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1. INTRODUCTION

The Wright-Fisher model, that is, the random genetic drift model devel-
oped by Fisher [2] and by Wright [12] and mathematically solved by Kimura
[6, [7] is the basic stochastic model in population genetics (see for instance
[1]). The discrete model is concerned with the evolution of the probabilities
between non-overlapping generations in a population of fixed size of two
or more alleles obtained from random sampling in the parental generation.
This basic model thus describes random genetric drift, and additional biolog-
ical mechanisms like mutation, selection, or a spatial population structure
can then be superposed. As such, the model works with a finite popula-
tion in discrete time, but the mathematical analysis of Kimura and others
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turned to its diffusion approximation suggested by Kolmogorov. This diffu-
sion approximation works with an infinite population in continuous time. It
consists of two partial differential equations of parabolic type for the prob-
ability density function for the various alleles, the so-called forward and
backward Kolmogorov equations. In [I0L [IT], we have presented a general
solution scheme for the associated diffusion process that keeps track of the
population across possible allele losses. With our scheme, all basic quanti-
ties of interest, like expected times of allele losses, can be readily derived.
In other words, we derive a global solution, in contrast to the local ones of
Kimura and others. A crucial ingredient in our scheme are the equations for
the moments of the probability distribution.

A somewhat simpler model than the Wright-Fisher model that however
leads to the same diffusion approximation is the Moran model, a simple
birth-death process in continuous time, see [I]. In the Wright-Fisher model,
when creating the next generation, for each new member of the population
a parent in the previous generation is randomly chosen. This has the con-
sequence that one and the same individual in that parent generation could
produce several offspring. In the Moran model, in contrast, a randomly cho-
sen individual gives birth to a clone, and then another random individual in
the population is killed to keep the population size constant. Thus, here, in
each step, only one offspring is produced.

As mentioned, the Kolmogorov diffusion equations are concerned with as-
ymptotic quantities, and in particular, do not account for small population
size effects. Therefore, Houchmandzadeh and Vallade [4] have proposed to
use the master equation for the probability distribution to directly derive
a partial differential equation for the probability generating function of the
process. This approach can produce exact formulae even for finite popula-
tions. In [4], this has been carried out for the Moran model with two alleles,
not only for the basic model of random genetic drift, but also including the
case of selection.

In the present paper, we derive a partial differential equation for the
exponential moment generating function of the Wright-Fisher model with
arbitrarily many alleles, utilizing our scheme of moment equations men-
tioned above. From this scheme, we can then also easily rederive formulae
for quantities of interest like fixation probabilities. In order to facilitate the
understanding, we shall always first treat the simplest case of two alleles
and then present the case of arbitrarily many alleles.

2. MASTER EQUATION

In this section we shall use the master equations that express the evolution
of the probability distribution for the alleles in the population in terms of
the transition probabilities, in order to derive differential equations for the
moments of the process.
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2.1. 2 alleles. Consider a continuous time stochastic process {X;}¢>0 with

values in
1
SN =0, —,...,1
1 {azN’ ) }7

with transition rates B(k,j) from state k to j specified below.
The master equation for the probability function

a—plx = J |x. = ¢
P(t,i,j) = (t oN | 2N>

will be

t
(2.1) ’” ZPtzk (k,j), Vi, j=0,2N,

with the initial values P(O, i ]) = ;5. In matrix form, this reads as

o) —  P(t)B, Vt>0
PO)= I

(2.2)

This is a linear problem (2.2), with the unique solution P(t) = e®*. B and
P(t) then commute, and therefore we also have

t7z7]

(2.3) ZPtkj (i,k), Vj=0,2N.

For B, we consider two cases

(2.4)
2N . .

E N n(n—1) i \n-1 i \" ,

A - AN I (R Y >0: 7=
> () 500 =" () - () ) vz i -0Ew
and

ON i \k i \2N—k

2. B(i, k) = (—) (1——) 6y i k=02N
(2.5) (i, k) <k)2N o diks, k=0
Remark 2.1. e Case (2.5)) corresponds to the Wright-Fisher model,

more precisely a continuous time Wright-Fisher model with discrete
states, whereas the implicit scheme will get rid off certain error
terms for finite population size.

e In , which has been directly constructed from the moment equa-
tion, the coefficients B(i, k) could become negative (see for example
[3] for such a generalization of the master equation concept).

e Since in general the transition rates B(i, j) are nonzero for any pair
1,7, in our master equations, starting from state i we can directly
access any other state with positive probability. Therefore, for the
probability generating function, we would get an 2N —order partial
differential equation which may be hard to solve. In contrast, for
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the moment generating function, we shall get a second order partial
differential equation which can be solved by a simple expansion.

