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DERIVATION OF A HOMOGENIZED VON-KARMAN SHELL
THEORY FROM 3D ELASTICITY

PETER HORNUNG AND IGOR VELCIC

ABSTRACT. We derive the model of homogenized von Karmaén shell theory, starting from
three dimensional nonlinear elasticity. The original three dimensional model contains
two small parameters: the oscillations of the material € and the thickness of the shell
h. Depending on the asymptotic ratio of these two parameters, we obtain different
asymptotic theories. In the case h < ¢ we identify two different asymptotic theories,
depending on the ratio of h and e2. In the case of convex shells we obtain a complete
picture in the whole regime h < ¢.

Keywords: elasticity, dimension reduction, homogenization, shell theory, two-scale con-
vergence.
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1. INTRODUCTION

This paper is about von-Karman theory for thin elastic shells. There is a vast literature
on shell theory in elasticity. An overview about the derivation of models for linear and
nonlinear shells by the method of formal asymptotic expansions can be found in [Cia00].
In the case of linearly elastic shells, the models thus obtained can also be justified by a
rigorous convergence result, starting from three dimensional linearized elasticity (see also
[CL96, CLMO96]).

In the last two decades, rigorous justifications of nonlinear models for rods, curved rods,
plates and shells were obtained by means of I'-convergence, starting from three dimensional
nonlinear elasticity. The first papers in that direction are [ABP91, LDR95, LDR96] for
the string model, membrane plate and shell model respectively. The rigorous derivation of
nonlinear bending theory of plate was achieved in [FJMO02]; see also [Pan01] for an earlier
result in this direction. Féppl-von Karmén theory for plates was derived in [FJMO06]. In
[MMO03, MMO04], bending and von Kérmén theories for rods were derived. In [FJMMO03]
the nonlinear bending theory shell model was derived, and in [LMP10] the von Karmén
shell model was derived.

Here we are interested in an the ansatz-free derivation of a homogenized von Kérman shell
theory by simultaneous homogenization and dimension reduction. Our starting point is
the energy functional from 3d nonlinear elasticity. It attributes to a deformation u of a
given shell S* C R3 of small thickness h > 0 around a surface S C R3 the stored elastic
energy

1
1 [

Here W, is a non-degenerate stored energy function that oscillates periodically on the
surface, with some period € < 1. We are interested in the effective behavior when both
the thickness h and the period ¢ are small. The separate limits h — 0 and € — 0 are
reasonably well understood: In [LMP10] it is shown that, when W, does not depend on
e, then the functionals (1) I'-converge as h — 0 to a two-dimensional von Kéarmén shell
theory. Regarding the limit € — 0, which is related to homogenization, the first rigorous
results relevant in nonlinear elasticity were obtained by Braides [Bra85] and independently
by Miiller [Miil87]. They proved that, under suitable growth assumptions on W, the
energy (1) I'-converges as ¢ — 0 (and h fixed) to the functional obtained by replacing
We in (1) with the homogenized energy density given by an infinite-cell homogenization
formula.

We(z, Vu(z)) dz, uwe HY(S" R3).

In this paper we study the asymptotic behavior when both the thickness A and the period
€ tend to zero simultaneously. As a I'-limit we obtain a two-dimensional von Karman
shell model with homogenized material properties. Recently, the von Karman plate model
(see [NV]), the bending plate models (see [HNV, Vela]), and bending rod models (see
[Neul0O, Neul2]), were analyzed in this way. Simultaneous homogenization and dimen-
sional reduction was also done in the case of periodically wrinkled plate (see [Velb]). As
explained there, in these cases one does not obtain infinite-cell homogenization formula
like in the membrane case (see [BFF00, BB06]). The basic reason for that is the fact since
we are in small strain regimes, the energy is essentially convex in the strain. This is the
main reason why we can use two scale convergence techniques in all these cases. However,
every case has its own peculiarities. In the von Karman theory of plates, one obtains a
limiting quadratic energy density which is continuous in the asymptotic ratio v between
h and ¢, for all v € [0,00]. Moreover, the case v = 0 corresponds to the situation when
the dimensional reduction dominates and the obtained model is just the homogenized von
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Karmén plate model. The situation v = oo corresponds to the case when homogenization
dominates and the obtained model is the von Karméan plate model of the homogenized
functional. The case of bending plate is more involving; we are able to obtain the models
in the case v € (0, 00| (see [HNV]) and in the case v = 0 under the additional assumption
that 2 < h < ¢ (see [Vela]). This model does not correspond to the situation of the
homogenized bending plate model, but is the limiting situation of the models when v — 0
and v > 0.

In case of von Karman shell theory studied in the present paper, we encounter two different
scenarios in the regime h < ¢, depending whether h ~ £? or h < 2. Our main result
is presented in Theorem 3.6. We are not able to cover the case h < €2 in a generic way
for arbitrary reference surfaces S. A stronger influence of the geometry of the reference
surface S is expected in this case. In fact, in the case when S is a convex surface, we
succesfully derive the limiting model even for the regime h < 2, see Theorem 6.3.

Our analysis requires both techniques from dimension reduction, in particular, the quan-
titative rigidity estimate and approximation schemes developed in [FJM02, FJMO06]; and
techniques from homogenization methods, in particular, two-scale convergence [Ngu89,
Al192, Vis06, Vis07]. To our knowledge our result is the first rigorous result combin-
ing homogenization and dimension reduction for shells in the von Karman regime. The
homogenization for linearly elastic shells was carried out in [Lut85].

This paper is organised as follows: after introducing the setting and basic objects in
Section 2 and 3 we state the main result in Section 3. In Section 4 we identify the two
scale limit of the strain and prove lower bound for I'-limit. In Section 5 we construct the
recovery sequences and thus prove the upper bound. All these results are given for general
surfaces and the cases h > 2 or h ~ £2. In the last section we analyze the case of convex
shells for the situation when h < £2.

Notation. The notation A < B means that A < C'B with C depending only on quantities
regarded as constant in the context in question.

In this paper we frequently encounter function spaces of periodic functions. We denote
by Y the real line R equipped with the torus topology, that is y+1 and y are identified
in ). We write C()) to denote the space of continuous functions f : R — R satisfying
f(y+1) = f(y) for ally € R. Clearly, C()) endowed with the norm || f[|ec := sup,ey [f(v)]
is a Banach space. Moreover, we set C*()) := C*(R)NC()) and denote by L2()), H'(Y)
and H'(SxY) the closure of C*()) and C*(S; C>®(Y)) w. 1. t. the norm in L2(Y"), H(Y)
and H'(SxY), respectively. By L?()), H*()) we denote the subspace of functions H*())
whose mid-value over ) is zero. Obviously, all these spaces are Banach spaces. For A ¢ R?
measurable and X a Banach space, L%(4; X) is understood in the sense of Bochner. We
tacitly identify the spaces L?(A; L?(B)) and L?(A x B); since whenever f € L?(A x B),
then there exists a function f € L*(A; L?(B)) with f = f almost everywhere in A x B.
By (e1, e, e3) we denote the standard basis on R3.

2. GEOMETRIC PRELIMINARIES AND GENERAL FRAMEWORK

In this subsection we do not always display the explicit regularity assumptions; the minimal
requirements are obvious. We assume that w C R? is a bounded domain with boundary
of class C3. We set I := (—1,1) and Q" := w x (hI), and Q := w x I. The variables on
w (resp. Q) will be denoted by &1, & (resp. &1,&a,t). For a function f: Q — R? we define

Vinf = (01f,0af , +03f).
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Let S be a compact connected oriented surface with boundary which is embedded in
R3. For convenience we assume that S is parametrized by a single chart: From now on,
Y € C3(w;R3) denotes an embedding with 1)(w) = S. The inverse of 9 is denoted by
r: S — w, and we assume it to be of class C3. We leave it to the interested reader to
verify to which extent these regularity assumptions on S can be weakened without altering
our arguments.

The nearest point retraction of a tubular neighbourhood of S onto S will be denoted by
7. Hence

m(x +tn(x)) =2  whenever |¢| is small enough.

We introduce the basis vectors of the tangent bundle determined by v, namely the push-
forwards 7; = ¥.e;. Explicitly, this means

7i(z) = (0;7¢)(r(x)) for i = 1,2 and all z € S.
By our hypotheses on v there exist 71,12 > 0 such that
(2) m < det([r1 7" [11 72]) < M2y [IT1llwzoo(s) < 2, 12 llwrzie(s) < 72
We denote by (71(x), 72(x)) the dual base to the base (11(z), 72(z)), that is,
7'(x) = (9') (r(x)).
By n: S — S? we denote the unit normal, that is,

n(z) = T1(x) A T2()
|71 () A a()]
By TS = span {71(z), 72(z)} we denote the tangent space to S at x For each x € S, the
vectors 71 (), 72(z) and n(z) form a basis of R3. Its dual basis is (71(z), 7%(x),n(x)). We
define 73(z) = 73(2) = n(x).

For a subset A C S we set

={z+tn(x); €S, —-h/2 <t < h/2}.
In particular, the shell is given by

={z+tn(x); € S,—h/2 <t < h/2}.
We introduce the function ¢ : S* — R by
(3) t(z) = (x — w(x)) - n(x) for all z € S*.

By 7. : S' — Q we denote the map (see below why we assume that 7 and ¢ is well-defined

on S1)
re(x) =r(m(z)) + t(x)es

for all x € S.

Clearly,

(4) re (€1, 62,t) = ¥(&1, &) + tn(v(&1, &),

and thus:

(5) Vit (&, &o,t) = (I +1S(x))[n(2),m2(2), m3(2)),  where z = ¢(&1, &)
(6) Vre(z) = [7'(2),7%(2), 7 (@)]" (I + t(2)S(2)) "

We denote by

Ts(x):=1—n(zx) @n(x)
the orthogonal projection from R? onto 7,,S. We will frequently deal with vector fields
V : S — R3 on the surface. We extend all such vector fields trivially from S to S!, simply
by defining V(z) = V(n(x)) for all x € S*. By Vian we denote the projection of vector



DERIVATION OF A HOMOGENIZED VON-KARMAN SHELL THEORY FROM 3D ELASTICITY 5

field V' on the tangential space i.e. Vian = TsV. We will denote by V the corresponding
vector field along w, i.e. we set V(x) =V (¢(&)) for all £ € w.

The space of quadratic forms on S is denoted by S. It consists of all maps B on S such
that, for each = € S, the map

B(z): T,S x TS — R

is symmetric and bilinear. We will frequently regard B as a map from S into R3*3 via the
embedding ¢ defined by

u(B) = B(Ts,Ts).
On the right-hand side and elsewhere we identify bilinear maps from R? into itself with
R3*3. By definition, B(Ts,Ts) : S — R3*3 takes the vector fields v,w : S — R? into the
function

B(Tsv, Tsw).

By definition, B € L?(S;S) means that (using the above embedding) B € L?(S;R3*3)
and B € S. The spaces H'(S;S) etc. are defined similarly. By S(x) we denote the set
of all quadratic forms on 7,8 which can be embedded in the space R3*3. By S(x)sym we
denote the set of symmetric quadratic forms on 7S which can be embedded in ngxn?;
For a function f : S — R3 we regard its tangential derivative Vyu,f(z) as a linear map
from T,S into R. For a tangent vector field 7 along S we write 0, f = Viunf 7. A
similar notation applies to vector fields instead of functions. By VianVianf we denote the
triilinear form VianVianf(n1,12,13) = OnoOns f - m. For scalar f, VianVianf is just the
bilinear form VianVian f(n1,72) = 0y, Op, f

The Weingarten map S on the surface S is given by S = Vyu,n, ie.,
S(x)r = (0:n)(x) for all z € S, 7 € T, M.

We extend S to a linear map on R3 by setting S = S Tg, i.e., we define S(x)n(x) = 0.
Moreover, we extend S trivially from S to S, i.e., we have S(x) = S(7(x)). With a slight
abuse of notation, we denote by S also the (negated) second fundamental form of S defined

by

Sij(x) == S(x)m(x) - 7j(z).
In general, for a given bilinear form B on S we denote its local coordinates by

Bij = BTj cTi.

