operator of trace one, in particular, for each unit vector |¢) € H, the
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operator p = |¢)(¢| is said to be a pure state. The set of all quantum states on H is de-
noted by D (#H). For each quantum state p € D (H), its von Neumann entropy is defined
by S(p) = —Tr (plog, p). A quantum operation ® on H is a trace-preserving completely
positive linear mapping defined over the set D (#). It follows from ([?, Prop. 5.2 and
Cor. 5.5]) that there exist linear operators {My}ﬁz1 on H such that 25:1 M;MV =1and

® =}, Ady,, that is, for each quantum state p, we have the Kraus representation

K
®(p) = Y MuoM;,.
u=1

Let £ = {(pu,pu)} be a quantum ensemble on H, that is, each p, € D (H), p > 0,
and Y, py = 1. The Holevo quantity of the quantum ensemble { (p,,p,) } is defined by

the following expression:

XL (puou) } = SQ_puow) — Y puS (op) - (1.1)
T T

Let H4 ® Hp be a bipartite system and psp a quantum state on Hq @ Hp, pa =
Trg (0aB), P8 = Tra (pag), 5 = L, Adm,, be a quantum operation on quantum system
Hp. Then ® =}, Ady,emy), is a quantum operation on the bipartite system H 4 @ Hp.

Let
pu=Tr (La@Ms,) pap (Ta@ M, ) ).

Then py, > 0 and ), p, = 1. Without loss of generality, we assume that p;, > 0. Let

PAp = Pﬁl Trp ((ﬂA © Mpy) pas <]1A ® ME,#))

= pﬁl Trp <<11A & \/M) PAB <11A ® m)) '

Then p 4, is a quantum state on H 4. Thus, quantum operation ®5 induced a quantum

ensemble {(py,04,)} on quantum system H 4.
In this paper, the following result is obtained:

Theorem 1.1. x{(pu,04,)} < min{S(p0a),S(pB)}.

By using this result, we answer partly a conjecture of Fannes, de Melo, Roga and

Zyczkowski.



2 The proof of Theorem ??

Clearly, x{(pu,0a,u)} < S(pa) is trivial by the definition of the Holevo information. It

remains to prove x{(pu,04,)} < S(op). The nontrivial part of the proof is divided into

three parts as follows:

(i)

(ii)

If {|¢YBu) ]Ile is a standard orthonormal basis of Hp and M, = |¢3 ) (¥p |, then

it follows, from Theorem 3.1 in [?] and its proof, that x{(pu,04,)} < S(oB).

If Mg, = Pg,, where Pg, is a projector on Hg. Note that ZV Pg,, = 1, so there is
a standard orthonormal basis {|u, ;) } of Hp such that

PB,V = Z |”y,i> <uy,i

1

for each p.
Denote p,,; = <”W' 0B uW'>, without loss of generality, we assume that p,; > 0,
and denote
Pawi = Pri (i lpaB|Uyi) -
Thus

pu = Tr((1a®Ppy)pap (la®Ppy)) = Tr (14 ® Ppyu) paB)
= ZTT (Cupiloas| uyi)) = Z<uy,i | uyi) = Zpy,i (2.1)
1 1 1

and

(14 ® Ppy) pap (14 ® Pp ) = Z <uy,i loAB| ”y,i’> ® [y,i) (- (2.2)
7
It follows from Eq. (??) and Eq. (??) that
PuPAu = ;Pu,iPA,u,i-
Therefore, by the concavity of von Neumann entropy, we have

PyS(PA,y) > Z py,iS(PA,y,i)-

So,
Y puS(oan) =33 puiS(pan)-
H 72

Thus, the desired inequality is obtained.
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(iii) Now we prove the theorem generally. By the Naimark theorem [?], there exists
a quantum system #Hc, a unit vector [0c) € Hc and a projector {Ppc,} on the
bipartite system Hp ® ¢ such that (Oc |Ppc | Oc) = MIE,VMBM' Thus,

puoan = Trg ((La© /M5, Mpy) pas (14 @ \/ME Mg, ))

= Trpc (14 @ Poey) (048 ©0)(0]c) (14 ® Pacy)) -

So, the quantum ensemble {(py, p4,)} which is induced by the quantum operation
®p can be considered as one which is induced by the quantum operation ®pc =
Y AdeC’V over Hg ® Hc. Thus, it follows from (ii) that

X{(pp pau)r < S(op ®10)(0lc) = S(ps)-

3 The conjecture of Fannes, de Melo, Roga and Zyczkowski

Let Ex = {(pi, pi)} | be a quantum ensemble on a finite dimensional quantum system
H, Fij = F(p;, pj) = (Tr (| \/ﬁ\/cﬂ))z be the fidelity between p; and p;. The matrix

Cr(én) = [\/ piijij} ;

is said to be a correlation matrix of the quantum ensemble En = {(p;, pi)} ;.

For N = 2 or 3, the correlation matrix C \/ﬁ(SN) = [, /pip]-Fi]-} i is a legitimate state.
However, if N > 4, then C 7(En) = [\/ pip]-Fi]-]i]. fails to be a positive semi-definite

matrix in general [?]. For N = 2, the correlation matrix

p1 p1p2F (01, 02)
C (&)= [ ]
vE p1p2F (o1, 02) P2

was shown to satisfy the following inequality [?]:

1(E2) < S(Cp(E2).

Moreover, the upper bound S(C, 7(&2)) is the tighter one in the above inequality.

