Max-Planck-Institut
fiir Mathematik
in den Naturwissenschaften
Leipzig

Robustness of strong solutions to the
compressible Navier-Stokes system

by

Peter Bella, Eduard Feireisl, Bum Ja Jin, and Antonin Novotny

Preprint no.: 46 2014







Robustness of strong solutions to the compressible Navier-Stokes system

Peter Bella Eduard Feireisl * Bum Ja Jin Antonin Novotny

Max Planck Institute for Mathematics in the Sciences
Inselstrasse 22, 04103 Leipzig, Germany

Institute of Mathgvmatics of the Academy of Sciences of the Czech Republic
Zitna 25, 115 67 Praha 1, Czech Republic

Department of Mathematics Education, Mokpo National University
Muan 534-729, South Korea

IMATH, EA 2134, Université du Sud Toulon-Var BP 20132, 83957 La Garde, France

Abstract

We consider the Navier-Stokes system describing the time evolution of a compressible barotropic fluid
confined to a bounded spatial domain in the 3-D physical space, supplemented with the Navier’s slip
boundary conditions. It is shown that the class of global in time strong solutions is robust with respect to
small perturbations of the initial data. Explicit qualitative estimates are given also in terms of the shape
of the underlying physical domain, with applications to problems posed on thin cylinders.
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1 Introduction

In a series of very interesting papers [4], [12], [17], the authors discuss the hypothetical possibility of verifying
regularity of solutions to the incompressible Navier-Stokes system through a numerical test applied to a
suitable finite set of initial data. The core of such a method is the property of robustness of the class of
strong solutions. More specifically, any small perturbation of the initial data giving rise to a global-in-time
strong solution enjoys the same property. In other words, the class of strong solutions is open in a suitable

*Eduard Feireisl acknowledges the support of the GACR (Czech Science Foundation) project P201-13-00522S in the frame-
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topology. Another example of robustness is regularity of the solutions to the compressible Navier-Stokes
system in the low Mach number regime studied by Hagstrom and Lorenz [9] in the situation that the limit
(incompressible) system admits a strong solution. Last but not least, robustness of the class of smooth
solutions of the incompressible Navier-Stokes system plays a crucial role in the seminal paper by Raugel and
Sell [15] concerning problems on thin domains.

Motivated by the previous results, we consider the compressible Navier-Stokes system:

0o + div,(ou) = 0, (1.1)
O¢(ou) + divg(ou @ u) + Vzp(o) = divyS(Vzu), (1.2)

where the unknowns are the mass density o = o(t,x) and the velocity field u = u(¢t, z), while p = p(p) is
the pressure and S(V,u) the viscous stress obeying Newton’s rheological law

2
S(Vgu) = p (un + Viu-— gdivxul) + ndiv ul, (1.3)

with the shear viscosity coefficient g > 0 and the bulk viscosity coefficient n > 0. Note that we have
deliberately omitted the effect of external forces to simplify the presentation.

The fluid is confined to a bounded physical domain 2 C R3, on the boundary of which we impose the
slip conditions

u-nlpo =0, [S(Vyu) - n] X n|pg =0, (1.4)

where n is the outer normal vector. The motion originates from the initial state

Q(Ov ) = 00, u(O, ) = Up. (1'5)

We suppose that the problem (1.1 - 1.5) admits a smooth solution [, u] defined on a time interval [0, T'].
We consider a suitable perturbation [gg x, 1 »] of the initial data and suppose, in view of future applications
to thin and slim domains, that the domain = Qy C R? depends on the parameter A = [¢,d, V] in the
following way:

d = diam[Q2,], 0 <V = Q]| < o0; (1.6)

there exists a uniformly C*—domain O such that

Qy=€0, 0<e< 1. (1.7)



Our aim is to identify a positive number w = w(A, T') such that the problem (1.1 - 1.4) admits a strong
solution [y, u,] defined on the time interval [0, 7] whenever the initial data [0g x, 1o ] satisfy

||Q0,>\ - Q0||W1,4(Q)\) + HUO,A - uOHW?,Q(Q)\;RS) <w(AT). (1.8)

It is important that the specific form of w depends solely on T', the geometric properties of the model
domain O, and on the norm of certain derivatives of the smooth solution [p,u]. Applications will be given
to problems posed on thin channels that motivate the choice of the slip condition (1.4), see [3].

We consider the class of strong solutions compatible with (1.8) introduced by Cho, Choe and Kim [5].
Note that a local existence result for the problem (1.1-1.4) was also proved by Hoff [10] in a class of solutions
enjoying better regularity than indicated by the norms in (1.8). Adapting the results of the present paper
to Hoff’s class would require refined estimates accompanied with numerous technical difficulties.

