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1. INTRODUCTION

In differential geometry, the relation between the geometry and the analysis of a given
Riemannian manifold is one of the central topics. It is well-known that the Hopf maximum
principle is a fundamental tool for studying compact manifolds. When M is noncompact,
geometry and analysis on it becomes more complicated. Concretely, for the maximum principle,
the difficulty arises that a, say harmonic, function need no longer attain its maximum on M. In
1967, Omori [31] proved the following generalized maximum principle to handle this problem:

Let M be a noncompact complete manifold with the sectional curvature bounded below by
some constant:

Ky > —K.
If u € C*(M) is bounded from above, then for any e > 0, there is a point x. € M such that
(1.1) |Vu|(ze) < g, Hess(u)(z:) < €.

Restricting the sectional curvature, however, is too strong an assumption. In 1975, Yau [44]
and Cheng—Yau [13] obtained a generalized maximum principle when only the Ricci curvature
of M is bounded below by some constant:

Let M be a noncompact complete manifold with

Ricpy > — K

for some constant K > 0. If u € C*(M) is bounded from above, then for any e > 0, there is a
point x. € M such that

(1.2) u(ze) >supu—e, |Vul(z:) <e, Au(z.) <e.

We call the above conclusion (1.2) the Omori—Yau maximum principle.
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(No0.11301399), and SRFDPHE (No0.20120141120058) of China. The authors thank the Max Planck Institute
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This result provides a powerful and fundamental tool for the geometry and analysis on
noncompact Riemannian manifolds whose Ricci curvature is bounded below by a constant,
and has led to many applications in the study of such manifolds.

Therefore, it is not surprising that a lot of subsequent research activity was devoted to
generalize the Omori—Yau maximum principles to include cases where the Ricci curvature is
not bounded from below by a constant, but may decay at a certain rate. This started with [12]
(1992), where it was proved that: If the Ricci curvature satisfies:

Ricyr > —K (1 +r2log?(r +2)), r>>1,

then for any function u € C%(M) bounded from above, the Omori-Yau holds.

Since then, many extensions and/or appliciations have been obtained, see the references (not
exhaustive): [1, 2, 3], [?], [23], [25], [27], [32, 33], [34, 35], [38], [45], etc.

Huang [23] and Ratto-Rigoli-Setti [35] extended this result to integral lower bounds for
Ricyr: Omori-Yau holds for u € C?(M) with supu < 400 if Ricy > —KG(r) for a function
G(r) satisfying

+0c0 1

o VG
In another direction, the Omori—Yau maximum principle is related to the stochastic com-
pleteness of manifolds (c.f. [32], [21] etc.). Lima-Pessoa obtained the following result (Theorem
4 in [27]):
Assume that there exists a nonnegative function v satisfying

h1) y(x) = +o00, as x — oo;

h2) 3A > 0 such that V| < A/G()([) \/% + 1) off a compact set;

h3) AB > 0 such that Ay < By/G(y)( [, \/Cés(—) + 1) off a compact set;

where G : [0, +00) — [0,+00) is a smooth function satisfying

()G >0, G >0, (i) +o0.

too 1
o VG
Then for u € C%(M) with zll)rgo % =0, where ¢(t) = log(fot \/Céf(—s) +1), Omori-Yau holds.

The significance of the results of Omori, Yau et al. is that they indicate useful links between
the geometric structures (such as curvature and volume growth) and the analytic properties
of complete manifolds. From the viewpoint of differential geometry, it is therefore natural and
interesting to find other geometric structures for which the Omori—Yau maximum principle
holds.

In particular, a natural question is whether the Bakry—Emery Ricci tensor which has been
extensively studied in recent years (see e.g. [29], [26], [41]), also admits such a maximum
principle. The Bakry—FEmery Ricci tensor is defined as the following tensor:

(HGO0)=1, G >0; (ii) +00.

1
(1.3) Ricy := Ric — ing’

where Ly stands for the Lie derivative with respect to some differentiable vector field V' on
(M, g). We shall now briefly explain its geometric significance.

The first instance concerns Ricci solitons. We recall that a Riemannian manifold (M, g)
satisfying Ricy = pg for some constant p is called a Ricci soliton (see e.g. [5]). When V =V f,
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the Ricci soliton is called a gradient steady (shrinking, expanding resp.) soliton if the constant
p is zero (positive, negative resp.).
We also recall that M™ is called a self-shrinker in the Euclidean space R™T™ if it satisfies

1
H=-—-XxV
2

Here H is the mean curvature vector of M in R™*" X% is the normal part of X. Colding-
Minicozzi [16] introduced the drift Laplacian operator £

1 _1xi?

(1.4) Loi=A— L (@,V() = 2 divie v ()

for self-shrinkers M™ in R™*".

By computations given below (see (2.11) and (3.5)), we will see that the self-shrinkers satisfy
the Bakry-Emery Ricci conditions, that is, the corresponding tensors Ricy enjoy certain lower
bounds.