We shall prove that in the limit of the population size 2N — oo, these
master equations will produce the classical Wright-Fisher diffusion equa-
tions. Moreover we shall prove that these master equations satisfy the mo-
ment formulae, exactly for and approximately for . Therefore
we can apply the moment generating function technique to calculate the
conditional probability function.

Being interested in the case of large 2N, we set

i J k 1
T = , Y= SN Z_QN’ da:—dy—dz—2N
and
Then, we obtain from

0 t x
Oplt, z,y) Zptzy (z,2), Yye SV,
Now we expand the function p(t, z,y) in z at x and obtain

1 0"p(t,x,y n
p(t, z,y) = E n'(g)x” )(Z — )"
n>0

(1) In the case of (2.4)), we obtain

—1
Zz”b(w,z) = n(nz) (a:”l - x”), Vo >0; x € SV,
It follows by induction that

) ZZ:(Z —2)"(z,z) = 0, n#2
20 S(z—z)%b(x,2) = x(1—x).

z

Then we obtain

op(t,
plt. 2,y) :cy Zptzy )b(x, z)

@7 NP SR

z n>0
_l‘(l B 33') 62p(t7 z, y)
2 Ox?

which is exactly the classical Wright-Fisher diffusion equation.
(2) In the case of (12.5)), we obtain

n (n_l) n—1 n 1 . 2N
Zszz AN x —x +O(ﬁ)’ Vn>0; z e ST
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It follows by induction that

3 ;(z —z)"b(z,2) = O(ﬁ), n # 2
' Sz —a)2(x,2) = 2028,

z

Then we obtain

op(t,
plt. 2,y) xy Zptzy )b(z, 2)

29) NP SR TE

z n>0

~x(1—2) 9%p(t, z,y) 1
T 4N o2 O(ﬁ)

which is an approximation of the Wright-Fisher diffusion equation.

Now we shall use the master equation ([2.1)) to derive the moment equation.
In fact, the n — th moment of this conditional probability function is

2N S\ "

— J ;g
7=0

Therefore we have

(2.10)

, nOp(t,z,y) 1
CORWES ==
Y

1
= Z y" Zp(t, x,2)b(z, y)ﬁ by the Master equation ([2.1)
y z

= g (Zy:ynb(zvy)>p(ta Z, 2)%

-1 1
= Z n(nz)(z”_1 —2"p(t, x, Z)ﬁ by the formula for b from ([2.4)

77,(77, — 1) n—1 n 1
( = Z T(z —2"p(t,x, 2) —— 5N + O(NQ) by the formula for b from 1)

n(n—1)
2

_ n(n—1) n(n —1) 1 .
( = _Tmn(t) + Tmn,l(t) + O(W) in the case of .

mp—1(t) in the case of (2.4)
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2.2. K +1 alleles. Consider a continuous time stochastic process {X;}+>0
with values in

i i 1 ) — .
S%{N = {ZNZ (ﬁ, ,%) 11y € Ng for all w =1, K, and u§_11u§2N

To simplify the notation, we also put

K
(%V:2N§N:{izch~wha:%eNmmaHu:LKhmdE:@gZN

u=1

The master equation for the conditional probability function

L) — B I
P(talaJ)_P<Xt_2N XO 2N)
then is
OP(t,1,j) . : . 2N
(211) T = Z P(t7 1>k)B(k7J)7 VIa.] €N )

keQ2N

with initial values P(0,1,j) = 6;;. In matrix form, we have

ot

oP(t) _
(2.12) {P(O) ; f(ﬂBa vt >0

As for 2 alleles, the problem ({2.12) has a unique solution P(t) = e5!, and B
and P(t) commute, and therefore we also have

OP(t,1,])

(2.13) o

= Y P(tkj)B(i,k), Vi jeQi,

2N
keQ?2!

where B is defined by the formulae

(2.14)
- i\« Kozu Uy — i yoa—eu
T (- S S

Voo e NE; ie Q&Y.