Obviously B = Zij:l Bijtt @ 7.
After rescaling the ambient space, we may assume that the curvature of S is as small as
we please. In particular, we may assume without loss of generality that 7 is well-defined
on a domain containing the closure of {z + tn(x); x € S, —1 <t < 1}, and that

1/2 < |Id+tS(x)| < 3/2
forallt € (—1,1) and all z € S.

Lemma 2.1. For all x € S* we have

(Vm)(x) = Ts(m(x)) (I + t(a)S(m(x)) "
Proof. Let x € S, let 7 € T,.S and let v € C*((—1,1), M) with v(0) = = and (0) = 7.
Then
m(y+sn(y)) =7 on (=1,1).
Taking the derivative with respect to the arclength of -, this implies
(Vm)(y + tn(V))(1 + tS(7)7) = 7.
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As z € S and 7 € T,.S were arbitrary, we conclude that

(7) (V) (@ + tn(x))(I +1S(z)) = Ts(x)
on T,,S. But by definition S(z)n(z) = 0, and clearly (V7)(z +tn(x))n(z) = 0, too. Hence
both sides of (7) agree on all of R3. O

We will frequently extend functions f : .S — R defined on S only to functions defined on
S1 in the following way:
f(z) = f(n(x)) for all z € S*,

with a slight abuse of notation on the left-hand side. When referring to this extension,
we will say that we extend f trivially to S'. By Lemma 2.1 we have for all z € S' the
following formula for the full derivative of f in terms of its tangential derivative:

(V) (@) = (Vianf) (m (@) Ts (n (@) (I + t(2)S(m(x))) .

Extending Ve f, Ts and S trivially from S to S, as we will do from now on, this formula,
reads

(8) (V)(x) = (Vianf) (@) Ts(2)(I + t(x)S(2)) "

From now on we tacitly also extend 7 trivially to S*.

2.1. Displacements and infinitesimal bendings. For a given displacement V : § —
R? we introduce the quadratic form (dV)? on S which is defined by

(avV)?(z)(r,n) = 0.V (x) - 8,V (x) for all 7,1 € T,.S.

We also introduce the quadratic form gy on S which is defined by its action on tangent
vectors T,n € T,.S as follows:

av(@)(r,n) = 5 (- 0,V (2) + 79,V (x))

In the geometry literature, this form is usually denoted by di - dV. In local coordinates,
it is given by the matrix field

sym ((VwT)VV)
on w. Obviously,

9) sym (Vo) VVian ) = symVV =T -V,

where V,, = V-9, for a = 1,2 and where for brevity we have set (FT/)ij = Zk:m Ffjl_/k.
Here Ffj denote the Christoffel symbols of the metric induced by . For our purposes it
will be enough to know that I' € L (w; R?*2%2). Using (9) we see that

(10) sym ((vavf/) —symVV —T -V +(V-n)S,

were S denotes the pulled back (negated) second fundamental form. Equivalently, we have
the following equality between quadratic forms on S:

(11) @V = Qi + (V- 10)S.

It is well-known that the quadratic form gy typically arises in the context of thin elastic
shells, because it is just the first variation of the metric of S under the displacement V.
For example, in [GSP95] it is denoted (in coordinates) by v,s and in [LMP10] it is denoted
by sym VV.
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A displacement V : S — R3 is called an infinitesimal bending of S provided that qy = 0,
i.e., that

sym ((W)TVV) =00V + 90V =0 foralli,j = 1,2.

ij

Infinitesimal bendings have been studied extensively both in the applied literature (see
e.g. [Cia00], [Cho97], [GSP95]) and in the geometry literature (see e.g. the references in
[Hor12]). Recently, they have been found to be relevant as well to fully nonlinear bending
theories, cf. [Hor].
For any displacement V,

we define py @ S — R3 by setting
O VAT 411 N0V

12 =T
(12) py =Ts A ]
Note that
(13) p(x) -7 =—n(z) 0.V(x) for all T € T,S.
In fact, we compute
1
m-T = m(aTl‘/'TQ/\T—aTQV'Tl/\T).

Hence p -7, = —n -0,V for i = 1,2. This proves (13).
For a given displacement V : S — R3 we define Qy : § — R3*3 by

(14) Qv = VianV Ts + uy @ n.
Lemma 2.2. If V € H'(S;R?) then symQy = qv (Ts, Ts) almost everywhere on S.

Proof. Clearly n - Qyn =n-uy = 0 and for any tangent vector field 7 along S we have
T-Qyn4+n-Qur=7-puy+n-0;V=0
by (13). For any tangent vector field o we have
7-Quo+o-Qur =2qy(o,7).

If V is an infinitesimal bending, then

(15) O (Ts, Ts) = —(dV)*(Ts, Ts),

that is, Q%, (r,0) = —0;V -0,V for all tangent vector fields 7, o along S.

In fact, by skew symmetry, Q% (7,0) = —Qu7 - Qpo, and 9,V = Qy .

For any displacement V', the linearised Weingarten map by (x) is the linear map on 7,5
given by

(16) bV = vtanVS - vtan,uV‘

An infinitesimal bending V' determines a linearized second fundamental form by, which
can be regarded as the first order change of the second fundamental form of the surface ¥

under the displacement V. In coordinates, the (negated) linearized second fundamental
form of V is given by

(17) (bV)ij =n- (aza]f/ — Ffjakf/),

cf. [Hor12] and the references therein. The linearized second fundamental form also occurs
e.g. in the analysis in [GSP95].

The following lemma justifies our use of the symbol by here.
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Lemma 2.3. If V is an infinitesimal bending, then 0;1) - by 0;¢ = (by ).

Proof. We write u, V, n etc. instead of uy, ‘7, n, and the coordinates of the second
fundamental form are denoted h;;j, and we use the common convention regarding the
raising and lowering of indices. By definition of the linearised Weingarten map, we have

byt = =0+ VoV = =0 — hyoV.
Hence using n - 0;V + p - 9;3 = 0 (which follows from n - 9;1) = 0), we see
Ot - by Oynp = =0 - Ojpu — 0 - OV
= —aj(aid) )+ ajaﬂl} = hécaﬂ/) OV
= 0;(V - n) + TE00) - — hbop - OV
= 0,0,V -+ 0V - Oin — TV -n— hiow - 8,V
=n- (@@V — Pi-cjakV) — h;“@zv : 8}#/1 - hfaﬂb ’ 8kv

This indeed agrees with (by);; as defined in (17), because the last terms cancel by the
definition of infinitesimal bendings. O

We will frequently need the following diffeomorphism ®" : §* — S*:

dh(z) = 7w(x) + t(;f)n(x)

The following lemma summarizes a computation that will later be used for the generic
type of ansatz functions.

Lemma 2.4. Let h € (0,1/2), let V € H?(S;R3), and for x € S define
p(@) = V(@) + () (@),
Then the following equality holds on S™:
Vp = Qy —tby(Ts, Ts) — t*VignuivS

(18) + (vtanv + tvtan,“V) TS <(I + ts)il - (I - tS)) s

where we extend V, v, Qv, by, VienV ete. trivially from S to S*.

Proof. For all z € S" define
(19) Q(z) = (I +t()S(x)) ™" = (I — t(x)S(x)).
Since clearly V¢ = n, formula (8) shows that on S":

Vo= (VianV + tVianpy ) Ts (I +1S) ™ + py @ n
= (VtanV + tVtanuv) TS (I — tS) + Hy ®Xn 4+ (Vt,mV + tvtmuv) TsQ
= vtanv + 132% XKn— tvtanvs + tvtanNVTS - t2vtan,uVS + (vtanv + tvtanNV) TSQ

By the definition of €y, and by this is the claim. O
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3. ELASTICITY FRAMEWORK AND MAIN RESULT

Throughout this paper we assume that the limit

_ h
Y= s

exists in [0,00]. We will frequently write ¢ instead of £(r), but always with the under-
standing that € depends on h via .

Definition 3.1 (nonlinear material law). Let 0 < o < 8 and p > 0. The class W(«, 3, p)
consists of all measurable functions W : R3*3 — [0, +oc0] that satisfy the following prop-
erties:

(W1) W is frame indifferent, i.e.
W(RF)=W(F) forall FeR3>3 RecSO(3);
(W2) W is non degenerate, i.e.
W(F) > adist?(F,SO(3)) for all F € R3*3;
W(F) < Bdist?(F,SO(3)) for all F € R3*3 with dist?(F,SO(3)) < p;
(W3) W is minimal at I, i.e.
W(I) = 0;
(W4) W admits a quadratic expansion at I, i.e.
W(I+G) = 9(G)+ o(|G*) for all G € R3*3

where Q : R3*3 — R is a quadratic form.

Definition 3.2 (admissible composite material). Let 0 < a < § and p > 0. We say
WSt x R2Zx R 5 RT U {+00}
describes an admissible composite material of class W(a, 3, p) if

(i) W is almost everywhere equal to a Borel function on St x R? x R3*3,
(i) W(-,y, F) is continuous for almost every y € R? and F € R3*3,

(iii) W(x,-, F) is Y-periodic for all z € 2 and almost every F' € R3X3,
(iv) W(z,y,-) € W(a, B, p) for all z € S and almost every y € R2.

Assumption 3.3. We assume that

e W describes an admissible composite material of class W(«, 3, p) in the sense of
Definition 3.2.

e Q is the quadratic energy density associated to W through expansion (W4) in
Definition 3.1.

e The following uniformity is valid

lim esssup (W (z,y,I+G)—Qx,y,G)|

=0.
G—0 (z,y)€ST XY ‘G|2

We collect some basic properties of admissible W and the associated quadratic forms Q;
a proof can be found in [Neul2, Lemma 2.7].

Lemma 3.4. Let W and Q satisfy the assumption (3.3). Then

(Q1) Q(-,y,-) is continuous for almost every y € R?,
(Q2) Q(xz,-,G) is Y-periodic and measurable for all x € S* and all F € R3*3,
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(Q3) for all x € S' and almost every y € R? the map Q(x,v,-) is quadratic and satisfies
alsym G < Q(z,y,G) = Q(z,y,sym G) < B|sym G|? for all G € R3*3.

Furthermore, there exists a monotone function m : RT™ — R* U{+oc} such that m(§) — 0
as 6 = 0 and
(20) VG e R¥C W (x,y, I+ G) - Qx,y,G)| < |G]*m(|G])

for all x € S* and almost every y € R2.

Let W be an energy density satisfying Assumption 3.3. The elastic energy per unit thick-
ness of a deformation u” € H'(S";R?) of the shell S* is given by

1

Eh(yh) = =
(u”) h o

W (@h(x),r(x)/s,Vuh(x)> dz.

We denote by B the L?-closure of the set
{qu : w € HY(S;R?)}.

As this is a linear space, its strong and its weak L?-closure coincide. The set B is a closed
linear subspace of L?(S;S). The space B is also encountered in the context of shell models
derived from linearized elasticity; see [SP89a, SP89b, GSP95] for details.

Before we give the main statement we have to define the limit functionals. To do that we
need the definition of the relaxation fields and the cell formulas.

Definition 3.5. We define the following operators:
Uy : HH(YV;R?) x L3I x Y;R?) — L2(I x Y;R3*3),

sym
g1
\V4 4 ,
Up(C,g) = [ ™ ¥ g2 7T,
(91, 92) g3

ij

ud - HY(Y;R?) x H*(Y) x L*(I x Y;R3) — L*(I x ViR,

_ 2 g1 ) .
symV,( —tVyp % Fie
(91, 92) g3

Uy (¢, p,9) =
iJ
UL, YD R?) x H2(Y) x LX(I x V;R%) — LX(I x Y;R¥E),

sym V¢ + %QOS(J/‘) - t@ggp I

Us -, (C0,9) = 92 TR,
Uso : LI HY (Vi R?) x LA HY(Y)) x LALR®) — LI x ViR,
Oy + c1 . .
uoo(Cv ¢a C) = sy VyC 8y2w + c2 T & Tja
vyl/) + (61,02) c3 i

Uyt H' (I x Y;R?) = L*(I x Y;R3D); for v € (0,00);
Uy (¢) = sym(Vyo, %33@1'3‘ TRl
For y € (0,00) we introduce the function spaces of relazation fields

Ly(Ix ¥) = {Uy(6) : 6 € H'(I x Vi RY)}
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For v = 0o and 7 = 0 we define
Loo(I x ¥) = {Usc (G €) : (G,,) € LI H' (V5 R?) x LAL H' (V) x LALR) }
Lo(I x ) ={Us(C.9) : (C.9) € H'(ViR?) x L*(I x iR }.

