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Abstract

We study the transition from flat to wrinkled region in uniaxially stretched thin elastic
film. We set up a model variational problem, and study energy of its ground state. Using
known scaling bounds for the minimal energy, the minimal energy can be written as a
minimum of the underlying (convex) relaxed problem plus a term, which grows linearly in
the thickness of the film. We show that in the limit of vanishing thickness the prefactor in
the scaling law for the original problem can be obtained by minimization of simpler scalar
constrained variational problems.

1 Introduction

In the last few years understanding the behavior of deformed thin elastic sheets has attracted a
lot of attention both in the mathematics and physics communities (see, e.g., [10] and references
therein). Both physical and mathematical approach have a common starting point — they
consider a minimization of a suitable elastic energy, which in a simplified setting consists of
a non-convex “membrane energy” plus a higher-order singular perturbation representing the
“bending energy.” Since the energy is non-convex there can be many local minimizers or even
non-minimizing stationary points, and so we should not use just the local optimality conditions
(Euler-Lagrange equations). One possible approach to the problem is to guess specific form of
a minimizer, and use this ansatz to find a deformation with minimal energy in this restricted
(usually much smaller) class of deformations — this approach is often favored by physicists (see,
e.g., [13, 14]).

Different approach to the minimization of non-convex variational problem is to focus on (i)
the minimum value of the energy, and (ii) the properties of low-energy states. This idea is often
used to study energies which depend on some small or large physical parameter (or possibly
several parameters), with the minimum of the energy estimated in terms of this parameter
(often as a power-law). Such an approach was first introduced by Kohn and Miiller in [19, 20)]
to study a model problem for the fine scale structure of twinning near an austenite-twinned-
martensite interface, where they identified a scaling law for the energy minimum in terms of
material parameter. Since then this approach was successfully applied to many variational
problems arising in material science [7, 8, 9].

The present paper is motivated by the study of deformations of an annular elastic thin film
(see [3, 13, 14, 15]). Dead loads applied both on the inside and outside boundary cause the
film to wrinkle in some region. Indeed, if the loads inside are large enough compared to the
loads on the outer boundary, the deformation in the radial direction forces the concentric circles
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of the material near the inner boundary to decrease their length by more than is required by
the Poisson ratio of the material. Therefore, the membrane needs to waste this excess in the
circumference either by compression or by buckling out of plane, contributing to the energy
with some amount that depends on h, the thickness of the film. In [3], Kohn and the author
identify the optimal scaling law for the energy. More precisely, it is shown that the minimum of
the average energy per unit thickness satisfies & + Coh < min Ej, < & + C1h, where & is the
energy required to stretch the film radially and the next term (linear in h) is the correction due
to wrinkling. In contrast, the construction used in [14] requires energy at least & + Chlog h,
which is suboptimal for small enough h.

As mentioned above the sheet prefers to wrinkle near the inner boundary because in there
some arclength in the circumferential direction should be wasted. In fact, there are two regions
— the inner region where the arclength should be wasted and the outer region where the sheet
is stretched biaxially. These two regions are basically separated by a circle (“free boundary”),
and the amount of arclength to be wasted in the inner region growths linearly in the distance
from this circle. The ansatz used in [14] assumes that the number of wrinkles is constant,
which together with the linear growth of the wasted arclength causes additional logarithm in
the scaling law, whereas the construction used in [3] increases the number of wrinkles near the
transition from wrinkled to planar region.! Though the cascade of wrinkles used in [3] achieves
the optimal scaling for the energy, it is not clear whether such a construction is necessary.

To understand better what happens in the transition region we set up a toy problem, which
should be simple enough to allow an analysis beyond the scaling law, but which should still
possess all the important features of the original problem. We consider an elastic thin film which
is stretched in one direction, and in the other direction it wants to be stretched in half of the
domain and needs to waste some arclength in the rest of the domain. To correctly model the
setting, we assume that the amount by which the sheet is stretched (or the amount of arclength
it needs to waste) is a linear function of the distance to the transition region.

If min Fj, denotes the minimum of the elastic energy for the sheet of thickness h, using the
same approach as in [3] one can show that +(min Ej, — &) is bounded from above and away
from 0 independently of the thickness. In the present paper we go a step further — we show that
the limit limy,_q %(min Ej, — &) exists and that its value can be characterized by minimization
of simpler (scalar) constrained variational problems. In other words, we prove that minimal
values of the rescaled energies (Ej, — &)/h have the same limit as minimal values of simpler
scalar constrained functionals. It is then natural to ask whether a similar statement holds for
minimizers, i.e., whether (possibly properly rescaled) minimizers of E}, converge (in some sense)
to minimizers of scalar constrained functionals. We would like to address this question (using
methods of Gamma-convergence) in a future work.

To put our work in its proper context, let us mention related (both mathematics and physics)
articles. In the mathematical community, there has been done a lot of work on scaling laws
for problems arising in elasticity of thin films. We mention study of compressed thin films
on a substrate (see [22] and [1] for two different settings) and of compressed thin film blisters
[4, 5,17, 18], study of a cascade of wrinkles at the edge of floating elastic sheet [21] (its motivation
comes from [16]) and work on elastic thin sheets with prescribed non-euclidean metric [2]. In all
these problems, as h — 0, deformations develop a microstructure. In particular, it is expected
that minimizers have complicated structure, due to which it is very difficult to study (or at least
guess) the exact form of a minimizer — hence in these problems it is hard to obtain more than
just the energy scaling law.

In a recent work, Brandman, Kohn, and Nguyen [6] studied conical singularities in thin
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elastic sheets (so called “d-cone” problem). Since in this setting minimizers (as h — 0) do not
develop a microstructure (but rather a point singularity), it is possible to go little bit further
and obtain the optimal prefactor in the energy scaling law (Olbermann and Miiller [23] even
managed to study the next term in the asymptotic expansion in h of the ground state energy).

Finally, let us mention two more mathematical studies of ground states in problems where
microstructure is expected. In [11], Conti studied asymptotic behavior of a ground state for
the “Kohn-Miiller” energy (see [20]). He used clever local constructions to obtain local energy
bounds to show that the ground state is asymptotically self-similar. In a different setting, Otto
and Viehmann [24] analyzed the ground state energy of a ferromagnetic bulk sample with strong
uniaxial anisotropy in a regime featuring domain branching. At first glance, this work looks
very similar to ours — they also anisotropically rescale the energy by the expected microstructure
length scale and study the rescaled problem. But compare to our setting, they obtain simplified
variational problems defined on a fixed domain, whereas due to a non-local constraint we need
to consider energies defined on a sequence of increasing domains.

Compared to our problem, in physics literature there are works with very similar physical
setting, but are interested in different questions and use different methods — as already men-
tioned, starting from an ansatz, they look for explicit solutions and study their asymptotic
properties. In [12], Davidovitch studied transition between wrinkled profiles with different peri-
ods at two opposite sides of a rectangular sheet, which is stretched in the transversal direction.
He was mainly interested in the dependence of the length scale of wrinkles on the position and
the boundary conditions. A similar question was addressed in [25], where the authors studied
behavior of one “building block” — a deformation, which has wrinkled profile with period 1
and 3 at two opposite sides of a rectangular sheet. To finish, we mention [14, 13, 15], where
stretching of an annular elastic sheet was studied.

The rest of this Introduction gives a brief overview of our main achievements and organiza-
tion of the paper. We start Section 2 with the proper definition of the elastic energy Ej;. After
that, we state our main result — Theorem 1, which basically says

=0 € (0,00), (1.1)

where o = infr~omin, Sg.(u) and {Sr(u)} >0 is a family of scalar variational functionals, which
are minimized over some restricted set of functions Ay, (see (2.4)). To study minimization of Ej,
we first perform an anisotropic rescaling by a factor L := h~/? in the y-variable (see Section 3
for the motivation for the rescaling and the actual rescaling).

To prove (1.1), in Section 4 we show the upper bound

limsup A~ (min E), — &) < o.
h—0

More precisely, for any € > 0 and any h € (0,h(¢)), we construct a test deformation for Ej,
with energy smaller than & + (o + €)h. Our construction is based on u, a minimizer of Sy, (u).
In particular, for the construction we require some regularity estimates for u, which are the

content, of Theorem 2.
In Section 5 we prove the matching lower bound

lim inf h~! (min B}, — &) > o.
h—0
Given h > 0 and any deformation (w,us) (which satisfies the boundary condition), we use ug
to construct a test function u € Ay for Sy, such that h=1(Ep(w,u3) — &) > Sr(u) plus an
error, which goes to 0 as h — 0. Since u should belong to Ay, we show that either the energy



En(w,us) is too large, or ug almost belongs to Ay,. In the latter case, we slightly modify usz to
obtain u € Ay, (see Lemma 5.1) while not increasing its energy too much.

Section 6 is devoted to the proof of Theorem 2. Fixing L > 1, we study minimization
of . We show existence of a minimizer, and study its regularity. Using Fourier series in
the y-variable we rewrite the functional Sy and its minimizer u, and express u in terms of its
Fourier coefficients ay, = ax(x). We then study properties of ag, in particular we derive an ODE
for ag. Observing an important role for quantities iy defined through aj, = prark?, we show
exponential decay of frequencies with short wavelengths (large k), which in turn implies the
desired regularity estimates. Finally, in the last section we present the proof of Lemma 5.1.

Notation: Unless explicitly stated, all the functions Wy, Ws, Us and wi,ws, u,us, v will be
periodic in the y-variable with period equal to the size of their domain of definition. By C, C1, ...
we will denote universal constants (always independent of L), which can possibly change their
value from line to line. Also, by a < b, a 2 b, a ~ b, we will mean a < Cb, a > Cb,
b/C < a < Cb, respectively.

2 Setting and the main result

In this section we define the energy Fj, together with the assumptions we put on proper defor-
mations. Before we state our main results, we shortly discuss the form of the energy and the
motivation for the anisotropic rescaling.

Let us now describe the precise setting. We consider a rectangular sheet (—a,a) x (—b,b)
with prescribed non-euclidean metric of the form m(z,y) = dz?+(1+kx) dy? (i.e., the reference
configuration is not stress-free). Moreover, we assume the sheet is stretched in the z-direction
(by applying dead loads at x = t+a) and the deformation is periodic in the y-direction. Finally,
we use a small-slope geometrically linear (Foppl-von Kérmén) approximation for the elastic
energy of the film. The average energy per unit thickness we consider has the form:

a b
[.1

—aJ—b
where W = (Wi(z,y), Wa(z,y)) : [~a,a] x [~b,b) — R? is the in-plane displacement with
e(W) = (VW + V! W) /2 being its symmetric gradient, and Us = Us(x,y) : [~a,a] x [-b,b) — R
is the out-of-plane displacement. We assume that the thickness of the film h > 0, Kk > 0
describes the amount of shrinking in the metric, and we applied dead loads of strength T" > 0.
We assume W and Ujs satisfy the periodic boundary conditions, i.e., W and Us are 2b-periodic
functions in the y-variable.

Using rescaling (W (z,y), Us(x,y)) = (kW (kz, ky), s~ Us(kz, ky) we see that without loss
of generality we can assume x = 1. Similarly, using rescaling (W,Us) = (TW,TI/ 2U3) we can
assume that T' = 2. Finally, to simplify the notation we will assume that a = b = 1, i.e. we
consider only the domain [—1,1] x [-1,1) (as we will see, this restriction will not play any role
in the argument). Assuming this, for h > 0 we define

1 2 b
W)+ §VU3 ®@ VU; — kxes @ es| +h? ‘V2U3|2 dedy—T Wi (1,y)—Wi(—1,y)dy,
—b

n(W,Us) :

//

where (W, Us) are as above (2-periodic functions in the y-variable), and the energy is normalized
per unit length in the y-variable (hence the prefactor 1/2).