The paper is organized as follows. In Section 2, we introduce a number of preliminary results concerning
the scaled versions of various embedding relations as well as the Lamé system associated with elliptic part
of the momentum equation (1.2). In Section 3, we introduce the class of strong solutions to the problem
(1.1 - 1.4) and state our main result concerning robustness. Then, in Section 4, we establish the necessary
estimates on the perturbed solutions [g),u)] and prove the main result. Finally, Section 5 contains some
applications of the main theorem to problems on thin spatial cylinders.

Notation: By C, (4, ... we will denote positive constants which could depend on the parameters of the
model domain O, the smooth solution [p,u|, but neither on A nor on the initial data for the “perturbed”
problem. The value of these constants could vary from expression to expression. By a < b we mean that
there exists constant C' such that a < Cb, similarly a = b means C1b < a < Csb.

2 Preliminaries, useful inequalities, Lamé system

In this section we will state (and prove) some auxiliary results, which will be handy later. To begin, we
recall that © C R? is a uniformly C*—domain, k = 0,1,... of type («, 3, K) if for each point of 2y € 90,
there is a function h € C*(R?), [hllck g2y < K, and

Uapn = {(y,23) |h(y) — B <x3 < h(y) + B, |yl <a}
such that, after suitable translation and rotation of the coordinate axes, xo = [0,0, h(0)] and
ONUaph ={(y,z3) [h(y) — B < x3 <h(y), [y <o},

00N Uapn={(y,23) |23 = h(y), |yl < a},

see Adams [1]. All estimates listed below depend solely on the parameters (o, 3, K) of the model domain
0.



2.1 Korn’s inequality

Korn’s inequality on O reads

/yvv\dx<c B, K (/\vader/( )vadw>

for any v € WH2(O; R3), see Dain [6], Reshetnyak [16]. Rescaling to 2 gives rise to

62/ V,v|? dz < C(a, 8, K) </ [v|? da +€2/ S(Vav) : Vv dx) (2.1)
Q/\ Q)\ Q/\
for any v € WhH2(Q,; R3).

Remark 2.1. Note that the above estimates depend solely on the constants o, B, and K characterizing the
shape of 0O but not on |O)|.

2.2 Sobolev embedding

Similarly to the preceding section, starting with Sobolev embedding relation

3p
0[] ooy < ele, B, K) (”U”LP(O) + ”V:cUHLP(O;RS)) for1<p<3, p<qg< Fp—

we deduce
3< 11 ) 3p
vl o0y £ ") (lisiay) + [ Vatllinaymn ) for 1<p<s p<a< s @2)
Note that the uniformly C'—domains possess the W1 P—extension property with the corresponding constant
depending solely on the type parameters («, 3, K).
Finally, by the same token,

_3
lollzey S €77 (I0lznay) + € IVavllpnayinn ) s 2 >3, (2.3)

for any v € WHP(Qy).

2.3 Gagliardo-Nirenberg inequality
Combining (2.2) with the standard interpolation inequality

1 3
ol S lvllz llvll7e

we obtain

1 1
(/ vt daj) ' < e_%</ lv|? d:n) ; <z—:2/ V,v)? da +/ v|? d:E> ’ (2.4)
Qy O N N

for any v € WH2(Qy).



2.4 Poincaré inequality

Finally, using the same rescaling as above we get
L 1
(/ |v—z‘1|pdx)5,§d</ |va|pdx>p,where®:i/ vde, 1<p<o (2.5)
N a, vV Ja,
for any v € WHP(Q,).

2.5 Lamé system

We consider the elliptic system

1
div,S(V,w) = pAw + <§u + 77> Vydivy,w =g in O, (2.6)
supplemented with the boundary conditions
W - n|po = [(Vgcw + Vmwt) . n] X n|gpo =0, (2.7)

known as the Lamé system in linear elasticity.
The standard elliptic theory developed by Agmon, Douglis, and Nirenberg [2] (cf. also Hoff [10, Lemma
2.2]) yields the a priori bound

”vi‘W”Lp(O;RSXS) < c(a, B, K,p) (HgHLP(O;RS) + ”W”LP(O;RS)) , 1<p<oo, (2.8)

which, after rescaling, gives rise to
|| Vawl| Loy 3x3) S [52HdiVIS(VIW)HLP(QA;RS) + ”W”LP(QA;RS)}’ 1 <p< oo, (2.9)

for any w € W2P(Q,; R3) satisfying the boundary conditions(2.7) on 92,.
Finally, a similar argument implies

ENVawloaymn S (1G] ri@n) + IWliogaymn]s 1< p < o0, (2.10)
for any w € WHP(Qy; R?), w - n|pn, =0, where

V.G = div,S(V,w) in the sense that / S(Vow) : Ve do = Gdiv,p dx
Q) Qx

for all o € WHP(Qy; R3), ¢ - nlog, = 0.



