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1. Introduction

In differential geometry, the relation between the geometry and the analysis of a given
Riemannian manifold is one of the central topics. It is well-known that the Hopf maximum
principle is a fundamental tool for studying compact manifolds. When M is noncompact,
geometry and analysis on it becomes more complicated. Concretely, for the maximum principle,
the difficulty arises that a, say harmonic, function need no longer attain its maximum on M . In
1967, Omori [31] proved the following generalized maximum principle to handle this problem:

Let M be a noncompact complete manifold with the sectional curvature bounded below by
some constant:

KM ≥ −K.
If u ∈ C2(M) is bounded from above, then for any ε > 0, there is a point xε ∈M such that

(1.1) |∇u|(xε) < ε, Hess(u)(xε) < ε.

Restricting the sectional curvature, however, is too strong an assumption. In 1975, Yau [44]
and Cheng–Yau [13] obtained a generalized maximum principle when only the Ricci curvature
of M is bounded below by some constant:

Let M be a noncompact complete manifold with

RicM ≥ −K
for some constant K > 0. If u ∈ C2(M) is bounded from above, then for any ε > 0, there is a
point xε ∈M such that

(1.2) u(xε) > supu− ε, |∇u|(xε) < ε, ∆u(xε) < ε.

We call the above conclusion (1.2) the Omori–Yau maximum principle.

The research leading to these results has received funding from the European Research Council under the
European Union’s Seventh Framework Programme (FP7/2007-2013) / ERC grant agreement no. 267087. The
research of QC is partially supported by NSFC (No.11171259) of China. HQ is partially supported by NSFC
(No.11301399), and SRFDPHE (No.20120141120058) of China. The authors thank the Max Planck Institute
for Mathematics in the Sciences for good working conditions when this work was carried out.
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This result provides a powerful and fundamental tool for the geometry and analysis on
noncompact Riemannian manifolds whose Ricci curvature is bounded below by a constant,
and has led to many applications in the study of such manifolds.

Therefore, it is not surprising that a lot of subsequent research activity was devoted to
generalize the Omori–Yau maximum principles to include cases where the Ricci curvature is
not bounded from below by a constant, but may decay at a certain rate. This started with [12]
(1992), where it was proved that: If the Ricci curvature satisfies:

RicM ≥ −K(1 + r2 log2(r + 2)), r >> 1,

then for any function u ∈ C2(M) bounded from above, the Omori–Yau holds.
Since then, many extensions and/or appliciations have been obtained, see the references (not

exhaustive): [1, 2, 3], [?], [23], [25], [27], [32, 33], [34, 35], [38], [45], etc.
Huang [23] and Ratto–Rigoli–Setti [35] extended this result to integral lower bounds for

RicM : Omori-Yau holds for u ∈ C2(M) with supu < +∞ if RicM ≥ −KG(r) for a function
G(r) satisfying

(i)G > 0, G′ ≥ 0, (ii)

∫ +∞

0

1√
G

= +∞.

In another direction, the Omori–Yau maximum principle is related to the stochastic com-
pleteness of manifolds (c.f. [32], [21] etc.). Lima–Pessoa obtained the following result (Theorem
4 in [27]):

Assume that there exists a nonnegative function γ satisfying
h1) γ(x)→ +∞, as x→∞;

h2) ∃A > 0 such that |∇γ| < A
√
G(γ)(

∫ γ
0

ds√
G(s)

+ 1) off a compact set;

h3) ∃B > 0 such that ∆γ ≤ B
√
G(γ)(

∫ γ
0

ds√
G(s)

+ 1) off a compact set;

where G : [0,+∞)→ [0,+∞) is a smooth function satisfying

(i)G(0) = 1, G′ ≥ 0; (ii)

∫ +∞

0

1√
G

= +∞.

Then for u ∈ C2(M) with lim
x→∞

u(x)
φ(γ(x)) = 0, where φ(t) = log(

∫ t
0

ds√
G(s)

+ 1), Omori-Yau holds.

The significance of the results of Omori, Yau et al. is that they indicate useful links between
the geometric structures (such as curvature and volume growth) and the analytic properties
of complete manifolds. From the viewpoint of differential geometry, it is therefore natural and
interesting to find other geometric structures for which the Omori–Yau maximum principle
holds.

In particular, a natural question is whether the Bakry–Emery Ricci tensor which has been
extensively studied in recent years (see e.g. [29], [26], [41]), also admits such a maximum
principle. The Bakry–Emery Ricci tensor is defined as the following tensor:

(1.3) RicV := Ric− 1

2
LV g,

where LV stands for the Lie derivative with respect to some differentiable vector field V on
(M, g). We shall now briefly explain its geometric significance.

The first instance concerns Ricci solitons. We recall that a Riemannian manifold (M, g)
satisfying RicV = ρg for some constant ρ is called a Ricci soliton (see e.g. [5]). When V = ∇f ,
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the Ricci soliton is called a gradient steady (shrinking, expanding resp.) soliton if the constant
ρ is zero (positive, negative resp.).

We also recall that Mm is called a self-shrinker in the Euclidean space Rm+n if it satisfies

H = −1

2
XN .

Here H is the mean curvature vector of M in Rm+n, XN is the normal part of X. Colding–
Minicozzi [16] introduced the drift Laplacian operator L

(1.4) L := ∆− 1

2
〈x,∇(·)〉 = e

|X|2
4 div(e−

|X|2
4 ∇(·))

for self-shrinkers Mm in Rm+n.
By computations given below (see (2.11) and (3.5)), we will see that the self-shrinkers satisfy

the Bakry–Emery Ricci conditions, that is, the corresponding tensors RicV enjoy certain lower
bounds.

On the other hand, the notion of V-harmonic maps was introduced in [10]: Let (M, g)
and (X,h) be Riemannian manifolds. Given a smooth vector field V on M , we call a map
u : M → X a V -harmonic map if u satisfies

(1.5) τV (u) := τ(u) + du(V ) = 0,

where τ(u) = trDdu is the tension field of the map u. This is a generalization of the usual
harmonic map that includes the Hermitian harmonic maps, the Weyl harmonic maps from
a Weyl manifold into a Riemannian manifold, the affine harmonic maps mapping from an
affine manifold into a Riemannian manifold, and harmonic maps from a Finsler manifold into a
Riemannian manifold, see [10] for details and references. From the Bochner formula (c.f. [9]),
V -harmonic maps are closely related to the Bakry–Emery Ricci tensors RicV . Furthermore,
by Theorem 8 in Sect. 3, we will see that the Gauss maps of self-shrinkers can be seen as
V -harmonic maps.