Fannes, de Melo, Roga and Zyczkowski conjectured that for N = 3, x(&3) < S(C Ji(&3))

is also true [?].

In what follows, we apply Theorem ?? to answer partly the conjecture.
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Lemma 3.1 ([?]). Let H, Ha and H3 be three finite dimensional complex Hilbert spaces. Then
the block operator

A D E
Dt B F
EtY Ft C

defined on Hi ® Hp ® Hga is positive semi-definite if and only if the following statements are
valid:

(i) A>0,B=0,C=0;

(ii) there exist three contractive operators Ry, Ry and Ra such that D = VAR{VB,F =
VBRyV/C, and

E = VARysupp(B)R,VC + \/A - \/ZRlsupp(B)RI\/ZRg\/C — V/CR}supp(B)RIVC,

where supp(B) stands for the support projection of B.

Lemma 3.2. Let U,V and W be three unitary operators on finite dimensional complex Hilbert

space H and 1 be the identity operator on H. Then the operator

1 U V
utr 1w
vt Wt 1

is positive semi-definite if and only if V. = UW.

Proof. Taking D = U,E = V,F = Wand A = B = C = 1 in Lemma ??, we have that
Ry = U,R; = W,supp(B) = 1 and Rj3 is a contractive operator. Moreover, V. = UW.
That is

1 U V
ut 1 W | >0V =UW.
vt wt 1

Remark 3.3. The alternative proof of Lemma ?? may be given by Theorem 3.1 in [?].



Theorem 3.4. Let & = {(p1,01), (p2,02), (p3,03)} be a quantum ensemble on the finite di-
mensional quantum system H. It follows from the polar decomposition theorem that there exist

three unitary operators V,U and W on ‘H such that

|vo2/erl = Uy/p2v/p1,
[Vosverl = Vi/ps/pr,
[Vesvp2| = Wy/psy/p2.
If V.=UW, then
x(&) <S(C 5(&3))-

Proof. By the conditions, it follows that

Tr (VoiUyvpz) = VFo,
Tr (VP1Vyes) = VFis,
T]T(\/p_zw\/p_g,) = F23.

Let Hy = H, Hp = C3, and

P1p1 VPip2/pily/p2  \/P1P3/P1V \/P3
pas = | /Pip2y/02U" /o1 P22 VP2P3/P2W\/p3
VPPV /01 /P23 0V /P2 P3p3

Now, we only need to show that p4p is a positive semi-definite operator on H4 ® Hp.
Note that

NAZTTEE 0 1 u v NZTZE 0
0 0 /7303 vt wt o1 0 0 /7303

and it follows from Lemma ?? that p4p > 0 is equivalent to

1 U V
ut 1 w | >0V =UW.
vt wt 1

Moreover, it is easy to show that

3

pa = Trp (0aB) = ZPiPi, PB = C\/ﬁ((‘:g).
i=1
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Since dim(#Hp) = 3, take a standard orthogonal basis {|up)} of Hp such that p,p Ap =
(up |pas| ). By Theorem ??, we have

X(&) = x{(pw pap)} <S(op) = S(C (&)
This completes the proof. O

Remark 3.5. In fact, Lemma ?? can be easily generalized to the case where 3-by-3 block
matrix is replaced by K-by-K (K > 3) block matrix of unitary entries. The generalization

is described as follows:

Assume that the following K x K block matrix of unitary entries is positive semi-

definite: 3 )
U Up Uik
u u u
21 ?2 K| _p >0
I Uk1 Uk --- Ugk |

Then these unitary operators satisfy the conditions:

e U;; =1 for each index i; Uj; = Ul‘; for all indices 7, .

Thus _ -
1 Up -+ Uk
b uirz ]1 . U21<
ur, ul, ... 1

Furthermore, we have that P is of the following forms:

(a)
[ 1 U, WU,  WlhUs . o Ul Uk
uf 1 U, Uy Us UpUsUy :
utuf ut 1 Us UsUy
P = uutuf  ulul  out 1 o Ug—sUg—aUk—1
: ' ' Ug—2Ug—1
: : : : : Ux_1
up o -e-ufuyoo. L uf o uf Ul g up Uk, uf 1

for a collection of unitary operators {U;:i=1,...,K—1} on H,
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or

(b)

p= [vf vi o Vg}

for a collection of unitary operators {V; :i =1,...,K} on H.

The outline of the proof is the following. The fact that P is of the form (a) can be
easily derived by applying repeatedly the Theorem 3.1 in [?] to a block matrix. Indeed,

we first apply it to the new block matrix:

1 X
xta|”
where X = [Uyy, ..., Uik] and
1 Uy - U |
ae e
U U ... 1

Then apply it again to a similar block structure for A, and so on. Finally we obtain the

form (a) of P. The forms (a) and (b) are equivalent via the following identification:

U, =WV),Uy=WV{,..., U1 = Vk 1 V}.

4 Concluding remarks

In this paper, we obtained an universal upper bound for the Holevo quantity which is
induced by a quantum operation and proved that for a given quantum ensemble which
consists of N quantum states on the same space, a so-called correlation matrix C ﬁ(EN)
can be constructed. Its von Neumann entropy is shown to be a upper bound of the
Holevo quantity for N = 3 under some constraints. We also generalized Lemma ?? and
obtained an interesting characterization of positivity of special operator matrix, which

may shed new light on solving other related problems in quantum information theory.
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