On the other hand, the notion of V-harmonic maps was introduced in [10]: Let (M, g)
and (X, h) be Riemannian manifolds. Given a smooth vector field V' on M, we call a map
u: M — X a V-harmonic map if u satisfies

(1.5) Tv(u) :==7(u) + du(V) =0,

where 7(u) = trDdu is the tension field of the map w. This is a generalization of the usual
harmonic map that includes the Hermitian harmonic maps, the Weyl harmonic maps from
a Weyl manifold into a Riemannian manifold, the affine harmonic maps mapping from an
affine manifold into a Riemannian manifold, and harmonic maps from a Finsler manifold into a
Riemannian manifold, see [10] for details and references. From the Bochner formula (c.f. [9]),
V-harmonic maps are closely related to the Bakry—Emery Ricci tensors Ricy. Furthermore,
by Theorem 8 in Sect. 3, we will see that the Gauss maps of self-shrinkers can be seen as
V-harmonic maps.

In the light of these structures, it is therefore natural and possibly rewarding to derive
Omori—Yau maximum principles under Bakry—Emery Ricci conditions and use them to obtain
Liouville theorems for V-harmonic maps and then explore their geometric applications. This
is the topic of our paper.

The rest of this paper is organized as follows: In Sect. 2, we first establish a V-Laplacian
comparison theorem (Lemma 1), which we then use it to obtain an Omori—Yau maximum
principle under a Bakry—Emery Ricci condition (Theorem 1). we also derive various Omori—
Yau maximum principles for Ricci solitons (Theorems 2, 3) and self-shrinkers (Theorems 4,
5) and their applications (Theorems 6, 7). In Sect. 3, we first describe the link between V-
harmonic map and the Gauss map of self-shrinkers (Theorem 8), and we then apply Liouville
theorems for V-harmonic maps to derive Bernstein properties of self-shrinkers (Theorem 9-12,
Corollary 4).

2. OMORI-YAU MAXIMUM PRINCIPLES AND APPLICATIONS

2.1. Omori—Yau maximum principles. We establish an Omori—Yau maximum principle
under the Bakry—Emery Ricci condition. First we present the following:

Lemma 1. Let (M™,g) be a complete Riemannian manifold, V' a smooth vector field on M
with Ricy > —F(r), where r is the distance function on M from a fixed point xg € M, and



4 CHEN, JOST, AND QIU
F:R — R is a positive nondecreasing function. Suppose V' satisfies
(2.1) (V. Vr) < o(r)

for some nondecreasing function v(-). If x € M is not on the cut locus of the point xq, then
forr(x) > ry (ro is a constant),

(2.2) Ayr(z) <

(m—1)F(r) 4+ v(r).
Here Ay f := Au+ (V,Vf) for f € C?(M).

Proof. Let v : [0,7] — M be a minimal unit speed geodesic with v(0) = zg, 7(r) = x. Choose
a local orthonormal frame {e,} near x such that e; = 4(x), by parallel translation along v we
have a frame {e,(t)}. Let J,(t) be the Jacobi field with J,(0) = 0, Jo(r) = €q, @ = 2,...,m.
Then

m

Ar(z) = Z(eaear—veaear)

a=1

= —Zveaear
- Z/ @Vt Ja)dt
- Z/ (Jal2 — (R(3, o) Ja) .

For any piecewise smooth function f(-) on [0,r] with f(0) =0, f(r) =1, let X4 (t) := f(t)ea(t),
a =2,--- ,m. Then by the basic index lemma, we have

Ar(z) < Z/ (| Xa|? - Xo)¥, Xa))dt

- /0 [(m — 1)f — f?Ric(3,9)]dt.
Noting that
Ricy (4,4) = Ric(4,4) — = Lyg(4,4) = Ric(4,4) — (V.4),

2
we have
Br(@) < [lom=1r? = PRicy( e+ [ (203
0 0
(2.3) < / (m—1)f2 + F(#) f2)dt + o(r).
0
Let f be the solution of the following ODE
1! _ 1 _ r
o £/~ —FOf) = 0 (0<t<n),

f(0)=0, f(r)=1

From [12] we know that (2.4) has a unique solution.
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Using integration by parts and (2.4), we get

' 2 2(¢
(25 [ wara=ro-— [ roro
Substituting (2.5) into (2.3), we obtain
Ayr < (m—1)f'(r) +ov(r).
As in [12, 23], we have

Ayr(z) < n-

(m—1)F(r) 4+ v(r).

Based on the above estimate, we can obtain the following:

Theorem 1. Let (M™,g) be a complete Riemannian manifold, V' a smooth vector field on M.

Suppose that Ricy > —F(r), where r is the distance function on M from some fized point,
. : » ‘ 1 , +oo _dr  _ ,

F:R — R is a positive nondecreasing C* -function and fo NGG) +o00. Let V' satisfy

(V,Vr) <o(r)

for some nondecreasing function v(r) with lim v(r) =0.

e i )

t  ds .
fo NGO + 1>. Then there exists

Let [ € C*(M) with 9}51010 @{(( ))) = 0, where ¢(t) = log

points {x;} C M, such that

/_\

lim f(z;) =sup f,

J—00
Jim [V f](5) =0,
hm Ay f(zj) <
j—00

Proof. Let {€;} be a sequence of positive real numbers, such that ¢; — 0 as j — co. As in [27],
define for any j

fi(x) = f(x) = ejp(r(x)).
Then by the condition on f, f; = —oo as r — 4o00. Since the set {x € M : r(z) < C} is
compact for any constant C' > 0, so f; has a lower bound, say A on it. Then there exists a
constant C' > C, such that f;(z) < A for € {x € M : r(x) > C}, so f; attains its maximum
at some point 2; € {z € M : r(z) < C}. Hence we have

ij(a:j) =0 and Avfj(l'j) < 0.