In the light of these structures, it is therefore natural and possibly rewarding to derive
Omori–Yau maximum principles under Bakry–Emery Ricci conditions and use them to obtain
Liouville theorems for V-harmonic maps and then explore their geometric applications. This
is the topic of our paper.

The rest of this paper is organized as follows: In Sect. 2, we first establish a V-Laplacian
comparison theorem (Lemma 1), which we then use it to obtain an Omori–Yau maximum
principle under a Bakry–Emery Ricci condition (Theorem 1). we also derive various Omori–
Yau maximum principles for Ricci solitons (Theorems 2, 3) and self-shrinkers (Theorems 4,
5) and their applications (Theorems 6, 7). In Sect. 3, we first describe the link between V -
harmonic map and the Gauss map of self-shrinkers (Theorem 8), and we then apply Liouville
theorems for V-harmonic maps to derive Bernstein properties of self-shrinkers (Theorem 9–12,
Corollary 4).

2. Omori–Yau maximum principles and applications

2.1. Omori–Yau maximum principles. We establish an Omori–Yau maximum principle
under the Bakry–Emery Ricci condition. First we present the following:

Lemma 1. Let (Mm, g) be a complete Riemannian manifold, V a smooth vector field on M
with RicV ≥ −F (r), where r is the distance function on M from a fixed point x0 ∈ M , and
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F : R→ R is a positive nondecreasing function. Suppose V satisfies

(2.1) 〈V,∇r〉 ≤ v(r)

for some nondecreasing function v(·). If x ∈ M is not on the cut locus of the point x0, then
for r(x) ≥ r0 (r0 is a constant),

(2.2) ∆V r(x) ≤ m− 1

r
+
√

(m− 1)F (r) + v(r).

Here ∆V f := ∆u+ 〈V,∇f〉 for f ∈ C2(M).

Proof. Let γ : [0, r]→ M be a minimal unit speed geodesic with γ(0) = x0, γ(r) = x. Choose
a local orthonormal frame {eα} near x such that e1 = γ̇(x), by parallel translation along γ we
have a frame {eα(t)}. Let Jα(t) be the Jacobi field with Jα(0) = 0, Jα(r) = eα, α = 2, ...,m.
Then

∆r(x) =
m∑
α=1

(eαeαr −∇eαeαr)

= −
m∑
α=2

∇eαeαr

=
m∑
α=2

∫ r

0

d

dt
〈∇Jα γ̇, Jα〉dt

=

m∑
α=2

∫ r

0
(|J̇α|2 − 〈R(γ̇, Jα)γ̇, Jα〉)dt.

For any piecewise smooth function f(·) on [0, r] with f(0) = 0, f(r) = 1, let Xα(t) := f(t)eα(t),
α = 2, · · · ,m. Then by the basic index lemma, we have

∆r(x) ≤
m∑
α=2

∫ r

0
(|Ẋα|2 − 〈R(γ̇, Xα)γ̇, Xα〉)dt

=

∫ r

0
[(m− 1)f ′2 − f2Ric(γ̇, γ̇)]dt.

Noting that

RicV (γ̇, γ̇) = Ric(γ̇, γ̇)− 1

2
LV g(γ̇, γ̇) = Ric(γ̇, γ̇)− 〈V̇ , γ̇〉,

we have

∆V r(x) ≤
∫ r

0
[(m− 1)f ′2 − f2RicV (γ̇, γ̇)]dt+

∫ r

0
(f2)′〈V, γ̇〉dt

≤
∫ r

0
(m− 1)f ′2 + F (t)f2)dt+ v(r).(2.3)

Let f be the solution of the following ODE

(2.4)

 f ′′(t)− 1

m− 1
F (t)f(t) = 0 (0 ≤ t ≤ r),

f(0) = 0, f(r) = 1.

From [12] we know that (2.4) has a unique solution.
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Using integration by parts and (2.4), we get

(2.5)

∫ r

0
(f ′(t))2dt = f ′(r)− 1

m− 1

∫ r

0
F (t)f2(t)dt.

Substituting (2.5) into (2.3), we obtain

∆V r ≤ (m− 1)f ′(r) + v(r).

As in [12, 23], we have

∆V r(x) ≤ m− 1

r
+
√

(m− 1)F (r) + v(r).

Based on the above estimate, we can obtain the following:

Theorem 1. Let (Mm, g) be a complete Riemannian manifold, V a smooth vector field on M .
Suppose that RicV ≥ −F (r), where r is the distance function on M from some fixed point,

F : R→ R is a positive nondecreasing C1-function and
∫ +∞
0

dr√
F (r)

= +∞. Let V satisfy

〈V,∇r〉 ≤ v(r)

for some nondecreasing function v(r) with lim
r→+∞

v(r)√
F (r)

(∫ r
0

dt√
F (t)

+1

) = 0.

Let f ∈ C2(M) with lim
x→∞

f(x)
ϕ(r(x)) = 0, where ϕ(t) = log

(∫ t
0

ds√
F (s)

+ 1

)
. Then there exists

points {xj} ⊂M , such that

lim
j→∞

f(xj) = sup f,

lim
j→∞

|∇f |(xj) =0,

lim
j→∞

∆V f(xj) ≤0.

Proof. Let {εj} be a sequence of positive real numbers, such that εj → 0 as j →∞. As in [27],
define for any j

fj(x) = f(x)− εjϕ(r(x)).

Then by the condition on f , fj → −∞ as r → +∞. Since the set {x ∈ M : r(x) ≤ C} is
compact for any constant C > 0, so fj has a lower bound, say A on it. Then there exists a

constant C̃ > C, such that fj(x) < A for x ∈ {x ∈ M : r(x) ≥ C̃}, so fj attains its maximum

at some point xj ∈ {x ∈M : r(x) ≤ C̃}. Hence we have

∇fj(xj) = 0 and ∆V fj(xj) ≤ 0.