We also introduce

2 g1 A . )
<y ={ | ¥RV TV g, ) rierd e B OSRY),
(91, g2) g3

ij
o€ H(V), g€ L(I x ViR |

and for x € S, 11 € (0,00) we define

V¢ + LoS(z) — tv2p I P :
Lo @<y ={ | ™" yH(W ix) om | rer (e AR,
g1, 92 93

tj
o€ H*(Y), g L*(I x y;RS)}.
Remark 1. Notice that all the operators &/ and the appropriate spaces also depend on

x € S. For simplicity of writing we do not write x in the notation.

For v € (0,00] and & € S we define the functions Q,(x) : S(2)sym X S(z)sym — R as
follows:

21 ¢t %) = inf // tn(z),y, ¢t +t¢g®> + U ) dy dt.

(21) Q@ a,a) =, it ) yQ(er n(z),y,q +1tq" + ) y

For 71 € (0,00) we define Q8(:E),Q(1)m () : S(x)sym X S(x)sym — R as follows:

e Qe i | [ (o4 pat i+ U) g
veLy(Ixy)JrJy

(23) Qo (z,¢".¢*) =  inf // Q(ﬂﬁ +tn(z),y,q" +t¢* + U) dydt
veLy ., (Ix¥)J1Jy

Remark 2. We discuss the cell formula in the limiting cases v = 0 and v = oo.

(i) In the case 7 = oo define

" 3 8y1¢ ta . .
Loo(IXY) := { > Sym Vy6 Oy + 2 Tl
ij=1 \ Vyi+ (c1,c2) 3

ij
Ce Hl(yaR2)7w € Hl(y), cEc RS}
Also define for (z,t) € S x I

(24) Quo(z,t,q )= inf / Q(w +tn(z),y,q" +tq* + U) dy.
UeLoo(IxV;REX3) Jy

It is easy to see that Ouo is, for a fixed x € 9, t € I, a quadratic in ¢!, ¢>. We have

(25) Quola, g, %) = / Guo( + tn(2),q", ¢%) dt
I
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(ii) Define as in [LMP10]

(26) Qa(x,t,¢",¢*) = min {Q(x +tn(z), M) : ¢ +tg* — Z (Mr;-m)T" @17 =0}
M 3x3

IRsym i,j=1,2

Also define

:MM

LY xY) = { (symVy, ¢ —tVip ), m' @) i (e H (YR, p € H2<y>},

i,j=1

:Mw

( Sym Vyc + %@Sw(x) — tV,z(p ) ”7-2' ® Tj :
1 “

L, (IxY) = {

7,7
Ce H'(V,R?),p e Hz()’)}

It can be easily seen that we have for the cell formula

(27) Nz, q' ¢*) = inf / Qg m+tn( ).y, q" + tq? +U) dt dy,
UeLY(IxY) JIxy
for i=0,2 i.e.
(28) Q. (@, ¢ %) =

_inf / 0, (ac +tn(z),y, q" +tq® + U) dt dy.
UeL(l)Wl(Ixy) IxYy

In the case when Q does not depend on ¢ we have that

RNz, q',¢*) = inf / Qo(z,y,q¢" + Z (sym V, Q)7 @ 77) dy
CeHY(Y,R?) ij=1

1
— f d
15 @6?2 y)/ Qa(x,y,q° + Z V)T ® 75) dy,

i,j=1
anq (3;‘ q q ) —
inf /Q z,y,q" + symvgl+ S; )i @77 dy
CEHY(V,R?),0e H2(Y) < 2( Z yC)ij nP ]) )

i,j=1
/ngyq +Z y@lez@TJ)d?J)
4,j=1

Remark 3. In the same way as in [NV] we can prove the following: For every ¢',q¢* €
S(x)sym and = € S we have that

. 1 2 _ 1 2
Vhﬁngo Qy(z,q,q°) = Quolw,q,q7)
lim Qy(a:,ql,q2) = )z, q",¢*)
v—0

Remark 4. Notice that when S = 0 then all spaces L{ and L(lm1 coincide for v, € (0, 00).
This corresponds to the observation in the von Karméan plate theory that for v = 0 one
obtains only one relaxation space, cf. [NV] for details.
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For 7y € (0, 0] define the functionals I, : H2(S;R3) x L%(S;S) — R by setting
(29) LV.Ba) = [ Qe Bt V)R —b)an?
and define the functionals I : H?(S;R3) x L%(S;S) — R by
(30) 10(V, By) = /S QY(-, By + L(dV)2, —by)dH?,
as well as, for v; € (0, 00), define the functionals I&m : H2(S;R3) x L%(S;S) — R by

(31) 15, (V,By) = / Qi (++ Bw + 5(dV)?, by )dH>.
S

This is our main result:

Theorem 3.6. Let W satisfy Assumption 3.8 and assume that u" € H'(S"; R3) satisfy

(32) lim sup h~*E"(u") < co.
h—0

Then the following are true:

(i) (compactness). There exists a subsequence, still denoted by ("), and there exist
Q" € SO(3) and ¢ € R? such that the sequences y" and V" defined by

v =@y~
and

Vh(z) = % </yh(x+tn(x))dt _ m> forallz e S

I
satisfy the following:
(a) We have
y" — 1 strongly in H*(S';R?).
(b) There exists an infinitesimal bending V € H*(S;R3) of S such that
V=V strongly in H'(S;R?).
(c) There exists B, € L*(S;S) such that
1

h
(ii) (lower bound). Defining I, by (29) and I§ by (30) and I&m by (31), we have

qyn — By, weakly in L*(S;S).

I,(V, By) if hje = v € (0, 00]
lim _j(])ﬁfh_‘*Eh(uh) > I(V,By)  ife>h>é?
I3, (V,Bw) ife2/h— 5 € (0,00)
(iii) (recovery sequence) For any infinitesimal bending V € H?(S,R?) of S and any B, €
B, there exist uh € H'(S"; R3) satisfying (32), and such that the conclusions of part
(i) are true with Q" =T and " =0, and
I,(V,By) if hje — v € (0,00
lim R E"(uh) = { I9(V, By) ife>h>>e?
I3 (Vi By)  if€2/h — 5 € (0,00).

From now on u" € H'(S";R3) will always denote a sequence satisfying (32).
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3.1. Unit thickness rescaling. Recall that ®" : S* — S is given by

Since Vt = n, Lemma 2.1 and formula (8) show (recall that n is extended trivially to S*):

1
V‘I)h:VTr+%Vn+En®n

t 1
=Ts(I+tS)™' + +STs(1 + tS)~! + Fn@n

Since Ts clearly commutes with S, we see that Ts commutes with (I + tS)~! as well.
Hence

(33) Vol = (I, + %S)(I +18)"! on S",

where I, = Ts + %n ® n. Following [FIMO02], for given u : S" — R? we define its rescaled
version y : St — R3 by

y(®") = u on S™.
We define the rescaled gradient of y by the condition

(34) Viy(®") = Vu on S".
To compute Vj, more explicitly, insert the definition of y into (34) and use (33) to find
(35) Viwy = Vy (I, +tS)(I + htS)~! on S*,

In order to express the elastic energy in terms of the new variables, we associate with
y: ST — R? the energy

I"y) = 1W(x,r(x)/s,vhy(x))det(I—i—t(a:)S(x))_l dx

S
= /S/IW(x+tn(x),r(:L")/€, Vay(z)) dt dH?

By a change of variables we have
1
EMuh) = h/ W (-,r/a, Vhyh> ‘det v(eh .
S1
Using (33) it is easy to see that
EMu™)y = 1" (y") + o(h*) as h — 0.

3.2. FJM-compactness. The following lemma proves the first part of Theorem 3.6. It
is a direct consequences of [FJMO02, Theorem 3.1] and of arguments in [FJMO06]. We refer
to [LMP10] for the extension to the present setting.

Lemma 3.7. There exist a constant C' > 0, independent of h, and a sequence of ma-
triz fields (R") ¢ HY(S; SO(3)) (eatended trivially to S™) and there exists a sequence of
matrices (Q") C SO(3) such that:

(i) limsupy,_,q h~%/?|Vul — RhHLQ(sh) < 00

(7i) lim supy,_,q h_1||VRhHL2(S) < 00
(iii) limsupy, o hH[(Q")TR" — I||1n(s) < o0, for all p € [1,00).
(iv) (QMTR" — I strongly in H'.
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Moreover, there exists a matriz field A € H'(S,s0(3)) taking values in the space of skew
symmetric matrices, such that (after passing to subsequences)

(v) 3 ((@QMR" — 1) — A, weakly in H'(S;R>).
(vi) iz sym ((QU)TR" —I) = § A%, strongly in L¥(S:B¥%),  for all p € [1.00).

Moreover, the following are true:

(i) limsup,_yq 7z [ Vag" = R"||2(s1) < 0.
(i1) %((Qh)thyh — I) — A, weakly in H" up to a subsequence.
Define y"* € H'(SY;R?) by
J = @
where

h = MTgh(z n(r)) —x 2(x).
d = [ (@ o+ ) — )it (e

Introduce the (average) midplane displacements V" : S — R3 by setting

(36) Viz) = % (/ (yh(x + tn(x)))dt — a:) forallx € S.

I

Then JfS VP =0 and (after passing to a subsequence)

(i4i) y" — =, strongly in H'(S; R3).

(iv) There exists an infinitesimal bending V € H?(S;R3) of S with Qy = A and such

that VI — V strongly in H'(S;R3).
(v) +qyn is bounded in L?(S;R3*3).

In what follows we replace the sequence R" by (Q")T R" and the sequence y" by 7", so we
assume without loss of generality that Q" = Id.
Expressed in the unrescaled variables, we have

Vh(z) = % </Ih Wz tn(z)) dt — x> ,

ie. x4+ hV(z) = fi, u"(z + tn(z)) dt.

Next we modify the displacement fields V" into more regular fields V enjoying a similar
compactness.

Lemma 3.8. There exist V' € H*(S;R?) with {4 VI =0 satisfying

(37) limsup AV = V| sy < o0
h—0
and
h h _
(38) H (vmvsh R ) Ts < H (vmnvh R ) Ts :
h 12(S) h 12(8)

Moreover, (V1) is uniformly bounded in H*(S) and
(39) VI~V weakly in H?(S;R?).
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Proof. We follow [NV, Proposition 3.1]. For i = 1,2,3 denote by p; the i-th row of the
matrix %V@/J. We define V! € H?(&;R3) such that (V/'); is a minimiser of the
functional

v / Vo — pi|* da

among all v € H'(®) satisfying [ v =0, and we define V] via V/'(¢) = V. The bound
(38) follows from the minimality of V*. Combining the tangential components of (40) and
(41) below, we obtain

| an‘/;h - vtan‘/h| 2(s) < Ch.
()

Hence (37) follows from Poincaré’s inequality on S.
Since @ is 1!, standard regularity estimates for minimisers imply that V! € H?(S)
with bounds

VM 2gs) < C (Idiv pll ey + 1Pl 2@)) -
Hence Lemma 3.7 (v) ensures that (V) is uniformly bounded in H2(S). Since V* — V
in H', the bound (37) therefore implies (39).

O
Lemma 3.9. There exist maps F', F" € L?(S;R3*3) with

lim sup b2 (||F£!\L2<S) + ||Fh”L2<S)> < %0

h—0
such that
(40) R =1+ hQyn + F"
and
(41) R =1+ by + FL

Proof. For brevity, we set ! = pyn and pl = pyn.