1 2 !
)+ §VU3 ® VU — zes @ eg| +h? |V2U3‘2 dz dy—/ Wi(l,y)—Wi(—1,y)dy,
-1
(2.1)




Based on similar arguments as in [3] it is expected that there exist a number & and two
constants 0 < Cp < € < oo such that for any h > 0:

& + Coh < min Ep(W,Us) < & + Cqh. (2.2)

7U3
In our setting, the number & = —5/3 is the minimum of the relaxed energy

1 1
5 [/,(G(W) — Kxes ® e2)” dxdy—2/1W1(17y) - Wi(-1,y)dy|,

2
where (A)4 := miny>o |M + A| denotes the non-negative part of the matrix. To prove the right-
hand side inequality one constructs a deformation with energy less than & + Cih. It is easy
to see that this deformation should have small (ideally vanishing) out-of-plane displacement Us
in the region x < 0. Moreover, a simple scaling argument suggests that wrinkles near z = 1
should have length scale of order h'/2. To study the limit as h — 0, we prefer this length scale
to be of order 1. To achieve this we rescale anisotropically in the y-variable by a factor h=1/2.
Using this method we obtain our main result:

Theorem 1. There exists 0 < o < 0o such that
- min(W,US) Eh(VV, Ug) — 5()

h—0 h -7
where we minimize over functions W = (W1,Ws),Us : [—1,1] x [-1,1) — R, which are 2-
periodic in the y-variable, and & := —5/3. Moreover,
o= inf o,
L>0
where
Lol ) .
Sr(u) == /0 ][_L uy +uly, dedy, op = uIEI}é{L Sr(u) (2.3)
with

A uw:[0,1] x [-L,L) — R,u(0,-) =0, (2.4)
L7 Vfor (ae) 2 €[0,1] : u(z,-) is 2L—periodic and f_LL w? (2, y)dy =2z [ ’

In the proof of Theorem 1 we will need some properties of a global minimizer (ground state)
of the energy defined in (2.3), which should hold independently of L > 1:

Theorem 2. Let L > 1. Then there exists a global minimizer u € Ay, of the energy

1 oL
Sr(u) = / ][ u2x + u?yy dz dy,
0o J-L

u 1s odd in the y-variable, and for every x € (0,1) satisfies:

L
ey < Ca(mal + 1), (2.5)
-L
L
f (2, y)dy < C(/lna| + 1), (2.6)
L
L
][ u2m(x,y) dy < Cx_2(\ In a:\7 +1), (2.7)
—L



~

][ u (z,y)dy < Cz~ (| Inz|® + 1), (2.8)
L
L
][ u’yy z,y)dy < C(|Inz| + 1), (2.9)
L
L
][ u7 oy (T, y)dy < Ca™ 2(|Inz® 4 1), (2.10)
L

where C' does not depend on L

3 Rescaling and some heuristics

In this section we will perform the anisotropic rescaling in the y-variable and compute the
rescaled energy R(w,us). After that we present some heuristic arguments to identify which
terms in the rescaled energy R are important (i.e., the ones which in the end contribute to Sr)
and which are not important (i.e., those which vanish in the limit A — 0). We conclude this
section with some simple observations (Lemma 3.1) about o, for different L, which we will need
later.

Let h > 0 be fixed. Given (W, Us), periodic functions in y, we define a rescaled deformation
(w,us), defined in the rescaled domain

Qi=[-1,1] x [-L,L], L:=h""?
by

wl(x7y) = W1($7L_1y)7
wg(x,y) = LWQ(‘TaL_ly)a
us(a,y) == LU3(x, L™"y).

We express the energy Ej (W, Us) using the rescaled deformation wy, we, us:
bt 2 o2 1 2 2 2
ER(W,Us) = (Wi +Us. /2" + 3 Wiy + Wag + UsoUsy|” + |[Way + Uz, /2 — 2| dzdy
—-1J-1
1,1 1
+h2/ ][ U32,mm +2U32,my +U32,yy dl’dy— 2][ W1(17y) - Wl(—l,y) dy
—1J-1 -1

bt 2.9 2 L%, 2 2 2
= ‘wm +L u37x/2‘ + 5 ‘L w1y + wo p + U3,xu;),7y‘ + |w2,y + u37y/2 — a:| dx dy
1J-L

1 (L L
+ L_4/ ][ (L—2u§,m + 2u§7xy + L2u§7yy) drdy — 2][ wi(1,y) —wi(—1,y)dy
—1J—-L —-L
1 oL ) 0 (L
— / ][ (wie+L7%u3,/2—1)" — 1dady +/ ][ way + u3,/2 — x> dz dy
—1J—-L —1J—-L
(3.1)
1 L
+/0 ][L|w2,y+u§7y/2—:n|2 dz dy (3.2)
1 oL
+ L2 / ][ |L2w1y + wo s + U37mU3,y|2 /2dzdy (3.3)
-1J-1L
RN 2
+L u3 , + uj,, drdy (3.4)
-1J-L



1 L
+ L™ / 1 ][ ) 2u3 ,,, + L7 %3, dz dy (3.5)

=: Rp(w,us), (3.6)

where the term (wl,x + L_zug’x/Q — 1)2 in (3.1) is obtained by writing w1(1,y) — wi(—1,y) =
f_ll w1 dz and by completing the square (after collecting different terms).

We see that all terms in (3.1-3.5) (up to a constant term in (3.1)) are non-negative. Hence,
to minimize the energy it is important to understand (or at least guess) which terms can be
made small (of order less than h = L~2), and which terms will in the end contribute to the
limiting energy. Heuristically we expect that (at least for large L):

e the term (w1, + L_2u§7x/2 - 1)2 from (3.1) is small and ws, + u§7y/2 ~ 0 in [-1,0] x
[—L, L], therefore terms from (3.1) should behave like &:

1 L 0 /L
/ ][ (w10 + L—2u§7m/2 - 1)2 —1dzdy + / ][ |wa,y, + ug,y/2 — z|?dz dy
—1J—-L —-1J—-L

1 L 0 L
z/ ][ —1+/ ][ 22 dz = &;
—-1J-L —-1J-L

o wy, + u§7y/2 ~ z in [0,1] x [-L, L] and —L?wy, &~ way + ugzusy in [—1,1] x [-L, L],
and so both (3.2) are (3.3) are small. Because of the first requirement and periodicity of
Wo i h L 9 ~ L .

o in y one has £ uz, /2dy ~ & — 7 wa, dy = z;

e term (3.5) includes a small prefactor L= (small compared to L~2), and will not need to
be considered.

Altogether we expect that if wq, w9, us has (almost) optimal energy Ry, then
1 ,L
Rp(w,u3) = & + L2 / ][ u%x + ug,yy dz dy + o(L™?),
0o J-L

and us has to satisfy f_LL uiy(:r,y) dy ~ 2x. We observe that this is consistent with (and, in
fact, precise version of this statement is equivalent to) Theorem 1.

Before we start with the proof of Theorem 1, let us show the following simple properties of
gr,.

Lemma 3.1. Let L > 0,a > 1, and N € N. Then

oL < a0y (3.7)
and
onL < 0. (3.8)
Moreover,
supoy, < 4oy, (3.9)
L>1
and
o= inf o = lim op. (3.10)
L>1 L—o0



Proof. Given € > 0, let u € Ay, be such that Sy (u) < o, +e. We define v(z,y) := au(z,a™y)
and observe that v € A,r. Then

1 pral 1 (L
oL < Sar(v) = / ][ v?m+v?yy dzdy = / ][ a2u?x+a_2u?yy dzdy < oSy (u) < o?(op+e).
0 J—alL 0 J-L

Since ¢ > 0 was arbitrary, (3.7) follows. To prove (3.8), it is enough to observe that for
u € Ar, one can use periodicity of uw in the y-variable to define periodic extension @ of u in
[0,1] x [-NL, NL] such that St(u) = Snr(a).

Relation (3.9) immediately follows from (3.7) and (3.8), and so it remains to prove (3.10).
Using (3.8) we see that inf;~ oy = infy>1 o7 = liminf; > o, in particular the first equality
in (3.10) follows. Hence, to prove the second equality in (3.10) it is enough to show that
limy,_,oo o, = liminf;_, op,.

Given ¢ > 0 and a (large) integer Ny, let Ly > 1 be such that oz, < o + €. For any
L > NoLy we define N := |L/Ly| and o :== L/(NLy). Since NLy < L < (N + 1)Ly, we have
1<a<1+1/N <1+ Ny’ Then

CRIN (38) 1
0L = 0OaNLg < Q" ONLg < OéO'LOS(l-l-NO )(O’-l-e).

In particular, we see that for all L > NyLg we have o, < (1 + Ny *)?(o + €), which concludes
the proof since € > 0 and integer Ny can be chosen arbitrarily. O

4 Upper bound

To prove the upper bound

I min(W,US) Eh(VV, Ug) - 5()
im sup <o
h—0 h

we use a global minimizer (ground state) u of Sy, (existence of which is granted by Theorem 2)
to define deformation (wy,ws,us). To estimate the energy Rp(w,us) (see (3.6)), we will need
regularity estimates of a ground state u of Sp, which are the content of Theorem 2.

Let € > 0 be fixed. To prove the upper bound it is enough to show that there exists h. > 0
such that for every 0 < h < h, we have

1
— in E — < .
3 <(‘I/‘I/l}}}5) h(VV, Ug) 50) <o+e€
Since by (3.10) limy,_,~ o1, = o, we fix L, > 1 such that for every L > L, we have o, < o+¢/2.
We define h. := (N.L.)~2, where N, is a large integer to be chosen later. Then for h € (0, k)
we can find Ly € [L,,2L.] and an integer N > N, such that

h12 = L = NL,.

Further let u € Ar, be a ground state of Sz,. Then

1 Lo
/ ][ u?x+u72yyd:1:dy =01, <0o+¢/2 (4.1)
0 —Lo

and u satisfies (2.5-2.10).

For the rest of Section 4, h, N, Ly, and u will stay fixed. In the next part (Section 4.1) we
use u to define wy, wsy, uz. We then show periodicity in y of wy, ws, us, so that we can use them
as (proper) test deformation for Ry. In Section 4.2, we conclude the proof of the upper bound
by estimating all the terms in Ry, (w, us).



4.1 Definition and periodicity of (w,u3)

Let ¢ : (—00,00) = [0,1], ¢|(—o0,1/2] = 0,¢l[1,00) = 1 be a smooth cutoff function. Then for
given 0 < § < 1 we define a rescaled cutoff function

os(2) = p(a/6), z€[-1,1]

Using ¢s we define for (z,y) € [-1,1] x [-L, L]
U3(33,y) = 905($)u($7y)7
y y
wa(z,y) = 3 (z)zy —/0 sy (2,9)/2dy = oj(x) <rcy—/0 U?y(rc,y’)/2dy’> L (42)

Yy
wi(z,y) =2 — L / 3,0 (@) + u3.0(@, Yz (2, ) Ay
0

where u is a ground state of S, (which is odd in the y-variable), extended periodically to
[0,1] x [-L, L] (originally it was defined only in [0, 1] X [—Lg, Lo]), and by 0 to [—1,0] x [-L, L.

We observe that for —1 < 2 < 6/2 we have ug(x,y) = 0, hence wy(z,y) = 0 and wy (z,y) = x.
Before we estimate all the terms in the energy Ry (w,us) we want to verify that us,w,wq are
2L-periodic functions in the y-variable. In fact, we will show that they are y-periodic with
period 2Ly.

Indeed, since u is 2Lg-periodic in y, so is ug. To show that w; and wy are periodic we
use the following simple fact: a differentiable function f is A-periodic if f’ is A-periodic and
f(t) = f(t+ A) for some t. We compute

1 [ho
sl Lo) — wa,~Lo) = (o) (2on = 5 [ o) dy) <o
Lo

where we used that f_Lzo u? (z,y)dy = 2z. Moreover, wyy(z,y) = ©3(z)(x — u?(z,y)/2) is
periodic in gy, which implies periodicity of ws. It remains to show periodicity of wi. We

compute
Lo

w1 (a;, LO) — w1 (a;, —L()) = —L_z/ W2,z + U3 U3y dy.
—Lo

Since u is an odd function of y, so is u3, and the second integrand w3 ;us3, is an odd function
of y as well. Moreover, ug’y is even function of y, hence the definition of ws implies that wy is
also an odd function of y. Since both integrands in the above relation are odd functions of y
and, since we integrate over a symmetric interval around 0, the integral vanishes. Finally, we
compute wi , = L_z(wgm + u3 zus,y) and use that both wa, and us yus, are periodic in y (the
first is a consequence of the periodicity of ws in y), which concludes the proof of periodicity of
w1 .

