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A NOTE ON THE DERIVATION OF HOMOGENIZED
BENDING PLATE MODEL

IGOR VELCIC

ABSTRACT. We derive, via simultaneous homogenization and dimension
reduction, the I'-limit for thin elastic plates of thickness h whose energy
density oscillates on a scale e(h) such that e(h)> < h < e(h). We
consider the energy scaling that corresponds to Kirchhoff’s nonlinear
bending theory of plates.
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plate theory, two-scale convergence.

1. INTRODUCTION

In this paper we derive a model for homogenized bending plate, by means of
I’-convergence, from 3d nonlinear elasticity. The pioneering papers in deriva-
tion of lower dimensional models by means of I' convergence are [ABP91]
where the equations for elastic string are derived and [LDR95] where mem-
brane plate equations are derived. It was well known that the obtained
models depend on the assumption on the order of external loads with re-
spect to the thickness of the body (see [Cia97, Cia00] for the approach via
formal asymptotic expansion). The pioneering works in deriving higher di-
mensional models (e.g. bending and von-Kéarmén) via I'-convergence are
[FIMO02, FJMO06] where the key indegredient is the theorem on geometric
rigidity.

Recently, models of homogenized bending plate were derived in the special
case when the relation between the thickness of the body h and the oscilla-
tions of the material £(h) satisfy the condition h ~ e(h) or e(h) < h i.e. the

situations when is such that limy_,q % =: 7 € (0,00], see [HNV]. Here we

partially cover the case v = 0, by assuming additionally e(h)? < h < (h).
The von-Kérman case of plate and shells are discussed in [NV, HV]. In the
case of von-Karman plate all the cases for v are obtained; the case v = 0
corresponds to the situation where dimensional reduction prevails and the
case v = oo corresponds to the situation where homogenization prevails.
Both of these cases can be obtained as limit cases from the intermediate
thin films that arises when v — 0 i.e. v — oo. In the case of shells the
surprising fact was there are different scenarios for v = 0; one scenario for
e(h)? < h < &(h), the other for h ~ e(h)?.

For the relation of the model obtained here with the ones obtained in [HNV],
see Remark 6 below. The recovery sequence for this model is significantly

Date: March 14, 2013.



2 IGOR VELCIC

different then the one defined in [HNV] and its gradient includes the terms
of order e(h) > h, which then has to be of the specific form (RA, where
R is the rotation matrix and A skew symmetric matrix), in order to obtain
the energy of order h? (see the expression (51) below). The compactness
result, given in [FJMO02], which gives the lower bound of I'-limit, forces us to
work with piecewise constant map with values in SO(3) which creates some
additional technical difficulties in the compactness lemmas that are needed
for recognizing the oscillatory part of two scale limit (see Lemma 3.9 and
Lemma 3.11 below). The situation £(h)? ~ h seems to be more involving,
since in that case we have lack of compactness result, partially due to the
possible occurrence of oscillations of order different than £(h), see Remark
3 and Remark 7 below.

By so(3) we denote the space of skew symmetric matrices in M3. For a
matrix A, sym A denotes its symmetric part while skw A denotes its skew
symmetric part i.e. sym A = %(A + A7), skw A = %(A — AT). For a vector
v € R3 by A, we denote the antisymmetric tensor given by A,z = v X z.
We call v the axial vector of A,. One easily obtains

0 —v3 vy
(1) A, = V3 0 —-un
—7V3 U1 0

For v, w € R3 we have
(2) A’U'Aw:2v'w.

By 6;; we denote the Kronecker delta. A < B means that the inequality is
valid up to a multiplicative constant C' > 0 on the right hand side.

We need to introduce some function spaces of periodic functions. From now
on, Y = [0,1)%, and we denote by ) the set Y endowed with the torus
topology, so that functions on Y will be Y-periodic.

We write C(Y), C*(Y) and C*()) for the Banach spaces of Y-periodic
functions on R? that are continuous, k-times continuously differentiable
and smooth, respectively. Moreover, H k([ x ) denotes the closure of
C°°(I,C>(Y)) with respect to the norm in H¥(I x Y) and we write H*())
for the subspace of functions f € H*(Y) with fY f = 0. In the analogous
way we define H(I x )), C¥(). The definitions extend in the obvious way
to vector-valued functions.

2. GENERAL FRAMEWORK AND MAIN RESULT

By S C R? we denote a bounded Lipschitz domain whose boundary is piece-
wise C. For the proof of the lower bound we need only Lipschitz domain.
The piecewise C'-condition is necessary only for the proof of the upper
bound, cf. Section 4.2 for the details.

By ), := S x hl, where h > 0 and I := (—1,1), we denote the reference
configuration of the thin plate of thickness h. The elastic energy per unit
volume associated with a deformation v" : Q) — R3 is given by

(3) ;/ﬂh W(Z?’,’j,wh(z))dz.
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We denote by 2z = (z1,22) in-plane coordinates of a generic element 2z =
(x1,x2,23) € Q). By W we denote a energy density that models the elastic
properties of a periodic composite.
Assumption 2.1. We assume that

W:R xR? x M? — [0, o0), (x3,y, F) — W(xs3,y, F)
is measurable and [0, 1)2-periodic in y for all F. Furthermore, we assume

that for almost every (r3,7) € R x R, the map M? > F s W (x3,y, F) €
[0, 0] is continuous and satisfies the following properties:

(FI)
(frame indifference)
W (zs3,y, RF) = W(zs3,y, F) for all F € M3, R e SO(3);
(ND)
(non degeneracy)
W (z3,y, F) > ¢ dist?(F,SO(3)) for all F € M?,
W(x3,y, F) < codist?(F,S0(3)) for all F € M? with dist?(F,SO(3)) < p;
(QE)

(quadratic expansion at identity)

. \W(zs,y,I +G) — Q(x3,y,G)|
im esssup

=0
G=0 yey |G?

for some quadratic form Q(zs,y,) on M3,

Here c1,co and p are positive constants which are fixed from now on.