3 Main results
We start with the class of strong solutions introduced by Cho, Choe, and Kim [5], namely
ox € C([0, T; WH1(Qy; R?), uy € C([0,T]; W*(Qy; R)),
The following result is an easy adaptation of [5, Theorem 7]:

Proposition 3.1. Let 3 < g <6 be given and let the initial data [go x,up ]| belong to the class
o0 € WHU(Qy), ugy € WH3(Qy; R?),

00x > 0> 0in Qy, ug - nlag, = [S(Vzugy) - n] x nlpg, = 0.

Let p € C'0,00) be an increasing function of the density.
Then there exists 0 < Tyax < 00 such that the problem (1.1 - 1.5) admits a (unique) strong solution
[ox, uy] defined on a mazimal time interval [0, Tyax),

ox € C([0,T); WhH(Qy)), uy € C([0,T]; W>2(Qy; R?)),

dox € C([0,T]; L*(1))), uy € L*(0, T; W9(Qy; R?)), dyuy € L*(0,T; W (Qy; RY))
Voo € L(0,T; L*(Qy; R?))
for any 0 < T < Tiax-

If Tihax < 00 then
tlin%sup [lox(t: Mwragay + an(t w2 o,zs)] = oo (3.1)
—1Imax—
Remark 3.1. As a matter of fact, the local existence result [5, Theorem 7] was proved for the no-slip
boundary conditions u|pn, = 0. However, in view of the reqularity properties of solutions to the Lamé
system stated in Section 2.5, the method developed in [5, Section 5] can be easily adapted to the present
setting.

Remark 3.2. Hoff [10] established a similar existence theory for the problem (1.1 - 1.5) for a class of data
enjoying higher regularity, namely oo € W22(Qy), ug € W32(Qy; R3).

We are ready to state our main result.



Theorem 3.1. Let O C R? be a uniformly C*—bounded domain, Q) =0, 0 < e < 1,
diam[Qy] =d < dp, 0 < || =V <V < 0. (3.2)
Let
p € C'0,00) N C?(0,00), p(0) =0, p'(0) >0 for all o > 0. (3.3)
Suppose that the problem (1.1 - 1.4) admits a smooth (classical) solution [p,u] in [0,T] x Q), emanating

from the initial data [go, uo].

Then there exists a constant C, depending only on dy, Vy, the type parameters (o, 8, K) of the model
domain O, and on

U= maX{HQHLOO(Q)\X(O,T))a o™ Ml zoo (3 x 0,7 107 @llwre (s x 0,7 107 Wl 2o (0, x 0,752 » 5 = 1,2}
such that for any initial data [po x,up )],
00x € WHH(Qy), ug ) € W22(Qy; R?),

00 > 0> 0 in Qy, ug -nlsn, = [S(Veup,n) -n] x njspg, =0,

satisfying
”QO,)\ - QOHW1,4(9>\) + ”U—O,A - u0HW2,2(Q)\;R3) < W()\,T), A= [d7 V7 E]a (34)

w(A,T) = exp [—C (E_16/5 + V_1/4E_1) T] min {65,63/2V1/2} . (3.5)

the problem (1.1 - 1.4) admits a (unique) strong solution [ox,uy] (in the sense specified in Proposition
3.1) in [0,T] x Q,
ox(0,°) = 0ox, ux(0,-) = ug.

Remark 3.3. It is important to notice that we deal with perturbations of a general smooth solution that
may not be stable. There are classical results by Matsumura and Nishida [13], Matsumura and Padula [14],
or, more recently, Valli and Zajaczkowski [18], where the authors study perturbations of a stable equilibrium
solution.

Remark 3.4. It is important to note that the condition Q = €O represents only a restriction on the shape
of the boundary of 00 expressed in terms of the parameters [a, B, K] but is independent of the volume and
other features of the model domain O.



Remark 3.5. [t is essential in the proof of Theorem 3.1 that the classical solution [o,u] enjoys better
smoothness properties than the solutions [px,uy]. In particular, all derivatives appearing in the equations
are assumed to be continuous and bounded up to the boundary, cf. the estimates in Section 4.3.1.

The next section is devoted to the proof of Theorem 3.1. Applications to problems on thin domains are
discussed in Section 5.
4 Uniform estimates, proof of Theorem 3.1

In view of Proposition 3.1, the local solution [gy, u,] originating from the data [gp x, up ] can be continued
up to the desired time 7" as long as we control the norms specified in (3.1). To this end, we derive a series
of estimates valid on the existence interval [0, Tinax) of the solution [gy, uy].