4.2 Estimating R (w,us)
We will now estimate all the terms in
1 (L 0 (L
Rp(w,us3) :/ ][ (wie + L7203, /2 — 1)2 dxdy—2+/ ][ \w27y+u§,y/2—a:\2 dz dy
—1J-L -1J-L 43)

1 (L
+ / ][ |wa,y + ug,y/2 —z[*dady (4.4)
0 J-L



1 (L

+ L2 / ][ |L2w1,y + wa ; + U37xU37y|2 /2dx dy (4.5)
1J-L
1 (L

+ L2 / ][ u%x + ug,yy dz dy (4.6)
-1/-L

1 L
+ L™ / ][ 2u§7my + L_2u§7m dz dy. (4.7)
—1J-1L

e We start with the first integral on (4.3). Using (a + b)? < 2a? + 2b? we get that
1 L )
/ ][ (w15 + L_2u§7x/2 —1)" dzdy
—-1J-L

<2/][ (w1 —1 dxdy—|—2/ ][ L~ ugx/4dxdy (4.8)

The estimate for the right-hand side follows from the two following lemmas (Lemma 4.1
and Lemma 4.2):

Lemma 4.1. The ﬁrst z'ntegml on the right-hand side of (4.8) satisfies
< Log- g
(w1, —1)* dzdy L_ Y| s)® +1). (4.9)
Proof. Definition of wy (see (4.2)) and integration by parts imply
Y
waz(2,y) = (p3(2)x) y — /0 U3,y (2, Y Jusy(z,y') dy’

y
= (cpg(a;)x) LYt </0 u3 2 (2, Y )us yy (2, y) dy'> —ug 2 (x, y)us y(z, y)+us z(x, 0)us 4 (x,0).
(4.10)

Since u is an odd function of y (in particular, us(x,0) = us3 »(z,0) = 0 for any x € [—1,1]),
the last term in (4.10) vanishes, thus

Yy
wa,e (2, Y) + us 0 (2, y)usy(x,y) = (P3()z) Ly + ( /0 32 (2, Y )us gy (2,9 dy’) :

Using this relation and the definition of w; we see that

wy(z,y) =x — L2 /Oy [(s@?(x)w)vx y + </Oy

wl,m(gj7y) —1=

-2 /Oy [(gpg(x):n)’my,-l- </Oy

We are now in position to estimate (wj .(x,y) — 1)?. We observe that since w; (and in
particular wy ;) are 2Lg-periodic in the y-variable, it is enough to estimate (wy (7, y)—1)?
for |y| < Lg. For z € [§,1] and |y/| < Ly we have

/

u3,:c (Z’, y”)u?),yy (‘Ta y”) dy”> ] dy/7

and

!

U322 (2, Y )us yy (2, y") + us o (2, ¥ Yus zyy (z,y") dy”) ] dy'.

/

Y
/ u3,:c:c (‘Ta y”)ui’),yy (Z’, y”) + u3,:c (Z’, y”)u?),:cyy(xy y”) dy”
0

10



/

Yy
/ U (T, Y )y (2, Y + U (2, Y )y (2, y") dy”
0

Hélder’s Lo 1/2 Lo 1/2 Lo 1/2 Lo, 1/2
< </ uxx) (/ uvyy> + (/ u:c> (/ u,xy@/)
ly'|<Lo 0 0 0 0

(2.7),(2.9),(2.6),(2.10)
<

~

Loz '(JInz|* +1).

If z € [§/2,0] and |y/| < Ly, using chain rule to write u3 z, U3 gz, and ug gy, in terms of
derivatives of s and u, we obtain a similar estimate:

/

Yy
/ u3,xx(x7 y”)u?),yy (‘Ta y”) + u3,x (‘Ta y”)ui’),xyy (‘Ta y”) dy”
0

/

Yy
< / (()05,xxu + 2905@“,:0 + Spéu,xx)cp5u,yy + (()05,32“ + Spéu,x)(gpé,mu,yy + ()0571/7:r:yy) dy”
0

< Loz ™' (| Ina|* +1),

where the last inequality follows as above from Hoélder’s inequality, (2.5), (2.6), (2.7),
(2.9), and (2.10). Hence for = € [4,1],y € [—Lo, Lo] we get:

2 Lo\4
< <f0> e 2(|Inz)® +1).

(wie(z,y) —1)> S L7

Yy
/ Loz '(|Inz|* + 1) dy
0

Similarly, for x € [6/2,6],y € [—Lo, Lo] we get:

y
(w12(z,y) —1)> S L™ / Lo6™ ' + Loz (| Inz|* + 1) dy

0

2 L 4
< (52) amap + 1),

and (4.9) follows by adding and integrating two previous inequalities and using that
w1 ¢(z,y) =1 for any = € [—1,5/2). O

Lemma 4.2. The second integral on the right-hand side of (4.8) satisfies
) Lg 4
/_1 ][_LL_ us ,dzdy ﬁ(|ln5| +1). (4.11)

Proof. To estimate u3 , we first estimate ||lu (2, )|l Lo (~Lo,1,). Since u is an odd function
of y, we know that u ;(x,0) = 0. Then by Hélder’s inequality

y 1/2
< Iyl ( /O 2, (2, ) dy')

Lo 1/2 (2.8
< Ly <][ u?xym,y’)dy’) < Lo(z (| Iz +1))Y2,
0

Yy
o, )] = 1 [ vty

where we used that u is 2Lg-periodic, and so we could assume that |y| < Lo. Similarly we

get
y Lo 1/2 (2.4)
u(z, y)| :‘/ uy(z,y')dy'| < Lo (7[ u?y(az,y’)dy’> < Lez'/2
0 0

Since uz ; = Q52U + Psu z, we see that for x € [6/2,1]:

luz z(x,y)| S Lox_l/z(l In x!2 + 1)1/2,

11



and ug ; = — for z € [-1,6/2). Then

1 L 1 L
[ wbeenisay< [ f @l dedy
—1J-L 6/2J—L

1 L
S [ f da@asie (e + 1) dedy
5/2J-L
(2:5),(26) 2 ! -1 3 2 4
< L0/5 7 (|Inz]” +1)de < Lg(| Ind|* + 1),

/2

which proves the lemma. O

To evaluate the second integral on (4.3) we observe that since wg, = u3, = 0 for x €
[—1,0], we have

0 L 0 L
/ ][ lwa,y, + u§7y/2 —zdedy = / ][ r?dzdy =1/3. (4.12)
—1J-L -1J-L

Now we estimate (4.4):
1 /L 1 (L
| iy ardy = [ @iy w2008, o) 2l dedy
~1in 0 0<p<t [0
pa=1l [5’1}/ |p3(x)x — z*dz < / z?dr =6%/3. (4.13)
0 0
The next term from Ry, which we estimate (denoted by (4.5)) has the form

1 L
- 2
’ / ][ |LPw1y + wa e + uz pusy|” /2dzdy.
1/-L

We observe that it follows from the definition of w; (see (4.2)) that this term completely
vanishes.

To estimate (4.6) we combine

1 L 1 L é L
/ ][ u ,(2,y) dzdy < / ][ u?, dz dy + 2 / ][ 03 u” + u? dz dy
-1 5/2

(2.5),(2.6)
< / ][ u?, dzdy + C6~ / \lna:\—kl)da:—i—C’/ |Inz|+ 1dx
8/2

g/][ u?, dz dy + C5(|In 6] + 1)
0 —L

1 L ) 1 L ) 5 1 L )
/ ][ u3 4 (T,y) = / ][ @5 (@, y)uy, (v, y) < / ][ uy, (2, y) dz dy
—-1J—-L —-1J—-L 0 —L

to obtain

1 L 1 L
| daten s by endedy< [ f i vl e dedy + O3l + 1)

and

(4.1)
< o+¢€/24C(|Ind| + 1).
(4.14)
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e Now we want to estimate the first part of (4.7). From (4.2) and definition of 5 we see
that

1 L Lo
/ ][ u%,xy(l‘yy)diﬂdy:/ ][ (@6,xu,y+@6u7my)2 dz dy
_1J-L )
N / ][ u?xy dz dy T / ][ (905,xu,y + (10(5u,xy)2 dx dy
§ J-L §/2J-L

1 /L 2.8) 1
/ ][ u?mydxdy < / e (|Inz? +1)de < |[Ind® + 1,
é é

—L

Since

/ ][ @Mu,y—ktpguw) dxdy</ ][ 572 u +u da:dy
/2 5/2

(2.4),(
< 5 g+ (|nz)? +1)dz < |Ind® +1,
5/2

~

we obtain .
/1][Lu§7xy(x,y) dedy < [Indf® 4 1. (4.15)

e It remains to remains to estimate the second part of (4.7). We combine

@7 1
/][ ugmd:rdy—/][ pdrdy < / 7 2(|Inz|” +1)dz <671 (|Ind|" + 1),
6

é L é L
/ ][ u%,xw dw dy = / ][ (()05,xxu + 2905@“,:0 + 90571/,:(::(:)2 dx dy
6/2J—L 6/2J—L

5§ oL (2.5),(2.6),(2.7)
5/ ][ 5~ + 67, + P, dody < S| +1)
/2

to show

1 L
/ ][ U3, dzdy <671 (|Ind|” +1). (4.16)
~1J-L
We now put together estimates (4.9),(4.11), and (4.12-4.16) to get:

1 oL 0 (L
Rp(w,u3) = / ][ (wie+ L7203, /2 — 1)2 —ldazdy + / ][ |wa,y, + u§7y/2 —z[*dady
-1J-1 -1J-1

1 /L
—i—/ ][ \wg,y+u§’y/2—x12dxdy
0 J-L

1 ,L
+ 172 / ][ |L2w17y + wo ; + U37mU3,y|2 /2dzdy
-L

1 /L
+ L2 / ][L u%x + ug,yy dz dy
1J=

1 (L
+ L™ / 1 ][L 2u§7xy + L_Quam dx dy

13



1 /L T —— 3
§/ —ldazdy+ = +L%(0c+¢€/2)+ —
1J-1L 3
C Lé 1 8 L(Q) 4 Iné2+1 6 Y(|Ind|" +1)
+ﬁ<ﬁ5 (|Ind| +1)+ﬁ(lln5\ +1)+6(|Ind| +1)+ 2t i .
(4.9) (4.11) (4.14) (4.15) (4.16)

We set 0 := 1/L. Then 63/3 = 1/(3L?) and the whole last line together with §3/3 is bounded
by C(L§ +1)L=3(In® L + 1). Therefore

Rp(w,u3) <&+ L% (0 +¢€/2+ C(Ly+ 1)L (In® L + 1))

and

. < min Ep(W,Us) — 50> = L? < min Ry (w,ug) — 50> <o+e/24+C(LE+ 1)L (In® L+ 1),
h \ (W,Us) (w,u3)

where we used that Ly < 2L.. Since the constant C in the previous relation is universal and
the function L — L_l(lngL +1) - 0 as L — oo, we can find N, large enough such that
C(LY+1)L7'(In® L+ 1) < ¢/2 for L > N.L.. Such a choice of N, then implies

1
_ ] _ <
A <(m711}5) E, (W, Us) 50> o+e

for any h € (0, (N.L¢)~2), hence
. 1 .
lim sup — < min E,(W,Us) — 50> <o+e
h—0 (W7U3)

Since € > 0 was arbitrary, the proof of the upper bound is finished.

5 Lower bound

In this section we will show the lower bound:

i En(W,Usz) — &
lim inf i LAY w(W, Us) 0 > 0.
h—0 h

Based on the previous heuristic arguments (given in Section 3), we expect that only few terms
from Ry (hence also E}) will play role. Indeed, we will prove that it is enough to consider the
second term in (3.1), and terms from (3.3) and (3.4).