Since

ϕ′(r) =

{√
F (r)

(∫ r

0

dt√
F (t)

+ 1

)}−1
> 0,

ϕ′′(r) = −

{√
F (r)

(∫ r

0

dt√
F (t)

+ 1

)}−2
·

{
F ′(r)

2
√
F (r)

(∫ r

0

dt√
F (t)

+ 1

)
+ 1

}
≤ 0.
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Thus by direct computation, we obtain

|∇f |(xj) =εjϕ
′(r(xj))|gradr(xj)| ≤ εj

{√
F (r(xj))

(∫ r(xj)

0

dt√
F (t)

+ 1

)}−1
→ 0 as j →∞.

By using the above V-Laplacian comparison theorem (Lemma 1), we have

∆V f(xj) ≤εj
{
ϕ′(r(xj))∆V r(xj) + ϕ′′(r(xj))|gradr(xj)|2

}
≤εjϕ′(r(xj))∆V r(xj)

≤εj

{√
F (r(xj))

(∫ r(xj)

0

dt√
F (t)

+ 1

)}−1
·
(
m− 1

r(xj)
+
√

(m− 1)F (r(xj)) + v(r(xj))

)
→ 0 as j →∞.

It remains to prove lim
j→+∞

f(xj) = sup f . If there exists a subsequence {xjk} 6= {xj}, such that

lim
k→+∞

f(xjk) = sup f , then by still denoting {xjk} as xj , our proof is completed. Otherwise,

we claim that lim
j→+∞

f(xj) = sup f (If sup f = ∞, then we claim that lim
j→+∞

sup f(xj) = ∞).

Indeed, if this were not true, there would exist x̂ ∈M and δ > 0, such that

(2.6) f(x̂) > f(xj) + δ

for each j ≥ j0 sufficiently large.
Since

(2.7) f(xj)− εjϕ(r(xj)) = fj(xj) ≥ fj(x̂) = f(x̂)− εjϕ(r(x̂)),

we then have

f(xj) ≥ f(x̂) + εj(ϕ(r(xj))− ϕ(r(x̂))).

If r(xj) → +∞ as j → +∞, then for j large enough, we have ϕ(r(xj)) > ϕ(r(x̂)), that is
f(xj) > f(x̂), which contradicts (2.6).

If {xj} lies in a compact set, then for some subsequence of j, xj converges to a point x̄, so
that f(x̂) ≥ f(x̄) + δ. On the other hand, we can deduce from (2.7) that

f(x̄) ≥ f(x̂)

This is also a contradiction. Thus we complete the proof.

Remark 1. Choose F (r) = c(r + 2)2 (log(r + 2) + 1)2, where c is a positive constant. Obvi-

ously, F (r) is a positive nondecreasing C1-function and satisfying
∫ +∞
0

dr√
F (r)

= +∞.

2.2. Ricci solitons. Note that for a complete gradient shrinking Ricci soliton (Mm, gij , f),
by a suitable scaling of any shrinking soliton metric gij , it can be achieved that

(2.8) Rij +∇i∇jf =
1

2
gij .

Hamilton [22] showed that (2.8) implies

(2.9) R+ |∇f |2 − f = C0.
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If we normalize f by adding the constant C0 to it, then (2.9) becomes

(2.10) R+ |∇f |2 − f = 0.

Therefore we can derive the following theorem by applying Theorem 1:

Theorem 2. Let (Mm, gij , f) be a complete noncompact gradient shrinking Ricci soliton. Let

u ∈ C2(M) with lim
x→∞

u(x)
ϕ(r(x)) = 0, where r is the distance function on M from some fixed point

and ϕ(t) = log (log (log(t+ 2) + 1) + 1). Then there exist points {xj} ⊂M , such that

lim
j→∞

u(xj) = supu,

lim
j→∞

|∇u|(xj) =0,

lim
j→∞

∆fu(xj) ≤0.

Proof. By (2.8) we have Ric∇f ≥ 1
2g. From Corollary 2.5 in [8] (see also [5]), we know that the

scalar curvature of M is nonnegative. Thus by (2.10) and Theorem 1.1 in [7], we get

|∇f | ≤ 1

2
(r + c).

Then the conclusion follows from Theorem 1.

Remark 2. Fernandez-Lopez and Garcia Rio [20] showed that complete noncompact gradient
shrinking Ricci solitons satisfy the Omori–Yau maximum principle for the f -Laplacian for
u ∈ C2(M) with sup

M
u < +∞. The condition on u in Theorem 2 is weaker than theirs.

For weighted Riemannian manifolds, the Omori–Yau maximum principle for f-Laplacians
was discussed in Theorem 6 [27], see also the references therein.

Recall that for a gradient steady Ricci soliton (Mm, gij , f), i.e., Ricf ≡ 0, there is a positive
constant a such that [30]

|∇f |2 +R = a2, ∆f +R = 0, R ≥ 0.

Combining this with Theorem 1, we have

Theorem 3. Let (Mm, gij , f) be a complete noncompact gradient steady Ricci soliton. Let

u ∈ C2(M) with lim
x→∞

u(x)
ϕ(r(x)) = 0, where r is the distance function on M from some fixed point

and ϕ(t) = log (log (log(t+ 2) + 1) + 1). Then there exist points {xj} ⊂M , such that

lim
j→∞

u(xj) = supu,

lim
j→∞

|∇u|(xj) =0,

lim
j→∞

∆fu(xj) ≤0.
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2.3. Self-shrinkers. For a self-shrinker Mm in Rm+n, let {e1, ..., em} be a local orthonormal
normal frame field on M at the considered point, then by the Gauss equation, we have

Ric(ei, ei) =
∑
α

Hαhαii −
∑
α,j

(hαij)
2

and

(L−XT
2

g)(ei, ei) =− 1

2

(
XT 〈ei, ei〉 − 2〈LXT ei, ei〉

)
= 〈LXT ei, ei〉 = 〈[XT , ei], ei〉

=〈∇XT ei −∇eiXT , ei〉 = −〈∇ei(〈X, ej〉ej), ei〉
=− 〈(ei〈X, ej〉)ej + 〈X, ej〉∇eiej , ei〉 = −(1 + 〈X,B(ei, ei)〉)

=− (1 + 〈XN , Bii〉) = −(1− 2〈H,Bii〉 = −1 + 2
∑
α

Hαhαii

From the above two equalities it follows that

(2.11)

Ric−XT
2

(ei, ei) =Ric(ei, ei)−
1

2
(L−XT

2

g)(ei, ei)

=
∑
α

Hαhαii −
∑
α,j

(hαij)
2 +

1

2
−
∑
α

Hαhαii

=
1

2
−
∑
α,j

(hαij)
2 ≥ 1

2
− |B|2.