Introducing the differences o) = 0) — 0, w) = uy — u, we observe that

0oy + divy(oauy) = —divy(owy), (4.1)
with the associated renormalized equations (cf. DiPerna and Lions [7]),

O H (o)) +divy (H(ox)uy) = —p(on)diveuy
OH (o) +divy (H(0)u) = —p(o)div,u, (4.2)

where the potential H(p) is defined (modulo a linear function) through

Similarly, subtracting the momentum equations we get
ox (0w +uy - Vowy) — div,S(Vewy) = Vi (p(0) — plon)) — oxdu — (pauy — ou) - Vu, (4.3)
with the slip boundary conditions
w) - npo, =0, [S(Vaw)) - n] x n|po, =0, (4.4)

and the initial conditions
ox(0,-) = 00x — 00, WA(0,-) =ug\ — up. (4.5)

4.1 Energy estimates

Taking the scalar product of (4.3) with w) and integrating the resulting expression over {2, we obtain

d 1
— —ox|lwy|? dz +/ S(Vewy) : Vyowy dx (4.6)
dt N 2 N



= /Q [(p(0x) — p(o)divywy — (020u + (oauy — ou) - Vyu) - wy] da.

Next, the renormalized equations (4.2) give rise to

d

i, 1oy ~ Hio) dr = [ (o)div.n —plosdivens) do. (47)

Qx
Finally, since g is strictly positive, we are allowed to multiply (4.1) by H'(g) to deduce that

d
L i)y do = / (0.H' (o) + H'(0)0r02) da (4.8)
a Jo, o,

Z/ (0 VoH'(0) - wx — 0xp'(0)divyu) dz.
Qx
Summing up (4.6 - 4.8) we may infer that

d

@ /QA Ewlwm + H(ox) — H'(0)o- — H(g)] dz + /QA S(Vawy) : Vowy, dz (4.9)

= —/ [w)\ . (a,\(‘)tu + V,u- (gpuy — ou) + a,\VxH’(g)) + (p(g,\) —plo) — p’(g)a,\>divxu] dzx.
Qx
Remark 4.1. Formula 4.9 coincides with the so-called relative entropy inequality derived in [8].

4.2 Higher order estimates

To deduce higher order estimates, we start by taking the scalar product of the momentum equation (4.3)
with 9,w) to obtain

d1
——/ S(Vewy) : Vew)y dz —1—/ ox|Oyw|? dz (4.10)

= —/ (oxVow)y - uy + K)y) - 9wy, dx +/Q (p(ox) — p())div, 0w dz,
Q) A

where we have set
K, =0\0,u+V,u- (Q)\U)\ — gu) .

Now we differentiate equation (4.3) with respect to ¢:

O\ (8t [ath] + u) - Vx[atw)\]) — diVxS(atva)\)

= V.0; (p(0) — plon)) — 0Ky — 0rox <8tw)\ +uy - vmWA) — oAV Wy - Opuy.



Multiplying the above equation by d;w) and integrating over 2, we get

d1
——/ g,\\(‘)twA\z da:—i—/ S(OVawy) : ;) Vwy da (4.11)

= / (Orp(0x) — O¢p(0)) div, 0wy da —/ <8tK>\ + 0rox (0w + (- Vz)wy) + 0x0ruy - vmWA> -Opw da.
Qx

Qx

Finally, we multiply (4.10) by 2 and (4.11) by &*, and, adding the resulting expression to (4.9), we
derive

d 1
T A [5 (g,\]w,\]2 + etor|Orwr 2 + £2S(V,wy) : waA) + H(o)) — H'(0)o) — H(g)] dz (4.12)
A
7
+/ [€2Q)\|atW)\|2 +S(Vewy) : Vewy + 64S(8tiWA) : athWA] dz = Z I 5,
Qn j=1
where

fa== [ [wae (300 + (o = ow) - Vou+aVatt'(0)) + (plex) — ple) — /(oo )divyu] i,
A
I = —62/ ox(Vawy -wy) - 0wy du,
Qx
I3 = —? K, - Oyw) dzx,
Qx
,[4’)\ = 62/ (p(gA) — p(g))dlvx(‘)twA d.Z',
Qx
Is ) =¢ / <8tp(w) — Oyp(0))div 0wy dz,
Qx

I\ = —64/ [@Q,\ <5tW,\ + (uy - V:c)WA> + 0x0kuy - VxW,\] -Oywy dx,
Qx

I7’)\ = —64 atK)\ : 8tW)\ dz.
Qx

4.3 Closing the estimates

Denoting

1
Ex(t) = /Q [5 (oa|wa? + t0r| 0w |2 + €7S(Vowy) : Vaw)) + H(oy) — H'(0)on — H(o)| (t,z) da
A

10



and
Dy\(t) = / [E2Q)\’(9tW)\’2 +S(Vawy) : Vawy + 648(8tvxw,\) : atvxwﬂ (t,z) dx,

Qx
we aim to use (4.12) to close the estimates via a Gronwall type argument.
Since the density g is bounded below and above uniformly for ¢ € [0, T], we get
C1 = lloalle@)x[0,1] < 0x < Ca + lloall e, )x (0,775
and, consequently,

(ca-—quuLw@hxmgm>jQ «wxﬁdxfsjg QA%”APdwfi(Cb-%Hgﬂhﬂ%QAmeD)jQ wal2dr,  (4.13)
A A

A

and

(C1— HUAI!Loo(mx[o,T}))/Q \@Wx!zdxé/ ox| 0w [Pz < (Cz+\\UA|!Loo(mx[o,T}))/ |Oyw[*da.
A