We define Q := § x I. The standard procedure in deriving lower dimen-
sional models is to rescale the out-of-plane coordinate: for z = (2, z3) € Q
we consider the scaled deformation u”(z’,x3) := v"(2', has). Then (13)
becomes
/
(4) EMe(uh) = / W(xg,%,vhuh(x)) dx.
Q

By Vyu" := (V’uh, %&;uh) we have denoted the scaled gradient, and by
Viulh = (81uh ) 82uh) we have denoted the gradient in the plane.

As already mentioned in the introduction, it is well known that different
models for thin bodies can be obtained from three dimensional elasticity
equations by the method of I'-convergence. The main assumption that in-
fluence the derivation of the model is the assumption on the relation of the
order of the energy and the thickness of the body (also the assumption on
the boundary conditions can influence the model). The plate behavior, due
to its more complex geometry, is much more complex than the behavior of
rods. We recall some known results on dimension reduction in the homo-
geneous case when W(zs,y, F) = W(F). In [FJMO06] a hierarchy of plate
models is derived from £" := €M1 in the zero-thickness limit A — 0. The
case £ ~ 1 leads to a membrane model (see [LDR95]), which is a fully non-
linear plate model for plates without resistance to compression. The reason
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for that is that the compression enables the plate to preserve the metric on
the mid-plane and thus these deformations have lower order energy. The
obtained equations are of the same type as the original 3D equations i.e.
quasilinear and of the second order. In the regime £" ~ h? finite energy
deformations converge to rigid deformations and to obtain the limit energy
we need to introduce the correctors from the rigid deformation. In [FJMO06]
it is shown that 4" converges to a plate model of “von-Karman”-type.
In the case of higher scalings one obtains the linear plate model.

In this article we study the bending regime E" ~ h?, which, as shown in
[FIMO02], the T-limit as h — 0 of the functionals h=2£" is the functional

(5) / Qo (11(2")) da’,
S
with Q2 : M? — R is defined by the relaxation formula
(6) @Q2(A) = min Q («(A) +d® e3);
deR3

here, @) is the quadratic form introduced in (QE) and ¢ denotes the natural
embedding of M? into M?3.

Denoting the standard basis of R3 by (e1, ez, e3) it is given by
2

WA) = D Aaplea ®eg).

a,f=1

The special case of layered material is considered in [Sch07]. Dependence on
x3 variable produces non-trivial effects on the relaxation formula. Namely
the limit functional is then given by

(7) /S Qo(11(z")) da,

(8) Qs(4) = min /I Qs (w3 A+ B)) das,

BeM2

sym

In [HNV] it was shown that in the non-homogeneous case the effective qua-
dratic form @9 is determined by a relaxation formula that is more com-
plicated. For construction of the recovery sequence it was also helpful to
understand the behavior of layered materials. The obtained depended on
the relative scaling between the thickness h and the material period . Here
we will make the assumption that € and h are coupled as follows:

Assumption 2.2. We assume that ¢ = ¢(h) is a nondecreasing function
from (0,00) to (0,00) such that e(h) — 0 and (h)? < h < ¢(h) i.e.

2
limy 0 /by = limy o =) _ o,

The energy density of the homogenized plate we derive here is given by
means of a relaxation formula that we introduce next.
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Definition 2. 3 (Relaxation formula). Let @ be as in Assumption 2.1. We

define Q%' : M 2m — [0,00) by
rl4) = mf/ Q (z3,y, v(x3A+ B) +U) dydxs,
IxXY
taking the infimum over all B € Mg;n% and U € Lo(I x Y, Msym) where
2 g1 3
Lo(I X Y, M) = { WIVICHEVLE g, ) e BOLRY),
(91, 92) 93

p e O*(Y), ge L*(I x Y,R%) }

We also define the mapping U : H'(V,R2?) x H2(Y) x L2(I x Y,R3) —
(I X y ngm) by

sym V(¢ + :cgvzap 91

UG e, 9) =
(917 92) g3
For a simpler definition of Q%!, see Remark 5.

Remark 1. It can be easily seen by using Korn’s inequality that for ¢ €
HY(Y,R?), o € H*(Y), g € L*(I x Y,R3) we have

9) Il + NIl + gl < UG ws 9l e

We define the constraint on the deformation to be an isometry:
(10) 6au-8ﬂu:6a5, a, B € {1,2}.
We define the set of isometries of S into R?

(11) HZ(S,R%) = {u € H%*(S,R?) : u satisfies (10) a.e. in S }

For given map u € H3(S) we define the normal as n := dyu A dau, and we
define its second fundamental form II: S — ngm by defining its entries as
(12) IIog = Oau - Ogn = —0a0gu - .

We write II" and n” for the second fundamental form and normal associated
with some u" € HZ(S,R3). The I-limit is a functional of the form (5)
trivially extended to L%(2, R3) by infinity: we define £ : L?(Q, R3) — [0, oc],

/Qfel yd'  if u € H(S,R?),
otherwise.

We identify functions on S with their trivial extension to Q = § x I: above
u € H3(S,R?) means that u(z’,z3) = u(2’) := [, u(a’, z) dz for almost every
z3 € I, and u € HZ(S,R?). Our main result is the follovving.

Theorem 2.4. Suppose that Assumptions 2.1 and 2.2 are satisfied. Then:
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(i) (Lower bound). If {u"}ns¢ is a sequence with u" — f,u"dz — u in
L?(2,R3), then

lim inf A~ 2EM5M) (uP) > £(u).
h—0

(ii) (Upper bound). For everyu € HZ(S,R3) there exists a sequence {u"},~¢
with u? — u strongly in H(Q,R3) such that
lim h €M) (u") = £(u).
h—0
The first step for identifying the I'-limit is the compactness result. It gives
us the information on the limit deformations that can be concluded from
the smallness of energy. The result is given in [FJMO02] and relies on the
theorem on geometric rigidity which is the key mathematical indegredient
for deriving lower dimensional models

Theorem 2.5 ([FJMO02, Theorem 4.1]). Let (u")po C HY(Q,R3) be such
that 1
lim sup — / dist?(Vpu"(z),80(3)) dz < co.
h—0 h Q
Then there exists a map u € Hg(S, R3) satisfying

ul — 7[ ul de — w, strongly in L*(,R3),
Q

Viu! = (V'u, n) strongly in L*(Q, R3*3),

as h — 0 after passing to subsequences and extending u and n trivially to §2.