Since

/Tf;H)H}go.
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Thus by direct computation, we obtain

r(x;) !
V12 =5 o) lgradr(a)] < e { e </o ol 1) }

— 0 as j — o0.
By using the above V-Laplacian comparison theorem (Lemma 1), we have
Ay f(w;) <e; {¢ (@) Avr(a;) + ¢ () lgradr(z;) 2}
<ejp(r(w;) Avr ()

") dt T m-n
<¢j { F(r(z;)) ( v VFD + 1)} ' <T(xj) + \/(m — DF(r(z;)) +U(T($j))>

— 0 as j — oo.

It remains to prove 41121 f(x;) = sup f. If there exists a subsequence {z;, } # {z;}, such that
j—+o0

klim f(z;,) = sup f, then by still denoting {z;, } as x;, our proof is completed. Otherwise,
—+00

we claim that .1151_1 f(z;) =sup f (If sup f = oo, then we claim that lim sup f(z;) = 00).
Jj—+oo

J—r+oo
Indeed, if this were not true, there would exist £ € M and ¢ > 0, such that
(2.6) f(@) > flx;)+06
for each j > jo sufficiently large.
Since
(2.7) f(xj) —gjolr(z))) = fi(z;) = fi(2) = (&) —gj0(r(2)),

we then have
f(x) = F(&) + g5 (p(r(z;)) — (r(2))).
If r(z;) = 400 as j — 400, then for j large enough, we have ¢(r(x;)) > ¢(r(Z)), that is
f(xzj) > f(Z), which contradicts (2.6).
If {z;} lies in a compact set, then for some subsequence of j, x; converges to a point Z, so
that f(z) > f(z) + 0. On the other hand, we can deduce from (2.7) that

f(@) = f(2)

This is also a contradiction. Thus we complete the proof. [ |

Remark 1. Choose F(r) = c(r + 2) (log(r 4+ 2) + 1), where ¢ is a positive constant. Obuvi-
ously, F(r) is a positive nondecreasing C'-function and satisfying f0+oo —dr_

NGO

2.2. Ricci solitons. Note that for a complete gradient shrinking Ricci soliton (M™, g;4, f),
by a suitable scaling of any shrinking soliton metric g;;, it can be achieved that

1
(2.8) R;; + Viij = §gij-
Hamilton [22] showed that (2.8) implies
(2.9) R+ |Vf|? = f=Cy.
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If we normalize f by adding the constant Cj to it, then (2.9) becomes
(2.10) R+ |Vf?—f=0.
Therefore we can derive the following theorem by applying Theorem 1:

Theorem 2. Let (M™, g;j, f) be a complete noncompact gradient shrinking Ricci soliton. Let

u € C?(M) with lim ul@) 0, where r is the distance function on M from some fixed point

and p(t) = log (log (log(t +2) + 1) + 1). Then there exist points {x;} C M, such that

lim u(z;) =supu,

Jj—00
lim Vel (25) =0,
j—o0
lim Aju(z;) <0.
J]—00

Proof. By (2.8) we have Ricys > $g. From Corollary 2.5 in [8] (see also [5]), we know that the
scalar curvature of M is nonnegative. Thus by (2.10) and Theorem 1.1 in [7], we get

Vil < 50 +0)

Then the conclusion follows from Theorem 1.

Remark 2. Fernandez-Lopez and Garcia Rio [20] showed that complete noncompact gradient
shrinking Ricci solitons satisfy the Omori—Yau mazimum principle for the f -Laplacian for
u € C%(M) with supu < +o0. The condition on u in Theorem 2 is weaker than theirs.

For weighted Riemannian manifolds, the Omori—Yau mazimum principle for f-Laplacians
was discussed in Theorem 6 [27], see also the references therein.

Recall that for a gradient steady Ricci soliton (M™, g;5, f), i.e., Ricy = 0, there is a positive
constant a such that [30]

Vf?+R=da?>, Af+R=0, R>0.
Combining this with Theorem 1, we have

Theorem 3. Let (M™,gi;, f) be a complete noncompact gradient steady Ricci soliton. Let

u € C*(M) with le Jsa))) = 0, where r is the distance function on M from some fixed point

and p(t) = log (log (log(t +2) + 1) + 1). Then there exist points {x;} C M, such that

lim u(z;) =supu,

j—00
lim [Val(z;) =0,
J—00
. 3 <o
jlg(r)lo Apu(zj) <0
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2.3. Self-shrinkers. For a self-shrinker M™ in R™*" let {ey, ..., en} be a local orthonormal
normal frame field on M at the considered point, then by the Gauss equation, we have