A Qx

(4.14)
Moreover, Korn’s inequality (2.1) implies
/ 2|V, wy|2dx SJ/ e2S(Vowy) : Vewy + |wy|?dz
Q)\ Q/\
and
/ €4|antW)\|2d$ S / 648(8tvmW)\) : 8tiw>\ + 52|8tw,\|2d:1:.
QA €
To simplify further discussion we shall assume that
C1
oA, )z @y < = [1Walt, )llze(oy) <1 (4.15)

2

for 0 <t < min{Tnax, T'}. Such an inequality can be certainly achieved for ¢ = 0 by a suitable choice of the
initial data; whence it can be extended to the whole interval [0, Tiax|, diminishing T},.x as the case may be.
We will later justify these assumptions, meaning we show that they hold on the whole interval [0, 7] as soon
as [00,x, g,z is sufficiently close to [0, ug]. Consequently, in accordance with the structural properties of p
stated in (3.3), we may infer that

[P ar= [ o) - B~ () o (4.16)
Qa Qx
Combining the previous estimates we obtain

| Il 4+ 10w+ fon? 4+ i (1) da S Ex(e)

Qx

11



and
/ 210w |2 4 |0, Vw2 (L, <) do < Dy(t);
Q)

whence
(Wit )z S VEA(D), (4.17)
IVawa(t, 2y S e 'WVEAD), (4.18)
lox( Mz S VEAD), (4.19)
0w (L, )2y S €7V EAD), (4.20)
10ewa(t, )l 20y S € V/Dalt), (4.21)
18V e wa(t, )20, S €2V Dalt). (4.22)

Furthermore, by virtue of Sobolev inequality (2.2), we obtain

3_3

WAt ey Ser 2V EAD), 4.23)
3_5

10ewA(ts )zr(ay) S e? 2V DA?) (4.24)

for any 2 < p <6.
Next, using the Gagliardo-Nirenberg inequality (2.4) with (4.20), (4.22), we get

3/4
18wt sy S 2410wt ) | i, (EIVROWA® 22y + 10wa ) 220,)”

4.25
O 5m)" C 0,®)" = 2B DA, e

Finally, application of Poincaré inequality (2.5) and Holder’s inequality, together with hypothesis (3.2),
gives rise to
lox(t ) zay) S dlIVaox(t, Miray) + loalts )iy
S d|[Vaeoa(t, iy + 1017 ot oy < dIVeoat, sy + 117 Hloalt, 2@y
S d|Vaor(t, sy + VY AVEND).
(4.26)
4.3.1 Estimating the integrals

In this section we will estimate the right hand side of (4.12) (integrals I; . through I7.). To perform the
estimates we will often use that [p, u] is a smooth solution and as such all derivatives of p and v are bounded
in L, both in time and space. Moreover, we will also use that p is bounded below away from zero in [0, T].

12



1. Applying Holder’s inequality several times and using (4.15) we get

/ w - (020 + (oW + oau+ 03wy - Vou+ 0a Vo H'(0)) da
Qx

S Iwallz@ursloall 2y + IWallZz,.me) + loallZ2,) SEA
and

< lloallzzy) < B

/Q (p(QA) —p(o) — p,(g)a)\) div,u

where we have exploited (4.17) and (4.19).
Adding these two inequalities together implies

[l S Ex. (4.27)
2. By Hélder’s inequality, and the estimates (4.15), (4.18), (4.23), (4.24), we get

5| = €

/ Q)\(wa)\ : U-)\) - Oywy, dx
Qx

< 2|0+ ol 1 ) [ VaWall 22 (0 :19) 10+ Wall oo (031373 |8 Wal| L2 62,99 (4.28)

< g2 <€_1 E)\> <€_1\/D_)\> = Di/ZE/l\/z.

3. Since K\ = 0)\diu+ V,u - (owy + oyu + oyw) ), we may use (4.15) to obtain

KA L2y:83) S loallzy) + 1Wallz2,;r3);

whence, by virtue of (4.17), (4.19), and (4.20), we have
I35 < 21Kl 200 10wl r2(0y:03) S €2 (loallrz@y) + IWall 2y m3) 10wl 20y m2) S B (4.29)
Similarly, using (4.19) and (4.22) we get
L2l < 2 lp(03) = p(@) |2y divedwall Lz, < llox 2oy [9idivawall iz, < By *Dy™ (4.30)
4. To estimate I5 , we first observe that continuity equation (1.1) with (4.2) imply that

de(p(ox) — p(0)) = (Vap(e) — Vap(on))u — Vap(ox)wa + (0'(0)e — p'(ex)oa)diveu — p'(ox) oxdive wy,
therefore, by (4.15),

10:(p(ex) — P2y S IVz(p(en) — p(o)l2y) + IWall2@srsy + loallzy) + IVaWallL2 (o, r3xs)