Remark 2. We could also consider the energy densities satisfying addition-
ally on the macroscopic variable 2’ € w i.e. look the energy functionals of
the form

1 23 z
13 — W (,
(13 P ET
This changes the relaxation formula in an obvious way, but creates some
additional technical considerations, see [NV].

,Vol'(2)) dz.

3. TWO-SCALE LIMITS OF THE NONLINEAR STRAIN

Two-scale convergence was introduced in [Ngu89, All92] and has been ex-
tensively applied to various problems in homogenization. This is mainly
related to convex energies for which it is known that the oscillation that
relax the energy are of the same type as the oscillations of the material. In
the non convex case more complex behavior is expected. In this article we
work with the following variant of two-scale convergence which is adapted
to dimension reduction.

Definition 3.1 (two-scale convergence). We say a bounded sequence {f" Y0
in L?(f2) two-scale converges to f € L*(Q x Y) and we write fh 20, f,if

tim [ )t - | sy dyds
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for all ¢ € C5°(Q, C(¥)). When [[f*][12) = || f|lz2@xy) in addition, we

2,0

say that f" strongly two-scale converges to f and write f* == f. For
vector-valued functions, two-scale convergence is defined componentwise.

As it is seen in the definition we allow only oscillations in variable z’. It
can be easily seen that this restriction does not influence the main results of
two scale convergence. Moreover, since we identify functions on S with their
trivial extension to {2, the definition above contains the standard notion of
two-scale convergence on S X Y as a special case.

Indeed, when {f"},0 is a bounded sequence in L?(S), then f* 20 fis
equivalent to

lim/fh 2 :z) )da’ —/Sxyfw y)Y(2,y) dy da’

h—0 "e(h
for all ¢ € C3°(S, C(V)).

Since the limit energy is expected to be convex in strain, one needs to
identify the two scale limit of the strain. However, the strain itself is not
a convex function of the gradient and it is not a-priori guaranteed that the
two scale analysis will be enough to obtain the two scale limit of the strain
itself. However in this regime, as well as in the regimes studied in [HNV], it
is enough to include only the oscillations that follow the oscillations of the
material to obtain the two scale limit of the strain. We have the following
characterization of the possible two-scale limits of nonlinear strains.

Proposition 3.2. Let (u"),>0 be a sequence of deformations with finite
bending energy, let u € Hg(S, R3) with the second fundamental form 11, and
assume that

ul — 7[ uPde — u strongly in L*(Q,R?),
Q
W _
B (Viu )thu I 20,

for some E € L?*(2 x Y;M3). Then there exist B € L*(S, ngm) and

¢ e L2(S,H'(I x Y,R?)), ¢ € L2(S, H2(Y)) and g € L2(S, L*(I x Y,R?))
such that

(14) E($, y) =1 (1‘3 H(.%,) + B('T/)) + U(C(QS‘, ')7 90(33> ')7 g(x, E )) (~T37 y)

The starting point of the proof of the previous Proposition is [FJM06, The-
orem 6] (see also the proof of [FJM02, Theorem 4.1].

weakly two-scale

Lemma 3.3. There exist constants C,c > 0, depending only on S, such
that the following is true: if u € H' (2, R3) then there exists a map R : S —
SO(3) which is piecewise constant on each cube x + hY with x € hZ? and
there exists R € H'(S,M?) such that for each & € R? which satisfy |€|oe =
max{|¢-e1|,|§-e2|} < h and for each S" C S which satisfy dist(S’,dS) > ch

we have:
IVht = Rl|Z2(q) + | R = Rl 72s) + BIR = Rll7eo(s) + BV RF2()
+reR - RHL2(5/) <C| dlst(th, SO(3 ))HL2(Q)
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where (1¢R)(2") :== R(z' 4+ §).

Let us recall some well-known properties of two-scale convergence. The
following lemma is already stated in [HNV] . We also refer to [Al192, Vis06,
MTO07] for proofs in the standard two-scale setting and to [Neul0] for the
adaption to the notion of two-scale convergence considered here.

Lemma 3.4. (i) Any sequence that is bounded in L*(Y) admits a two-
scale convergent subsequence.

(ii) Let f € L2(Q X Y) and let (fMrso C L%(Q) be such that f* 20, .
Then fh — [y f(- y) dy weakly in L?(9).

(iii) Let fO € L2(Q) and (f")ns0 C L*(Q) be such that f* — fO weakly in
L?(Q). Then (after passing to subsequences) we have f" LN (=) +f
for some f € L*(Q x Y) with Jy f(-y)dy = 0 almost everywhere in
S. f is uniquely characterized by the fact that [ fry(z, %)dx —
Js [y Fla,y)(x,y) dy de, for every ¢ € C§°(S,C<(D)).

(iv) Let f> € HY(Q) and (f")ns0 € HY(Q) be such that f* — fO strongly
in L?(Q). Then f" 29, fO, where we extend fO trivially to Q x Y.

(v) Let fO and f* € HY(S) be such that f* — fO weakly in H'(S). Then
(after passing to subsequences)
v/fh ﬂ Vlf0+vy¢
for some ¢ € L*(S, HY(Y)).

For the proof of the following lemma see [Neul0, Theorem 6.3.3].

Lemma 3.5. Let v’ € HY(Q,R?) and (u")p>0 € H'(Q,R3) be such that
ul — u® weakly in H'(Q,R?) and liminf;, o |Vpu"||2 < co. Under the as-
sumption limy_,o =1 = 0 there exist ¢ € L*(S, HY(Y,R?)), d € L*(S, L*>(I x

z(h)
V,R3)) such that (after passing to subsequences)
(15) Vi 25 (VU0 0) + (Vyo, d).

Here u® is the weak limit of ul i.e. [;u" in H'(Q,R3) i.e. H'(S,R?).

The following two lemmas are proved in [Vel].