We first verify the tangential component of (40). Let 7 be a C' tangent vector field
along S. Then by the definition of V" and using flh RMz)tS(x) dt = 0, we see that

(I + hVan V" Ts)T equals
0, (id + hV™) = 0, </ V" (x + tn()) dt> _ %37 </ Wz + tn()) dt>
I Ip,
1

=5 [ Vi@ +tn(@)(I +1S(v)) dir(x)
Iy,

= R"(a)7(x) — M"(z)7(2),

where we have introduced

M (z) = —% /I h (Vu(a + tn(a)) — B*2)) (1 +1S(2)) d.

Clearly,

/ |M"? aH? = 1/ |V (z 4 tn(z)) — R"(2)|? |I + tS(x)> dH*(x) dt
S h‘ SXIh

< C/ IVl (z) — R (@) da < CH.
h o

To verify the normal component of (40),
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we compute using the tangential part of (40):
7-R'n = —n-R'r +2n . (sym R")r
= —n'(Rh—I)T+2n-sym<Rh—I>7‘
= —hn‘aTVh—n-FhT—i—Qn-sym(Rh—I)T
:h,uh-T—n-FhT—i—Qn-sym(Rh—I)T.
In the last step we used (13). As

(42) Hsym (R I)‘ sy S Ch
by Lemma 3.7, we conclude that
(43) HTSRhn - huhH < CR.
But again by (42) we have
(Rhn — =ln- h_ < Ch>.
[ (R"n —n)|l 12 Hn sym <R I) nHB(S) <Ch

Since R'n = (n- RMn) n + TsR"n, we conclude that R"n agrees — up to an error term
whose L?(S)-norm is dominated by h? — with n + hu”. This concludes the proof of (40).

The tangential component of (40) together with (38) imply that the tangential component
of (41) is satisfied. But then the normal component of (41) follows from its tangential
component in exactly the same way in which the normal component of (40) followed from
its tangential component. O

3.3. Two-scale convergence. Recall that we extend the chart r trivially from S to S*.

Definition 3.10 (two-scale convergence). We say that a sequence g" € L2(S!), weakly
two-scale converges in L? to the function g € L2(S*, L?())) as h — 0, if the sequence g"
is bounded in L?(S') and

im [ @) v/ = [ o)u )y

h—0 Jg1
for all ¢p € C°(S*, C())). We say that g" strongly two-scale converges to g if, in addition,

%ig%)thHm(sl) = H9HL2(slxy)-

ho 27

We write g" 20, g in L? (resp. g" =% g in L?) for weak (resp. strong) two-scale

convergence in L2.

For the basic properties of two-scale convergence we refer to [Ngu89, All92, Vis06]. If
g" 2, g then ¢gh — fyg(-,y)dy weakly in L2. If ¢" is bounded in L?(S') then it has
subsequence which weakly two scale converges to some g € L?(S'; L2())).

The following lemma summarizes standard results about two scale convergence and adapts
them to a possibly curved surface. Its proof follows easily from the analogous statements
for the planar case (see v) and vi) of Lemma A.1 in the Appendix).

Lemma 3.11. (i) if (¢")ns0 € HY(S') is bounded, then there exist go € H'(S') and
g1 € L2(SY; HY(Y)) such that, after passing to a subsequence, Vg" 27, g, where
9=Vgo+Vyg(z,y).
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(ii) if (g") € H?(S';R3) is bounded, then there exist gy € H?(S') and g, € L*(S'; H*(Y))
such that, after passing to a subsequence,
v2gh 27 7

where

g=V2g + Z yzngl z,y))T @ 7.
1,§<2

(i4i) if (g") is bounded in H'(S';R3) then we have Vgh Z g, along a subsequence, and
there exist go € H'(S';R3) and g1 € L*(S*; HY(Y;R?)) such that

9=Vgo+ Y (Vyg(z.y), @7
1<3;5<2

(iv) if (g") is bounded in H?(S';R3) then we have Vv2gh 20, g, along a subsequence, and
there exist go € H?(SY;R?) and g1 € L*(S'; H*(Y;R3)) such that

g=Vg0+ Z yykgl i(z, y))Ti®7'j®Tk
1<3;5,k<2

4. TWO-SCALE COMPACTNESS AND LOWER BOUND

Next we will identify the space of possible two scale limits of symmetrized gradients.
The following auxiliary result is standard and it can be easily derived, e.g., using Fourier
transforms.

Lemma 4.1. Let B € L?(w; L?(Y;R2X2)) have the following property: for every

sym
U € C°(w; CZ(V;RED))

satisfying

(44) U(E,y) = (&) cof V2F(y),

for some ip € CF(w), F € C>*()) such that fy F(y)dy =0,

we have

//WWB(&?/) LU (2, y) dy dé = 0.

Then there exist unique B € L?*(w;R3%3) and w € L*(w; HY(Y;R?)) such that

B(&,y) = B(§) +sym Vyw(§, y)

In what follows, we will use the notation 2257 introduced in the appendix. We prove the

next proposition in local coordinates; of course, this is equivalent to performing computa-
tions on the level of the surface.

Proposition 4.2. Let (w") be a bounded sequence in H?(S;R3) such that

%qwh
is bounded in L%(S;S). Then there exist wy € H2(S), wy € L*(S; H2(Y;R?)) and B €
L2(S x Y;S) such that, after passing to a subsequence,

(45> Vtanvtanw 20 VianVtanwo + Z y ykwlyi(l', y))’]’l ® 7 X Tk
1<3,5,k<2

and )
7’y
%qwh —_— B
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Set By = [ B(-,y)dy. Then the following are true:

(i) If h > €% then there exists a unique v € L*(S; HY(Y;R?)) such that
B=B,+ Z (sym Vyv),; .

ij=1,2
i ~ e and i i W) _ 1 : : 20q. 771 (V- R?
(ii) If h ~ €% and if we set limy, o = = » then there exists a unique v € L*(S; H (V;R?))

such that
i 1
B =B, + Z (sym Vy“)ij 7' QT + —w; 3S
N 7
1,j=1,2
(iii) If h < €%, then there exists a unique v € L*(S; H'(Y;R?)) such that

Z (sym Vyv),. @717 + (w1 3)8 = 0.
ij=1,2

Proof. The existence of wy and w; follows from Lemma 3.11. In local coordinates (45)
can be expressed as

V2 20 2 + Vi,
where @" = w" o 9, Wy = wp 0 Y, W = Wy ;7 Wy = wy 01, 7 = 7! 019 where by slight
abuse of notation we write (w1 ; 0 ¥)(z,y) = w1, (¥(x),y), for (z,y) € w x Y. Denote also
wh =" - 1), Wo,o = Wo - Op, for @ = 1,2 and wy = (1,1, W1,2). By Lemma A.4 in the
appendix we have

h

1 _p 0SCy _ 1 - osc,y _
(46) _sym Va' T2 sym Vo, _sym ((Vw)TVwﬁm) — sym V0.
and
UNJh osc,y . ’lZJh osc,y  _ ’lIih N oscyy o
(47) 2 wi, 9 wi, 2 w1,3.
€ € €

Now let F' € C*°()) and ¢ € C§°(w). With (9) in mind, we compute:

/wsym Vah : (cof VEF) <7) ©

9

=t [amvat o [0 (1 (1)) - 2008 (2) 09 - P (1) 7]

_ —52/wsymeh:cof [i(w) (2) ®V¢+F<E)V2¢]-

We used that the term sym V" is L2-orthogonal to test matrix fields of the form cof V2F.
From this and from (9) and (47) we deduce that

(48)

/wsym ((VzQTVUNJﬁan) - (cof V2F) (g) ;

__/wsymngh:cof [2<VF) (g) ®th+sF<é) V2g0] _/wr;h : (cof V2F) (é)gp
- - [sym,, Vi (-, y) : cof [2(VF) (y) @ Veg] + (T - @1(-,y)) : (cof V2F) (y) @] -

wXxY

Recall the identity
(49) g = sym (V)TVa") = sym (V)7 Vil ) + (@" - n)S.
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Assume first that i > 2. From the assumption 3gq,n 2%\ B and (47), (48) and Lemma
4.1 we conclude that there exists v € L?(w; H'(Y;R?)) such that

sym ((Vd})TVﬁ)h) 20 By, + sym V0.

Here B, = B, 0. This is i) in local coordinates, after defining v; = (9 0 ¢p~!) - 7; for
i =1,2,3. Case ii) we conclude as follows: By dividing the identity (49) by ¢ and using

qh

€
as well as (46) and (47) we conclude that w; = 0 from Korn’s inequality. Using (48) and
the identity (49), after dividing it by €2, we conclude

lm{/smn«vwﬁvwﬂ

h—0 52
(50) - / D1s( )8 : (cof V2F) ().
wxY

Lemma 4.1 again shows that there exists v such that

— 0 strongly in L?, when h < ¢,

~h

: (cof V2F) <g> o= }llli% w(% -n)S : (cof VzF) <g> %

h 2 2
q 27 . . . E
% =0 Bw + i;:l(sym Vyv)ijTZ QT+ <’111_I>I%) h) w1738.

For the case (iii) we argue similarly: as in the case of ii) we conclude w; = 0. Also we
know that ¢"/e2 — 0 strongly in L?. Hence the left-hand side of (50) converges to zero,
S0

/ () (of V2F) () =0,

which by Lemma 4.1 implies the claim. il
Lemma 4.3. Let (w"),~o C H'(SY;R3) be such that

lim sup ( wh]| 2 + \|vhwhuL2) < 0.
h—0

Then there exists a map wo € H'(S;R?) and a field H, € L(S x I x Y;R3*3) such that

3 i o wy € L*(S; H'(V; R?))
Z (Vywr,we), 7" @7 for some ) \
= ! wy € L2(S x ¥ x I;R%))
if v =0,
3 - |
> (Vywh %(3’:311)1>HTz @7 for some wy € L2(S, H (I x Y;R?))
(51) H, =4 “=, 0
if v € (0,00),
3 ) o ,
; ; wy € L*(Sx I; H (V;R
Z (Vywr,wy), 7" @17 for some ! 2( 3( )
i1 ’ wy € L*(S x I;R?))
\ if’y:oo,

such that, up to a subsequence, w" — wq in L? and

v,wh 27 Vianwo T's + H, weakly two-scale in L.

Here, wy is the weak limit in H'(S) of [; wh(z + tn(z))dt.
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Proof. The lemma is an analogue of Proposition 6.3.5 in [Neul0], adapted to the manifold
S and the definition of two scale convergence on the manifold. Thus we will only prove
the case v € (0,00). Since the sequence is bounded in H! norm there exists a weak limit
wo € H'(S';R?). Let us denote by @", o the elements of H'(2;R3), defined by:

(52) " =whor;t, g =wyort.

By Proposition 6.3.5 in [Neul0], which is proved for planar domains, @y does not depend
on t and there exists w1 € L?(w; H'(I x Y;R3)) such that:
(53) Ty 22 (Veto, 0) + (Vyibn, Loy,
Then we have that 0, € L?(S; H(I x Y;R3)). Using (5) and (35) we conclude
(54) Viwh = Vuwh(I +tS)(I), + thS)™!
= vt 22 BT +18) "I +tS) (I, + thS) ™!
= Vpa[rt, 2 BT+ thS) L
By using (53) we conclude that

(55) Viw" 2, ((Vewop) o, 0) [7'1, 72, 7'3]T + (V1 o e, %atwl o re)[Tl, 72, 7'3]T

3
= VuweTs + Z (Vywl, %Otwl)ijr" Q77
ij=1
where (wy); = (w1 ore) - 7;. The last property follows from the fact that wy does not
depend on t. O

The following lemma is fairly straightforward; we refer to [NeulO, Corollary 2.3.4] for a

proof.
Lemma 4.4. Let (E,’;‘pp) C L2(S;R3*3) be such that
2,

El, L Egpp in L?( x Y;R¥3),

Then

_ 2, .
h—2 (\/(I+ h2ER )T(I+ h2EL, ) — I) “Vsym Egpp in L2(Q x Y;R3P)

Proposition 4.5. Assume that there is B € L*(S x V;S) such that
%quh 2 B n LQ(S; S),
and assume that there is By, € L*(S;S) such that
Fqyn — By, weakly in L*(S;S).
Assume also that

2, i ;
vtanvtcm(‘/sh : n) =N vtanvtan(v : n) + Z (ajiyj 90)7_ ® 77,
i=1,2

and set

(56) ph = YV Vayt =T

h?