Theorem 4. Let X : Mm → Rm+n be a complete proper self-shrinker. Let u ∈ C2(M) with

lim
x→∞

u(x)

log(
√
|X|2+4−1)

= 0. Then there exist points {xj} ⊂M , such that

lim
j→∞

u(xj) = supu,

lim
j→∞

|∇u|(xj) =0,

lim
j→∞

∆Mu(xj) ≤0.

Proof. Let us choose G(t) = t+ 1 and γ = f = |X|2
4 . Obviously G(t) satisfies the condition of

Theorem 4 in [27]. By direct computation, we have

(2.12) f − |∇f |2 = |H|2,

(2.13) ∆Mf =
n

2
− (f − |∇f |2).

Thus |∇f | ≤
√
f and ∆Mf ≤ n

2 ≤
√
f + 1 off a compact set, together with the proper condition

on X, imply that (h1)− (h3) of Theorem 4 in [27] are satisfied. Hence according to Theorem
4 in [27], there exist points {xj} ⊂M , such that

|∇u|(xj) <
1

j
and ∆Mu(xj) <

1

j
.

By a similar proof as of Theorem 1, we can obtain lim
j→∞

u(xj) = supu.

Similarly, we can obtain the following maximum principle for the drift Laplacian operator
L by using Theorem 1.9 in [32].
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Theorem 5. Let X : Mm → Rm+n be a complete proper self-shrinker. Let u ∈ C2(M) be
bounded from above on M . Then there exist points {xj} ⊂M , such that

lim
j→∞

u(xj) = supu,

lim
j→∞

|∇u|(xj) =0,

lim
j→∞

Lu(xj) ≤0.

Proof. The function G(t) = t2 + 1 satisfies the condition (1.17) of Theorem 1.9 in [32]. Let

γ = f = |X|2
4 . Since X is proper, we then have

γ(x)→∞ as x→∞
From (2.12) and (2.13), we can easily see that γ satisfies (1.15) and (1.16) of Theorem 1.9 in
[32]. Therefore by the proof of Theorem 1.9 in [32], there exist points {xj} ⊂M , such that

lim
j→∞

u(xj) = supu,

(2.14) |∇u|(xj) ≤
C

j

√
G(γ(xj)

1
2 )

=
C

j
√
γ(xj) + 1

,

(2.15) ∆Mu(xj) ≤
C

j
.

Thus from (2.14) and (2.15), we have

(2.16) Lu(xj) = ∆Mu(xj)− 〈∇f,∇u〉(xj) ≤
C

j
+
√
γ(xj) ·

C

j
√
γ(xj) + 1

.

By (2.14) and (2.16), we can conclude that

lim
j→∞

|∇u|(xj) = 0 and lim
j→∞

Lu(xj) ≤ 0.

In [20], the authors gave a characterization of shrinking Ricci solitons with constant scalar
curvature. We can give the following characterization of self-shrinkers with constant mean
curvature by using Theorem 4 or 5.

Theorem 6. Let X : Mn → Rn+1 be a complete proper self-shrinker with nonzero mean
curvature H. Then M has constant mean curvature if and only if

|B|2 ≤ 1

2
+ C

|∇H|2

H2 + 1
for some constant C > 0.

Proof. We may assume that H > 0. By direct computation, it is easy to get that (see [11])

LH = (
1

2
− |B|2)H.

Hence if H is a constant, then |B|2 = 1
2 .

Conversely, assume that |B|2 ≤ 1
2 + C |∇H|

2

H2+1
for some constant C > 0. Let

f(x) =

(
1

H(x) + 1

) 2
3

.
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Obviously, f is a bounded function on M . By Theorem 4 or Theorem 5, there exists a sequence
{xj} ⊂M , such that

(2.17) lim
j→∞

f(xj) = inf
M
f and lim

j→∞
|∇f |(xj) = lim

j→∞

2|∇H|(xj)
3(H(xj) + 1)

5
3

= 0.

It follows that lim
j→∞

H(xj) = supM H. Since |B|2 ≥ H2

n , we have

H(xj)
2
3 ≤ n

H(xj)
4
3

|B(xj)|2 ≤
n

2H(xj)
4
3

+ nC
|∇H(xj)|2

H(xj)
10
3

.

Letting j →∞ in the above inequality, together with (2.17), we have supM H ≤ n
2 .

On the other hand, we have

(2.18)

LHC+1 =∆HC+1 − 〈X,∇HC+1〉
=C(C + 1)HC−1|∇H|2 + (C + 1)HCLH

=(C + 1)HC−1
(
C|∇H|2 +H2(

1

2
− |B|2)

)
.

Since

|B|2 ≤ 1

2
+ C

|∇H|2

H2 + 1
≤ 1

2
+ C
|∇H|2

H2
.

Then (2.18) implies that LHC+1 ≥ 0.
Since M is proper, then by Theorem 4.1 in Cheng–Zhou [15], we have

V̂ ol(Br) =

∫
Br

e−
|X|2
4 ≤ c < +∞.

It follows that ∫ +∞

r0

r

V̂ ol(Br)
dr ≥

∫ +∞

r0

r

c
dr = +∞.

This implies that M is |X|
2

4 -parabolic (see [32] or [33]). So H = const.

Now, we focus on spacelike self-shrinkers in pseudo-Euclidean space Rm+n
n .

Let Rm+n
n be an (m+ n)-dimensional pseudo-Euclidean space with index n. The indefinite

flat metric on Rm+n
n is defined by

ds2 =
m∑
i=1

(dxi)2 −
m+n∑

α=m+1

(dxα)2.