Again, when we work with the correct coefficients B(i, k) as in , we
get some correction of order ﬁ which, of course, can be asymptotically
neglected as before.

We shall prove that in the limit of the population size 2N — oo, this
master equation will yield the Wright-Fisher diffusion equation. Again, this
master equation will satisfy the moment formulae and we can apply the mo-
ment generating function technique to calculate the conditional probability
function.

}.
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In fact, when 2N is sufficiently large, we set

i j Kk 1
XToN YT on PT gy e T Mmooy
and
1 .
p(t,%x,y) 5w = P(t,1,)), b(x,y) = B(i,j).

2N
Then, we obtain from

0 t X
p .Y) Zptzy (x,z), Yye S
Now we expand the function p(t,z,y) in z at x to obtain

pltzy) =Y iw(z _x)°,

ol ox®

We obtain from the formulae (2.14)) that

K
o __laf(laf=1) 4 au(ow—1) o e, oN
Zz b(x,z) = 5 X —I—Z 5 X , VaENO,XES .

Z

It follows by induction that

- ZZ:(Z —x)%b(x,2) = 0, |a]#2
(2.15) Sz —x)Th(x,2) = xy(Ouw — o), u,v =1, K.

z

Then we obtain

op(t
p xy Zptzy )b(x,z)

1 0%p(t, %, o
216 =Z{ S DO, }b<x,z>

aGNK

_Zmu Ouw — T ap(txy)
02,0y

u,v=1

which is exactly the Wright-Fisher diffusion equation for K + 1 alleles.
Now we shall prove that the master equation yields the moment
equations.
In fact, the o — th moment of this conditional probability function is

ma(t) = Y (2*}\[) P(t,i,j).

ic 2N
JeQ¥
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Therefore we have
(2. 17)

Z a t X y 1
2N
1
= Zya Zp(t, x,7)b(z, y)ﬁ due to the Master equation (2.11))
y z

1

:; (;yo‘b(z,y)>p(t,x,z)2N
:Z< ed(lel -1 Za+iau =1 o eu)>p(txz>1
V2N

by the formulae for b from

C Jef(lal = 1) o0y — 1)
=— fma(t) + uzzl fma—eu (t).

3. MOMENT GENERATING FUNCTIONS

Definition 3.1. (1) Let X be a random variable with discrete values
with probability distribution function p(z) = P[X = z]|. The (ex-
ponential) moment generating function of the random variable X

H(s) := E[esx} = Z e*p(z)

(defined for those values of s € R for which the sum converges).
(2) Let X = (X!,---, X&) be a tuple of random variables with the joint

probability distribution function p(z!,...,z%) =P [Xl =zl ... XK=

K ] The (exponential) moment generating function of X then is

K

> s XE 3 st
H(s1,...,5K) ::E[eizl } = ei p(:cl,...,mK):Zes'xp(x)

zl,.. 2K
(defined for those values of s € R for which the sum converges).

Here, the moments of X can directly be computed from the derivatives
of H(s) at s =0,

0*H (s)
0s®
We shall now derive the (second order) partial differential equation for the

(exponential) moment generating functions of our Markov process X;.

E [X"‘} -

s:O.
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3.1. 2 alleles. The exponential moment generating function is

H(t;s) =E[e*"]

(3.1) n>0

where m,,(t) is the n — th moment of X; around 0.
From the equation (2.10) for the moments
n(n —1) n(n —1)

M (t) = ————my, (t) + 5

B mnp—1 (t)

we obtain

0H(t;s) _ Zmn(t)%

STL

(3.2) = Z —;mn(t)(ns_?;)! + Z %mn—l(t) (n—2)!
n>2

732 s"s? s"
= - 5 Zmn+2(t)a + 5 Zmn+l(t)a
n>0 n>0

s 9?2 s2 9
=— ———H(t — —H(t;s).
5 a2 (t:5) + Ep (t;s)

We now consider solutions of such equations. First, we solve the equation
by separation of variables. With H(t;s) = T'(t)S(s), the equation
becomes

T'(t)  —s28"(s) +s25'(s) \
T) 25 -

It follows that T'(t) = Ce™* and S(s) satisfies the ODE

(3.3) — 2%Ype + 27y = —2)y.
By putting y(z) = > anz™ and equating coefficients in the ODE |D we
obtain: "
(1) It
AgA = {ann(ngl),neN}

then the ODE ({3.3) has a unique solution y(z) = 0;
(2) If A = po then yo(z) = af’ = 1;
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(3) If A = uy for some k > 1 then the solution is of the form