Let ¢ > 0 and 0 < h < 1 be fixed. Then there exists a deformation (w,us3) (obtained by
rescaling of some (W, Us)) such that

Rr(w,u3) < min E,(W,Us) + ¢, 5.1
. u3) < min By(W,U5) (51)

1/2

where as before L = h™'/% > 1. Jensen’s inequality together with periodicity of wsy in y imply

1 L ) 1 L 2
/0][L|w27y—|—u§7y/2—3:‘ d:ndyZ/O <][Lu§,y(x,y)/2dy—:n> de,
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and
0

/ ][ ‘w2y+u3y/2—x‘ dxdy>/
1

L

(f 3, (5.9)/2 dyﬂ d,

/2dy > 0 and from —x > 0 for z € [—1,0].
o get

L 2
][ u3y x y)/2dy—az> dz

0

-1

where the last inequality follows from f L u3 y(:n Y
We drop several non-negative terms from (3.1-3.5)

RL(w,ug)Z/ ][ —1dxdy+/ 22 du
—-1J—-L -1
1 pL 1 I )
+L‘2/ ][ u%,x—i-u%,yydxdy-i-/ <][ u§7y(x,y)/2dy—'r(g;)> dz  (5.2)
0o J-L 4 \J_L

2

=&+ LS (u3) + /1 <][_LL ui,(z,y)/2dy — T(%)) da,

-1

where

Jo  ze[-1,0
) = {x z € [0,1]. (5:3)

To show the lower bound we will use the following lemma:

Lemma 5.1. For any L > 1 there exists o5, > 0 such that

UEAL v -1 \J-L

1 L 2
op = mjAn Sr(u) < min <SL(U) + L2/ <][ v?y(x,y)/Z dy — T(x)) d:E) + 4z, (5.4)

where we minimize over all v : [—1,1] x [-L, L] — R which are 2L-periodic in the y-variable,
and Y(x) = x|, (7) (see (5.3)). Moreover,

0, — 0 as L — 0. (5.5)

We now finish the proof of the lower bound, while we postpone the proof of the lemma to
the very end of the paper (see Section 7). By Lemma 5.1 we have for every € > 0:

, 1 L 2
or = min Sz, (u) (534) min (SL(’U) + L2/ <][ v?y($,y)/2 dy — T(:E)) dx) +0r

ueAr v 1 _L
2

<sitw) +2 [ (f dwnpa-1@) as

-1

(5.2) (5.1)
< L*(Rp(w,ug) — &) + 0, < 1 < min E,(W,Us) — & + 6) + L.
h \(W,U3)

We send € — 0 (while holding L? = h™?! fixed) to get
mingw,vs) En(W,Us) — &0

N > o — 0r,.
Finally, (5.5) implies:
i E,(W,Us) — &
[ i) w(W,Us) — & > limint (o, — 6) (310),65.5)
h—0 h L—00
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6 Scalar variational problem (proof of Theorem 2)

In this section we prove Theorem 2, which amounts to study existence and properties of a global
minimizer (ground state) u of

1 /L
Sr(u) = /0 ][Lu%c + u?yy dz dy, (6.1)

where we minimize over all functions w : [0,1] x [-L,L] — R, which are 2L-periodic in the
y-variable and satisfy the following constraint:

L
][ u?y(x,y) dy = 2z, for a.e. z €[0,1]. (6.2)
—L
We point out that all the results should hold uniformly in L > 1. In particular, all the constants
will be independent of L > 1.

Throughout this section let L > 1 be fixed. Before we start with the proof of Theorem 2, let
us outline the strategy of the proof. We first observe that both the energy and the constraint
can be written in terms of L?norms of u U yy, Uy, and that u is a periodic function of y, and
so we can write the energy and the constraint using Fourier coefficients of u in the y-variable.
We also show that we can assume that w is an odd function in the y-variable, i.e. that it can
be written as u(x,y) = Zke%\] ar(x)sin(ky). Then we show the existence of a minimizer, and

some elementary properties of the coefficients ay (e.g. that for any k € % either ax(z) > 0 for
x € (0,1] or a = 0).

As a next step we derive the Euler-Lagrange equation (with Lagrange multiplier being a
measure) together with some preliminary estimates (lower bounds) on the Lagrange multiplier.
Then we introduce quantities yy defined by a}(z) = px(x)ar(x)k?. Using uy we replace the
linear second-order ODE for a; by a first-order nonlinear ODE for u;. Moreover, we derive a
useful comparison principle between pp and pg, which will later provide a way to study the
behavior of py. In particular, we will show that p(z) has to stay close to —1 for "most“ x
in the interval (k72,1), which in turn implies exponential decay of aj. Finally, using decay of
higher frequencies we show the desired regularity estimates on w.

6.1 Existence of a minimizer u of S;,

In this part we first use Fourier series (in y) to rewrite v and Sy. Then we show that for v’ € Ay,
we can find u € Ap, an odd function in y, while not increasing the energy: Sr(u) < Sg(u'). We
also show the existence of a minimizer u for Sy and some properties of u.

The following lemma is a simple consequence of the Plancherel theorem:

Lemma 6.1 (Fourier representation). Let

1 L
—/ u(zx, y)sin(ky) dy, k€ %,k: >0,z € [0,1],

ak(z) = ? 1
E/Lu(x,y)cos(k‘y) dy, k€ %,k: <0,z €10,1].

Then

_ ! 2 ag (z) 2 4
Sp(u) = ; Z ay; (x) + YR Z ap(x)k* | do

ke TE k#0 ket
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and the constraint (6.2) turns into

Z az(x)k? = 2, for a.e. z €[0,1].

Z
keZ

Remark 6.2. Since for every k € Z& one has ar € W12(0,1), the quantity zkeﬂz az(x)k?* €

[0,00] is defined for every x € [0,1] (but can possibly be infinite). Using the Fundamental
theorem of calculus we get for xo,z1 € [0, 1]

Young’'s %1

|az(a:1)/<;2 _ ai(azo)kﬂ < /xl |a;€2(x)k2| dz < /xl |2ak(g;)k2a;€(x)| dz < / a? (z)+ai(x)k* dz,
and so
Z a2 (x1)k? — Z a2 (xo)k?| < /wl Z a?(z) + aj(x)k* dz.

/A v/

Then Sr(u) < oo implies that Ekewz az(-)k? belongs to W11(0,1), in particular it is a contin-
uous function, and so ), =z =2 az(x )k2 = 2x holds for every (and not only a.e.) x € [0,1].

The following lemma, which will be used later several times to combine two different de-
formations to construct a third one, is based on the fact that the energy Sy, written in the
quadratic variables ai, is convex:

Lemma 6.3. Let Z be an (at most) countable subset of R, and let {ax(x)}rer and {bk(x)}rer
be two families of real functions defined on [0,1]. Then the family {ck}rez, defined by

x(w) = \Jal () + (@),
satisfies
/Zc k4dx</ > a(x k4dx+/ D (@) + b )k da
0 kez keT O kez
and
2 ]{32 b2
ch( Zak +Z
keT kez keZ

Proof. Since ci(z) = ai(x) + b (), it is enough to show that

2

!/
(Va@+5w) ] <+
By Hoélder’s inequality aga), + bib), < (ai + b2)1/ 2(a2 + b’2)1/ 2 and so the chain rule implies
12 9
K\ [ + b§> ] = (@2 + )72 (anaf+ bith) ) < o+ b

O

Lemma 6.4 (Symmetry of the minimizer). Let v’ € Ay, has finite energy Sp(u') < co. Then
there exists u € Ar, such that Sp.(u) < Sp.(u) and u is an odd function of y.

17



Proof. Let ay be the Fourier coefficients of u'. For k € ’T—LZ, k > 0 we define:

cx(z) = (aj(z) + az_k(x))l/2 )

By Lemma 6.3 u(x,y) := Zke’%“ cx(z) sin(ky) satisfies Sg(u) < Sp(u), Zke%\! c2(v)k* = 2z,
and u is an odd function of y. O

Remark 6.5. By the previous lemma we can assume that v € Ay, a minimizer of Sg, is an
odd function of y, i.e it can be written in the form

u(z,y) = Z ar(z) sin(ky).
kel
Then 1
Suw= [ 3 @)+ abla)btde,
0 N
ke =
and by Remark 6.2 constraint (6.2) turns into

> @@k =22,  Vzelo1]. (6.3)

N
ke

Moreover, we can assume that

an(x) >0, Vke ?,x e [0,1]. (6.4)

Now we are ready to show the existence of a minimizer u € Ay, for the functional Sy

Proposition 6.6. There exists u € Ayp such that Sp(u) < oo and Sp(u) < Sp(v') for any
= Arp.

Before we prove the proposition, let us state and prove a simple lemma, which will be used
for the construction of a function u € Ay with finite energy:

Lemma 6.7. There exists a universal constant C which satisfies the following. For any 0 <
b <1 there exists a function u : [0,1] x [-L, L] — R, which is 2L-periodic in y and such that

L

][ u?y(a:,y) dy = 2z, x € [0,b], (6.5)
-L

][ ] (ﬂj‘,y) dy < C$2—2a—ﬁ, o€ {07 172}7 5 >0, z e [07 1] (67)
—L | 020y

Proof. Let f :[0,00) — [0,1] be a fixed C? function with supp f C [1/4, 4] which for t € [1/4,1]
satisfies:

£20) + i £2(48) = 2. (6.8)

To prove the existence of such a function f, we first write f(t) = v/t4(t) and look for a function
¢(t) which for ¢ € [1/4,1] satisfies $2(t) + ¢*(4t) = 2. Consider a smooth function ¢ > 0 with
supp ¢ C [1/4,4] such that ¢ = 1 in [1/2,2], and define

V20(t)
(6(t)% + $(41)2)

V2¢(4t)

P(t) == — -
(6(1)% + p(4t)?)

77 P(4t) = e tE/41],
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and by 0 elsewhere. Since ¢(t)%+¢(4t)2 > 1 for t € [1/4,1], ¢ is smooth and satisfies the desired
condition ¢?(t) + ¢?(4t) = 2, t € [1/4,1].

We use the function f to define the Fourier coefficients aj of u. We set P := 71% (recall
that L > 1), and let ng > 0 be such that % < 4m0p < 1. Then for ng < n < oo we define:

ar, (r) ;== P7Y47" f(4"x), K, :=2"P,

and a; = 0 for all the remaining k € %. Then for ng < N < oo and z € [i4_N,4_N] we have

Z ak(:n)2k2 _ Z P_24_2nf2(4n:17) (2nP)2 _ 4_2Nf2(4N:E)22N—|—4_2(N+1)f2(4(N+1)l‘)22(N+1)

N n>n
ke 2o

2(4-4N _
=47 <f2(4Nx) MG ) 1 x)> ) y=NyNoy = 94,
and (6.5) follows. Since ng is such that ax(x) = 0 for any x € [4b,1] and any k € %, relation

(6.6) holds.
It remains to show the estimate on the derivatives (see (6.7)). For ng < N < oo and
x € [%4_N,4_N], boundedness of f, f/, and f” implies

f.

o tBy,
020,

2
le} 2
(:E,y) dy = Z (8 ag (l‘)) ]{,‘26 S 4—2N42No¢4NB 5 x2—2o¢—ﬁ'

o
ot Ox
L

O

Proof of Proposition 6.6. By applying Lemma 6.7 with b = 1 we obtain a function u € Ay, such
that Sz(u) < oo. Indeed, (6.5) implies (6.2), and by (6.7)

L
f o)+ () dy ST Vo€ 0]

Integrating the above relation in x gives S (u) < 1.
Now let u,, € A, be a minimizing sequence for Sy. Then wu,, is bounded in H'(2) and Un,yy
is bounded in L?(€2). Passing to a subsequence one has

Up, — U in Hl(Q),

Ungyy — Ugyy in L?(Q). (6.9)

By a standard lower semi-continuity result we have that Sg(u) < liminf,,_, . Sz (u,). Hence it
remains to show that the limit u € Ay, in particular that it satisfies the constraint (6.2). This
is a direct consequence of the following lemma:

Lemma (Lemma 2.2 in [20]). Let Q C R? and let u, : Q — R be a sequence such that u, — u
in HY(Q) and such that uy, y, lies in a compact subset of H=(Q). Then
Upy = uy in L3 ().

Indeed, by (6.9) u, converges weakly in H'(Q). Moreover, uy, 4, is bounded in L?(2), and
so it lies in a compact subset of H~1() (here we use that L? is compactly imbedded into H !,
which follows by duality argument from the Rellich-Kondrachev Theorem). Then the lemma
applies, in particular we obtain that for a.e. x € [0, 1]:

Loy
us, dy = 2.
][_L 7

This completes the proof of the proposition. O
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The next lemma shows that the equality in the constraint (6.3) can be relaxed. It will
be used in the proof of the Euler-Lagrange equations and of the existence of the Lagrange
multiplier. Later, it will help to simplify the construction of competitors for a minimizer u of
St

Lemma 6.8 (Relaxation of the constraint). We have

Sr(u) = min St (u). (6.10)
ZkGLﬁ\I a%(z)k2:2x ZkEW—LZ a%(l‘)kZEZI

ar(0)=0

Proof. First, following the proof of Proposition 6.6, one can show the existence of a minimizer
u' of Sp(u’') under the constraint Zke"—LZ aik‘2 > 2z. Based on v/, let b, > 0 be its Fourier
coefficients and set f(x) := Zke%z b2 (z)k2.