Let X : M → Rm+n
n be a spacelike m-submanifold in Rm+n

n with the second fundamental form
B defined by

BUW := (∇UW )N

for U,W ∈ Γ(TM). We use the notation (·)T and (·)N for the orthogonal projections into the
tangent bundle TM and the normal bundle NM , respectively. For ν ∈ Γ(NM) we define the
shape operator Aν : TM → TM by

Aν(U) := −(∇Uν)T
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Taking the trace of B gives the mean curvature vector H of M in Rm+n
n and

H := trace(B) =
m∑
i=1

Beiei ,

where {ei} is a local orthonormal frame field of M . Actually, such a complete spacelike sub-
manifold M is an entire graph (see [42]).
Mm is said to be a self-shrinker in Rm+n

n if it satisfies

(2.19) H = −1

2
XN .

Here H is the mean curvature vector of M in Rm+n
n , XN is the normal part of X. And we

define the drift operator L as in (1.4).
Recently, Liu–Xin [28] obtained a Bernstein theorem for spacelike self-shrinkers in pseudo-

Euclidean space Rm+n
n ; they proved: Let M be a space-like self-shrinker in pseudo-Euclidean

space Rm+n
n , which is closed with respect to the Euclidean topology. If the mean curvature of

M satisfies |H|2 ≤ eαz, where α < 1/8 and z := ‖X‖2, then it must be an affine n-plane.
Their method was by using integral estimates. We can also deal with this kind of problems

by using an Omori–Yau maximum principle.

Theorem 7. Let X : Mm → Rm+n
n be a complete noncompact spacelike self-shrinker. Let r be

the distance function on M from some fixed point, and F : R→ R be a positive nondecreasing
C1-function and

∫ +∞
0

dr√
F (r)

= +∞. Suppose X satisfies

(2.20) 〈X,∇r〉 ≥ −v(r)

for some nondecreasing function v(r) satisfying lim
r→+∞

v(r)√
F (r)

(∫ r
0

dt√
F (t)

+1

) = 0. Then M has to

be an affine m-plane.

Proof. From the self-shrinker equation, we derive

(2.21) ∇ejH =
1

2
〈X, ek〉Bjk

and

∇ei∇ejH =
1

2
Bij − 〈H,Bik〉Bjk +

1

2
〈X, ek〉∇eiBjk.

Hence using the Codazzi equation, we obtain that

L|H|2 =∆|H|2 − 1

2
〈X,∇|H|2〉

=2〈∇ei∇eiH,H〉+ 2|∇H|2 − 1

2
〈X,∇|H|2〉

=|H|2 − 2〈H,Bik〉2 +
1

2
∇XT |H|2 + 2|∇H|2 − 1

2
〈X,∇|H|2〉

=|H|2 − 2〈H,Bik〉2 + 2|∇H|2.

It follows that

(2.22) L‖H‖2 = ‖H‖2 + 2〈H,Bik〉2 + 2‖∇H‖2,
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where ‖H‖2 is the absolute value of the norm square of the mean curvature of M . Thus direct
computation gives us

(2.23)

L(− 1

1 + ‖H‖2
) =

L‖H‖2

1 + ‖H‖2
− 2

|∇‖H‖2|
(1 + ‖H‖2)3

=
‖H‖2 + 2〈H,Bik〉2 + 2‖∇H‖2

1 + ‖H‖2
− 2

|∇‖H‖2|
(1 + ‖H‖2)3

.

Then applying Theorem 1 to − 1
1+‖H‖2 , we can conclude that there exist points {xj} ⊂ M ,

such that

lim
j→∞

(
− 1

1 + ‖H‖2

)
(xj) = sup

(
− 1

1 + ‖H‖2

)
,

lim
j→∞

∣∣∣∣∇(− 1

1 + ‖H‖2

)∣∣∣∣ (xj) = 0,

lim
j→∞

L
(
− 1

1 + ‖H‖2

)
(xj) ≤ 0.

The above equalities imply that

0 ≥ lim
j→∞

L
(
− 1

1 + ‖H‖2

)
(xj) ≥

supM ‖H‖2

1 + supM ‖H‖2
.

This forces H ≡ 0. We then can conclude that ‖B‖2 = 0 (see (2.9) in [24]). Hence M is an
m-plane.

By Remark 1, we can choose F (r) = c(r+ 2)2(log(r+ 2) + 1)2, then we obtain the following
result.

Corollary 1. Let X : Mm → Rm+n
n be a complete noncompact spacelike self-shrinker. Let r

be the distance function on M from some fixed point. If XT satisfies

|XT | = O((r + 2) log(r + 2) + 1) as r → +∞

then M has to be an affine m-plane.

Remark 3. Actually, the Omori–Yau maximum principle holds under the condition of Corol-
lary 1. More precisely:
Let X : Mm → Rm+n

n be a complete noncompact spacelike self-shrinker with |XT | = O((r +
2) log(r + 2) + 1) (as r → +∞), where r is the distance function on M from some fixed point.

Let u ∈ C2(M) with lim
r→+∞

u(x)
ϕ(r(x)) = 0, here ϕ(t) = log(log(log(t + 2) + 1) + 1). Then there

exist points {xj} ⊂M , such that

lim
j→+∞

u(xj) = supu, lim
j→+∞

|∇u|(xj) = 0, lim
j→+∞

Lu(xj) ≤ 0.

Remark 4. Choose F (r) = c(r + 2)2(log(r + 2) + 1)2. If the metric of M has a positive
lower bound, it is easy to see that the condition (2.20) is satisfied. Hence M must be an affine
m-plane. This also shows that Proposition 20 in [17] holds.
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3. Liouville theorems for V-harmonic maps and geometric applications

In this section, we will use Liouville type theorems for V -harmonic maps to obtain Bernstein
theorems for self-shrinkers.

For any p ∈ M , let {e1, ..., em} be a local frame field near p. Define the Gauss map γ :
p → γ(p) which is obtained by parallel translation of TpM to the origin in the ambient space
Rm+n
n . The image of the Gauss map lies in a pseudo-Grassmannian Gnm,n-the totality of all the

spacelike m-planes in Rm+n
n . It is a specific Cartan–Hadamard manifold.