Lemma 3.6. Let (u"),~0 be a bounded sequence in L*(Q) which two-scale
converges to ug(z,y) € L*(Q x V). Let (v")n>0 be a sequence bounded
in L>(Q) which converges in measure to vy € L¥(Q). Then v'u" 20,
UO(J")UO(‘T’y)‘

Lemma 3.7. Let (u")50 be a sequence which converges strongly to u in
HY(Q) and (v")n>0 be a sequence which is bounded in H'(Q,R™) such that
for each h >0

(16) IVu —o*| 2 < Ci(h),

for some C > 0 and n(h) which satisfies limy_ % = 0. Then for any

subsequence of (Vv™)nso which converges two scale there exists a unique
v e L2(Q, H2(Y)) such that Vo' 29, Vu(z) + Viu(z,y).
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We prove the following lemma.

Lemma 3.8. Let (R")ps0 C L>(5,S0(3)) and (R")p0 C H(S,M3) sat-
isfy for each h >0
(17) IR" — R[> < Cn(h), |V'R|2 < C,||R |1~ < C

where C' > 0 is independent of h and n(h) satisfies limp_q % = 0. Then

for any subsequence of (V’Eh)h>o which converges two scale there exists a
unique w € L2(S, H* (Y, R3)) such that?aéh 29, OaR+ RAp,, w(
R € H'(S,50(3)) is the weak limit of R".

x,y)s Where

Proof. We have to prove only that
(18) M := sym[(RM)T 8, R" 20, sym(RTO,R) =0, for a = 1,2.

The rest is a direct consequence of (v) in Lemma 3.4. Namely, let us assume
(18). Then we conclude that for o = 1,2 there exists w, € L*(S, H' (), R3))
such that

(19) (RMT0.R" 2% RTO,R + Ag,,.

Using the fact that R - R, boundedly in measure and Lemma 3.6 we
conclude from (19) that

(20) OB 2% 9, R + RA

By using (v) of Lemma 3.4 we can also conclude that there exists M €
L3(S, H'(Y,M?)) such that

Wa(@,y)

(21) OB 2% 0, R + 0, M.
From (20) and (21) we conclude that
Ago(wy) = Oya(RTM),

which implies that w, = dyw, where w is the axial vector of skw(RT M).
It remains to prove (18). Notice that
(22) M} = L10.(R! RY).

iy T

Take ¢ € C3°(S,C®(V; R?)) and calculate

i h : : 1 ph . ph
}ILI_% SMa,ijw<'75(h))dx = flLli)% Si(Ri ‘Rj)ama¢(',5(h

e ot =l [ (R R0 uC )

Cauchy inequality h—0 Jg 20t T
; 1 h . ph
+ }ILIL% 2¢(h) (Rz : Rj )@/Qw( ; s(h))
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This together with (iii) of Lemma 3.4 implies (18). O

Lemma 3.9. Let ()0 € H'(S,E%), (R")n0 C L(S,50(3)) and (B0 C
H'(S,M?) satisfy for each h > 0:

(23) V'@ — (R"e1, R"es) |12 + | R" = R"|| 2 + | V'R"|| 2 < Cp(h),
1Rz~ < C
where C' > 0 is independent of h and n(h) satisfies limy,_ "éhg = 0. Then

for any subsequence of (V’éh)h>o which converges two scale there exists a

unique w € L2(S, H2(Y)) such that

~ 0 O _aylyozw
(24) O R 20 OoR+ R 0 0 Oy |,
OyryaW  Oyoy, W 0

where R is the weak limit of R" in H'.

Proof. From (23) we conclude that there exists R : S — SO(3) and u €
H?(S,R?) such that Re, = Oyu, for a = 1,2, R' —~ R weakly in H',
Ooi" — Rey, R — R strongly in L2. Also from (23) and Lemma 3.8 we
have that there exists @ € L2(S, H'(),R3)) such that for a = 1,2

(25) NN RAp, &

Using Lemma 3.7 we conclude that there exists v € L2(S, H2(Y,R3)) such
that

0 —8ya w3 8y1 Ya V1 ayQ Ya V1
(26) R 8yaw3 0 = 6y1ya1)2 ayanUQ
_81/04 w2 aya w1 81/1 Ya U3 61'42 Yo U3

By putting 7 = RTv we have that for o = 1,2

0 _6ya w3 8y1ya (%] 8y2ya’U1
(27) Iya w3 0~ = M1y v2 Oysya b2
— aya wo 8ya w1 87;1 Ya V3 8y2 Yo V3

From this one easily concludes that w3 = 0 which implies the claim by
defining w = vs. O

The following lemma was already used in [HV] and can be easily proved by
e.g. Fourier transform.

Lemma 3.10. Let M € L*(S; L*(Y, M2

Sym

v e CO (S Coo(y ngm))

) such that for every

which satisfies
(28) U (-, y) = (cof V2F)(y)¥ ()
for some ¢p € C§°(9), F € C>=(Y), we have that

Ji e swt <o
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Then there exist unique Mo € L?(S, ngm) and ¢ € L2(S, HY(Y;R?)) such
that

M = My +sym V(.

The following lemma is crucial for the proof of the Proposition 3.2.

Lemma 3.11. Let Assumption 2.2 be satisfied. Let (u")po C H?(S,R3),
(RMps0 C HY(S,M3) and (R")p>0 € L>®(S,SO(3)) such that for each h > 0
RN is piecewise constant on each cube x + hY with x € hZ? and for each
€ € R? which satisfy |€|so = max{|€ - e1], € - 2|} < h we have

(29) R*|V2a72 + | V'@ — (RMer, R"ea)||T2q) + IIR" — R"[72(s
Hh?|[R" = B[ () + B2V R [2(s) + 76 R" = R [ 120y < CH,

for some C > 0 and for each sequence of subdomains S C S which satisfy
dist(S",08) > ch for some ¢ > 0. Then there exist My € L*(S,M2,) and

sym

¢ € L2(S, HY(Y,R?)) such that for o, B = 1,2 (on a subsequence) we have:
M(Zﬁ = ﬁ[(Rhea) . 8/3ﬂh + (Rheg) . 8aﬁh] — 5a5
— M, af 1t 3 (&m(ﬁ + 8y5Ca)
Proof. From (29) we can assume that there exists u € H?(S,R3) and R €
Ijl(S, SO(3)) such that O,u = Req, Oqu" — Oqu weakly in H! for a = 1,2,