SAIVeorllz,r3) + loallczy) + 1IWallzzy) + IVaWallL2 (o, r3%3)-

13



Since X X
IVeorllzyr3) < QA2 Veorllzayrs) = VEIIVaorllLa,;r8)s

the previous estimate together with (4.17 - 4.19), and (4.22) imply
: 1
5.l < ' 10u(p(0x) — p(@))ll 2 lldivadiwill o) < By DY + V3 Vaoillsaymn Dy (431)

. As
Oro) = —g)\diV(W)\ + 11) —uy - VI(O')\ + Q),

we may use Holder’s inequality together with (4.15) to obtain
1
10toxllz2(0y) S 12 + [[Vawal L2, m3x8) + IV2orll 20, sr8)

1 1
<Va (V4 + ||V$W)\||L4(Q>\;R3X3) + ||Vﬂc0-)\||L4(Q,\;R3)) .

Here and hereafter, we observe that

1
lullzeyirs) = W +ullra,;m8) S IWallze,rs) + V7

and, similarly,

lexllzoon) = llo+xllzoay) S loallinay) + V7
for any 1 < p < oo.
Thus the previous estimate together with (4.15), (4.18), and (4.25) imply

[Is.Al < eM10wall sy ) 10 0al L2 (0y) [HatWAHL‘*(QA;R% + HU-)\HL“’(Q,\;R%|’wa>\”L4(Q,\;R3X3)] (4.32)

+e 0wl Ly r3) | oall Lo () 100 un o 0y . 3) Ve Wall L2 (0, . r3%3)

~

< gt <g—2Di/8Ei/8) Vi (Vi + [[VawallLao, rexs) + HVIUAHL‘*(QA;R%) (E_2D§/8Ei/8>
el (6—2D§/8E§/8> Vi (V% + I Vawall s (pmexs + IIanAHw(m;R%) IVawallLagymexs)
et («2DY By (72D ByS + v (7 V)
<vip¥itp/t (Vi + IVewall 4y r3x3) + HV:cUAHLAL(m;R%)
+2ViDYepl/s (Vi VoWl gy cmexs) + |!anx\\L4(m;R3)) IVawallLagymexs)

+e ' DB L ey ADYE RS,

14



6. Since K\ = 0)diu+ V,u - (gauy — pu), a direct computation yields
10: KAl 2y r%) S 10koallz20y) + lloallz2y) + 19wl 2y r8) + [Wall L2y m8)-
Similarly to the previous step we get
10:0xllz2(y) S IVawallzziy.re) + VY AIVaorllnayirs) + loall iz + I1Wall 2@y r0),
and so by (4.17), (4.18), (4.19), and (4.21)
175 < eM|0 K| 120y 1) 10 WAl L2 0 7%

<éet (”VIWA”LQ(QA;RSXS + V1/4Hv:c0>\”L4(QA;R3)> 10wl L2, %)

(4.33)
+ et (loallrzy) + IWallz2 . m%) + 10:wWall 2y r)) 10wl 220y 5%
< By + VY4 |Vaoal e (ay.m5 vV En.
Adding the estimates (4.27 - 4.33) we conclude that the inequality (4.12) gives rise to
d
E\+ Dy < Ex+DY?E? + e 'DY BV + vV ADY B (4.34)

dt
1 1 3/4 L1/4 2 1-1/8 13/8
+V1|V1+ HVIEWAHL‘l(QA;RSX?’) + HVIEO-)\‘|L4(QA;R3):| |:D)\ E)\ +é E)\ D)\ HVIEW)\HL‘l(QA;RSX?’

+e2 VY V0 s [ B + D).

4.3.2 Introducing the modified energy

Relation (4.34) contains two integrals that are not controlled by the “modulated energy” functional Ey. In
order to close the estimates, we differentiate (4.1) in the x variable, multiply the resulting expression by
|V.02|?V40y, and integrate over €2, obtaining

d

1 3
_/ 2| Vaeon|* do = _/ S|V tdiveuy + (Vaeoy - Vouy) - (|Ve0a[*Vaoy)
a Jo, 1 o, 1

+ |Vm0,\|2vm0,\ - Vedive(ow)y) + (|Vx0’>\|2vx0’)\) - (divyVyuy)oy de.