Then there exist
U, € L*(S; Ly(I x Y))
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such that (after passing to a subsequence}
E" 2% B in L2(SYR3*3),

where E is given by

(57) E:(Bw+B+ (dV)? —tbv)(TS,TS _tz 2 o 1T,
i,j=1

and where B = B — [, B(-,y) dy.
In particular, the following are true:

(i) If v € (0,00] then there exists U, € L*(S; Ly(I x Y)) such that
(58) E = By + 3(dV)? — tby + U,.

(ii) If €2 < h < ¢, there exists U € L*(S; LY(I x Y)) such that

(59) E = By + 3(dV)* — tby + U.

(iii) If h ~ €2, with limy 0 h = 711 € (0,00), there exists U € LQ(S;L(I)M(I x V) such
that

(60) E =By, + 1(dV)* - tby + U.

Proof By Lemma 3.11, there exists a subsequence such that E" 2 B for some E. Denote

by E app the approximate strain

no (BT -1
(61) Eapp W2

By Lemma 4.4 it is enough to identify the two-scale limit of sym E;‘pp. Let us write

Viyh =1 RM—1T
h h nY
(62) R Eapp h2 B h2

We have sym(RhE;‘pp) 2, E, because R" — I boundedly in measure. By property (vi)

of Lemma 3.7 the symmetric part of the second term converges strongly in L? (and thus
two-scale) to 2%, /2. So we need to identify the two scale limit of

Vhyh—l
sym )

For brevity we set pu* = pyn. As usual, we extend Vh, n and pl trivially to S™.

In what follows we abuse notation using ¢ also as an independent variable. We define the
maps 2" : S — R3 by setting

Ma)y=z+h (Vsh(x) + t(:v)u?(w)) for all z € S".

Define Q(x) as in (19) and define (compare (16))

b () = by (2) = = Vianpis (2)Ts(x) + Vian V' (2)S ()
and (compare (14))

O (z) = Qun () = Vian V) (2)Ts(2) + pf (x) @ n(z).
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Then Lemma 2.4 shows that
(63) V"= I+ RQ" = btV — h2VianulS + b (Vian Vi + t¥1antl) T5Q.
Note that |Q| < Ct?> < Ch? on S”, so

QI 2(sny < CHP/2.

In what follows ©" € L?(S") denote maps which may change from expression to expression,
but which always satisfy
10" L2(gny < CR/.
We see from (63) that
V2t =1+ h0"+ 0" =R+ 0",
by (41). On the other hand, Lemma 3.7 shows that Vu" = R" + ©". Hence
(64) IVl — V2P| f2(gny < CRO/2.

However, by the definition of V" and of 2" we have, for z € S,

1
. /Ih ot tn(@) —u (@ + (@) dt = h (V](2) - V().

Hence Poincaré’s inequality implies that

|ul — Zh”LQ(Sh) < Huh — 2" —h (Vsh — Vh)‘

o RV =V Lasn)

< |Vl — V2| 2 gny + B2V = V| 125y < CRP2,
by (64) and (37). Defining Z" : S' — R? by setting Z"(®") = 2" on S", we have the
equivalent bounds
1y" = ZM 21y + IVA" = Z")|12(s1) < CR®.

Thus, using Lemma 4.3, we conclude that there exists
H, € L*(S* x Y; R*®)

of the form given in Lemma 4.3 and ¢ € H'(S;R3) such that (after passing to a subse-
quence)

1
h?

h_yh
Here c is a weak limit in H'(S;R3) of %

(65) Vi (yh - Zh) 2% Vigne Ts + Hy.

We will now identify the two scale limit on S* of the quantity sym (%Qh_[) By (63) we
have for all z € S":

Vl(z) -1 1 t(x)
(66) 2 = th@) - Tbh($)+Mh(ﬂ?),
where
M7 p2sny < CH?2.
We must therefore identify the two-scale limits on S of the first two terms.
Lemma 2.2 implies

1 1 2,
(67) E Sym Qh = Equh (Ts,Ts) =0 B(TS,Ts)

weakly two-scale in L?(S;R3*3), by definition of B.
It remains to identify the two-scale limit of b* on S. Its weak L2-limit clearly is by. This



24 PETER HORNUNG AND IGOR VELCIC

follows by comparing the definition of b" with (16). Next note that, since V* — V strongly
in H'(S), we know that Vi, V'S does not contribute to the oscillating part. On the other
hand, we have from (13):

Viantt" = =VianVian (n : Vsh) + Vian (VSh . S) .

The last term converges strongly in L?(S) to Vi, (V - S), so it does not contribute to the
oscillating part. The contribution of the term Viun,Vian (n . Vsh) is given by the assump-
tion.

We conclude that
(68) bh —— by + 02 P el

on S. By (66), the above convergence results on S imply that

ViZh =1\ o .
(69) sym (th> 2N (B —tby)(Ts,Ts) — t(@;ingo)r ® 7/

weakly two-scale on S?.

We conclude from (65) and (69) that
2 . . ~
E = B+ sym (ViancTs) — %(Q%/) — Z (6;% )Tt @ T —thy + U,
1,j=1

for some U, € L?(S; L, (I x ))). Notice that
(70) B +sym (ViancTs) = By + B+ U,,

where

2
:%Z Ver,n)(n®@ 18 + 170 @n).
i=1

Notice that U, € L%(S; L, (I x ))).

Define
U, =U, +U, € L*(S; L, (I x ))).

Hence (57) is proven, using the identity (15). The remaining claims now follow from
Proposition 4.2. Namely, ii) and iii) are direct and i) is the consequence of the identity

2 taylgo
( t(ayz‘yj(;a)i,jZI 8 > — sym(Vy,%Bg) t6y2g0 € L,(IxY),
*80

for v € (0, 00).

For lower bound we need the following lemma.

Lemma 4.6. Let (y") c H'(SY;R3), define E" : ST — R3*3 by

Vg (Vi) = I+ h2E",
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and assume that E" —QﬂA: E. Then we have

li}rln_glf /S /I Q(z + tn(z),r(z + tn(x)) /e, E™(x + tn(z))) dt dH? >

/S/I/y Oz + tn(z),y, Bz + tn(z), y)) dy dt dH?

and

lim inf L / /W(az + tn(z),r(z + tn(x)) /e, I + K2E"(z + tn(z))) dt dH? >
h—0 h? SJr

/s/f/y Qo +tn(x),y, Bz + tn(x),y)) dy dt dH*.

Proof. For the first claim we refer to [Vis06, Vis07]. The second claim then follows from
the standard truncation argument. U

The lower bound parts of Theorem 3.6 and Theorem 6.3 is now a direct consequence of
Proposition 4.5 and of Lemma 4.6.

5. UPPER BOUND

We start with the following observation.

Remark 5. It is easy to see, by using Korn’s inequality, that L. (I x y,ngX;’;) as well as

LO(I x Y, R3:3), L, (I x Y, REx3) for € [0, 00] and 71 € (0,00) are closed subspaces of

sym sym
L*(I x Y,R353). Also by using Korn’s inequality it is easy to see (see also [Neul2, Neul0,

NV]) that the following coercivity bounds are satisfied:

1Kl +1gllz2 S I1Uo(C, 97,
V¢ e HYY;R?),g € L*(I x V;R?),

ICHZ + el + gl S UG (¢ 0. 9172,
V¢ e HY(V;R?), ¢ € HX(Y),g € L*(I x Y;R?) and

I3 + el + gl S U (¢ 0, 9))1 70,
V¢ e HY(V;R?), 0 € H*(V),g € L*(I x Y;R?) and 71 € (0, 00)

1S3 + 1l + llellfz S [Uo(C 1, 0)l3e,
V¢ e HY(Y;R?), ¢ € L*(I; H'(Y)),c € L*(I;R?),

oIz < CONh (@)1, Yo € HN(I x Vi R?).
Here the constant absorbed into the symbol < depends on 7y, 7.

The following two lemmas and remark are analogous to [NV, Lemma 2.10, 2.11].

Lemma 5.1. For v € (0,00] there exists a bounded linear operator

IL, : L*(S,S) x L*(S,S) — L*(S, Ly (I x Y))
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such that for almost every x € S we have

Qu(wa' ) = [ [ (xttnie)yat +1a* 4 LI e 1) .

Moreover, if ¢',¢*> € C(S,S) then
(z,t,y) = IL[¢", (=, t,y)
is continuous as well.

Lemma 5.2. The function Q~: S xS xS — RT is continuous. Moreover for any x € S
the function Q(x) : S(z)sym X S(x)sym — R satisfies

(I¢'P+17P) < Q(x,q"¢%) = Q(z,4¢", %)
S P +1d%
The constant in < depends only on «, B,m1, 2.

»Y1

Lemma 5.1 and Lemma 5.2 remain true for the quadratic forms QO, Q(l) , the spaces

LY(I x V), L(l]m (I x Y), and the appropriate operators
MY : L*(S,S) x L*(S,S) — L*(S, LI x V))
and
Iy, : L*(S,S) x L*(S,S) — L*(5, L, (I x )
for v € (0, 00).

We need the following auxiliary result concerning the linearization of the square root of a
matrix. Its proof is straighforward by Taylor expansion.

Lemma 5.3. There exists n > 0 and a nondecreasing function m : (0,n7) — R such that
m(d) — 0 as § — 0 such that the following is true:
Let Gh € L2(SY,R3*3) and K" € L*(S, R3*3) satisfy the following conditions:

(i) There exists M € R such that
timsup (|| sym G 2 + 1K 1a@) < M.
_>

(ii) We have h~tsym K" — 0 strongly in L*(Q) as h — 0.
(iii) There exists § < n such that

limsup || K"~ < 6
h—0

and
lim sup h?||G"|| e < 4.
h—0

(iv) We have hG" — 0 strongly in L*(Q) as h — 0.

Set
1
E" = = <\/(I + hKh + h2GM)(I + hK" 4+ h2Gh) — I)
and
1
(71) El, =symG" — §(Kh)2.

Then we have

(72) lim sup || E" — EgppHB < M?m/(6),
h—0
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(73

hmsup //W (x +tn(z
h—0 ‘h4
—//Q(x+tn(x) r
SJI

If, moreover, Eh — E(z,y) strongly two scale, then

27

r(x+tn(z)) /e, I + h2EM(z + tn(z))) dt dH>

(x +tn(x))/e, app(:l: +tn(z)) dt dH?| < (M + 1)*m(5).

hr,?j(l)lp‘h //W (z + tn(z), r(z + tn(z)) /e, I + W2E™ (& + tn(x)) dt dH>
/S/I/yQ(xthn(l“)ay,E(x+tn(x)7y))dydtd%2dx‘S M+ 1)'m(6)

Proof. We will just give the sketch of the proof. By Taylor expansion there exists 1 > 0
and nondecreasing function m;

(0,m1) — RT such that mi(6) — 0 as § — 0 and for
every A € R3*3 which satisfies |A — I| < 11 we have

(75) '\/(I+At)(I+A) - <I+symA+ ;AtA>

1
<mi(|A-1|) (symA + 2ATA> .
If we plug into this identity A = hK" + h2G", divide by h? and integrate and let h — 0
we obtain

limsup || E" —

Iz < ma(8)1 £,
h—0 app

app | | L2,
where

Foh sym K" h o 1(7rh\t b R\t h 112/ ~h\t b
hop = o sym Gt + (KM K +hsym((G)K>+§h(G)G.
Using the assumptions it is easy to prove that

hm || app

h appHL2 — 0.