R" —~ R weakly in H' and R" — R strongly in L?. Let us suppose that
JY LN =~ M, for some M € L*(S x Y,M?). Using Lemma 3.10 it is enough

to see that
/ M(y): B y) =0,
SxY

where W is defined by (28). Let us observe

/ M) B ()
SxY

=l M" : (cof V2F) (=~
i [0 9 ()
F

_}1112(1] (h) /th cof [V2<
(

_}llm% (h) /th cof [V
—

It is easy to conclude that

fy 2 ot [9 (F () 99)] =0

Namely, it is enough to conclude that the sequence

. /Sth ceof [V (F (7)) Vo)
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is bounded. To see this notice that, because of (29) we have [I" — I"| — 0,
where

Th . h . R
(30) = /SMC cof [V (F () Vo)
and B B
M! = L[(Rte,) - 9pu" + (Rep) - dau").
By partial integration in (30) and the fact that [[V M| ;1g) is bounded we

easily obtain the boundedness of I, From this it follows the boundedness
of I". It remains to prove that

(31) lim () /th : cof V2 (F (m) ¢) ~0.

h—0

By partial integration we obtain for h small enough:
(32)

/th:cofV2 (F g—h)) 1/)) -
S
e utn (¢ ) ) = [ -0t (7 () ¢

Y ((Bren@) - (Rhen) @ +h(0,1))) (

x'€hZ2NSh

1—\2,/h
T

- Z ((Rhel)(fc') — (Rhey) (2 + h(l,O))) . (

o' €hZ2NSh ry

- ¥ ((Rhez)(m') — (Rhes) (@’ + h(1, 0))) : ( o0, (F a(-)
@' ehZ2NSh Lo

+ Z ((Rhe2)( ") — (R"es) (2" + h(1,0)) (/ dau" 81 ( )> v,
@' €hZ2NSh

where Fglc}h is the segment [z’ + h(1,0),2" + h(1,1)], Fi}h is the segment

['4+R(0,1),2'+h(1,1)] and S” is a compact subset of S such that spt ¢ C S™.
2
First we will prove that limy_.g 8(2) I{‘ = 0, where

h _ h . e L _ h . ah -
Iy = /S(R e2) - Onu" Oz (F (E(h)) ¢) /S(R ez) - OOy (F (E(h)> 1/1>-
To prove this it is enough to prove the boundedness of the sequence I{L.

Notice, as before, using (29) and Cauchy inequality that |1 — 1| — 0,
where

I = /S(Eh@) o0 (F (7)) ‘/;ﬁh@ﬁlﬂh@l (7 () ¥)-

By replacing 4" with a smooth function u” € 03(5’) such that |[a"—a?|| g2 <
e(h) we obtain, after partial integration, that |1} — I{"‘ .| = 0, where

fﬁcz /aQRBQ) 811uF< ¢+/81R62) 812uF(())¢.
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Now we easily obtains the boundedness of 17{1 . which implies the boundedness

of I{l. We want to show that limj,_,q #I@ = 0, where

= > ((Rre)(@) — (Rren)(@' + 1(0,1))) -

x'€hZ2NSh

</r‘;;,h "0y (F (i ) w)) _

We will prove even more that I} — 0. Since u"* € H?(Q",,R?) we have that

2
33 o' —¢ [ ot <% [ |0
(33) /Fi’/h TR Jaan O =3 QZ/|12U!7

where for z € I‘i}h we put Iy = [z — h(0,1), 2] and O, is the square of side
h whose left corner is 2’. From (29) we easily conclude that for a = 1,2 and
£ €R?) [£]oo = 1 we have

(34) S ((Rrea)) - (Rrea)@ 1) <.
x'ehZ2nSh

Using Cauchy inequality and (33), (34) we conclude that |[I} — E‘\ — 0,
where

Bi= Y ((Be)@) = (Rren)(a' +h(0,1)) -

/' ERZ2NSh

(1, (¢ (36 0200).

and Pl : Qb — I’i}h is the projection. From (29) and Cauchy inequality we

can easily conclude that [T} — :T;l .| = 0, where

Bo= Y ((Rre)@) - (Bre)@ +h(0,1))-
x' €hZ2NSh

(Rler)(z') /F . By <F (m) ¢) .

x

By using (34) we easily obtain that ’ELC — EL’CC] — 0, where

D= Y ((Bre)@) - (Rren)@ +h(0,1)))-

x'ehZ2NSh
§((Rren@) + (Rren@ +n0.1) [ 00 (F () 0) =0

This implies that I} — 0. In the same way we can conclude that I} — 0,
where

= > ((R'e)@)— (R'e)(@ +h(1,0)))

x'€hZ2NSh
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It remains to check the part

= > ((Rre)(@) = (Rren)(a' + h(1,0))) -

' €hZ2NSh

([.o00(r () )

- Y ((Bre)) - (Re) +h(1,0) -

x'€hZ2NSh
([ 00 (¢ (7))

We follow the same pattern to replace 01" i.e. d2u™ by R"e; i.e. R"ey and
obtain that |1} — Igc\ — 0, where

Bo= Y ((Ble)@) - (Bre)@ +h(1,0)-

' €hZ2NSh

Ren@) [, 0 (F () ¥)

x

+ Y ((Bre)a) - (Rre) +h(1,0)

' €hZ2NSh

(Rle))(z') /Fl}h By (F (m) w) .

x

Using again (34) we easily obtain that |I3’}’c — IQCC| — 0, where

e = > ((Rre))(@) = (Rren)(a’ + h(1,0)))
x’' enZ2NSh

L ((Rhea)(@') + (Rhes)(a' + 1(1,0)) /Fl,h 0 (F () v)

x!

+ Y ((Rre)@) - (Rhe)(@’ +h(1,0))) -

x'ehZ2NSh

% <(Rh€1)(x/) + (Rh61)(96’ + h(l,O))) /Fl’h 02 (F (s(ﬁ)) ¢>

x!

= 0.
This finishes the proof of the claim. U

Remark 3. In the case £(h)? ~ h the major difficulty is to deal with the
expression [ {l ., since under the integral we have the product of two sequences
which are only bounded in L?.