Theorem 8. For an m-dimensional spacelike submanifold X : M → Rm+n
n , its Gauss map

γ : M → Gnm,n is a −1
2X

T -harmonic map iff H + 1
2X

N is a parallel vector field in the normal
bundle NM .

Proof. Let {e1, ..., em} be a local tangent orthonormal frame field on M and ν1, ..., νn be a
local normal orthonormal frame field on M such that ∇ei = 0 and ∇να = 0 at the considered
point. For any P ∈ Gnm,n, there are m vectors v1, ..., vm spanning P . Then we have Plücker
coordinates v1 ∧ · · · ∧ vm for P up to a constant. The Gauss map γ can be described by
P → e1 ∧ · · · ∧ em, thus

(3.1) dγ(ei) = ∇ei(e1 ∧ · · · ∧ em) =
∑
j

e1 ∧ · · · ∧Beiej ∧ · · · ∧ em =
∑
j,α

hαijeαj ,

where hαij = 〈Beiej , να〉 and {eαi} = {e1 ∧ · · · ∧ ei−1 ∧ eα ∧ ei+1 ∧ · · · ∧ em} is an orthonormal
basis for TGnm,n. which means that the relation of the norm of the second fundamental form
and the energy density of the Gauss map

(3.2) e(γ) = 〈dγ(ei), dγ(ei)〉 = 〈hαijeαj , h
β
ikeβk〉 = ‖B‖2.

Hence a direct calculation yields

(3.3)

τ− 1
2
XT (γ) =τ(γ) + dγ(−1

2
XT ) = (∇eidγ)(ei) + dγ(−1

2
XT )

=∇ei(dγ(ei))−
1

2
〈X, ei〉dγ(ei) = ∇ei(hαijeαj)−

1

2
〈X, ei〉hαijeαj

=(∇eihαij)eαj −
1

2
〈〈X, ei〉ei, Aeα(ej)〉eαj

=(∇ejhαii)eαj −
1

2
〈X,Aeα(ej)〉eαj

=(∇ejHα)eαj +
1

2
〈X,∇ejeα〉eαj

=(∇ejHα)eαj +
1

2
∇ej 〈X, eα〉eαj

=(∇ej (Hα +
Xα

2
))eαj ,

where we have used the Codazzi equation. Hence we obtain

τ− 1
2
XT (γ) = 0 ⇔ ∇(H +

1

2
XN ) = 0.

Corollary 2. If Mm is a self-shrinker in Rm+n
n , then its Gauss map γ : M → Gnm,n is a

−1
2X

T -harmonic map.
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By a similar method, we can also get the following (see also [18])

Corollary 3. If Mm is a self-shrinker in Rm+n, then its Gauss map γ : M → Gm,n is a
−1

2X
T -harmonic map.

In view of these facts, Liouville theorems for V-harmonic maps can be applied to self-shrinkers
in Euclidean space and pseudo-Euclidean space.

We recall the following Liouville theorem for V-harmonic maps:

Theorem A (1) (c.f. [9], Theorem 2.) Let (M, g) be a complete noncompact Riemannian
manifold with

RicV := RicM − 1

2
LV g ≥ −A,

where A ≥ 0 is a constant, RicM is the Ricci curvature of M and LV is the Lie derivative. Let
(X,h) be a complete Riemannian manifold with sectional curvature bounded above by a positive
constant κ. Let u : M → X be a V -harmonic map such that u(M) ⊂ BR(p), where BR(p) is a
regular ball in X, i.e., disjoint from the cut-locus of p and R < π

2
√
κ

. If V satisfies

(3.4) 〈V,∇r〉 ≤ v(r)

for some nondecreasing function v(·) satisfying lim
r→+∞

|v(r)|
r = 0, where r denotes the distance

function on M from a fixed point p̃ ∈ M , then e(u) is bounded by a constant depending only
on A, κ and R. Furthermore, if A = 0, namely,

RicM ≥ 1

2
LV g,

then u must be a constant map.

(2) (c.f. [39], [36]) Let Mm be a complete noncompact manifold with Ricf ≥ 0 and N be
a complete Riemannian manifold with nonpositive sectional curvature. If u : M → N is a
f -harmonic maps with finite weighted energy, then e(u) must be constant.

Using this we can obtain the following Bernstein theorems for self-shrinkers:

Theorem 9. Let X : Mm → Rm+n
n be a complete noncompact spacelike self-shrinker with

infinite volume. If
∫
M ‖B‖

2 <∞, then M must be a plane. Here ‖B‖ is the absolute value of
the squared norm of the second fundamental form of M .

Proof. Computing as in (2.11), we have

(3.5)

Ric−XT
2

(ei, ei) =Ric(ei, ei)−
1

2
(L−XT

2

g)(ei, ei)

=−
∑
α

Hαhαii +
∑
α,j

(hαij)
2 +

1

2
+
∑
α

Hαhαii

=
1

2
+
∑
α,j

(hαij)
2 ≥ 1

2
,

where {ei} is a local orthonormal normal frame field of Mm.
From Corollary 2, we know that the Gauss map γ : Mm → Gnm,n is an f -harmonic map with

f = |X|2
4 . By (3.5) and Theorem A (2) we can conclude that the energy density e(γ) of the
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Gauss map γ must be constant. Then (3.2), the assumptions
∫
M ‖B‖

2 < ∞ and that M has
infinite volume imply ‖B‖ = 0, i.e., M must be a plane.

Theorem 10. Let X : Mm → Rm+n
n be a complete noncompact spacelike self-shrinker. If the

image under the Gauss map lies in a regular ball BR(p) ⊂ Gnm,n and X satisfies

〈X,∇r〉 ≥ −v(r)

for some nondecreasing function v(·) satisfying lim
r→+∞

|v(r)|
r = 0, where r denotes the distance

function on M from a fixed point p ∈M . Then M has to be a plane.

Proof. By (3.5), Theorem A (1) and Corollary 2, we conclude that the Gauss map γ : Mm →
Gnm,n must be constant. Therefore M is a plane.