Now (72) immediatelly follows. (73) follows from Lemma 3.4 and triangular inequality.
(73) follows from the fact that

/S/IQ(:c+tn(:c) r

,r(x+tn())/e, BL,(z + tn(x)) dt dH® —
2
/S/I/yQ(x+tn(w)’y’E(x+tn($)7y))dydtd7-[ dr,

as h — 0 which is the consequence of the continuity of the integral functionals with respect
to strong two scale convergence, see [Vis06, Vis07]

O
We give here a general computation that will be needed in the proof of the next proposition
Let P € CY(S';CY(Y;R?)) define P" : ST — R3 by P"
extended trivially from S to S. Then by (35)

P(-,r/e), where, as usual, r is
v,P" =

Eanph @n+ VP'Tg

P(,r/e)@

(I +tS)(I + htS) Ty

1
h
+ (VP (,r/e)+ V yP(,7/e)Vianr Tg(I—i-tS)l) (I +1tS)(I + htS) 'Tg,
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because having extended r trivially to S*, we have 9,r = 0 and (8) applies. We use the
notation 9, P to denote the n-derivative with respect to the first argument only. Since
(I + htS)~! agrees with I up to a term that on S is uniformly bounded by h, and since
h < Ce, we conclude that

(76) <C.

1 1
VP — 7O P(rfe) @n =V P(7/€)Vianr Ts
5 Loo(S1)

Note that the linear operator Vi,,rTs on the tangent space can be expressed as, see (6),
Vient™Ts = 1 ® 4 es ® 7'2,
which is just the pullback operator ¢* from the tangent space to R?.

Proposition 5.4. For every B, € B and for every infinitesimal bending V € H?(S;R3*3)
of S, there exists a sequence (y") C H'(S',R3) satisfying the following:
(i) y" — 7 strongly in H'(S';R3).
(ii) The maps V'"(z) = h~! [;y"(z + tn(z)) dt — z satisfy
VP =V strongly in H*(S;R?)
and
%th — By, weakly in L2(S; S).
(i1i) We have
L(V, By) if limh/e = € (0, 00l;
lim 41" (y") = S 19(V, By) if € > h > €2
_>
Io,(V,By) if h~ & with lime®/h =1/~

Proof. The proof is a modification of the proof of the recovery sequence in [LMP10], cf.
also [FJMO6].

By definition and by density, since B,, € B, there exist w,, € C§°(S;R3) such that g, —
By, strongly in L?(S). Hence

limsup thup (qun - Bw”LQ(S;S) + hHwn||W2,oo(S;R3)) = 0.
n—r00 h—0

Lemma A.6 yields a sequence ny with n;, — oo as h — 0, such that the maps

wh = wy,
satisfy
(77) lim sup hHwhHW2,oo(S;R3) =0,
h—0
and
(78) qur — By strongly in L?(S;S).

In order to have common proof for all cases (see the case 7 = 0) we will assume that there
exists a constant M; > 0 such that and double index sequence ¢q,s» such that

(79) qusnllre < M,

and for all 6 > 0 we have

(80) lim sup A||Vw®"|| 4 = 0, limsup || V2w || 2 < My;
h—0 h—0

lim sup h?|| V" || Lo = 0, limsup h?||V2w>"|| L = 0.
h—0 h—0
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and

(81) Quon — By, weakly in L

Now let V € H?(S,R?) be an infinitesimal bending of S. We approximate V' by a sequence
v € W2(S; R3) such that, for each § > 0 we have:

lim sup ||v®" — Vlilg2(s) =0, limsup h||’U6’h”W2,oo(S) <4
h—0 h—0

(82)

lim %# ({x €S : v (x) # V(:c)}) = 0.

The existence of such v>" follows by Proposition A.5 in the appendix. We claim that

qys.h

(83) 5= = 0 strongly in L*(9)

as h — 0. In fact,

1/

1 1 2
®4)  Fllawnllzs) = 5 {z €850 @) £V (@)} I Vianv™ | oo (rusnrvy)s

and this converges to zero by (82) and because q,s.» is uniformly bounded in L>°(S) (see
below). From this we deduce (83).

To see that g,s» is uniformly bounded in L°°(S), note that the Lipschitz constants of all
qys.n are bounded by 6/h. Since g5.n = 0 almost everywhere on {v" =V}, we have

|y ()] < CF dist (z, {o*" = V}) < C.

The last estimate is true because (due to (82) and bounded curvature of S) for small h
the set {v®" # V'} cannot contain a disk of radius .

Now let 0°,p? € C1(S; C1(V;R3)) and set p* = p°(-,7/e) and 0" = (-, r/e).
We define 2% : S» — R3 by
M =id + h (vé’h + w4 s +hw5,h> + B (@) + eh?o™M (@),

and we define y>" : ST — R3 by yo"(®") = 29" Clearly, for each 6, as h — 0 we have

y>" — 7 strongly in H(SY.

For x € S we define

Voh () % (/1 D + tn(z)) dt — g;> _ % (/I (2 + tn(z)) dt — :c> |

Hence
VOl = O 4 hw® 4 ehd® + h2PP.
Here we have introduced *" : § — R3 by

() = [ 0% (z + tn(x
(@) = [ " @+ (o)) ot

and p®" is defined similarly.

From (81) and (83) we deduce that for each §, as h — 0 we have

1 1
(85) Equ,h = Eqva,h + Guo.r + Eqz + hQ’ﬁé — By, weakly in LQ(S; S).
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Thus the first two parts of the claim are satisfied (for each ¢). Also from (83) we deduce

(86) lim sup
h—0

1 .
‘hqwh < R( lim sup [|gy. |2 + 10°]| L2850 (1 y:29))
h—0

L2
+ limsup hl|q[ s 2),
st a6l
for some R > 0. Notice that for w®" that satisfies (78) we have for all § > 0

(87) tim sup |, on |22 = || Bull2-

h—

In order to prove the third part, we need to understand the limiting behaviour of

1
E&,h — ﬁ <\/(vhy5,h)thy6,h _ I> .

Define @ : S" — R3*3 by (19). Lemma 2.4 shows that
Viydh(@") = V220 = T+ hQysn + h2GOM(@M),
where G" : ST — R3*3 is defined by the following equation on S":
GO (D) = Qon — %bv(s,h(Ts, Ts) — thysn(Ts, Ts) — ivtanum hwihS
- % (Vtanv5’h + hV g™ + thnMv&uhw&,h) TsQ

+ hVp " (@) + eV, 0% (@M).

In the case v = lim h /e is nonzero, we deduce from (76) (applied with P = p? and P = 0?)
that, as h — 0,

(88) WV + eVyodh 22, =8,

Here we have introduced Z° : S1 x ) — R3*3 by
_ 1
‘:6 (1‘7 y) = (anpé (I‘, y) + ;anoé(xv y)) ®n(x)+ <7vyp6 (.f, y) + V3106 (I‘, y)) vtanr(x) TS(.%')

Observe that (88) remains true for v = 0 provided that 0,0° = 0, and for v = oo provided
that p>" does not depend on y. This follows from (76).
Lemma 2.2 and (78) shows that

(89) sym Qon = quon(Ts, Ts) — By (Ts, Ts) strongly in L(S).
And
bysn(Ts, Ts) — by (Ts, Ts) in L*(S).
This holds for each § > 0 as h — 0.
We conclude that
(90) sym GO 22 B (T, Ts) — thy (Ts, Ts) + sym =2

strongly two-scale in S' as h — 0. Hence the map E%}, : 81 — R3*3 defined by
1
6,h o,h
By = sym G — §(Qv6,h)2

converges strongly two-scale on St to E° : §1 x ) — R3%3

, given by
E’(2,y) = Bu(2)(Ts(x), Ts(x)) — t(2)by (¢)(Ts(x), Ts(x)) — 395 (x) + sym = (z,y).

We now wish to apply Lemma 5.3 to E%" and Eg}o};) in order to conclude that
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o1  n* /S /I W (m +tn(z), r(z + tn(z)) /e, I + W2ES(z + tn(m))) dt dH? —

) 9 -
/S/I/y Q(x + tn(z), E°(z + tn(z),y)) dy dt dH* + E(9),

where |E(8)| — 0 as § — 0. In order to prove this, it remains to verify that the hypotheses
of Lemma 5.3 are indeed satisfied.

But in fact, it is not difficult to see that there exists a constant M such that for all 6 > 0
small enough

(92) lir}rLlsgp <H sym G(S’hHLQ(SI) + HQva,hHU;(S)> <M
—

This follows from (86) and the construction of p°, o® below.

Moreover, hypotheses (ii) and (iii) of Lemma 5.3 are clearly satisfied by virtue of Sobolev
embedding and by (80), (82), (83). Hypothesis (iv) is a direct consequence of (80) and
that, as h — 0,

BV 4 < Ol 92090 ooy /[ 92000 12— 0,

B2V o < 02|V 2080 | o [0 12— 0,

which follow from (80) and (82). Hence the hypotheses of Lemma 5.3 are indeed satisfied,
and (91) follows.

It remains to choose the oscillations p? and o in an optimal way. We have to distinguish
the three cases.

The case v € (0,00). Let As € C%(S;s0(3)) be such that A5 — Qy strongly in H*(S) as
§ — 0. Define p° : S' x Y — R3 by

As(x)n(z)|?
P =t (PO T g ) i,
Then clearly Vyp5 = 0. We claim that
1 1
(93) sym (é%p‘; ® n) — 5 A} = —5 A}(Ts, Ts).
2 2
In fact,
Af — TsA3Ts = (n®@n) A} — (n@n)Af(n ©n) + AF(n @ n)

Asnl?
:2sym<A§n®n+‘52n|n®n)

because As is skew symmetric. And this equals 2sym(9,p° ® n) because clearly

_ |Asn]?

Onp’ 5

n+ A?n.

Thus (93) is proven.
From (93) and from the definition of £° and Z° we conclude:

BS = (By — thy — 5 (AT, Ts) + U (o),

where

L{V(o‘;) = sym (vyoévmans + 'yflf)no‘s ® n) .
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Notice that U, (0?) = Uy (%), which is just U, as in Definition 3.5 and 6¢ = 0% - 7;. Now we
choose 6° € C(S'; C'(Y;R?)) in such a way that
0°) — w + —2, —by) strongly in L?(S;R3*3
94 U, (%) = 10,(B,, + 4
as 6 — 0. Here, the operator IL, is as in Lemma 5.1. Then
(dv)? (dv)?
2 2

as § — 0 because —A%(Ts, Ts) — (dV)? by (15).
By (95) and by the above results, we see that

(95) E° — (By—tby)(Ts, Ts)+ ,—by) strongly in L?(S;R3*3),

+11 (B +

prl"(y") = I,(V, Bu)

9(8,h) = [[y*" — 7|l i1y + VO = Vlggs) + d5 (Faysn, Bu) + |4

satisfies lim supg_, limsupy, .o g(d,h) = 0. Here d : L2(S; M3) x L*(S; M?) — R is
defined in the following way: For K > 0 we know there exists a metric d® which defines
the weak topology on the ball of radius K. We define:

d¥ (M, M), if ||[My]|;2 < K and ||Ms]| 2 < K,

d¥(My, My) =
(M3, M) { 400, otherwise.

The constant K = K(R, ||Buwl/r2, ||V g2) we choose in a way that the right hand side of
(86) is bounded by e.g. % -1

Lemma A.6 then yields a sequence §, — 0 such that g(d,,h) — 0 as h — 0.

The case v = co. Let As € C2%(S;50(3)) be such that As — A strongly in H(S)asd — 0.
Define ¢? € C1(S; CH(I x Y;R?)), ¢° € CH(S;CLH(I x V), ¢ € C1(S; CH(I;R?)) such that

Uoo(§§,1/;5, 05) — I (Bw + %, —bv) strongly in L?(S;R3*3)

as § — 0. We will use the following fact: if f: I x Y — R3 then F(z,y) = Ot(x) f(s,y) ds
satisfies 0, F(x,y) = f(t(z),y). Again we wish to have p’ independent of y, in order to
ensure the validity of (88). We define

(Iz‘la(fv)n(ﬂf)!2
2

t(x) t(x)
P (x,y) = t(x) I+ Ag@)) n(x) + 2/0 Cals) dst® + /0 c3(s) dst.

Then
5 _ [Asn?