For proving the Proposition 3.2 we need the following remark, the same as
we needed in the proof of [NV, Proposition 3.1].
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Remark 4. Assume that S C R? a bounded domain. Let us look the follow-
ing minimization problem

min /|Vv—p\ da’,

vGHl(S)

where p € H 1(§ ,R?) is a given field. The associated Euler-Lagrange equa-
tion reads

—Av= —V-p in S
{ ov=p-v on@g,
subject to fgvdx = 0. Above, v denotes the normal on dS. Since V -p €
L?, we obtain by sjandard regularity estimates that v € H 2(§) under the
assumption that 05 is C1:!. In this case it holds Hv||H2(§) SV 'pHLz(g) +
||pHL2(§)

Proof of Proposition 3.2. Without loss of generality we assume that all ul
have average zero. Let R" R" be the maps obtained by applying Lemma 3.3
to u”. Due to the uniform bound on V'R given by Lemma 3.3, R" and
RM are precompact in L?(S,M?3). Hence, R" and R" strongly converge in
L?*(S,M3) to R € H'(S,50(3)) on a subsequence. Also we can conclude
that u" — wu strongly in H'(Q,R3) and V,u" = R = (V'u, n) strongly in
L2(Q,M?3), for u € H2(S R3). Take S C S, open, such that S is of class
CH! and define Q := S x I, u" = = [;u"(2', 23) dzg and notice that

(35) V3" — (Rer, R'ex)|7. < Ch2,

for some C' > 0. Define @ € H 2(§ ,R3) such that u" minimizes the problem

min / Vv — (Rle1, Rles)|? da'.
ueHl(ST,R?r) S

~ v=

7S
From Remark 4 we conclude that there exists C' > 0 such that

1@l 25) < C, IV'E" = (Rer, RMex) |7, 5 < OB,
|93~ a2, 5 < CH2.
Let us suppose that on a subsequence
(36) LRMU (V' — V') 225 0(2') + V(' y),

where 0 € L2(S,M**2) and v € L2(S, H' (Y, R3)). This can be done without
loss of generality by using Lemma 3.4, Lemma 3.6 and Poincare inequality.
Following [FJMO02], we introduce the approximate strain
(RMIVpul(z) — 1

- .
Since G" is bounded in L?(Q) we can assume that G" 206 e L?(Q x
Y,M3). First notice that it suffices to identify the symmetric part of the
two-scale limit G of the sequence G". Indeed, since /(I +hF)t(I + hF) =

I + hsym F up to terms of higher order, the convergence G" 2% G implies

(37) GM(z) =
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E = symG (see e.g. [Neul2, Lemma 4.4] for a proof). We define 2" ¢
HY(Q,R3) via

(38) u(a x3) = W(2') + hasRM(2')es + h2" (2, 23).
Then clearly [, 2"(2/, z3)dzs = 0 and we compute
(39)
v ((R"eyr, Rhey)'V'ah —T') 1 -
G = ((Fer h2) ) +o D (Rles - 04" )es @ eq
a=1,2

1 ~
(R Rres @ es = (0,0, e0)
h\t (! h h\t h
+a3(R") (V' R"e3, 0) + (R")"' V52",
where by I’ we have denoted the unit matrix in M?. By using Lemma 3.11

we conclude that there exist B € L2(8S, M2, ¢ € L2(S, H (Y, R?)) such
that on a subsequence

Rhe ,Rhe tvl~h_1/ " _
(40) sym (e s) ) 2% B(') + sym V,C(, ).

Using Lemma 3.6 and Lemma 3.9 we conclude that there exists ¢ € L2(S, H2()))
such that

=~ 2,0
(41) z3(RMH(V' RMez) == xgvz?,gp(:c',y).

1
+E(Rh)t(V’ﬂh —V'a", 0) +

Using Lemma 3.5 and Lemma 3.6 and the fact that [; 2" = 0 we conclude
that there exists ¢ € L2(S, H'(Y,R?)), d € L2(S, L2(I x Y, R?)) such that
on a subsequence

(42) (R)'Vp" 22 (V6 d)

Without loss of generality we can assume that there exist p € L2(S x Y, R?)
and z € L?(S x Y;R3) such that

(43) Rles- 0,0 2% po(a,y), fora=1,2,
1 ~ 2,0
() (B Rle—es) 2 2(@y)

Using (36) as well as (40)-(43) we conclude that there exists ¢ € L2(Q, H* (Y, R2)),
¢ € L2(S,H2(Y)) and g € L2(Q x V,R?) such that

(45)E(:L'vy) = L($3II($,)+B($,))+Z/{(C(SL‘,'),QO(.Z‘,'),g($,','))(l'3,y),

V(z,y) €Qx Y,
where
B = E—i—sym Z Oapea ® eg
a,f=1,2
C = 5_‘_ Z (¢a+va>ea
a=1,2
9 = % Z (Oya @3 + Oyov3 4 do + 030 + Do + 2a)ea + (d3 + 23)e3

a=1,2
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To obtain the representation (45) for all (z,y) € Q x Y and some ¢ €
L2(Q, HY(Y,R?), o € L2(S,H2(Y)) and g € L2(Q x Y, R3) it is enough to
use that E € L?(2 x Y, R3*3) and to exhaust S by an increasing sequence
(§n)neN of the sets with C™! boundary. O

4. PROOF OF THEOREM 2.4

4.1. Lower bound. As a preliminary step we need to establish some conti-
nuity properties of the quadratic form appearing in (QE) and its relaxed
version introduced in Definition 2.3. For the proof we refer to [Neul2,
Lemma 2.7].

Lemma 4.1. Let W be as in Assumption 2.1 and let QQ be the quadratic
form associated with W via (QE). Then

(Q1) Q(-,G) is Y -periodic and measurable for all G € M?,
(Q2) for almost every (x3,y) € R x R? the map Q(x3,v,-) is quadratic and
satisfies
(16)
c1lsym G2 < Q(z3,y,G) = Q(x3,y,symG) < co| sym G|* VG € R3*3,

Furthermore, there exists a monotone function r : Ry — Ry U {400}, such
that r(8) — 0 as 6 — 0 and

@7 VG eM®: [Wi(zs,y,I+G)—Qus,y. G) <|GPr(IG))
for almost every y € R?.