Applying Holder’s inequality to the terms on the right hand side we get
d
&vaf"%‘*(m;m)

S Va0l zey ) (I VaWall oo usm3xs) + 1)

15



HIVeorltaa,.rme) (IVawall sy rery + I VaWallLsyrscs) + [WallLars)-
By virtue of (2.3),
_3

IVawall Lo @usroxsy S € 1 (e Vawallpa@yrzry + [ Vawall Loy rocs));

whence (4.23) implies
d
&”VzUAHQM(QMRQ (4.35)
1 _3
S IVeoalZaga,.ne) [€4Hv92cw>\”L4(QA;R27) + & 1| Vawall L1, rexs) + 1}
2 3 1/2

I Vaorllza@yre) [HVmWAHM(QMRﬂ) + IVawallp (o, rexs +€ 1) }
Introducing a new quantity EY = E) + ”vl'o-)\H%ﬁl(QA;R?))? and adding (4.34) to (4.35) we conclude that
d
T DA S e B+ DY (B 4 e DY (BN + eVVADYE (Ep)S/8 (4.36)

15,1 « 3/4 ) " 3/8
FVEVE 4 [Vawallpaames) + (B5)2] [ DYAED Y + (B YD Vawall sy im0 |
1 « 1 _3
+e2VE ()Y (B3)Y? + D3°| + B3 X IV2wall pacayimem) + € IVaWallpa o, moeo) |
DY IV2Wal s o, oy + [ Ve wWa L zagaysmovs |-
4.3.3 Estimates for | V2w, |+ and ||V, w.]|;4
We rewrite (4.3) in the form
—div,S(Vewy) = —pAwy — (/3 +n)Vedivewy

= —0\Wy — oauy - Vowy — on0u — (oawy +ozu) - Vou+ Vi (p(e) — plon)),

and denote
G = (p(o) —p(or)); F=—020iwx —oxuy - Vo,wy —on0iu — (0awy +oyu) - Veu.
Then, by the standard elliptic estimates for the Lamé system summarized in Section 2.5, we have
IVawallLayrsy S e IF | 220y 5%) + |Gl paey) + € IWallzao, r2)

and
IV2wWallaymery S I1F iy re) + IVaGllaayre) + € 2 IWallLao,re)-
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Now observe that, by virtue of (4.26),

1 I\,
1Glzs@ S loallzsan S dIVaorlzsqym + V Hloalzo,) S (d+ V1) (BDY2,
and, by (4.17-4.21),
IF |2y m%) S 10wl L2 @s:19) + I VaWall2(0y:mexe + [[WallL20s:m9) + loallz2 @y S e 2B,

which, together with (4.23), gives rise to
va)\ LA(Qy:R3%3 S.; E_% +d—+ ‘/_i E} 1/2. 4.37
( A ) A
Finally, in accordance with (4.25), we have
IFl L2airs) S N0cwWalla,:rs) + IVaWallLayrsy + loallza@yy + [Wallao, %)
3
SEHBID; + (7F +d+ V) (B2,
and, by (4.26),
IVeGllLaoyrs) S IVaollzayrs) + lloallay) S (1 +d+ V_1/4)(E§)1/2-
Combining the above estimates we get
3
IV2wallps@yren) S e 2(EBRDS + (7 +a+ Vi) (B2 (4.38)

Plugging (4.35), (4.37) into (4.36), we obtain

d
GEA DA eME; + DY (EDY? + e DY BN 4 eV DYE (B (4.39)

—I—V% [V% n (5_7/4+d+V_1/4) (E:k\)l/2] D?\/4(E§)1/4
e [V% X <€—7/4 +d+V_1/4) (Ef\)l/z} e2(ED)V/8D3/8 (5_7/4 Lda V_l/4>(Ef\)1/2
+€2Vi(E;<\)1/2 |:(E;<\)1/2+D§\/2:|

3
+ (MBS + (B)Y2) [ (BRI D} + 7 (7 +a+ V) (D).
Finally, applying Young’s inequality to the right hand side and regrouping terms of the same order, we may

infer that

d 1
* - < | (-—16/5 —1/4_-1
TE DA S [E/\ (s + Ve ) (4.40)

+(E;<\)3 (6—4 + Vs_7) + (E§)9/5 <V2/5€—12/5 FIps CVE 516/5V_2/5) + (E:k\)3/2 (5_10/4 + V_1/45_3/4> }
as long as the bounds (4.15) hold.
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4.4 Proof of Theorem 3.1

With (4.40) at hand, it is a routine matter to complete the proof of Theorem 3.1. To begin, we should
keep in mind that (4.40) holds on condition that (4.15) is satisfied. Seeing that, in accordance with the
embedding (2.3) and Poincaré inequality (2.5),

loallLee(y) + Wall oo (ym2)
< 8_3/4<”0')\HL4(QA) + [[wallLa @y ey + €l Vaoallpaayre) + E”wa/\”L“(QA;R“%)
5 63/4(5 + d) <HVJ;O')\HL4(QMR3)—l—”VxW)\”in(Q/\;RBxB)) + 5_3/4V_1/4(E;‘\)1/2
S eV EDY? 4+ 67 e + )IVawall a9,
we may use (4.37) to deduce that
loallzoe () + 1WallLoo(y;m3) S <E_3/4V_1/4 + 5_10/4> (E3)Y2.
Consequently, for (4.15) to hold, we need
EX(t) < min {55,53/21/1/2} , ¢ € [0, Tonax]- (4.41)