Let us assume that f(x) > 2z in a set of positive measure. As in Remark 6.2, we observe
that f € Wb1(0,1) is a continuous functions. Hence {z : f(x) > 2z} is a relatively open subset
of (0,1], and as such it can be written as a countable union of relatively open intervals. Consider
first (a,b) C (0,1) being one such interval. Then f(a) = 2a and f(b) = 2b, and f(x) > 2z for
x € (a,b). We make a variation of «' with a compact support in (a,b) to derive the Euler-
Lagrange equation for the coefficients of u’:

bi(z) = bp(z)k* >0, z € (a,b).

Hence in the interval (a,b), the coeflicients b are convex functions. Therefore f is also a
convex function in the interval (a,b), which gives a contradiction with f(a) = 2a, f(b) = 20,
and f(x) > 2z.

It remains to consider the case (a,1]. In this case we are missing the information f(b) = 2b,
and so we need to argue differently. We observe that in this case we obtain boundary conditions
for by, more precisely there holds b},(1) = 0. Since, by the Euler-Lagrange equation, each by
is convex in the interval (a,1), and its derivative vanishes at 1, we obtain that each by is a
non-increasing function. Therefore f is also non-increasing, in particular f < f(a) = 2a in
(a, 1], a contradiction with f(z) > 2z in (a, 1].

We have shown that f(z) = 2z for « € [0,1], which concludes the proof. O

Corollary 6.9. Let u be an odd minimizer of S, which satisfies the constraint (6.2). Then for
each k € % either
ag(z) >0, =z € (0,1],

or
ag(z) =0, € 0,1].

Proof. We assume the contrary, i.e. that ax(zo) = 0 for some zo € (0, 1] while sup,¢ g 40) ax(z) >
0. Let fi(z) := ¥ @D 4 e #*@=1 Since ag(zo) = 0 and SUPge(0,20) @k () > 0, we can find
€ > 0 such that efx(x) intersects the graph of ay in (0, ). Let a < xg be the maximal point of
intersection (i.e. ag() = efi(a), and ag < €f in (v, x9)). Since both ay and fj are continuous,
such a point exists. In case €fy intersects ay in the interval (zg, 1], we set 8 € (xg, 1] to be the
minimal point of intersection. If efy > ay in (zg, 1], we set 8 = 1.

We define a competitor @, which is obtained from u by replacing aj in the interval («, )
with the function efy. Let a; denote the Fourier coefficients of 4. Since ay < €fy in (o, 3), we
have ay < ag, in particular Zke%l\] az(z)k? > Zke%\] az(x)k* > 2.

Finally, we observe that Sr(@) < Sp(u). Indeed, since f{/(z) = k' fx and f;(1) = 0, function
€fr is the unique absolute minimizer for the functional | f a? + a2k with a given boundary
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conditions ay(c) (and possibly ai(B)). Since ag(zo) # €fr(xo) (i-e. they are not identical), we
have Sg(u) < Sr(u).

By Lemma 6.8 we have miny~ ,2;2_9, Sp = miny: 2255, St, and so we obtain a contradic-
tion:

Sr(a) < Sp(u) = Zal%lkiznzszL = Za%lkiQnZ%SL < Sp(u).

6.2 Euler-Lagrange equation and Lagrange multiplier

In this part we will first derive Euler-Lagrange equation for a; and show the existence of a
Lagrange multiplier \ (a non-negative measure on (0, 1]). As a next step, we will obtain some
preliminary estimates on A. Later in the section we will introduce and study quantities py.

Lemma 6.10 (Euler-Lagrange equation and the Lagrange multiplier). Let u € Ay be an odd
minimizer of Sp. Then there exists A, a non-negative measure on (0, 1], such that for all k € %
and any ¢y, € D((0,1])

1 1
/ a (2) 04 () + ap (@) (2)k! = / ar (@) on (@)K dA(2). (6.11)
0 0

Proof. Choose K € % such that ax # 0. Then for any § > 0 and any test function ¢ €
D((0,1]), ¢ > 0, we define

5 () e ar(x) k# K
Vel {aK<:c>+6so<w> k=K.

and by v° we denote the function with Fourier coefficients bZ. Since et () > 30, on ad(z) =
L L

x, Lemma 6.8 implies that Sg,(v°) > Sr,(u) for all § > 0, in particular

1
- /0 e (@) (2) + age () o) K da.

6=0

Since ¢ was arbitrary non-negative test function, we see that —ay(z) + ax(z)K* is a non-
negative distribution. Now we use that any non-negative distribution is a non-negative measure
(see, e.g., [26, Chapter 6.4]). Moreover, by Corollary 6.9 ax > 0 in (0,1], and since ax €
W12(0,1) is a continuous function in [0, 1], we have that infax > 0 on any compact subset of
(0,1]. Hence we can find (locally finite) non-negative measure A in (0, 1] such that

1 1
/ dy (2)¢' () + ax (x) Kro(z) dz = / ax (z) K p(x) d\ (6.12)
0 0

for any ¢ € D((0,1]). We proved (6.11) for k = K. To extend (6.11) to all I € ZX, q; # 0, let
us define for any § € R and ¢ € D((0, 1]) the following coefficients

ar(x) k# K,
b (2) == < ag(z) + day(2)2p(z) k=K
aj(x) — dag (2)K2@(x) k=1L

Then we see that

Z b2 (x)k* = Z azp(v)k? + 6% (af (2)I* + a¥ () K*) ¢* () > =, (6.13)

N N

21



and similarly as before we obtain (but this time using 0 € R)
1
/ di (@) 17 + agapl® — a) (axp) K + aax pK* = 0. (6.14)
0

We observe that by density argument (6.12) holds for all ¢ € W2(0,1) with compact support
in (0,1], in particular for p(z) = a;(x)I?¢(z). Subtracting (6.12) with ¢(x) = a;(x)I>3(z)
from (6.14) gives (after some algebraic manipulation)

1 1
/ al(axd) + al'(axp) = / al(ax @) dA.
0 0

By observing that the previous relation holds for larger class of test functions ¢ we obtain (6.11)
for k = 1. O

Since the frequencies ay, which are defined as elements of W2(0,1), satisfy (6.11), the first
derivative aj(x) of a particular, say left-continuous representative aj, has a well-defined value
at every point x € (0,1]. Moreover, as a consequence of (6.11) we obtain

Corollary 6.11. Let u € Ay be an odd minimizer of Sp,. Then there exists a number yu =
A({1}) > 0 such that for all k € =X

aj,(1) = pag(1)k?, (6.15)

and for any |o, B] C (0,1] we have

B
aj(a) — ai,(B) = / apk?® dX —/ apk? dz. (6.16)
[o.8) o
In the following lemma we show that A > 1/x in some sense, which will be important later
in the proof of the exponential decay of ay:

Lemma 6.12 (Estimates on the Lagrange multiplier). Let u € Ap be an odd minimizer of S,
and let A be the Lagrange multiplier obtained in Lemma 6.10. Then

B
M)z [ Lda (617)
for any [a, 5] C (0,1) and X
/ 22 d) = Sy (u). (6.18)
0

Proof. For K >0 and ¥ € D(0,1) we define

ap(2)k®¥(x) ke % N[0, K]
o () = .
0 otherwise.
Then we sum (6.11) for k € ZH N [0, K] to obtain

1 1
Yo @R+ @)Y+ Y afapk’V de = Y aE'wdr. (6.19)

0 0
ke Nn[0,K] keZNn[0,K] keZNn[o,K]
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Now we observe that by differentiating the constraint (6.3)? we obtain Y ke ajapk? = 1, which
L

can be integrated against ¥’ to show
1
/ Z ajapk*¥ dz = 0.
0 kel

Hence taking K — oo in (6.19), and using monotone convergence theorem together with the
previous relation imply

1 1
/ S (a2k? + a2kO) W dr = / S @k dn, (6.20)
0 kel 0 kel

We now estimate from below both terms on the left-hand side of the above equation. By
the Cauchy-Schwarz inequality

2
< Z aik“l) < < Z a%kz) < Z a%k(i) €3 2x Z azkS.
kel kel kel kel

For the first term in (6.20) we differentiate the constraint (6.3) and use the Cauchy-Schwarz
inequality

!/
2= (2z) = ( Z a%kt2> =2 Z ayapk?

kezH kezH
1/2 1/2 1/2
< 2( Z a%k‘2> ( Z afk‘2> = 2(2:13)1/2< Z afk:2>
kezH kezH ke =X

The above estimates together with the Young’s inequality imply

Z af()k* + ai(x)k® > é Z a2 (x)k*.

N N
ke = ke

Using this in (6.20) gives

where we used notation

B(x):= ) a(x)k". (6.21)

Since B(z) > 0 for = € (0,1] (otherwise (6.3) would be false) and B € L'(0,1), by the Radon-
Nikodym Theorem we have for [a, 5] C (0,1)

B X
(0. 8)) > / dz.

a I

2The differentiation is justified by the fact that Zke’%’ al,(Nar()k? < %Zke’%’ a2(-) + ai(-)k*, where the
right-hand side is in L'(0, 1).
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To prove (6.18), we test (6.11) with ¢ := a; and sum in k to show that

1
/ 3 o +akk4dx—/ S a2 / 22 d.
0

kﬂ'N kT\'N
]

The Euler-Lagrange equation (6.11) consists of a linear homogeneous second order ODE
plus the boundary conditions which are also homogeneous. In particular, they define a; only
up to a multiplication by a constant. To remove this degree of freedom and to replace a linear
second order ODE by a nonlinear first order ODE, we introduce the following quantity (for all
k € T such that ay # 0):

ay,()
= . .22
A simple computation shows that (6.11) and (6.15) translates into
i k? px) = A
py(x) = k(1 — pi(x)) (6.23)

k(1) = p = A({1}),

where the first equality holds in the sense of distributions. Since p) is a measure, we can
consider a particular (left-continuous) representative of py, which is defined for every x € (0, 1]
by

1
() = ([, 1)) - / K2(1 — () da. (6.24)

This is consistent with our previous choice of a left-continuous representative for ay.

In the following we will obtain an upper bound for the Lagrange multiplier A\. As a first
step, we derive some estimates on pij, which in turn will imply the exponential decay of a; and
finally the desired estimate on .

Corollary 6.13. Let u € Ay, be an odd minimizer of Sr, and let k € % be such that aj # 0.
Then
—1 < pp(z) <1, Vzell/k*1].

Proof. 1t is enough to prove the following three claims.
1) pue(E72) < 1,
2) px(xz) > —1 for any = € (0, 1],
3) if pg(xo) < 1, then pg < 1in [xg,1].
Claim 1: We first observe that a is strictly decreasing function in (0, k~2). Indeed, let

[, B] C (0,k72). Then (6.16) and (6.17) imply

B B B dr k2<z-! [P
a;(a)—a;(ﬁH/ akk4dx:/ akk2d)\2/ akk2x > /akk‘*dx. (6.25)

«

Then ax(0) = 0 and ax(z) > 0 in (0, 1] imply

-2 1/ / L/k? / 2 -2 1 (1.—2 -2 -2
ar(k™) = / ay(z)dx > / ap(1/k*)de = k™ %ay,(k™°) = p (k™) ar(k™2),
0 0
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which shows that g (k=2) < 1.

Claim 2: Let us assume py(z) < —1 for some z € (0, 1], i.e. M :={x € (0,1] : pp(z) < -1}
is not empty. Then it follows from (6.24) (in particular the left-continuity of py) and from
k(1) = = A({1}) > 0 that we can find z¢ € (0, 1), the maximal element of M. Using (6.23)
and Lemma 6.12, we see that 11 (x9) < 0, which means that y;; < —1 in some right neighborhood
of xg, a contradiction with the definition of zg.