Lemma 4.2. For all A € M2, there exist a unique quadraple (B, ¢, p, )

sym
with B € MZ,,, and ¢ € H'(Y,R?), ¢ € H*(Y), g € L*(I x Y,R?) such
that:

Q5rl(A) = / [ Qs esA+ B+ UG p.9)) dyda

The induced mapping Mz, > A — (B,(,0,9) € M3, x HY (Y, R?) x

I;TQ(J/) x L2(I x Y,R®) is bounded and linear and thus A — Qi(A) is
quadratic.

Proof. By (46) and by Remark 1 for each A € ngm the bilinear form
associated with the quadratic functional

G+— Q(zs3,y,x3A + G) dydxs
Y xI

3
sym

is elliptic on the closed linear subspace of L(I x J,M3, ) given by

X = o(M2,) + Lo(I x Y, M3, ).

sym sym

Hence it admits a unique minimizer Gy € X by Riesz representation theo-
rem. Linearity of Gy in A follows immediately from that. O
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Remark 5. It can be easily seen that

Q¥Y(A) = inf // Q2 (23,9, L(zsA+ B) +sym(Vy( + azgvzgo)) dy dxs,
B¢ JJIxYy

¢ € ﬁl(y,RQ) and ¢ €
H 2()). In the case when W and consequently @ are independent of x3, but
still dependent on y, the relaxation formula looks significantly simpler i.e.
the minimizing B and ¢ in the above expression are easily shown to be 0.
Thus the homogenization of the layered materials is more complex than the
materials that have energy density independent of x3.

where the infimum is taken over all B € ngm,

Remark 6. The following observation is already made in [HNV]. Under the

assumption that % — v € (0,00) the quadratic functional associated with

the I-limit is given by Qy : M2, — [0,00) by
Qo) = inf [ Q(eny slaad 4 B)+ (V,0, 2000) ) dydry
B.b JJ1xy

where the infimum is taken over all B € R2X2 and ¢ € H(I x Y, R?). Using

sym

[NV][Lemma 5.2] one can easily obtain that for A € M3, we have
51(A) = lim Qa4(A).
v—0

The continuity in , for all v € [0, 0o}, of the quadratic functional associated
with the I-limit was already observed in the case of von-Karmén plate (see
[NV]). The case of von-Karman shell resembles the case of bending plate
since we obtain that the continuity holds under the assumption that (h)? <
h < e(h) as already commented in the introduction.

Proof of Theorem 2.4 (lower bound). Without loss of generality we may as-
sume that f, uPdr = 0 and limsupy,_,, h 2P (uh) < co. In view of
(ND), the sequence u" has finite bending energy and the sequence E" is
bounded in L?(Q, M?) by using the inequality |V FT F—I|?> < dist?(F,SO(3)),
valid for an arbitrary F € M?. Hence, from Theorem 2.5 we deduce that
u € H?(S,R?). By Lemma 3.4 (i) and Proposition 3.2 (i) we can pass to a
subsequence such that, for some E € L2(Q x Y;R3*3),

g 2 g,
where E can be written in the form of (14). As explained in [Neul2] (cf.
[FIMO2] for the corresponding argument in the homogeneous case), a care-
ful Taylor expansion of W(%, I+ hE"(z)) combined with the lower semi-

continuity of convex integral functionals with respect to weak two-scale con-
vergence (see e.g. [Vis07, Proposition 1.3]) yields the lower bound

1
liin inf —25}”5(}1) (u) > / Q(zs,y, E(x,y)) dyde =
-0 h OxY

//QXY Q <~T37 Y, L($3 H(xl) + B(J}/)) + L[(((x, ')7 90(337 ')7 g(x, K )) (w3> y) ) dydz,
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where we have used (14). Minimization over B € L?(S,M?) and ¢ €
L2(S, H'(V,R2), p € LX(S, HX(Y)), g € LA(Q x Y, %) yields

h—0

liminf%Sh’E(h)(uh) > / QUL (I1(2')) da’ = £(u).
S

O

4.2. Upper bound. It remains to prove the upper bound. We modify
the argumentation given in [HNV] by adding additional oscillations. To
recover the matrix B in the relaxation formula 2.3 we use the same ansatz
as in [HNV]. Since for I'-limit it is enough to do the construction for dense
subsets, first we will say which dense subset of Hg(S, R3) is of interest. The
density of smooth isometries in H? isometric immersions is established in
[Horllb, Horlla] (cf. also [Pak04] for an earlier result in this direction).
The results in [Horlla] forces us to consider domains S which are not only
Lipschitz but also piecewise C''. More precisely, we can require only that
the outer unit normal be continuous away from a subset of 95 with length
Zero.

As in [HNV] for a given u € HZ(S,R?) and for a displacement V € H?(S,R3)
we denote by gy the quadratic form

qy = sym ((Vu)T(VV)) )

This quadratic form can be seen as symmetrized gradients on developable

shell given by parametrization u. We denote by A(S) the set of all u €

HZ(S,R3) N C>°(S,R?) with the property that

{B € C™(S, ngm) : B =0 in a neighborhood of {2’ € S : II(2') = 0}}

C{qy:V € C®(5;R}.

In other words, if u € A(S) and B € C*°(S,MZ,,,) is a matrix field which

vanishes in a neighborhood of {II = 0}, then there exists a displacement

V € C*®(S;R3) such that qy = B. To recover the matrix B in the cell

formula we use the following lemma. The short argument, which relies on

[Sch07, Lemma 3.3] is given in [HNV]. The claim of it is connected to

the fact that on developable surface without the flat regions the space of

symmetric gradients is equal to the space of all symmetric matrices (see also
[HoLePal).

Lemma 4.3. The set A(S) is dense in HZ(S,R3) with respect to the strong
H? topology.