Ric(e;, e;) = ZHQh% - Z(h%)Q
o4 a,j

and

(L_XTTg)(ei,ei) =— % (XT<el-,ei> — 2(LXTei,ei)) = (Lyrei,e) = ([XT, e, e;)
=(Vyrei = Ve, X7 ei) = —(Ve,((X, ¢5)¢)), €i)
= (X, eses + (X, e} Vst ) = —(1+ (X, Bles, )

=— (1+ (X", By)) = —(1—2(H,Bji) = —1+2>  H"hj
(6%
From the above two equalities it follows that
. ) 1
Ric 7 (e;, ;) =Ric(e;, e;) — i(L_ﬁg)(ei, €;)
2 2

(eaNe [0 1 (eA el
(2.11) =2 MU = D () g = DM

a?j

1 1
=5~ Z(h%)Q 235~ |BI?.
a?j

Theorem 4. Let X : M™ — R™" be a complete proper self-shrinker. Let u € C%(M) with
lim — 28— 0. Then there exist points {z;} C M, such that

z—o0 log(y/| X |2+4—-1)

lim u(z;) =supu,

Jj—00
lim |Vul(z;) =0,
j—o0
lim Apu(z;) <0.
j—o0

Proof. Let us choose G(t) =t+1and y= f = %

Theorem 4 in [27]. By direct computation, we have

(2.12) f=IVfP?=HP,

. Obviously G(t) satisfies the condition of

(2.13) Auf =5~ (/= IVIP).

Thus [Vf| </ fand Ay f < § <+/f +1off a compact set, together with the proper condition
on X, imply that (hl) — (h3) of Theorem 4 in [27] are satisfied. Hence according to Theorem
4 in [27], there exist points {z;} C M, such that

()

1
|Vu|(z) <3 and  Apru(zj) < -.

<

By a similar proof as of Theorem 1, we can obtain lim u(z;) = sup u. ]
j—00

Similarly, we can obtain the following maximum principle for the drift Laplacian operator
L by using Theorem 1.9 in [32].
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Theorem 5. Let X : M™ — R™" be a complete proper self-shrinker. Let u € C*(M) be
bounded from above on M. Then there exist points {x;} C M, such that

lim u(z;) =supu,
J—00
lim [Vul(z;) =0,
J—00

lim Lu(z;) <0.
Jj—o0
Proof. The function G(t) = t? + 1 satisfies the condition (1.17) of Theorem 1.9 in [32]. Let
o IXP g :
v = f = ;. Since X is proper, we then have
v(x) > 00 as x — o0

From (2.12) and (2.13), we can easily see that v satisfies (1.15) and (1.16) of Theorem 1.9 in
[32]. Therefore by the proof of Theorem 1.9 in [32], there exist points {z;} C M, such that

lim u(z;) =supu,

C C
(2.14) |Vul(z;) < = - ,
R DA
(2.15) Apu(zy) < f
Thus from (2.14) and (2.15), we have
(2.16) Lu(z;) = Apu(zy) — (Vf, Vu)(z;) < ¢ + 1/ v(xj) - #
T gV () +1

By (2.14) and (2.16), we can conclude that
lim |Vul(zj) =0 and lim Lu(z;) <O0.
j—o0

j—o0
|

In [20], the authors gave a characterization of shrinking Ricci solitons with constant scalar
curvature. We can give the following characterization of self-shrinkers with constant mean
curvature by using Theorem 4 or 5.

Theorem 6. Let X : M"™ — R"! be a complete proper self-shrinker with nonzero mean
curvature H. Then M has constant mean curvature if and only if

|VH]?
H2+1
Proof. We may assume that H > 0. By direct computation, it is easy to get that (see [11])

1
|B|? < 3 +C for some constant C > 0.

1
LH:(i—mﬁH.

1
i.
Conversely, assume that |B|? < % +C

Hence if H is a constant, then |B|? =
|VH][?
H2+1

for some constant C' > 0. Let
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Obviously, f is a bounded function on M. By Theorem 4 or Theorem 5, there exists a sequence
{z;} € M, such that

2|\VH|(z;
(2.17) lim f(z;) =inf f and hm |V f|(z;) = lim M = 0.
e P 3(H () + 1)}
It follows that lim H(z;) = sup,, H. Since |B|? > H— , we have
j—o0
2 n n |VH(3: |2
H( J)3 < é|B(ajj)|2 < 1 +n j1o .
H(x;)3 2H (x5)3 H(z;)=

Letting j — oo in the above inequality, together with (2.17), we have sup,, H < 3.
On the other hand, we have

£HC+1 :AHC’—H o <X, VHC+1>
=C(C+1)H " YVH]? +(C+1)H°LH

(2.18)
1
=(C+1)H ! (c|v15r|2 - H?(5 — |B|2)> .
Since
2 IVH?> 1 |VH|?
< —
1Bl < +CH2+1_2 ¢ H?

Then (2.18) implies that LHC*! > 0.
Since M is proper, then by Theorem 4.1 in Cheng-Zhou [15], we have

— x|
Vol(B,) = / e 1 <c<+oo.