(3.4)

(3.5)

yr(z) = _alla”

n>0
0, ifn<k
a%k) = 1, ifn=%F
n—1
2pn—pr)  20pks1—Hk)’

Therefore the solution of (3.2) is
Hit;s) =3 exn(s)e st

k>0
= Z Cr < Z aﬁ%”) e Mkt
k>0 n>k

-5

n>0

This yields the moment formula

n

mp(t) = n! Z cpalFl et = Z cr AR g hEt

n

k=0

<n! Z ckag")e—“’“t>
k=0

ifn>k+1.

Sn
nl’

The coefficients ¢, can be calculated from the initial condition

i \" .
— ) =p"=m,(0) = AR vn > 0.
(2]\7) kzo g

In fact, by representing these equalities in matrix form

(3.7)

it follows that

(3.8)

1 0
AQ
0 1
A Al
A'ELO) A’gll)
]|
Cn—1 A(O)
| ¢n | A%O)

0
0

07

0

€o
1

Cn—1
Cn

n!
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Remark 3.2. We can easily check some instances: Because of ¢cg = 1;¢1 =
2 _ 3_ 2
pica=E5Pic3 =" 3/22 FL20 then mo(t) = 1;ma(t) = pyma(t) = p+(p? -

ple tyma(t) = p+3/2(p” —p)e”" + (p° — 3/2p? + 1/2p)e™ .
This also yields the fixation probability at time ¢ is (see also [10])
P(t,i,2N) = lim my(t)
n—oo

n
— (k) p—hit
n
_ : (k) ,—pxt
_p—f—nll_{goZCkAn ek s
k=2
and the eventual fixation probability

n
P(o0,4,2N) = Jim, <p + Lim Z CkA%k)e—ukt>
k=2

(3.10)

n—o0 t—o0

n
=p+ lim lim chA%k)e*“’“t
k=2

Similarly, by calculating for the other allele (Y; = 1 — X;), we obtain the
extinction probability at time ¢ is (see also [10])

. BT /
P(t,i,0) = nll_}n;o m,, (t)

n
—1 _ ; (k) ,—prt
1-p+ nh_)ngo kz_o crAye

n
-1 — : (k) ,—pit
1 p+nlggok22%’4" e ,

(3.11)

and the eventual extinction probability
n
; — 1 _ 3 (k) ,—prt
(3.12) P(o0,i,0) = lim <1 P nlinéokZQC’“An ¢ )
=1 —p.

Denote by Ty (p) = inf {t > 0: X; € {0,1}| X, = p} the absorption time.
Then we have
P(Ty (p) < t) = P(t,i,0) + P(t,i,2N).
Therefore the expectation of the absorption time is

E(TL(p)) = /OOO tgt (P(t, i,0) + P(t, i, 2N))dt

1
n—oo IU/k‘ '

=— lim Z ck(An + A'n)(k)
k=2
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Moreover we have

ON / . \"
(3.13) Z <2§V) P(00,i,7) = lm my(t) = {p, forn >1

, t—00 1, forn=0
Jj=0

Therefore we obtain the eventual probability
P(00,i,7) = pdan,j + (1 — p)do ;-
The probability of heterogeneity is (also see [10])
2N . .
H, =2 ;ﬂ % (1 . %)P(t, i\ )

=2(m1(t) — ma(t))

=2 (p — (p + CQAg2)€_t)>

=2p(1 —p)e "

(3.14)

3.2. K + 1 alleles. We can apply the same scheme for any K. The expo-
nential generating function now is

Soc
H(t;s1,...,8K) = Zma(t)g,

where mq(t) is the a — th moment of X; around 0.