Thanks to Lemma 4.3 it will be enough to construct recovery sequences for
limiting deformations belonging to A(S). First we present a construction
assuming additional information about the limit. Then we use the standard
diagonalizing argument for the general case. The meaning of Lemma 4.3 is
that we can recover the arbitrary matrix field out of the flat parts of the
isometry. On the flat parts, however, the matrix B that relaxes the cell
formula 2.3 is equal to 0.
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Lemma 4.4. Let u € H}(S,R3) N W?>(S,R?) and let V € W2>(S,R?).
Let ¢ € C2°(S,C®(V,R?)), p € C2(S,0®(Y)), g € C(S,C=(Ix Y, RY)).
Then there exists a sequence (u") C HY(Q,R3) such that u" — u and
Vyul — (V'u, n) uniformly in Q and

1
(48) hnlﬁgethﬁ(uh)zz

h—0

//QXY Q (l’g, Y, L(:Eg H(:U/) + QV('%'/)) + U(C(x7 ')7 <p(x, ')7 g(x, K )) (.1‘3, y) ) dy dxs da’.

Proof. First we start with the following Kirchhoff-Love type ansatz to which
we add its linearization induced by the displacement V':

o"(z) = u(@’) + hasn(a) + b (V(2') + hasp(e)),
where p is given by
pw=I—-n®n)(hV Adau+ dru V).

We set R(z') = (V'u(2'), n(z’)). A straighforward computation shows that

(49) th:R+h«VKuHﬂﬂV%ﬁD+h%ﬁvmm.

h

The actual recovery sequence u” is obtained by adding to v" the oscillating

corrections given by (, ¢, g:

(50)

uM(x) = W"(2) — e(h)*n(a)p(,
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By the regularity of V, the uniform convergence of u" and V,u" is immedi-
ate. Equation (49) implies
(51)
0 0 Oy,
RIVpu = I +¢e(h) 0 0 Oy
=0y o =0y 0
+ he (V'W)"(V'V) + 231I)
+h((p-Vu)@es+es® (n-V'V))

00 g
+h (23Vip+VyC)+h| 0 0 g

0 0 g3

0 0 Oz,
—e(h)%u(@II) 4 £(h)? 0 0 Oy

—0p1p —Ozyp 0
1

89011‘190 + ﬁamyl@ 850196290 + maﬂ[&m )

+ he(h)?zs0
(h)zs ( Oy, + ﬁamyz@ Ozyzo P + ﬁamm

890190 + ﬁayﬁp
+ W23 RN (V' 11,0) + he(h)?x3(R'V'R) | Ouyp + I
0
h2 x3

+ he(h)u(V () + he(h)(R'V'R) ( g ) + %( e Vy9,0)
+ B%( " Vag,0)+ h*(R'V'R) /IS g
-1/2 —1/2

the argument of the functions ¢, ¢, g and their derivatives is (x,2'/e(h)).
Let us define
Eh _ AV (thh)chuh) -1
- .

Using n - V'V + p - V'u = 0, the Assumption 2.2 and Taylor expansion we
deduce from (51) that

E" 2% B =i (qy + as1D) + UK, ), o) (e, ) (@s,),

Properties (FI), (QE) and (47) yield

1 /
€ ) — [ Qo 55, B ) da| 0.

(52) lim sup
h—0

Hence, by (46) and by strong two-scale convergence of E”, we can pass to
the limit in the second term in (52). O

Proof of Theorem 2.4 (Upper bound). The following is the standard argu-
ment and is already given in [HNV].  We may assume that £(u) < oo,
SO u € H(?(S7 R3). Moreover, since Q%' is quadratic (cf. Lemma 4.2), it
suffices to prove the statement for a dense subset of Hg(S, R3). Hence, by
Lemma 4.3, we may assume without loss of generality that u € A(S).
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By Lemma 4.2 there exist B € L2(S,M2 ) and ¢ € L%(S, H'(Y,R?)),

sym
¢ € L2(S, H2(Y)), g € L2(S, L2(I x Y, R?)) such that:
63 e =[] QaylaIl+B) UG .0 dyds

Since B(z') depends linearly on II(z’), we know in addition that B(z') =0
for almost every 2/ € {II1=0}.

By a density argument it suffices to show the following: There exists a
doubly indexed sequence v € H'(Q,R3) such that

(54) lim sup lim sup ||u® — u|| g1 = 0,
6—0 h—0
1
(55) lim sup ﬁgh’e(h) (u®) — E(u)| < 4.
h—0

If we establish this, then we can obtain the desired sequence by diagonalizing
argument (e. g. by appealing to [Att84, Corollary 1.16]).

We construct uM? as follows: By delonsity, for each § > 0 theroe exist maps
B’ € C™(S,R7) and (* € C2(S,C*(V,R?)), ¢° € C°(5,C™(V)), ¢° €

Sym

C(S,C%(I x Y, R%))
such that
(56) IB° — BlL2(s) + U, ¢, g°) — U, @ Il r2axy) < &2,

(57) B’ =0 in a neighborhood of {II=0}.

Since u € A(S,R3) and due to (57), for each § > 0 there exists a smooth
displacement Vs such that

B(s = QV(;-
We apply Lemma 4.4 to v and Vs to obtain a sequence u/9 that converges

uniformly to u as h — 0. Hence (54) is satisfied. Lemma 4.4 also ensures
that

1
lim —&"(u?) = // Q ($3,y,b(fﬂ3 I1+B°) +U(45,w5,95)) dydz.
h—0 h OxY

By continuity of the functional on the right-hand side, combined with (56)
and (53), the bound (55) follows. O

Remark 7. In the case e(h)? ~ h one can define the sequence, instead of the
expression (50), which includes the oscillations which are of order different
than e(h) and which possibly additionally relax the energy. This can be
achieved e.g. by putting in (50) instead of ¢ € C2°(S,C>°()) the function
©r € C(S,C®(kY)). It can be easily seen that this is allowable recovery
sequence which could have less energy than the original one. Namely, in the
expression for the strain then would also appear the matrix AT A, where

0 0 Oy, Pk
A= 0 0 Oy Pk
7891 Pk *ayz Pk 0
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This nonlinear term would cause nonconvexity of the energy in V¢ which
has the consequence that the oscillations which are not of the order (h)
could also be energetically convenient. This partially explains the lack of
compactness, which is commented in Remark 3.
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