Claim 3: If z is such that pg(xo) = 1, then (6.23) and Lemma 6.12 imply that ) (zo) <
0, and so pr > 1 in a left neighborhood of xy. This part then follows directly from this
observation. O

Definition of py implies that
an(e1) = ap(wo)e Joo HE (6.26)

and so ay should decay exponentially provided py stays well below 0. Since Sz (u) < oo, (6.18)
provides an upper bound on the Lagrange multiplier A\. More precisely, for every € € (0,1) we

have s
(e, 1)) < %

For large k > 0 we expect that py will stay close to {—1,1} most of the time, since otherwise
by (6.23) A will often need to be “large” to balance the k?(1 — pu3) term. Hence, to show the
exponential decay of ap we need to rule out the case that uj stays close to 1. To make these
ideas rigorous we need some preparation.

First, in the following lemma we will show that if & > m, then ug < p,, as long as pg < 1,
which by Corollary 6.13 holds at least in the interval [1/k2,1]. Then we show that each sy is
bounded from above by a function fi, a solution to fi(z) = k*(1 — f?(z)) — 1/x with the initial
condition fi(z) — oo as x — 0+. It is easy to observe that f; can be obtained from f,, by
rescaling in = by m?/k?, and so we just need to study f;. We will show in Lemma 6.15 that
f1 < 1—6 on anon-trivial interval. Hence, for z > 1/k%, ux < i < fm for any m < k, a,, Z 0,
and so we get that uy stays away from 1 provided we can show that there are “many” non-zero
frequencies a,,. Since we expect that py should stay close to {—1,1} most of the time, the only
possibility is that it stays close to —1, which would imply exponential decay of ay.

Lemma 6.14 (Monotonicity of u’s). Let u € Ay be an odd minimizer of Sp, and {ax}, = be
L

the corresponding Fourier coefficients. Let k,m € %, k > m be such that ar Z 0 and a,, Z 0.
Then

p(r) < p(z), Vo e [1/k%1).

Proof. Subtracting (6.23) for p,, from (6.23) for py gives
(= ) = (K% =m®) (1= i) +m? (g, — 1) ,

and pg(l) — pm(l) = p—p = 0. We see that ur — pm, is a continuous function, and so
M := {z: pp(x) < p(x)} is an open set . We want to show that [1/k?,1) C M. First, by
the previous lemma p? < 1 in [1/k?,1]. Then (1) = ug(l) together with k > m imply
(ke — )’ (1) > 0, in particular some open left neighborhood of 1 belongs to M. Let z be
the smallest point in [0, 1] such that (zg,1) C M. If zg < k=2, the lemma follows immediately.
Let us therefore assume that g € [1/k%,1). Since pg(wo) = pim(wo), k > m, and p2(xo) < 1,
we have that p) (zo) — p1,(z0) > 0. In particular, g, > fi,, in some right neighborhood of z,
which contradicts the definition of zg. O
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Lemma 6.15. Let f : [1,b] — (—1,00) with some b > 1, f(1) < 1, be a left-continuous function
which for any |, 5] C [1,b] satisfies

B
£(8) - fla) < / 1 f2(x) — 1/ad. (6.27)

«

Then f(x) < /1 —1/z for all x € [4,b].

Proof. First we claim that f(z) < /3/4 for some x € [1,2]. Indeed, if this were not true, then
1—f%(z)—1/z < —1/4forx € [1 2] and so we would obtain a contradiction since (6.27) implies
2

f(2) < f(1) +/1 —1/4 =3/4 < /3/4. Hence there exists x1 € [1,2] such that f(z1) < /3/4.

We define M := {:17 eLb]: f(x) <y/1-— 1/:17} We claim that xo € M for some xs < 4,

and that [z9,b] C M. Since f(z1) < /3/4 and 1 — f*(x) — 1/ < 0 as long as = ¢ M, we
see that f(z) < f(z1) for all > 21 such that (x1,2) N M = (). Hence either z € M for some
rp <z <4dor f(4) < \/ﬂ In both cases we proved that x € M for some z1 < z < 4.

To prove that [x9,b] C M, let us assume the contrary. Then there exists a maximal z3 €
[1,b) such that [ra,x3] C M (f is lower semicontinuous, and so such z3 exists), and also
[x3, 234+ €]/N M = ) for some € > 0, and f(x3) = /1 — 1/x3 Since for = € (3,23 + €) we have
1—1/x — f?(x) <0, for any x4 € (x3,23 + €) (6.27) implies:

T4

f(z4) < f(x3) +/ 1—1/z — f2(z)dz < f(x3) = V1 —1/x3 < \/1—1/z4. (6.28)

3

i.e. x4 € M — a contradiction. O

Corollary 6.16. Let | > 4. Then there exists A = A(l), 0 < A < 1/2 such that for any k > 0,
ar Z 0 we have
pr(r) <1—A, ze[4/k? min(l/k%,1)]. (6.29)

Proof. If k < 2, (6.29) is trivially satisfied. If k > 2, let f(x) := ux(x/k?), and observe that such
f satisfies all the assumption of Lemma 6.15. Indeed, f(1) = ux(k=2) < 1 by Corollary 6.13, uy
is left-continuous, and (6.24) together with (6.17) imply (6.27). To conclude apply the previous
lemma to get f(z) < /1—-1/z<\/1-1/l=1-Aforze[4lJand A=1—/1-1/I. O

In what follows we will show an upper bound for the bendmg part of the energy. More

precisely, the following lemma will be used to prove that ][ Z ak p)k*dz <
ke =

1 for any

~

Ty € (0, 1]:

Lemma 6.17 (Estimate on the average bending). Let u € Ap be an odd minimizer of Sr.
Then there exists a universal constant C; < oo such that for any zo € (0, 1]

o B
/ B(z)dz < (go)xo + Chzo,
0

where B(x) = Zke%\] a2 (x)k?.

Proof. We prove the lemma by constructing a competitor for u. More precisely, we take u and
in the interval [0, 2] we replace its coefficients aj by linear functions.



Given z € (0, 1], we define

Before comparing the energy of the new deformation a; with the energy of aj, we observe that
the deformation aj does not satisfy the constraint (6.3). Indeed, for x € (0, )

~ 2,2 _ 2 2 —2;2 (63) a?
Z a(x)*k* = Z ax(z0)?z? 2y %k 220— < 2z. (6.30)

x
kel kel 0
To compensate this loss we use Lemma 6.7 with a = 0 and b = zg to obtain b such that
Z b2 (x)k* =2z, = €[0,0),
kezH

and

/ > b+ bRk da < Chao,

kezl

where C} is some universal constant. Now we combine dy, and by, by setting c2 () := a3 (z)+b2 ()

to obtain a deformation ¢, which satisfies

7 Gk > 2, w01,

N
kel

Lm 6.3
/ Z R+ cktdr / Z a2 4 azk? dz + Chao. (6.31)

kﬂ'N kﬂ'N

Since u is a minimizer and }, i c2(x)k* > 2z, Lemma 6.8 and (6.31) imply

/ > ap +akk4dx</ > +ckk4dx < / > ap +apktdz + Chag.  (6.32)

kT\'N kﬂ'N kT\'N

To conclude, we observe the following relations:

/ > ap +akk4d$—/ > af +ajktds,

ke 7rN ke TrN
i) B
/ > at@)ktdr =} ai(xo)kA/ (x/20)? dw = (;0)9607
ke kel 0
/ Z~/2dx——2ak$o / Za
kezH o ke =X kel
and so (6.32) implies
o
/0 x)dx = / kZT:N a2ktdr < = 3 kZT:N a2 (xo)kt + Crxo = EB(azo) + Cixp.
67

L
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Corollary 6.18. Let u € Ap, be an odd minimizer of Sy. There exists a universal constant
Cy < oo such that

o
/ B(x)dx < Coxo, xo € (0,1].
0

Proof. Define Cy := max (6C1,2max;>1 0;) < oo, where o; = inf §; (see (2.3)). We prove that
) 1

if there exists xg such that / B(z)dz > Csxg, then also / B(z)dz > C5. This would in
0 0

1
turn give a contradiction since / B(z)dzx < op, < Ch.
0

zo

So let us assume that / B(x)dz > Cyzq for some xg € (0,1]. Then Lemma 6.17 implies

that for any 1 € [xo, min(2xg, 1)] we have

B(z1) 2B(z1 2
C <
g “1temns 3

o T
Cozg < / B(z)dx < / B(z)dx <
0 0

and so B(x1) > Cy for any z; € [z, min(2x0, 1)]. Therefore

x1 xo
/ B(z)dz > / B(z)dx + (x1 — 29)Co > Cox;.
0 0

zo

We proved that if / B(x)dz > Csxg, then this is also true if we replace z¢ by any x; €

[0, min(2zp, 1)]. Therefore it is also true for any x; € [zo, 1], in particular for x; = 1, which
gives us a contradiction. O

6.3 Gap estimate

In Corollary 6.9 we showed that each frequency ay, is either identically zero or is strictly positive
n (0,1], but so far we do not know which coefficients aj do not vanish. In this part we will
estimate how large a gap between two non-vanishing frequencies can be.

Lemma 6.19. Let u € Ap be an odd minimizer of Sp, and {ay}, .= be the corresponding
L
Fourier coefficients. Then for k € %, k< (1/2)Y4:

akEO.

Proof. First we claim that for any k € %
1 1
/ a?(z)dz < 4/ a2 (x)k* dx. (6.33)
0 0
Indeed, if (6.33) were not true, then replacing aj and agy by @y := 0 and agy, := ,/a%k + ai/él will

decrease the energy while the constraint (6.3) will not change. Truly, we have a:k?+ a3, (2k)* =
0+ (a3, + a2 /4)(2k)? = a3k? + a2, (2k)? and by Lemma 6.3 the energy decreases:

Yo o4 n 2 g Lm 63 (ta 214 12 2 4
ag +agk” + ag, +ay(2k)° < T Aakk™ + agp + aj,(2k)" dw
0 0
1
< / af + aik + d + a3 (2k)* du,
0
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where the last inequality holds provided (6.33) is false.
Since ax(0) = 0, by Holder’s inequality

/Olai(w) dz = /01 (/Ox ay (') dx’>2 < </ledx> (/Ola;f(a;) dx> ((23) 2k4/01a§(x) da.

1
To conclude it is enough to observe that using the previous relation, 2k* < 1 implies / a2 (x)de =
0
0. O

Proposition 6.20. There exists a universal constant Cyqp such that if ax # 0, agrx #Z 0, and
ap, =0 fork € %,K <k <GK, then G < Cyqp.

Proof. Let 0 < € < Co/2 and 6 > 0 be fixed such that 2¢ + 45 < 2 — /3. For the contrary we
assume that

G > Cyap = max{4\/20¢1, V2461071, (6.34)
We set o0 .
X =2 ,
< GK? (6.35)

and observe that by Lemma 6.19 K > (1/2)%/* > 1/2, and so (6.34) implies X < 1/4.
By Corollary 6.18

2X 2X
Cy-2X > / B(z)dz > / Z a2 (x)k* da
b'e X

keN k>GK
2X
> (GK)z/ Z az(x)k*dr > (GK)*X H)l(llzlx Z az(z)k?,
X pem k>GK relx ]ke%N,szK
so that by definition of X,
2C
. 2 2 2
ke < =eX.
velX,2] NZ R < GRE =€
ke™ k>GK

Hence, there exists 7 € [X/2, X] such that Y, xv 1oy 02(22)k? < eX < 2¢z. It follows from
L v
the constraint (6.3) that Zke%N a2(27)k* = 47, and so a, = 0 for k € %, K < k < GK implies

> ai2)k® > 222 —e). (6.36)
ke k<K
Moreover, relation (6.3) implies
> ai(@)k® <2z, > ai(37)k* < 6. (6.37)
ke k<K ke™N k<K

We claim that there exists kg € %, ko < K such that

ag, (T) + ak, (37) < (2 — 9)ak, (27). (6.38)
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Indeed, if this were not true, we would have the opposite inequality for all k € %, k< K, and
taking square of such relations, multiplying each by k2, and summing them up would give

> @K+ ap(3T)K + 2ap(D)ar (32K > (2-6)> > ap(20)k”.
ke k<K ke k<K

Using Young’s inequality we observe that 2ay(%)ax(3%)k* < v/3a2(z)k? + a2 (3%)k?//3, and so
together with (6.36) and (6.37) we would get

2% + 67 + 2V/37 + 62 /V3 > (2 — 6)22%(2 — ¢).