+oo +00
/ /\Ldr > / fdr = +o0.
0 VOZ(BT) 0 c

-parabolic (see [32] or [33]). So H = const. |

It follows that

This implies that M is |X‘

Now, we focus on spacelike self-shrinkers in pseudo-Euclidean space R,
Let R be an (m + n)-dimensional pseudo-Euclidean space with index n. The indefinite
flat metric on R7"*" is defined by

m m-+n
ds* = (da')’ = > (dz*).
=1 a=m+1

Let X : M — R™™ be a spacelike m-submanifold in R?*™™ with the second fundamental form
B defined by

Byw = (VuW)"
for U,W € I'(TM). We use the notation (-)” and (-)" for the orthogonal projections into the

tangent bundle TM and the normal bundle N M, respectively. For v € I'(NM) we define the
shape operator A, : TM — TM by

AI/(U) = _(ﬁUV)T
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Taking the trace of B gives the mean curvature vector H of M in ]R,T*” and
m
H :=trace(B) = ZBeiei’
i=1

where {e;} is a local orthonormal frame field of M. Actually, such a complete spacelike sub-
manifold M is an entire graph (see [42]).

M™ is said to be a self-shrinker in R™*™ if it satisfies
(2.19) H= —%XN.

Here H is the mean curvature vector of M in R”*" X N is the normal part of X. And we
define the drift operator £ as in (1.4).

Recently, Liu—Xin [28] obtained a Bernstein theorem for spacelike self-shrinkers in pseudo-
Euclidean space Rt they proved: Let M be a space-like self-shrinker in pseudo-FEuclidean
space R which is closed with respect to the Fuclidean topology. If the mean curvature of
M satisfies |H|? < e®*, where a < 1/8 and z := || X||?, then it must be an affine n-plane.

Their method was by using integral estimates. We can also deal with this kind of problems
by using an Omori—Yau maximum principle.

Theorem 7. Let X : M™ — R™™ be a complete noncompact spacelike self-shrinker. Let r be
the distance function on M from some fixed point, and F : R — R be a positive nondecreasing
C*-function and f0+°° Cll;( 5 = +00. Suppose X satisfies

T

(2.20) (X,Vr) > —uv(r)

for some nondecreasing function v(r) satisfying lim v(r) =0. Then M has to

ro+oo \/m(fo’" \/%H)

be an affine m-plane.

Proof. From the self-shrinker equation, we derive
1
(2.21) VejH = §<)(7 ek>Bjk
and
1 1
Ve, Ve, H = iBij — (H, Bix)Bji + §<X, ex) Ve, Bk

Hence using the Codazzi equation, we obtain that

1
LIHP? =A|H|” — §<X, VIH?)
1
=2(V., V. H, H) +2|VH|* - 5<X, V|H|?)
1 1

=|H|* - 2(H, B)* + §VXT\H\2 +2|VH[? - §<X7V\H\2>

=|H|* — 2(H, By)* + 2|VH|*.
It follows that
(2.22) L||H|* = ||H|* + 2(H, Bi)* + 2||VH|?,
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where || H||? is the absolute value of the norm square of the mean curvature of M. Thus direct
computation gives us
R S LlH|? —, |VIH|?
L[l HP7 T+ =2 -+ [H|?)?
_IHIP +2(H, By)® + 2| VH|* _, |VIH|P|
1+ | H|? (T H[)*

L(
(2.23)

Then applying Theorem 1 to we can conclude that there exist points {z;} C M,

such that

1
L[| HI]?

i~y 9 == ()
m | ————5 | (z;) =sup | ——5 | »
jmoo \ 14 |H|Z) P\ H)

1
I S
#&h< LHHW>

1
1i - ) < 0.
f%‘<uwﬂw>“”°

The above equalities imply that

2
0> lim £< 1) (z;) > supy || H ]

(z;) =0,

jooo T\ 1+ ||HJ]2 = 1+supy, | H|]?

This forces H = 0. We then can conclude that ||B||> = 0 (see (2.9) in [24]). Hence M is an
m-plane. [ |

By Remark 1, we can choose F(r) = ¢(r +2)?(log(r + 2) + 1)2, then we obtain the following
result.

Corollary 1. Let X : M™ — R™™ be a complete noncompact spacelike self-shrinker. Let r
be the distance function on M from some fized point. If X satisfies

IXT| = O((r+2)log(r+2)+1)  as r— +00
then M has to be an affine m-plane.

Remark 3. Actually, the Omori—Yau maximum principle holds under the condition of Corol-
lary 1. More precisely:

Let X : M™ — R™™ be a complete noncompact spacelike self-shrinker with | XT| = O((r +
2)log(r+2)+1) (asr — +00), where r is the distance function on M from some fixed point.

Let u € C*(M) with lim UTL:D))) = 0, here ¢(t) = log(log(log(t + 2) + 1) + 1). Then there

r——too P

ezist points {x;} C M, such that

I ) = I ) = I ) <0.
j_ilfoou(xj) sup u, j—i?oo'vqu]) 0, j_irjraooﬁu(x]) <0
Remark 4. Choose F(r) = c(r + 2)*(log(r + 2) + 1)2. If the metric of M has a positive
lower bound, it is easy to see that the condition (2.20) is satisfied. Hence M must be an affine
m-plane. This also shows that Proposition 20 in [17] holds.
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3. LIOUVILLE THEOREMS FOR V-HARMONIC MAPS AND GEOMETRIC APPLICATIONS

In this section, we will use Liouville type theorems for V-harmonic maps to obtain Bernstein
theorems for self-shrinkers.