From (2.17), i.e.,

(3.15) ma<t) = —Mma(w + Z Mma—ei (t)7
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we obtain
(3.16)
OH(t;s) ) s
o ey
K
_ _ lef(jal - 1) ai(ai —1) s®
_Za:[ . ma(t)+i:1 T Mae ()|
iz i Y ai(e — 1) s
_za: <_ 9 - 9 ma(t)a
K
a;(a; — 1) s&
LY Ty meallg
a =1
1 2H(t,s) 1= 0%H(t,8) =1 ,0H(t,s)
B 2; " 0si0s 52 b 0s? ;2; i s
T 2 K
:_2”2_:1 lsjaslast(t;s)+§ S H(s)

Separating variables as above, T'(t) = Ce™* and S(s) satisfies the PDE

1 & 9? K520
(3.17) 3 MZ-:1 Sﬁjmy(s) + ; Eé)isiy(s) = —\y(s).

By putting y(s) = > aqs® and equating coefficients in the PDE ([3.17
[o

we obtain:

(1) It
-1
N A= { = %

then the PDE (3.17)) has a unique solution y(s) = 0;

(2) If A = pp then yo(x) = a(()o) =1

(3) If A = py for some k > 1 then there are (g) independent solutions
of the form

,neN}

(3.18) Yra(s) =D allysP, Vel = k.
B
where
0, if|B <k
(319) oy =1{ 55, if[Bl=k

inductively defined by (3.20) below, if |3] >k +1
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L S,
(3.20) Ges = BB = 1) — k(k 1)

Therefore the solution of equation (3.17) is

:Z Z Ck,ayk,a(s)ei'ukt

k>0 |a|=k

k>0 o=k

(3:21) El

_Z (Z Z ckaa 3¢ “’“t>sf3
k=0 |a|=k

I
—ZB!( 3 C|a|,aaﬂ',"ﬁ')e—ﬂalt>sﬂl
B lal<|B '

This yields the moment formula
m’@(t) - ’6! Z Clal, aag ﬁDG_Malt = Z C\a|,aAg(E)€_“‘°“t
|| <[ B || <[ B

where the coefficients ¢|q| o can be computed from the initial condition

pﬁ = mﬁ(o) = Z C\a|,aA£Log)a VB

Similarly to the 2 alleles case, we immediately obtain some interesting
quantities
The fixation probabilities at time ¢ is (kK = 0,n with ey = (0,...,0) and
po=1-p1—-—pK)
P(t,i,2Ney) = lim my,, (1)

n—o0

= lim Z Cla‘ aneke M\a\t
(3.22) " a0
n
=py Jrnh_)rgo Z C|a|7aAg?;l|gke_“|a\t7

=2

and the eventual fixation probability

) =1 i - (la]) =gyt
(3.23) P(00,i,2Ney,) tlggo (pk + nh—>Holo |0§2 C|a\,aAa,neke
=Pk-

The moments of the sojourn and absorption times were derived by Nagy-
laki [9] for two alleles, and by Lessard and Lahaie [8] in the multi-allele case.
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We denote by le(ill( = inf {t >0: X, € Vi|Xo= p} the first time when
the population has (at most) k + 1 alleles. Tf;jrll( ) is a continuous random
variable valued in [0,00) and we denote by ¢(t,p) its probability density
function. It is easy to see that V7 is invariant under the process (Xt)t>0,
i.e. if Xy € V then X; € V, for all t > s (once an allele is lost from the

population, it can never again be recovered). We have the equality

K
(3.24) P(Th 1 (p = P(t,i,2Ney).
k=0

Therefore the expectation of the absorption time is

=

E(TL(p)) :/Ooo 0 (ZP ti 2Nek)>dt

The probability of heterogeneity is (see [11])

(5 <1 - () - (;f;)>p<t,i,j>

Ho=(K+1)! Y (2‘7]1\[) :

jeqy

(K+1 ( Zm1+€k )

(where 1_(1,...,1), e =(0,---,1,---,0).)

We have from the moment equation

() = —EEDmy(t)
mi(0) = p1...pK,
it follows ma(t) =p;1 .. .pKe—Wt
Moreover
Maye, (t) = _Wmlﬂk (t) + ma(t)
Mate,(0) = p1...PK X Pk,

(K+1K) ,

. _ K_
it follows maye, (t) =€ T Ipi.. . pK (pk + %)
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Therefore the probability of heterogeneity is

K
Hy =(K +1)! (ml(t) =D M, (t>)’
k=1

K
=(K + 1! In'~PK€_K%;Ut§:€_UH;KHP1~-pK<pk%eKé:1>
k=1
—(K+ 1) preepr(l=pr— - —pr)e 2"
—ng_ (Kgl)Kt.
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