Let N be a complete Riemannian manifold of nonpositive sectional curvature and c : R→ N
be a geodesic with the arc length parameter. The union of open balls

Bc :=
⋃
t>0

Bt(c(t))

is called the horoball with center c(+∞), where Bc(c(t)) is an open geodesic ball of radius t
and centered at c(t). Let ρ be the distance function on N . For each x ∈ N , the function
t 7→ t−ρ(x, c(t)) is bounded from above and monotonically increasing. Therefore, the function

B(x) := lim
t→+∞

(t− ρ(x, c(t)))

is well defined on N and is called the Busemann function for the geodesic c. It is easily seen
that B(x) > 0 on Bc. We know that B is a C2-function with |∇B| = 1 (see [4] [37] [43]). We
may also assume that B ≥ 1 since Busemann functions are horo-functions.

Let Bn(x) := n− ρ(x, c(n)), n ∈ Z+. We know that Bn(x) converges to B(x) uniformly up
to second derivatives on any compact subset when n→∞.

Theorem 11. Let (Mm, g) be a complete noncompact Riemannian manifold with

RicV := RicM − 1

2
LV g ≥ −A,

where A ≥ 0 is a constant, RicM is the Ricci curvature of M and LV is the Lie derivative.
Let (Nn, h) be a complete Riemannian manifold with sectional curvature bounded above by a
negative constant −κ2(κ > 0). Let u : M → N be a V -harmonic map such that u(M) ⊂ Bc,
where Bc is a horoball centered at c(+∞) with respect to a geodesic c(t) with the arc length
parameter. Suppose that ‖V ‖L∞(M) < +∞. Then

(3.6)
e(u)

(B ◦ u)2
≤ C(A+

‖V ‖2L∞

m− 1
),

where C > 0 is a constant depending only on m,κ.

Proof. Multiplying the metric tensor by a suitable constant we may assume the upper bound
of the sectional curvature of N to be -1.

Let B be the Busemann function on Bc and Bn(p) = n− ρ(p, c(n)), where ρ is the distance
function from c(n) in N . By the Hessian comparison theorem, we have

Hess(Bn) = −Hess(ρ(p, c(n))) ≤ −(coth ρ)(h− dρ⊗ dρ)
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and
∆V (Bn ◦ u) =Hess(Bn)(du(ei), du(ei)) + dρ(τV (u))

≤− (coth ρ)(h− dρ⊗ dρ)(du(ei), du(ei)).

Let the {iα} constitute that subset of the i, with complementary subset {is}, for which the
du(eiα) are parallel to ∇ρ and the du(eis) are perpendicular to ∇ρ. Then we obtain that

(3.7) ∆V (Bn ◦ u) ≤ −(coth ρ)h(du(eis), du(eis)) ≤ −h(du(eis), du(eis))

and

(3.8)

h(du(eiα), du(eiα)) =h(du(eiα),∇ρ)h(du(eiα),∇ρ)

=h(∇(ρ ◦ u), eiα)h(∇(ρ ◦ u), eiα)

≤|∇(Bn ◦ u)|2.

From (3.7) and (3.8), we have that for any ε ∈ (0, 1)

ε
|∇(Bn ◦ u)|2

(Bn ◦ u)2
− ∆V (Bn ◦ u)

Bn ◦ u
≥ ε

(Bn ◦ u)2
(
|∇(Bn ◦ u)|2 −∆V (Bn ◦ u)

)
≥ε |∇u|

2

(Bn ◦ u)2
.

Since Bn(x) converges to B(x) uniformly up to second derivatives on any compact subset when
n→∞, then the above inequality implies that

(3.9) ε
|∇(B ◦ u)|2

(B ◦ u)2
− ∆V (B ◦ u)

B ◦ u
≥ ε |∇u|

2

(B ◦ u)2
.

On the other hand, the Bochner type formula in [9] gives us that

(3.10)
1

2
∆V e(u) ≥ |∇du|2 −Ae(u).

Let ei be an orthonormal basis of M , ei be the dual basis of ei, and let fα be an orthonormal

basis of N . Let du = uαi e
i ⊗ fα. We choose e1 such that e1 = ∇|du|

|∇|du|| at the considered point.

Then we have

(3.11)

|∇du|2 =
∑
α,i,j

(uαij)
2 ≥

∑
α

(uα11)
2 + 2

∑
α,j≥2

(uα1j)
2 +

∑
α,j≥2

(uαjj)
2

≥
∑
α

(uα11)
2 + 2

∑
α,j≥2

(uα1j)
2 +

1

m− 1

∑
α

∑
j≥2

uαjj

2

=
∑
α

(uα11)
2 + 2

∑
α,j≥2

(uα1j)
2 +

1

m− 1

∑
α

(τ(u)α − uα11)
2

≥ 1

m− 1
|τ(u)|2 − 2

m− 1

∑
α

τ(u)αuα11 +
m

m− 1

∑
α,j

(uα1j)
2.

Then the Cauchy–Schwartz inequality implies that for any ε > 0

(3.12) |∇du|2 ≥ 1− ε
m− 1

|τ(u)|2 +

(
m

m− 1
− 1

(m− 1)ε

)∑
α,j

(uα1j)
2.
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It is easy to check that
∑

α,j(u
α
1j)

2 ≥ |∇
√
e(u)|2. Letting ε = 2 in (3.12), we obtain

|∇du|2 ≥
(

1 +
1

2(m− 1)

)
|∇
√
e(u)|2 − 1

m− 1
|τ(u)|2.

Since u is V -harmonic, we have τ(u)+〈V,∇u〉 = τV (u) = 0. Hence the above inequality implies
that

(3.13) |∇du|2 ≥
(

1 +
1

2(m− 1)

)
|∇
√
e(u)|2 −

‖V ‖2L∞

m− 1
e(u).

Let ε = 1
2(m−1) , from (3.10) and (3.13), we get

1

2
∆V e(u) ≥ (1 + ε)|∇

√
e(u)|2 −

(
A+

‖V ‖2L∞

m− 1

)
e(u).

Namely,

(3.14) |∇u|∆V |∇u| ≥ ε|∇|∇u||2 − Ã|∇u|2,

where Ã = A+
‖V ‖2L∞
m−1 . Let ψ = |∇u|

B◦u , then

∇ψ =
∇|∇u|
B ◦ u

− |∇u| · ∇(B ◦ u)

(B ◦ u)2
,

∆V ψ =
∆V |∇u|
B ◦ u

− 2〈∇(B ◦ u),∇ψ〉
B ◦ u

− ψ∆V (B ◦ u)

B ◦ u

≥ε |∇|∇u||
2

(B ◦ u)|∇u|
− Ã |∇u|

B ◦ u
− 2〈∇(B ◦ u),∇ψ〉

B ◦ u
− ψ∆V (B ◦ u)

B ◦ u
.