For any p € M, let {e1,...,en} be a local frame field near p. Define the Gauss map =y :
p — v(p) which is obtained by parallel translation of T,,M to the origin in the ambient space
R, The image of the Gauss map lies in a pseudo-Grassmannian G7,, ,-the totality of all the
spacelike m-planes in R™*". Tt is a specific Cartan-Hadamard manifold.

Theorem 8. For an m-dimensional spacelike submanifold X : M — R its Gauss map
v:M—= Gy, isa —%XT—haTmom'c map iff H+ %XN s a parallel vector field in the normal

bundle NM .

Proof. Let {e1,...,en} be a local tangent orthonormal frame field on M and vy, ...,v, be a
local normal orthonormal frame field on M such that Ve; = 0 and Vv, = 0 at the considered

point. For any P € Gy, ,, there are m vectors vy, ..., v, spanning P. Then we have Pliicker

coordinates v; A - - - A v, for P up to a constant. The Gauss map 7y can be described by
P —e A+ Aey, thus

(3.1) dy(e;) = Ve, (e1 A+ ANew) = Zel Ao NBee; N+ Nem = Zh%eaj,
J 7o

where h{; = (Bejej Vo) and {eqi} = {e1 A+ Aei1 Aea Aeip1 A+ Aey} is an orthonormal
basis for TGy, ,,. which means that the relation of the norm of the second fundamental form
and the energy density of the Gauss map

(3.2) e(v) = (dy(es), dy(ei)) = (Aeas, hiyesn) = || BII*.

Hence a direct calculation yields

™ 1xr () =r(3) + (=5 X7) = (Vedn) () + dr(—5 XT)

2

1 1
=Ve,(dy(ei)) — 5 (X, ei)dr(ei) = Ve, (hijea;) — 5 (X, ei)hijeq;
o 1
:(vez‘hij)eaj - §<<X7 ei>6i7 Aea (ej)>eoéj

(33) = (Ve 18)eaj = 5 (X Aca (€3)) 0

Y
« 1 X7
=(Ve,H")eaj + §<X, Ve,€a)eaj

1
:(VejHa)eaj + ivej <X, ea>eaj
Xa
:(Vej (Ha + 7))604‘7
where we have used the Codazzi equation. Hence we obtain
1
T iyr(y)=0 & V(H+ 5XN) = 0.

2
|

Corollary 2. If M™ is a self-shrinker in RI*™™  then its Gauss map v : M — G 15 a
—%XT-harmom‘c map.
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By a similar method, we can also get the following (see also [18])

Corollary 3. If M™ is a self-shrinker in R™T"  then its Gauss map v : M — Gpn is a
—%XT—harmom'c map.

In view of these facts, Liouville theorems for V-harmonic maps can be applied to self-shrinkers
in Euclidean space and pseudo-Euclidean space.
We recall the following Liouville theorem for V-harmonic maps:

Theorem A (1) (c.f. [9], Theorem 2.) Let (M,g) be a complete noncompact Riemannian
manifold with

1
Ricy := Ric™ — §ng > —A,

where A > 0 is a constant, RicM is the Ricci curvature of M and Ly is the Lie derivative. Let
(X, h) be a complete Riemannian manifold with sectional curvature bounded above by a positive
constant k. Let u: M — X be a V-harmonic map such that u(M) C Br(p), where Br(p) is a
reqular ball in X, i.e., disjoint from the cut-locus of p and R < ﬁ If V satisfies

(3.4) (V,Vr) <o(r)
v(r)]

T

for some nondecreasing function v(-) satisfying lirf = 0, where r denotes the distance
T—

function on M from a fized point p € M, then e(u) is bounded by a constant depending only
on A,k and R. Furthermore, if A =0, namely,

1
Ric' > = Lyg,
then w must be a constant map.

(2) (c.f. [39], [36]) Let M™ be a complete noncompact manifold with Ricy > 0 and N be
a complete Riemannian manifold with nonpositive sectional curvature. If uw : M — N 1is a
f-harmonic maps with finite weighted energy, then e(u) must be constant.

Using this we can obtain the following Bernstein theorems for self-shrinkers:

Theorem 9. Let X : M™ — R™™ be a complete noncompact spacelike self-shrinker with
infinite volume. If [,,||B||* < oo, then M must be a plane. Here ||B|| is the absolute value of
the squared norm of the second fundamental form of M.