On the other hand, if (4.41) is satisfied, the inequality (4.40) gives rise to

d 1
* - < —16/5 —-1/4_—1 *

Thus, by virtue of Gronwall’s lemma,
EX(t) < EX(0) exp [0 (5—16/5 + V_1/4s_1> t] for all ¢ € [0, Thnax] (4.43)

as long as (4.41) holds.
Consequently, we may infer that (4.41), (4.43) holds on the whole time interval [0, 7] as soon as

EX(0) < exp [—C <€_16/5 + V_1/4€_1) T} min {55, 63/2V1/2} . (4.44)
In particular, in accordance with Proposition 3.1, the solution [gy,u,] exists on the whole time interval

[0,T]. Finally, it is easy to check, using in particular (4.3), that (3.4) implies (4.43). Theorem 3.1 has been
proved.
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5 Applications to problems on thin domains

Consider the motion of a compressible viscous fluid confined to a thin channel

QSZQ€X(071)7 QECR27 Q826Q7 €_>07

where Q C R? is a regular planar domain. Furthermore, we assume that the initial density density 00,e and
the velocity field ug . are defined on €)., with the integral averages

1 1
A QO,&(xhuy) dxh7 A QO,auO,a(wh7y) dl’h, Th = (1’1,1’2), Yy = x3,
|Qel Ja. |Qel Ja.

converging weakly (with respect to the xg-variable) to some limit,

1

1 .
— 00,(xh, ) dep, — 00, —/ 00,:U0.(zp, -) dzp, — (ou)o weakly in L'(0, 1) (5.1)
|Q€| Qe |Qe| Qe

ase — 0.

We suppose that g. = 0-(t,x), u. = u-(t,x) is a solution of the compressible Navier-Stokes system (1.1
- 1.3), supplemented with the slip conditions (1.4), and the initial data [0 ¢, ug<]. As the limit data depend
only on the x3 = y-variable, a candidate for the limit problem is the 1D compressible Navier-Stokes system:

0o + 0y(ou) =0, (5.2)

4
Or(ou) + Oy(ou?) + Oyp(o) = VI u, v =g+, (5.3)

where 0 = o(t,y), u = u(t,y). Indeed, we claim the following result, see [3, Theorem 2.1]:

Theorem 5.1. Let Q C R? be a bounded Lipschitz domain. Suppose that the pressure p = p(o) satisfies

/
3
p(g):poo>07 7>_7

2 / .
p € C[0,00) NC*(0,00), p'(0) >0 for all o >0, gli)n;o 1 5

and that the viscous stress tensor S is given by (1.8), with the viscosity coefficients
w>0, n>0.

Let
1 1 .
— 00,c(xp, ) dep — 00, = 00,cUg (T, -) dop, — (ou)o weakly in L™(0,1),
|Q€| Qe |Qe| Qe

1

1 119
m 0 |:§QO,€|110,5|2—|—H(90,5):| d:L"—>/0 [2—90|(QU)8|2+H(90) dy
€ A
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where gg > 0, up = (gu)g/go satisfy

Qo € Cl+ﬁ[07 1]7 ug € C2+6[07 1]7 B > 07
(5.4)
with the compatibility conditions ug|y=0,1 = 8§7yu0]y:0,1 = 0y00l0,1 = 0.

Let [p-,u:] be a finite energy weak solution of the barotropic Navier-Stokes system (1.1 - 1.4) in (0,T) x Q¢,
emanating from the initial data

Qe(oy ) = 00,¢ (que)(oa ) = 00,eU0,¢-

Then 1
1
ess sup —/ / lo=(t, zn,y) — o(t,y)|” dxy dy — 0,
te0,) |Q:l Jo Jo.
and .
1 N 20/ g, d
ess sup locuc(t, zh,y) — (0,0, ou](t, y)| rp dy — 0
te0.1) |Qcl Jo Ja.

as € — 0, where [p,u] is the unique solution of the 1D Navier-Stokes system (5.2), (5.3), with the initial
data [po, ug] satisfying the no-slip conditions

v(t,0) = v(t,1) =0.
Adapting Theorem 3.1 to the present situation we obtain the following result:

Theorem 5.2. In addition to the hypotheses of Theorem 5.1, suppose that Q is a uniformly C*—domain
and that the initial data [po s, up | belong to the regularity class specified in Theorem 3.1 and satisfy

||QO,5 - QOHW“‘(QE) + ||110,a - [07 07UO]HW2,2(QE;R3) < 55 exp <—C€_16/5T> .

Then [0, uc] is a strong solution in the class specified in Proposition 3.1.

Remark 5.1. Note that, in accordance with the general weak-strong uniqueness property established in [8],
the weak and strong solution emanating from the same initial data coincide as long as the latter exists.

Remark 5.2. Since the initial data for the limit problem satisfy (5.4), the solution [o,u] is smooth as
required in Theorem 3.1, see Kazhikhov [11].
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