Since

− 2
〈∇(B ◦ u),∇ψ〉

B ◦ u
= −(2− 2ε)

〈∇(B ◦ u),∇ψ〉
B ◦ u

− 2ε
〈∇(B ◦ u),∇ψ〉

B ◦ u

=− (2− 2ε)
〈∇(B ◦ u),∇ψ〉

B ◦ u
− 2ε

〈∇(B ◦ u),∇|∇u|〉
(B ◦ u)2

+ 2ε
|∇(B ◦ u)|2|∇u|

(B ◦ u)3

≥− (2− 2ε)
〈∇(B ◦ u),∇ψ〉

B ◦ u
− ε |∇|∇u||

2

(B ◦ u)|∇u|
+ ε
|∇(B ◦ u)|2|∇u|

(B ◦ u)3
,

we conclude that

(3.15) ∆V ψ ≥ −Ãψ −
ψ∆V (B ◦ u)

B ◦ u
+ ε
|∇(B ◦ u)|2|∇u|

(B ◦ u)3
− (2− 2ε)

〈∇(B ◦ u),∇ψ〉
B ◦ u

.

Let r be the distance function on M from a fixed point p̃ and Ba(p̃) be a geodesic ball of
radius around p̃. Define f : Ba(p̃)→ R by

f := (a2 − r2)ψ(x) = (a2 − r2) |∇u|
B ◦ u

.

Since f |∂Ba(p̃) = 0, f achieves an absolute maximum in the interior of Ba(p̃), say f ≤ f(q),

for some q inside Ba(p̃). By using the technique of support function we may assume that f is
smooth near q. We may also assume ∇u(q) 6= 0. Then from

∇f(q) =0,

∆V f(q) ≤0.
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we obtain the following at the point q:

∇r2

a2 − r2
=
∇ψ
ψ
,

− ∆V r
2

a2 − r2
+

∆V ψ

ψ
− 2〈∇r2,∇ψ〉

(a2 − r2)ψ
≤ 0.

From the above two inequalities we can easily seen that

∆V ψ

ψ
− ∆V r

2

a2 − r2
− 2|∇r2|2

(a2 − r2)2
≤ 0.

By the V -Laplacian comparison theorem (Lemma 1), we have

∆V r
2 = 2|∇r|2 + 2r∆V r ≤ c1 + c2r + 2r‖V ‖L∞ ,

where c1 depends only on m, c2 depends on m and A. It follows that

(3.16)

−Ã− ∆V (B ◦ u)

B ◦ u
+ε
|∇(B ◦ u)|2

(B ◦ u)2
− 2(2− 2ε)r

〈∇(B ◦ u),∇r〉
(a2 − r2)(B ◦ u)

−c1 + c2r + 2r‖V ‖L∞

a2 − r2
− 8r2

(a2 − r2)2
≤ 0.

By the Schwartz inequality and noting that |∇B| = 1, we get

(3.17)

∣∣∣∣ 〈∇(B ◦ u),∇r〉
(a2 − r2)(B ◦ u)

∣∣∣∣ ≤ |∇(B ◦ u)| · |∇r|
(a2 − r2)(B ◦ u)

≤ |∇u|
(a2 − r2)(B ◦ u)

.

The inequalities (3.9), (3.16) and (3.17) imply that

(3.18) ε
|∇u|2

(B ◦ u)2
− 2(2− 2ε)r

a2 − r2
|∇u|
B ◦ u

− c1 + c2r + 2r‖V ‖L∞

a2 − r2
− 8r2

(a2 − r2)2
− Ã ≤ 0.

Hence

|∇u|
B ◦ u

≤ max

{
4(2− 2ε)r

ε(a2 − r2)
,

2√
ε

√
c1 + c2r + 2r‖V ‖L∞

a2 − r2
+

8r2

(a2 − r2)2
+ Ã

}
,

From this we can derive the upper bound of f , and it is easy to conclude that at every point
of Ba

2
(p̃), we have

|∇u|
B ◦ u

≤ C

(
1

a
+

√
1 + ‖V ‖L∞

a
+

1

a2
+ Ã

)
.

Here C is a positive constant depending only on m and κ.

For any fixed x ∈M , letting a→∞ in the above inequality, we obtain |∇u|B◦u ≤ C
√
A+

‖V ‖2L∞
m−1 .

Furthermore, by a similar proof, one can show that when RicV is bounded below by a positive
constant, we have the following:

Theorem 12. Let (Mm, g) be a complete noncompact Riemannian manifold with

RicV := RicM − 1

2
LV g ≥ A,

where A ≥ 0 is a constant, RicM is the Ricci curvature of M and LV is the Lie derivative.
Let (Nn, h) be a complete Riemannian manifold with sectional curvature bounded above by a
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negative constant −κ2(κ > 0). Let u : M → N be a V -harmonic map such that u(M) ⊂ Bc,
where Bc is a horoball centered at c(+∞) with respect to a geodesic c(t) parametrized by arc

length. Suppose that ‖V ‖L∞(M) < +∞. If A ≥ ‖V ‖2L∞
m−1 , then u must be a constant map. If

A <
‖V ‖2L∞
m−1 , then e(u)

(B◦u)2 is bounded by a constant depending only on A,m, κ and ‖V ‖L∞(M).

By (3.5) and Theorem 12, one can immediately obtain the following:

Corollary 4. Let X : Mm → Rm+1
1 be a complete noncompact spacelike self-shrinker. If the

image under the Gauss map γ : M → Hm(−1) lies in a horoball in Hm(−1), then ‖XT ‖L∞(M) >
m− 1.

Proof. We assume that ‖XT ‖L∞(M) ≤ m−1, then by (3.5) and Theorem 12, we have e(u) = 0,
which together with (3.2), implies that M is a hyperplane. On the other hand, it follows that
M must be compact by Theorem 1 in [19]. This is a contradiction.
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