After dividing both sides by 2%, we would get 4 + 2v/3 > (4 — 49)(2 — €) > 8 — 4e — 8§, which
simplifies to 2e + 46 > 2 — /3, a contradiction with the choice of € and ¢.
Next we claim that azo is non-increasing in the interval [0,4z]. To prove it, we observe that
for 0 < z <4z
-1 _ 1 e

6.34
R OREE PaN( S

S K2 — k2 S g2 s g2
2Cy 8Cy € N - 0 0

i.e. [0,42] C [0,ky?]. Then as in (6.25) we get for any (a, 8) C [0, 47]

aﬁm(a) - aﬁm(ﬁ) > 0.
By (6.25) we obtain

3z 3z kg >0 3z
ary kg da — / arkgdN > — / ke () k3 d. (6.39)

xT

01 (32) — af, (@) = [
Using monotonicity of aj in [0,47] we can estimate the left-hand side of (6.39)

Ak, () + kg (3z) — 2ay, (27) (628) _5ak0 (27)

!/ 3— ) 7) <
oh (37) — df (7) < ’ .

(6.40)

Next, we observe that
ag, () < 2ak,(27), x € [z,37]. (6.41)
Indeed, azo being non-increasing in (0,4z) implies that ay, is concave in (0,4%), and so ay,(z) >

2ay,(2z) for some x € [z,3z] would imply either ax,(0) < 0 or ag,(4Z) < 0 — a contradiction.
We combine (6.39) with (6.40) and use (6.41) to get

o

Mm%wmz%%

(6.42)

To obtain the upper bound on A\([Z,3%)), we use (6.24) to show
3z
1k (3%) — pak () = / (GE)*(L — pgc (x)) da — A([z, 37)).

T

Since T > X/2 = (Cy/€)(GK)~2% > 2(GK)~2, by Corollary 6.13 the left-hand side of the above
relation is bounded by 2 and ‘1 — /ﬂGK(x)! <1 for x > z. Hence

M[z,3%)) < 2+ (GK)?2z < 32(GK)?,
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where the last inequality follows from z > 2(GK)~2. The previous estimate together with (6.42)

yields
)
— < 3%(GK)%.
27k — (CGK)
Since kg < K and 7 < X = 205 (GK)~2, a simple algebraic manipulation implies bound on
G:

2

2
G” < gaps

de
a contradiction with (6.34). O

In Proposition 6.20 we showed that the “gap” G between two non-zero frequencies ax # 0,
agk # can not be large. For this to be useful it remains to show that the smallest non-zero
frequency k € % for which ag #Z 0 is not very large:

Lemma 6.21. Let u € Ay be an odd minimizer of S, and {CLk}keLN be the corresponding
L
Fourier coefficients. Then

N
min{k € % tap #Z 0} < \Jor <2/07.

Proof. Let K := min{k € % :ap # 0}, and the first inequality follows

1 1 1
oL 2/ Z ai(m)k‘ldszz/ Z ai(az)k2dx:K2/ 2z dr = K2
0 0

kezH kel 0
The second inequality is (3.9). O

It follows from (6.17) that A([zo,2x0))dz 2 1. To show the exponential decay of a; we
require a similar upper bound on the Lagrange multiplier A:

Lemma 6.22 (Upper bound on A on dyadic intervals). There exists a universal constant Cs
such that for any xo € (0,1/2] we have

/\([l‘o, 2:170)) dz < Cg.

Proof. By Proposition 6.20 and Lemma 6.21 we can find universal constant C < oo such that
for every x¢ € (0,1/2] there exists k such that aj 2 0 and 1/k? < 29 < C/k?. Since g > 1/k?,
by Corollary 6.13 we know that py(x) € (—1,1) for € [zg,2z¢]. Then (6.23) implies

2z _
M[zo,2x0)) dz < / E2(1— pi(x))de +2 < K20 +2 < C +2.

o

U
As an immediate corollary we obtain
Corollary 6.23. For any xo € (0,1) we have
A([zo,1)) < C3(]1logy 0| + 1). (6.43)

The following lemma implies the exponential decay of ay:
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Lemma 6.24. There exists a universal constant Cy such that for any 0 < A < 1/2 and any
frequency k € %,ak % 0 we have

In(k) +1
Proof. We claim that for [ := max(4C2, 401)
O01cM:= |J [#2 17 (6.44)
ke ap#0
Indeed, first we see that
Lm 6.21
maxM = min k2 > 1/(4oy) > 1.
ke a0

Now let us assume that o := inf {x € [0,1] : (z,max M] C M} > 0. Then there exists a fre-
quency ki € %,akl % 0 such that o = 4k1_2 and let ko := min{k € % ik > ki,ar # 0}. By
Proposition 6.20 we know that ky < Cyqpk1, and so
2
L ACgap >4 _
KTk TR

where we used that [ > 403@- Since 4ky % < a and [4ky 2, lky %] U [o, max M| = [4k; %, max M] C
M, we obtain a contradiction. Thus a = 0 and (6.44) follows.

Let k € %,ak # 0. By (6.44), for any zq € [4k=2,1] we can find ko € %,ako #0,ko < k
such that o € [4ky?,1ky?]. By Corollary 6.16 there exists A > 0 (value of which depends on
I) such that p(z) <1 — A for any k € %,ak # 0 and = € [4k72,1k72]. Then, Lemma 6.14
implies that pz(zo) < pug, (o) <1 —A.

Let us first consider the case 0 < A < A. Then we have {z € [4k=2,1] : pug(z) > —1+A} =
{z € [4k72,1] : p2(x) < (1 - A)?}, and so

B [{o € 4E 21 o) = 14+ A} (1= (1= 8)) < [ R () de < ME, 1)+,
4

= s

(6.45)
where the last inequality follows from (6.24) and Corollary 6.13, which we used to estimate |ug|
by 1. Then it follows from Corollary 6.23 that A([4k=2,1)) < Ink + 1, thus (6.45) implies

{z €10,1] : () > —1+ A} <4k + [{z € [4k72,1] : pg(z) > -1+ A}| < 15—2 (Ink+1).
_ ) (6.46)
In the case 1/2 > A > A we use (6.46) with A = A to show

{z €[0,1): pg(z) > -1+ A} < [{z € [0,1] : pz(z) > -1+ A}

©46) ¢, . -

where Cy = Cy/(2A). O
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6.4 Regularity estimates — proof of Theorem 2

We proved above that up stays close to —1 “most of the time,” which means that ap expo-
nentially decay “most of the time.” We will now use this fact to obtain estimates for higher
derivatives of u. The proof is divided into seven steps.

Step 1: In the following we use decay of a; to obtain estimates for the L? norms of the
y-derivatives of u of any order:

Lemma 6.25. For any N € N there exists constant Cy > 0 such that for any x1 € (0,1]:

L /gN+1y, 2 _
][ <8yN+1 (ﬂj‘l,y)> dy = Z a%(ﬂfl)k‘2+2N < CN$11_N(| 1H$1|N + 1) (647)
—L

N
ke =

Proof. Let z1 € (0,1] be fixed, a > 0 be large enough so that f(t) := t*" exp(—2at) < 1 for
t > 1, and k > 1 is chosen so that 2(3Cy + a)h‘—:j—l + 5 =
We split (6.47) into two pieces

Zai(ml)k%%’: Z a2 (zy) k>N 4 Z a2 (xy) k22N (6.48)

N N N
ke kel= k>r ke = k<kr

We start by estimating the first sum on the right-hand side. Let x¢ := 1/k? < x1. Then by
Corollary 6.13 ug(z) < 1 for x € (xg,x1) and any k € %, k > k. Therefore,

[ m@a= [ m@ar [ e

0
zo<x<x] zo<x<xT]

pg(z)<—1/2 —1/2<p (x)<1
< —1/2|{z € (zg,z1) : pr(z) < =1/2} + {z € (o, 21) : —1/2 < pp(x) < 1}
To— T
=20 "L 132 {x € (w0, 21) : —1/2 < pp(x) < 1}]
Lm<6~24 To — T1 n 3Cy(Ink +1) < To— n 3Cy(Ink+1) _ _aln/i—i- 1 S

- 2 k2 - 2 K2 K2 ’

where we used that the function ¢ — ¢=2(Int + 1) is decreasing for ¢+ > 1. Pluging the previous

1

inequality into a2 (x1) = aj (o) exp <2k‘2/ wr(z) dx) (see (6.26)) gives

0

k 2N (6.3)
Z a2 (x)k> TN < Z a2 (zo)k? <E> exp(—2a/<;2/£_2)/£2N < 2wor = 252N,

keI k>k keN k>k

<1 since k/k>1
(6.49)
To estimate the second sum on the right-hand side of (6.48) we just use (6.3) to get

Z ai(zy)k*2N < Z a2 (x1)k? 2N = 21520, (6.50)

keN k<w kezH

To finish, we observe that for 5 large enough (depending on «, which depends on N) kg :=
ﬁ$1_1/2(|1n:171| + 1)1/2 satisfies 2(3Cy + oz)hl—’fff—l + ;lg < w1, which implies k¥ < kg. By plug-
0 0

ging (6.49) and (6.50) into (6.48) and using x < Bml_l/2(\ Inz;| + 1)'/2 we obtain
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Z a2 (z1)k*2N < o RV 425200 < gy (8227 (| In | + 1)) +2 (8227 (| Inzy | + 1)) -

kel
<2t N(|Inay | + DN,
U

Step 2: Next we show that A restricted to the interval (0,1) is a locally integrable function,
i.e. after a slight abuse of notation we have:

Lemma 6.26. There exists a function N(x) € L}, ((0,1]) such that for any [a,8) C (0,1)

= /j Az) dx

Proof. First we observe that by Lemma 6.19 a, = 0 for k < (1/2)%/%, and so
S @@kt = 1/22 Y 2@k Ve,
kezH ke
Using (6.20) and the previous relation we get
/ > (aE + ajk®) ¥ da —/ > apktwdA >/ U d\ (6.51)
ke TrLN ke 7rN 0

for any non-negative test function ¥ € D(0,1). Since by Lemma 6.13 |uy(z)| < 1 for x > k=2,
we have |a),(z)|?k? < aj(z)kS if x > k2. Thus

Z aP (x)k? +ai(x)k® < 271 Z a (z)+2 Z a%(:z:)k:6 z! Z )+ C(|Inx|+1).
kel ke 2N ke ke

Hence, for any non-negative test function ¢ € D(0, 1), the choice of ¥(z) := ¢(x)/x in (6.51)
and the previous relation imply

1 1
/ gpd/\,S/ [m(f) + anHl} o(x)dz,
0 0 X X

where m = Zke’%“ a?k? € L*(0,1). This concludes the proof of the lemma. O

Step 3: Since A is a (locally integrable) function, we use (6.11) to show that af is (locally)
L', which in turn allows us to test (6.11) with aj, to obtain the following:

Lemma 6.27. We have

L
][ u?x(:nl,y) dy = Z a?(x1) < |Inawg] + 1. (6.52)

_L N
ke

Proof. Since the Lagrange multiplier A is a locally integrable function, the Euler-Lagrange
equation (6.11) implies

—al(z) = ap(x)k* — ap(2)kE*X\(z) € L.((0,1]). (6.53)
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o0

As a consequence, we obtain that a) € LS,

tion:

((0,1]), which then justifies the following computa-

%( ) aﬁ?(z)—ai(z)k‘*) = Y d(@)a (@) - d(@ar(@)k = Ma) 3 dh(@)ar (@) = A(z),

kezH kezH kezH
(6.54)
1
where the last inequality is obtained by differentiating (6.3). Since / < Z af + a%k‘l) dr =
0 kezh
or, S 1, we can find 29 € (1/2,1) such that Z a2 (xo)k* — af(xo) < 1. Integrating (6.54) from

N
. . ke
o to x1 then implies

!/
1
Z a2 (z))k* — a2(z1)] < / < Z a(z) —a%(x)k‘l) dz| + Z a2 (zo)k* — a?(x)
ke “0 N\ ezt ke =X
T 1
<9 / Ma)dz| +C <2 / MNz)dz|+ . (6.55)
ly) xr1
1
By Corollary 6.23 / Az)dz| < [Inzq|+1, thus (6.55) together with Lemma 6.25 imply (6.52).
1 O
Step 4: For any z; € (0,1]
L
F ot pdy= 3 aBk Sal(af + 1) (6.56)
-k kel
L
][ u?xyy(:nl,y) dy = Z af (x)k* < ZE1_2(| Inz >+ 1). (6.57)
L kel
We start with the proof of (6.56). For k := a;l_l/z we write
Z a (x)k* = Z a (z1)k* + Z a (z1)k?. (6.58)

kezh ke k>k ke k<k
Since by Corollary 6.13 p2(z) < 1 for z > 1/k? and a} (z) = pg(z)a(z)k?, the first sum on the
right-hand side can be estimated by

” 2 2 ¢ 8B 2
Yo @) < Y a0 a (lnm P +1).
ke™ k>r ke™ k>r with N=2

From (6.52) we know Zkellll\]7k§n a(z1)k? < K zkeLLN a(zy) =z zkeLLN a(zy) S o7t (| Ina |+
1). Combining these two estimates with (6.58) gives (6.56).