Proof. Computing as in (2.11), we have

1
Ric xr (e;,e;) =Ric(e;, €;) — §(L7£g)(e,~, €i)

2

2
(3.5) :—ZH”hZJraZj(h%)QJr;Jr;Hahg

«
1 1
=5+ () = 5.
a,j

where {e;} is a local orthonormal normal frame field of M™.
From Corollary 2, we know that the Gauss map v : M™ — G, ,, is an f-harmonic map with

f= @. By (3.5) and Theorem A (2) we can conclude that the energy density e(vy) of the
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Gauss map 7 must be constant. Then (3.2), the assumptions [}, ||B||* < co and that M has
infinite volume imply ||B|| = 0, i.e., M must be a plane. [ ]

Theorem 10. Let X : M™ — R be a complete noncompact spacelike self-shrinker. If the
image under the Gauss map lies in a reqular ball Br(p) C Ghn and X satisfies

(X,Vr) > —ov(r)
[v(r)]

T

for some nondecreasing function v(-) satisfying lirf = 0, where r denotes the distance
r—400

function on M from a fized point p € M. Then M has to be a plane.

Proof. By (3.5), Theorem A (1) and Corollary 2, we conclude that the Gauss map v : M™ —
Gy, must be constant. Therefore M is a plane.
|

Let N be a complete Riemannian manifold of nonpositive sectional curvature and c: R — N
be a geodesic with the arc length parameter. The union of open balls

B.:= | Bi(c(t))
t>0

is called the horoball with center c¢(400), where B.(c(t)) is an open geodesic ball of radius ¢
and centered at c(t). Let p be the distance function on N. For each x € N, the function
t— t—p(z,c(t)) is bounded from above and monotonically increasing. Therefore, the function

B(x) = (t = p(z, c(t)))

is well defined on N and is called the Busemann function for the geodesic c. It is easily seen
that B(x) > 0 on B.. We know that B is a C2-function with |VB| =1 (see [4] [37] [43]). We
may also assume that B > 1 since Busemann functions are horo-functions.

lim
t——+o0

Let B"(x) :=n — p(z,c(n)), n € Z*. We know that B"(z) converges to B(x) uniformly up
to second derivatives on any compact subset when n — oo.

Theorem 11. Let (M™,g) be a complete noncompact Riemannian manifold with
1
Ricy := Ric” — gLve> —A,

where A > 0 is a constant, RicM is the Ricci curvature of M and Ly is the Lie derivative.
Let (N™, h) be a complete Riemannian manifold with sectional curvature bounded above by a
negative constant —k>(k > 0). Let u : M — N be a V-harmonic map such that u(M) C Be,
where B is a horoball centered at c(400) with respect to a geodesic c(t) with the arc length
parameter. Suppose that |V Lo sy < +00. Then

e(u) V17
3.6 ——= < C(A+ —*—
(36) (Bowu)? — ( +m—1)’
where C' > 0 is a constant depending only on m, k.

Proof. Multiplying the metric tensor by a suitable constant we may assume the upper bound
of the sectional curvature of N to be -1.

Let B be the Busemann function on B, and B"(p) = n — p(p, c(n)), where p is the distance
function from ¢(n) in N. By the Hessian comparison theorem, we have

Hess(B") = —Hess(p(p, c(n))) < —(coth p)(h — dp @ dp)
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and
Ay (B" o u) =Hess(B")(du(e;), du(e;)) + dp(y (u))
(

— (coth p)(h — dp ® dp)(du(e;), du(e;)).

Let the {iy} constitute that subset of the i, with complementary subset {is}, for which the
du(e;, ) are parallel to Vp and the du(e;,) are perpendicular to Vp. Then we obtain that

(3.7) Ay (B" ou) < —(coth p)h(du(e;,), du(e;,)) < —h(du(e;,), du(e;,))
and
h(du(e;, ), du(e;,)) =h(du(e;, ), Vp)h(du(e;,), Vp)
(3.8) =h(V(pou),ei, )h(V(pou)ei,)
<|V(B" o u)|*
From (3.7) and (3.8), we have that for any € € (0,1)
|V(B" o u)|? _Ay(B"ou) o €
(B ou)? Brou T (B"ou)?
[Vul?
_E(B” SER

(IV(B" ow)]* = Av(B" o))

Since B"(x) converges to B(z) uniformly up to second derivatives on any compact subset when
n — o0, then the above inequality implies that

8|V(Bou)|2 Ay (Bowu) S |Vul?

(39) (Bou)?  Bou _E(Bou)?

On the other hand, the Bochner type formula in [9] gives us that
1
(3.10) QAVe(u) > |Vdul* — Ae(u).

Let e; be an orthonormal basis of M, e’ be the dual basis of e;, and let f, be an orthonormal
basis of N. Let du = uo‘eZ ® fo. We choose e such that e; = ‘V}dgh at the considered point.
Then we have

IVdul? = (ug}) >Zu11 +2 ) )+ D (u§

0477/,] 7]>2 7]>2
2
1
>Z“n +2 ) (W) —— > | D uf
(3.11) a.j>2 o \j=2
2
—Z ufp)? +2 Z ui;) 2+ 712(7'(“)& — ufy)
a,j>2
> L2 - 2 3 rwu + 2 3 (ug)?
“m—1 m—1 — H m—laj 13/

Then the Cauchy—Schwartz inequality implies that for any € > 0

S+ (0 - ) S

a?j

(3.12) |Vdul* >
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It is easy to check that ij(u?j)Q > |V+/e(u)|?. Letting € = 2 in (3.12), we obtain

Vi > (14 5t ) [FVE@E - P

Since w is V-harmonic, we have 7(u)+(V, Vu) = 7y (u) = 0. Hence the above inequality implies
that

(3.13) |Vdu|22<1+ 2m )|v\/ (u)|* - HVHL” e(u).