Onp >

n+ A%n + 2c, ()7 + c3(t)73.
For z € S' and y € ) set
o’ (z,y) = C(w(x), t(z), )7 (x) + 20’ (n(x), t(z), y)n ().
Then
V0 = 1@V, +2n @ Vil
Since v = 0o, we have
sym = = sym (8np5 Xn+ vyoévtanr TS) = UOO(C6a 1/16, 66)7
From now on the proof is analogous to the case v € (0, 00).

Construction for v =0 and limy_,q # € [0,00) :
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In this one has to modify, in addition, the maps w®". Let As be as before. In the case

2 . o N
limy, 0 S5 = 0 choose (7 € CL(S;CL(V;R2)), ¢° € CY(S;C2(V)), ¢° € CL(S;CH(I x
Y;R3)) such that

dv)?
(96) (%)~ (B + 2) ,—by) strongly in L*(S; R*),
as 0 — 0. In the case limy,_q # = '711 € (0,00) choose them such that
dv)?
(97) U (0%, %) — Ty (By + (dV) ,—byv) strongly in L*(S').

Extend ¢° trivially to S' and define o(z,y) = ¢(x,y)7®(z). Then 9,0° = 0, so (88)
remains true. We define

(\Aa(w)n(x)!
2

2 t(x)
Play) = Ha) I+A§<x>> o) +2 [ gh(r(a), ) ds 70

t(x)
+/0 gg(ﬂ(x),s,y) ds 73 (x).

We define the modified fields

e e
where w®" is defined by the property (77).

Notice that @w%" satisfies the condition (80) with M; < C Hvzgo‘s ||, for some constant C' > 0,
independent of §. Also using the following facts valid for every fixed § > O:

h ~
(98) - (Vw‘s’h — Vw‘s’h> bounded in L*(S)
h
(99) - (Qs.n — Qgsn) bounded in L>(S)
h 2 o
(100) - basn — | OO+ 3 Z Oy, Ot @ 7 bounded in L*(S5)
ij=1
(101) Qioh = Quon + %@5(‘77*/5)8 27, B, + 7%905(33,3;)5,

we can repeat the same argument as in the case v € (0,00). Namely, notice that (79) is
valid and thus the right hand side of (86) can be bounded, by a bound independently of
. It can be easily seen that (80), (81) are valid. Instead of (89) we have (101).

0

6. CONVEX SHELL

In this chapter we shall identify the I'-limit for convex shells in the remaining case, i.e.
h < 2. We want to demonstrate the stronger influence of the geometry in this case. We
work under the assumption that there exists C' > 0 such that

(102) S(x)r-7>Cr-1,Yx € S, 7 €T,S.
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Definition 6.1. For = € S we define the following operator
UPE L2V RZX2) x L2(I x YV;R?) — L2(I x V; R3S,

Sym Sym
9 3 B g1 ) )
,C
Uy“(B,g) = 92 TR
=1\ (91, 92) 93 )
and function space of relazation fields

(103)  L2°(I x Y;R33) = {ug’C(B,g) . B € L2(V;R22), g e L*(I x y;R?’)} .

sym Sym

Again as before it can be seen that Lg’C(I x V; R3%3) is a closed subspace of L2(I x J; R3X3).

Sym sym

We also define the functional Ig’c : H?(S;R3) x L%(S;S)) - R
(104) 13°(V,By) = / Qy“(x, By + 1(dV)?, —by) du,
S
with the quadratic form Q%’C(x) : S(2)sym X S(x)sym — R:
(105) Qg’c(az, %) = inf // Q(x +tn(z),y,q" +tg* + U) dtdy.
UL (IxY;RESD) M Ixy
As before, it is easy to see that the definition is equivalent to the following one:

(106) Qo°(x, ¢4, q%) =

2
inf | // Qs (;13 +tn(z),y,q" + tq® + Z Bij'fi ® 1) dt dy.
IxYy

BELQ(J};MEym by
In the case when O does not depend on ¢t we have that
2
~2 . . . .
Q07C($,q1,q2) - ot inf / QQ(.T,y,ql + Z (B)ijTZ ®Tj)dy
BeL2(y;M2,,) JY i

1
+12/ Qs (7, y,¢%) dy.
R

Under the assumption (102) it is well-known that B = L%(S,S), cf. e.g. [Cia00], [LMP10].
Thus if one wants to additionally to relax the functional Ig “ with respect to B, one in
this case obtains the functional Ig : H(S;R%) — R

~ 1
(107) B0 =15 [ [ Quevbv)dyde
SJY

This functional is the same as in the ordinary von Karméan model. For the form Qg’c

one can make assertions analogous to Lemma 5.1 with the appropriate operator Hg’c and
Lemma 5.2. We introduce the space

FL(S;C®(Y)) = {(x,y) s S e
keZ2, |k|<n, k#£0
n e N and * € C}(S;C) with & = c_k}.

By Fourier transform it can be easily seen that FL(S;C>())) is dense in L*(S; H™(Y)),
for any m € Ny. The following lemma resembles Lemma 3.3 in [Sch07]:
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Lemma 6.2. Assume (102) and let B € L*(S; L*(Y;S)). Then there exist unique w €
L2(S; HY(Y;R?)) and ¢ € L*(S; L?(Y)) such that

(108) > (sym Vyw), 7' @7 + ¢S = B.

ij=1,2
Moreover, if BZ] € FL(S;C®(Y)) for every i,j = 1,2 then w; € FL(S; H'(Y)), for
i=1,2 and p € FL(S; H'()))

Proof. One possible proof is to apply the operator curl, curl, to both sides of (108), which
leads to the PDE

cof S: V?/gp = curl, curl, B,
which by virtue of (102) is an elliptic PDE with constant coefficients (for each z). We

prefer to give a direct proof.
There exist bfj such that for all 4,7 =1,2:

. ; —k _
B(z,y)ij = Z bi-“j(x)e%’k'y, where Z ||bfjHL2 < 00,b;; = bijk, b?j =0.
kez? kez?
We assume that for ¢ = 1, 2:

wj = Z c?(x)ezmk’y, 6? = c;k, c? =0
kez?
and
Y= Z dF (z)e?™ kY, d = d=* d’=o0.
kez?
The equation (108) 12 equivalent to the following problem for every (ki,ks) € Z? find

complex coeflicients , bfj, d* such that

kick +d*s; = ok,
1
§(k2c§+k1c§)+dk812 = o,
kock + d¥Syy = bk,

By (2) and (102) it is easy to see that there exists C' > 0 such that the determinant of the
system is bounded from below by C(kf + k3). Using this it follows that there exists C > 0
such that

2 2
" (@)? + Y kPl (@) < CY b)), Ve € 8.
i=1 ij=1
Now all claims follow easily. U

Theorem 6.3. Assume (102) and that h < &2 and that W satisfies Assumption 3.3. Let
(uh) c HY(S";R3) satisfy

(109) lim sup #Eh(uh) < 00,
h—0
where
1 _
Eh(uM) = 7 W (" (x), r(x)/e, Vul)dz.
Sh

Define y" € HY(S';R3) by the equation y"(®"(x)) = u"(x). Then the following are true
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(i) (compactness). There exists a subsequence of ("), still denoted by (§") and there
exist Q" € SO(3) and " € R3 such that the sequences y" = (QM)Tg" — ¢ and
Vh.= % (f; y"(z + tn(x)) dt — z) satisfy the following
(a) y"* — 7 strongly in H'(S';R3).

(b) There exists an infinitesimal bending V. € H?(S;R?) of S such that V' —
V strongly in H'(S;R3).
(¢c) There exists By, € L*(S;S) such that

Fqyn — By, weakly in L*(S;S).
(ii) (lower bound). Defining Ig’c by (104) we have
lim nf LE"uh) > I3V, By),

(iii) (recovery sequence) For any infintesimal bending V € H?(S',R®) and B,, € L*(S;S)
there exists uh € H'(S" R3) satisfying (109) and such that conclusions of part (i)
are true with Q" = I and ¢ = 0. Moreover, equality holds in (7).

Proof. We will only give the sketch of the proof since it is analogous to the previous cases.
Since V' is an infinitesimal bending, we have

(110) 0,V (z) = A(x), for all 7 € T,.S for some A € H'(S;s0(3)),

Let us assume as in Proposition 4.5 that

2
2, i :
Vtanvtan(v;h : ’I’L) =% vtanvtan(‘/n) + Z (85“;]- 90)7— & 7-]7

1,j=1

for some ¢ € L*(S; H?(). Using (iii) of Proposition 4.2 as well as Lemma 6.2 we conclude
that ¢ = 0. Thus from Proposition 4.5 we conclude that for E" defined in (56) we have

gh 22 E(x,y) where
(111) E = By, +B+3@V)?-tby +U,

for some U € L?(S; Lo(I x Y)) and B € L?(S; L*();S)). The lower bound easily follows
from Lemma 4.6 and the definition of the functional IO2 o,

To prove the upper bound we follow the proof of Proposition 5.4, the case v = 0. Namely,
let us again take A% € C?(S;s0(3)) such that lims_,q ||A° — A2 = 0 and B? such that
for every i,j = 1,2, (B%);; € FL(S;C>®())), ¢° € C*(S;C*(I x Y;R3)) and

. 2,cr6 6 2,c 1 2
(1]_2) lim HZ/{O (B y 9 ) - HO (Bw + §(dv) ’_bv)‘ L2(S;R3%3)

6—0

By Lemma 6.2 there exist 20 € (FL(S;C®())))? and ¢® € FL(S;C™(Y) solving the
system

(113) Z (sym Vyz‘s)l.jTi @71 +¢°S;; = B°.
ij=1,2
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We define
GO = b,
WP = wdh 4 © ( r/eyn+e h)(zl( r/e)r! + zg(-,r/5)72),

x)n(x t(x)
o) = o) (B 1)) n) +2 [ it ds )

t(x)
+/ A(r(x),s,y) ds 73(x).
0
where v%" is defined in (82) and w®" is defined by the property (77).
Notice that, similarly as before:
(114) € (V@M - Vw‘;’h) bounded in L*°(S5)
(115) € (Qon — Qgsn) bounded in L(S)

2
(116) e | bgon — | 05" + E% Z 8ying057'i ® 7! bounded in L*(S)
ij=1
(117) llggs.n || L2 bounded independately of 4, h

(118) % (q@(s,h - (qwé,h + B&)) bounded in L*(S).

Now we continue as in the proof of Proposition 5.4, after concluding that w®" satisfies the
condition (80). Boundedness of the right hand side of (86) follows easily. It can be easily
seen that (80), (81) are valid. Instead of (89) we have (118). O

APPENDIX A. AUXILIARY RESULTS

In the sequel we consider the sequence () — 0 as h — 0 and © C R? a Lipschitz domain
and 7; = e;, for i = 1,2,3, where e; are standard coordinate vectors. The set ) can be
considered as the set [0,1)3 i.e. [0,1)? with the topology of torrus. The claims can be
trivially extended to R™. For the proofs see e.g. [All92]. For the last claim see [Velb,
Lemma 3].

Lemma A.1. (i) Any sequence that is bounded in L*() admits a two-scale convergence

subsequence.
(ii) Let f € LQ(Q x V) and {f"}n>0 C L*(Q) be such that f" 2, f(z,y) weakly. Then
"= [y f(,y) dy weakly in L*(9).

(iii) Let f° € L2( ) and {f"}ns0 C L2(Q) be such that f* — O weakly in L?. Then (after
passing to subsequences} we have fi = 2 FO>z) + f(z,y) for some f € LA x Y)

with fY y)dy = 0 almost everywhere in €.
(iv) Let f° € LQ(Q) and {f"Yns0 C L2(Q) be such that f" — fO strongly in L?. Then
2 o).

(v) Let f© € HY(Q) and {f"}ns0 C H'(Q) be such that f* — f° weakly in H'. Then
(after passing to subsequences)

VitV 4 Vb, y)
for some ¢ € L*(Q, H()).
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(vi) Let O € H*(Q) and {f"}ns0 C H3(Q) be such that f* — f° weakly in H?. Then
(after passing to subsequences)

v2fh 20 27 V2f0+V2 o(z,y)
for some ¢ € L2(Q, H2(Y)).