The proof of (6.57) is based on the same ideas as the proof of (6.56) — we split (6.57) into
two sums to get:

Zag(azl)k‘l: Z ag(azl)k‘l—k Z af(ml)k4§ Z ai(ml)k8+/€42af(azl)

kel ke k>k ke k<k keN k>k kezH
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Sari(nag P+ 1) + 272 (| Ina | + 1).
Step 5: We claim that
Mz) Sz l'(nz]P+1) forae z € (0,1). (6.59)

First we recall (6.20), which states that for any ¥ € D((0,1)), ¥ > 0:

1 1
/ Ao) | 3 ant | v = / S @)k + 2@k | W (z) da. (6.60)
0 7N 0 7N
k)ET kJET
By Lemma 6.25 and (6.56), the argument in the parenthesis on the right-hand side of the
previous relation is bounded by a multiple of 27 1(|Inx|? + 1), and (6.59) follows from the
following lower bound on )| ke a2 (x)k*:

2 gauchyf
chwarz
(22)* = | Y ap(a)k? < >oai@) || D ar@k!
kezH kezH kezH
ay(0)=0 ’ oW ! ? 2 4 Holder’s v 1201 ! 2
= Z / ap(x") dz Zak(w)k < oz / Zak(ac)dw . Zak
kem 0 ke O ke ke
(6:52) v / ’ 2 4
< :E</ |ln3:|—|—1d:13> Zak(az)k‘
0 kel
= 2?(|lnz| +2) Z a2 (x)k?
ke™H
Step 6: For (a.e.) z € (0,1)
L
ey = ¥ @@ Sa(mal + 1. (6.61)
- ke

Since A(z) > 0 a.e. in (0,1), the Euler-Lagrange equation af(z) = ag(z)k* —\(z)ay(z)k? implies

that a.e. in (0, 1):
Z a?(z) < Z ai(z)k® + \(z)? Z a2 (x)k*.

N N N

Then (6.61) follows from Lemma 6.25 (applied with N =1 and N = 2) and (6.59).

We showed that (6.61) holds for a.e. x € (0,1), which is sufficient for the proof of the upper
bound (see Section 4). For completeness let us sketch the idea how to extend it to all z € (0,1).
To obtain that it is enough to show that the Lagrange multiplier A is a continuous function
on (0,1). For that we can use the results from this step (i.e. (6.61) for a.e. € (0,1)) and
the previous steps to show that Zke%\] az(x)k® + a (z)k?/ Zke%\] a2 (x)k* has a derivative in
L2 ((0,1]), which implies that also X € L ((0,1]), in particular it is continuous in (0, 1].

loc loc
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Step 7: We claim that
L
][ u?(z,y)dy = Z a2(z) < 2?(|lnx|+1). (6.62)
~L

We use a;(0) = 0 to write
z 2 Holder z
> at@) =Y ( | ai) dx’) ey ( > b >> da’
ke ket 0 ‘ ket

(6.52) T
< :E/ (|Ina'| +1)de’ = 2%(|Inz| + 2).
0

7 Proof of Lemma 5.1

In this section we prove Lemma 5.1, which we used in the proof of the lower bound (see
Section 5):

Lemma 5.1. For any L > 1 there exists 1, > 0 such that
ucAy, 1 _L

o1 = min Sp(u) < min <5L(v) nyy /1 <][L V2 (z,y)/2dy — T(m)>2 d:z:) Yo, (54)

where we minimize over all v : [—1,1] x [-L, L] — R which are 2L-periodic in the y-variable,
and Y (x) = xx[0,1](7) (see (5.3)). Moreover,

0, = 0 as L — oo. (5.5)
Proof. Lemma 6.8 says that
min Sr(u) = min St (u). (7.1)
Zkeﬂ%\] ai(x)k2:2:c EkELLZ a%(m)k222x
Hence, to prove (5.4), given v : [—1,1] x [-L, L] — R, a 2L-periodic function in y, it is enough
to construct a function w : [0,1] x [-L, L] — R, which is 2L-periodic in y, and satisfies
L

bb

][ J(y)dy > 2z, x € (0,1],

=0, (7.2)

b‘

together with

1 L 2
st < s+ 22 [ (f ea/2ay 1) doon. (7.3
where T (2) = xx[o,1)(«) was defined in (5.3). If S (v)+L? f_ll (f_LL 02 (x,y)/2dy — T(a:))2 dz >

401, (7.3) immediately follows (observe that by Lemma 3.1 o1, < 407). Therefore we can assume

that
2

/_11 <][_LL 0% (z,y)/2dy — T(a:)) dz < 40, L2 (7.4)
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Let 0 <n < 7% and

pol) =~ <$ -~ 277) ,

Ui Ui

where ¢ € C*°(R) is a standard smoothing kernel with compact support in (—1,1), which is
1

even, 0 < p <1, and / @ = 1. Since v is 2L-periodic in y, we can use Fourier series to write
-1

v(z,y) = Z ay(x) sin(rky) + Z ax(x) cos(mky).

keTE k>0 keZZ k<0

For k € % and x € [0, 1] we define

br(x) = \/(a% =+ a2_k) * o (),

where * stands for the convolution. We observe that since n < 1/3 and ay, is defined in [—1,1],
by, is well-defined. Moreover, by following the proof of Lemma 6.3 we observe that

/ > () +b2k4dx</ > a(z) + apkt dw = Sy (v). (7.5)

kel ke"—z

For the construction to satisfy (7.2) we would need Y, . b2(0)k* = 0, but it can be only
L

shown that Zke%\! b2 (0)k? is small (see (7.6) below). Because of that we will change by, in few

steps. By repeating the proof of Lemma 6.19 we obtain that for any k € %

1 1
/0 b2 dr < 4 /0 b2kt di, (7.6)

or otherwise we can replace by and decrease the energy. Since suppy, C (1,3n), we get for
z € [0,n):

Z b2 (z)k* = Z (ai * o) (z / Z az (2 )k op(z — o) da’

kezH ke ZE ke’“Z
Hlder 0 2 1/2 1 1/2
< (/ < Z az(az)kQ) dx) (/ gp%(a:) dx) <SL7WY2 (1)
-1 -1
keTZ

where the last inequality follows from ][ (z,y)dy = Z a2(x)k? and (7.4). For k € %, k<
ke ZE
1/2, by £ 0, we have

Hélder’s 1 1/2 (7.6 1 1/2 p<1/2
max by — min by < / || dz < </ b2 dx) < 2k? </ b2 dx) < max by/2,
z€[0,1] z€[0,1] 0 0 z€[0,1]
which implies max, ¢ 1) bk (7) < 2minge(g 1) b (x). Therefore, for any z € [0, 1]:

20 1.2 22 2 o1 n 12,
Yo @k <2 > B(OE < LT (7.8)

ke k<1/2 ke k<1/2
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For k € =N k < 1/2 we define ¢x(z) := 0, for k € TN 1/2 < k < =1/2
L L

- n
(@) { bz) el
and for k € %,k‘ > 77_1/2
0 x€1[0,n— k2
k() =4 K (x—n+kDb(n) ze€n—k 2

To estimate the energy of ¢, we start with k € =,k € (1/2,n7/2):
1 1 1
/ A+ cpktdr = (nt 4+ k'n/3) bi(n) + / bE + bik* dx < 507t E*bE(n) + / bZ + brkt du,
0 n 0

where in the last inequality we used that k € (1/2,7~%/2), and so n~! < 4n~'k? and k*n/3 <
n k2 If k€ %,kz >0 12 we get

1 1 1
4 4
/ ok + cik’ dz = SHE(m)k’ +/ b + bk do < SBL(mE® + / b + bpk? da.
0 n 0

We use two previous inequalities to obtain

1 1
/ Z &+ caktdr < (577_1 + %) Z b2 (n)k? +/ Z V2 + bikt dx
0 0

ke kezH kezH
(7.7)

7.7 1
< CL7'nT3? 4 / > b+ bkt da. (7.9)
0

N
ke =X

Next we want to compare ), - z c2(x)k?* with 2z. For z € [0, 1], we define the auxiliary function

1
v(w) = [ 2o —a)de’ = 2T = 0,) o)

and set

r(z): =2z — Z 2 (x)k?. (7.10)

ket
It follows from the definition of ¢, that for = € [n, 1]:

r@)=22— > @k =2-Y @+ > )k

kel k>1/2 kel k€N k<1/2
= (22 —(x)) - (( Y an()’k — 2T(')> *9077) @+ D, bk (7.11)
kel kel k<1/2
Then (7.4) implies

i/_l ( Z ap(z)k® — 2T(w))2dx = /1 (fL 0% (z,y)/2dy — T(x)>2 dz < 401 L2,

1 7 -1 —L
ke
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and so

‘(( > ()R~ 2T(')> * 9077) (@) < || Y ak()F* —27() lenllze S L7 lenllpe -
kezk kezZ L2(=1,1)
Hence, it follows from (7.11) that for every x € [n, 1]:
(7.8)
(@) = Qe = @) S L7 egllpe + L7072 S L7712 (7.12)

It follows from the definition of r (see (7.10)) that r(z) < 2z for all z € [0,1]. We also

observe that ¢ (z) = 2z — 4n for x € [3n,1], and so 2z — ¢(x) = 4n for = € [3n,1]. Since

n < 7% < (1/3)% implies 7*/3 > 3n, it follows from (7.12) that r(z) < 4n+ CL~'n~'/2 for
€ [n*/3,1]. To summarize, we have

2x x € [0,7%/3]
< - .
r(@) < { dn+ CL'n~1/? z € [n?31]. (7.13)

Now we would like to define dj(z) such that ZkELLN d2(z)k? > r(x), EkELLN d2(0)k?* = 0, and

such that its energy / Z dP? (x) + dy(z)?k* dz is small. To do that we first use Lemma 6.7
kezh
with b = ?/3 to obtain u (Wlth coefficients ey) such that Zke%N e2(x)k? = 2z for z € [0,7%/3)
and fol Zke%\! e + ekt <l
Since 7 < 7% and L > 1, we have that n~ /¢ > 7 /L. Therefore we can find kg € %, n1/6 <
ko < 277_1/6 and define

AT —1,—1/2
z VA4An+CL 'y = [07772/3]

fko(x) = e = ko
An+CL—1n—1/2
% z € [n?/3,1].

We set fi, =0 for all k € "Xk # ko. Then
/ 24 fR ke S (dn+ CL™ iy~ 213

and for x € [n*/3,1]
Fio(@)kg = 4n + CL™ 12 > r(x).

Therefore, by using Lemma 6.3 to combine e, and f; we obtain dy(z) = \/ei(z)+ fi(x)
such that 37,z B (x)k? > r(z), > ke d2(0)k? = 0, and / > dR(z) + di(x)?ktdz <
kezH

_1/3 <477 +CL™! _1/2). Finally, we use Lemma 6.3 again to combine ¢; and dj into g, =

,/ci + d% so that

Z 9/%(513)]‘72 = Z C%(‘/E)k‘j +d2 k2 = Z Ck k‘2 +r(x) (7.10) 2z
kEW_LN kEW_LN kel= L

and
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(7.

9)
/ > g @) +ge(@)kt de < O (L7072 P 4 L7704 / 37 0P () +bi(2) %k do

ke =X kezH

(7.5)
< <L‘117_3/2 +772/3+L—177—5/6> + Sr(v).

To conclude we observe that Y, v g7(0)k* = 0 and that by choosing 7 := min(L /2 776/2)
L
we get that L=1n=3/2 4+ 0?/3 £ L=1y=5/6 5 0 as L — . O
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