Let € = from (3.10) and (3.13), we get

2
%Ave(u) > (14 ¢)|V/e(u)]* - <A + %) e(u).

2(m 1)’

1
Namely,

(3.14) |Vu|Ay|Vu| > €|V |Vul|? — A|Vul?,

where A = A+ Wliee pop = 4l then
VIVu|  [Vul-V(Bou)

Vi) =

Bou (Bou)?
Av _Ay|Vu|  2(V(Bouw),VY) Ay (Bowu)
V¥ T Bou Bou Bou
. |V|Vul? i [Vul  2(V(Bou),Vy) ¢Ay(Bou)
~ (Bou)|Vul Bou Bou Bou
Since
B 2<V(B§:L Vi) (-2 )<V(B;:z; Vy) 2€(V(B;:i; V)
(V(Bou), Vi) (V(Bowu),V|Vu|) V(B ou)?|Vul
—(2-2%) Bou s (B owu)? 2 (Bow)3
(V(Bou), Vi) VIVul]? V(B ou)]?|Vul
T Ty T Bowvel T Bowp
we conclude that
 YAV(Bow _ |V(BowlVul (V(Bou), V)
(3.15) Ay z Ay - SRR e e — (22 E

Let r be the distance function on M from a fixed point p and B,(p) be a geodesic ball of
radius around p. Define f : B, (p) — R by

o B |Vul
fi=(a® = r*)(z) = (a® - T2)m-

Since f] oB,(5) = 0, [ achieves an absolute maximum in the interior of B.(p), say f < f(q),
for some ¢ inside B,(p). By using the technique of support function we may assume that f is
smooth near q. We may also assume Vu(q) # 0. Then from

V(g =
Ay f(q) <0
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we obtain the following at the point g:
vr? Vi

a2 N
Avr2 + Avl/} 2<V7’2, \% > <
TR T
From the above two inequalities we can easily seen that

Ay Ayr? 2|Vr?|? <o
v a2—12 (a2 —r2)2
By the V-Laplacian comparison theorem (Lemma 1), we have

AVTQ = Q‘VT]Q +2rAyr < ¢y + cor + 2r||V|| Lo,

0.

a

where ¢; depends only on m, co depends on m and A. It follows that
j_ Av(Bouw) V(B o) (V(Bou),Vr)

(3.16) T T Bow T mewp T ) Bow)
Cater+2r[|Vipe 8r? <o
aZ — r2 (a2 —12)2 ~
By the Schwartz inequality and noting that |VB| = 1, we get
(3.17) (V(Bou),Vr) |V(Bou)|-|Vr| < |Vul .
(a2 —r2)(Bou)| ~ (a2 —r2)(Bou) ~— (a® —r?)(Bowu)

The inequalities (3.9), (3.16) and (3.17) imply that

(3.18) [Veul® 2221 [Vu|  ater+2r[V]pe 82 —A<0
. (B owu)? a2—7r2 Bou a2 — r2 (@12 < 0.
Hence
[V 122 2 foverinVie &
<
Bou_max \[ 22 +(a2—r2)2+A ,

From this we can derive the upper bound of f, and it is easy to conclude that at every point

of Be(p), we have
v 1 1 V| 1 ~
Ml ¢ +\/+H le= 1 4).
Bou a a a?
Here C is a positive constant depending only on m and k.

For any fixed x € M, letting a — oo in the above inequality, we obtain |v“‘ <Oy A+ —L= ”V”
l

Furthermore, by a similar proof, one can show that when Ricy is bounded below by a positive
constant, we have the following:

Theorem 12. Let (M™,g) be a complete noncompact Riemannian manifold with
1
Ricy := Ric™ — §ng > A,

where A > 0 is a constant, Ric™ is the Ricci curvature of M and Ly is the Lie derivative.
Let (N™, h) be a complete Riemannian manifold with sectional curvature bounded above by a
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negative constant —k>(k > 0). Let u : M — N be a V-harmonic map such that w(M) C Be,
where B is a horoball centered at c(+00) with respect to a geodesic c(t) parametrized by arc

2
length. Suppose that [|V||peoary < +o0. If A > %, then u must be a constant map. If

A< IViZee  then (ESZ))Q is bounded by a constant depending only on A,m,x and [|V|| peo (ar)-

m—1 7’
|
By (3.5) and Theorem 12, one can immediately obtain the following;:

Corollary 4. Let X : M™ — RTH be a complete noncompact spacelike self-shrinker. If the
image under the Gauss map ~ : M — H™(—1) lies in a horoball in H™(—1), then || X™|| Lo (ar) >
m — 1.

Proof. We assume that || X7[| e (pr) < m—1, then by (3.5) and Theorem 12, we have e(u) = 0,
which together with (3.2), implies that M is a hyperplane. On the other hand, it follows that
M must be compact by Theorem 1 in [19]. This is a contradiction. |
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