For brevity we shall write ¢ instead of £(r). At several places in our argument we are only
interested in the oscillatory part of the two-scale limit. In the following, we introduce as

in [HNV] the special notation —— "\ for that purpose. As a motivation consider a sequence
{f"} >0 C L?(Q) with weak two-scale limit f € L?(Q x Y). Consider

:/Yf(x,y)dy and flay) = fla,y) - ).

According to Lemma A.1 the function f0 is the weak limit of f*. We call f(x,y) the
oscillatory part of f. Evidently we have

(119) hm/fh ’idm—/ﬂ Yfa:y) o(z)g(y) dy dz

h—0
for all ¢ € C5°(2) and g € C*°()) with / gdy = 0.
Y

Motivated by that we introduce the following vocabulary (see [HNV]):

Definition A.2. For a sequence (f")~0 C L?(2) and fe L2(2xY) with fy y)dy =0
almost everywhere in {2 we write

22 fay),
if (119) holds for all ¢ € C§°(R2) and g € C*(Y) with [, gdy = 0.
Lemma A.3. Let fO and f" € L2(Q) be such that f* — f° weakly in L%() and fi 250
f(:n,y) Then f" 20 fO(x) + f(x,y) weakly two-scale.

Proof. Straightforward. U

The following Lemma was needed in the proof of Proposition 4.2.

Lemma A.4. (i) Let f° and f* € H'(Q) be such that f* — f° weakly in H'(Q) and
assume that

V2LV + V()
for some ¢ € L2(Q; HY(Y)). Then

h
L osc,y ¢

5
(i) Let f° and f* € HY(Q) be such that f* — f° weakly in H?(QY) and assume that

v2fh 20 27 V2f0+V2 o(z,y)
for some ¢ € L2(Q; H2(Y)). Then

h
L osc,y ¢

e2
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Proof. The proof of (i) is given in [HNV, Lemma 3.7]. Here we prove (ii) which goes in
an analogous way. Let G denote the unique solution in C*°()) to

We put G"(z) = (%) Then A,G"(z) = 5 (%) and VG"(z) = 1V,G(%).

(120) /Q @) dr = / FPAGM du

/ V. v(GMy)d / VGt V) da

— / PG Ay dx
/ AfMGMp) d / VGt vy da
— / PG AY dx
Q
- Ayo(z,y)G(y)y du dy
QxY

/ o(z,y)g () da dy,
QxyY

where we have used (i) for the claim fa—h SAEEN

Vi)dx — 0 .

0 that is used to conclude f fh VGl .

O

The following proposition can be found in [FJMO06, Proposition 2]

Proposition A.5. Let Q2 be a bounded Lipschitz domain in R™ and let 1 < p < oo, k € N
and X\ > 0. Suppose that u € W’“’P(Q) and let

Julg(z) == Y [V*ul

|| <k
Then there exists u» € W+ such that
”u)\Hwk,oo S C(pv kaQ))\)
k
zeQ: uNz) £ u(x % ul? dz,
k
AP e ag2

A
[t lwer < Clps ks Q) |[ullwe-

IN

In particular

lim AP ’{x €0 uMNz) £ u(:v)}’ —0,

A—00

and

lim [Ju® — ullyyrp = 0.
A—00

The following diagonalization lemma is due to [Att84, Corollary 1.16]:
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Lemma A.6. Let g :[0,00) x [0,00) — [0,00) and suppose that

lim sup lim sup g(d, h) = 0.
6—0 h—0
Then there is a monotone function (0,00) 3 h — §(h) € (0,00) with limp_,od(h) =0 and
lim supy, 0 9(6(h), h) = 0.

Acknowledgement. Both authors were supported by Deutsche Forschungsgemeinschaft
grant no. HO-4697/1-1. Part of this work was completed while the second author was
affiliated with BCAM.

REFERENCES

[ABP91] Emilio Acerbi, Giuseppe Buttazzo, and Danilo Percivale. A variational defi-
nition of the strain energy for an elastic string. J. FElasticity, 25(2):137-148,
1991.

[Al192] Grégoire Allaire. Homogenization and two-scale convergence. SIAM J. Math.
Anal., 23(6):1482-1518, 1992.

[Att84] Hedy Attouch. Variational convergence for functions and operators. Applicable
Mathematics Series. Pitman (Advanced Publishing Program), Boston, MA,
1984.

[BB06] Jean-Frangois Babadjian and Margarida Baia. 3D—2D analysis of a thin film
with periodic microstructure. Proc. Roy. Soc. Edinburgh Sect. A, 136(2):223~
243, 2006.

[BFF00] Andrea Braides, Irene Fonseca, and Gilles Francfort. 3D-2D asymptotic anal-
ysis for inhomogeneous thin films. Indiana Univ. Math. J., 49(4):1367-1404,
2000.

[Bra85] Andrea Braides. Homogenization of some almost periodic coercive functional.
Rend. Accad. Naz. Sci. XL Mem. Mat. (5), 9(1):313-321, 1985.

[Cho97] Daniel Choi. On geometrical rigidity of surfaces. Application to the theory of
thin linear elastic shells. Math. Models Methods Appl. Sci., 7(4):507-555, 1997.

[Cia00] Philippe G. Ciarlet. Mathematical elasticity. Vol. III, volume 29 of Studies in
Mathematics and its Applications. North-Holland Publishing Co., Amsterdam,
2000. Theory of shells.

[CL96] Philippe G. Ciarlet and Véronique Lods. Asymptotic analysis of linearly elastic
shells. I. Justification of membrane shell equations. Arch. Rational Mech. Anal.,
136(2):119-161, 1996.

[CLM96] Philippe G. Ciarlet, Véronique Lods, and Bernadette Miara. Asymptotic anal-
ysis of linearly elastic shells. II. Justification of flexural shell equations. Arch.
Rational Mech. Anal., 136(2):163-190, 1996.

[FIMO02] Gero Friesecke, Richard D. James, and Stefan Miiller. A theorem on geometric
rigidity and the derivation of nonlinear plate theory from three-dimensional
elasticity. Comm. Pure Appl. Math., 55(11):1461-1506, 2002.

[FIMO06] Gero Friesecke, Richard D. James, and Stefan Miiller. A hierarchy of plate
models derived from nonlinear elasticity by gamma-convergence. Arch. Ration.
Mech. Anal., 180(2):183-236, 2006.

[FJMMO3]| Gero Friesecke, Richard D. James, Maria Giovanna Mora, and Stefan Miiller.
Derivation of nonlinear bending theory for shells from three-dimensional non-
linear elasticity by Gamma-convergence. C. R. Math. Acad. Sci. Paris,
336(8):697-702, 2003.



DERIVATION OF A HOMOGENIZED VON-KARMAN SHELL THEORY FROM 3D ELASTICITY 41

[GSP95] Giuseppe Geymonat and Enrique Sanchez-Palencia. On the rigidity of certain
surfaces with folds and applications to shell theory. Arch. Rational Mech.
Anal., 129(1):11-45, 1995.

[HNV] Peter Hornung, Stefan Neukamm, and Igor Vel¢i¢. Derivation of the ho-
mogenized bending plate model from 3D nonlinear elasticity.  Preprint:
http://www.mis.mpg.de/preprints/2013/preprint2013_23.pdf.

[Hor| Peter Hornung. Continuation of infinitesimal bendings on developable surfaces
and equilibrium equations for nonlinear bending theory of plates. to appear in
Comm. Part. Differ. Equat.

[Hor12] Peter Hornung. The Willmore functional on isometric immersions. MIS MPG
Preprint, 2012.

[LDR95] Hervé Le Dret and Annie Raoult. The nonlinear membrane model as varia-
tional limit of nonlinear three-dimensional elasticity. J. Math. Pures Appl. (9),
74(6):549-578, 1995.

[LDR96] H. Le Dret and A. Raoult. The membrane shell model in nonlinear elasticity:
a variational asymptotic derivation. J. Nonlinear Sci., 6(1):59-84, 1996.

[LMP10] Marta Lewicka, Maria Giovanna Mora, and Mohammad Reza Pakzad. Shell
theories arising as low energy I'-limit of 3d nonlinear elasticity. Ann. Sc. Norm.
Super. Pisa Cl. Sci. (5), 9(2):253-295, 2010.

[Lut85] Adam Lutoborski. Homogenization of thin elastic shell. Journal of Elasticity,
15(1):69-87, 1985.

[MMO03] Maria Giovanna Mora and Stefan Miiller. Derivation of the nonlinear bending-
torsion theory for inextensible rods by I'-convergence. Calc. Var. Partial Dif-
ferential Equations, 18(3):287-305, 2003.

[MMO04] Maria Giovanna Mora and Stefan Miiller. A nonlinear model for inextensible
rods as a low energy I'-limit of three-dimensional nonlinear elasticity. Amnn.
Inst. H. Poincaré Anal. Non Linéaire, 21(3):271-293, 2004.

[Miil87] Stefan Miiller. Homogenization of nonconvex integral functionals and cellular
elastic materials. Arch. Rational Mech. Anal., 99(3):189-212, 1987.

[Neul0] Stefan Neukamm. Homogenization, linearization and dimension reduction in
elasticity with variational methods. Phd thesis, Tecnische Universitat Miinchen,
2010.

[Neul2] Stefan Neukamm. Rigorous derivation of a homogenized bending-torsion the-
ory for inextensible rods from three-dimensional elasticity. Arch. Ration. Mech.
Anal., 206(2):645-706, 2012.

[Ngu89] Gabriel Nguetseng. A general convergence result for a functional related to
the theory of homogenization. SIAM J. Math. Anal., 20(3):608-623, 1989.

[NV] Stefan Neukamm and Igor Vel¢i¢.  Derivation of a homogenized von
Karméan plate theory from 3D elasticity. to appear in M3AS; Preprint:
http://www.mis.mpg.de/preprints/2012/preprint2012_61.pdf.

[Pan01] Olivier Pantz. Une justification partielle du modele de plaque en flexion par
I-convergence. C. R. Acad. Sci. Paris Sér. I Math., 332(6):587-592, 2001.

[Sch07] Bernd Schmidt. Plate theory for stressed heterogeneous multilayers of finite
bending energy. J. Math. Pures Appl. (9), 88(1):107-122, 2007.

[SP89a] Evariste Sanchez-Palencia. Statique et dynamique des coques minces. I. Cas de
flexion pure non inhibée. C. R. Acad. Sci. Paris Sér. I Math., 309(6):411-417,
1989.

[SP89D)] Evariste Sanchez-Palencia. Statique et dynamique des coques minces. II. Cas
de flexion pure inhibée. Approximation membranaire. C. R. Acad. Sci. Paris
Sér. I Math., 309(7):531-537, 1989.



42 PETER HORNUNG AND IGOR VELCIC

[Vela] Igor Vel¢i¢. A note on the derivation of homogenized bending plate model.
Preprint: hitp://arxiv.org/abs/1212.2594.

[Velb] Igor Velcié. Periodically wrinkled plate of Foppl von Kérméan
type. to appear in Ann. Sc. Norm. Super. Pisa CI. Sci., preprint:
http://arziv.org/abs/1104.0661.

[Vis06] Augusto Visintin. Towards a two-scale calculus. ESAIM Control Optim. Calc.
Var., 12(3):371-397 (electronic), 2006.

[Vis07] Augusto Visintin. Two-scale convergence of some integral functionals. Calc.
Var. Partial Differential Equations, 29(2):239-265, 2007.

MAX PLANCK INSTITUTE FOR MATHEMATICS IN THE SCIENCES, INSELSTR. 22, D-04103 LEIPZIG, GER-
MANY

E-mail address: hornung@mis.mpg.de

MAX PLANCK INSTITUTE FOR MATHEMATICS IN THE SCIENCES, INSELSTR. 22, D-04103 LEIPZIG, GER-
MANY;

BCAM-BASQUE CENTER FOR APPLIED MATHEMATICS, ALAMEDA DE MAZARREDO 14, 48009 BILBAO,
B1ZKAIA (BASQUE-COUNTRY, SPAIN)

E-mail address: velcic@mis.mpg.de



