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Abstract

We focus on a special type of domain walls appearing in the Landau-Lifshitz theory
for soft ferromagnetic films. These domain walls are divergence-free S?-valued transition
layers that connect two directions m;t € §? (differing by an angle 26) and minimize the
Dirichlet energy. Our main result is the rigorous derivation of the asymptotic structure
and energy of such “asymmetric” domain walls in the limit § | 0. As an application, we
deduce that a supercritical bifurcation causes the transition from symmetric to asym-
metric walls in the full micromagnetic model.
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1 Introduction

1.1 Model
We consider the following model for asymmetric domain walls: The magnetization is de-
scribed by a unit-length vector field
m = (my,ma,m3): Q — S2,
where the two-dimensional domain
r=(x1,23) € 2 =R x (—1,1)

corresponds to a cross-section of a ferromagnetic sample that is parallel to the xxs-plane.
The following “boundary conditions at x1 = £00” are imposed so that a transition from the
angle —6 to 6 € (0, 5] is generated and a domain wall forms parallel to the zpx3-plane (see
Figure 1):

m(£00,) = mj = (cosf, £sin,0), (1)
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with the convention

f(£o0,-) = ax <:>/Q]f—a+\2dx+/g |f —a_|*dr < oo, (2)

where Q4 = QN {zx; > 0} and Q_ = QN {x; < 0}. Throughout the paper, we use the
variables * = (x1,z3) € € together with the differential operator V = (9,03), and we
denote by

m’ = (my, ms3)

the projection of m on the xjx3-plane.

The set X7 of all magnetization configurations of wall angle 6 € [0, 7] is defined as

—~
~

X% .= {m e H'(Q,S?)

(o0, ) 2 m;;}. (3)

The asymmetry of “asymmetric” domain walls is a consequence of m trying to avoid “mag-
netic charges” in the bulk and on the surface of the sample, so that no magnetic stray-field is
generated via Maxwell’s equations, see Remark 1(ii) below. In other words, the main feature
of asymmetric walls is the flux-closure constraint

V- (m'lg) =0 in D'(R?). (4)
Observe that for any m € H'(Q,S?) satisfying (4), i.e.,
V-m'=0inQ and m3=0 on 99, (5)

there exists a unique constant angle 6,,, € [0, 7] such that the zs-average (which will always
be denoted by a bar ™) satisfies

1
mi(xy) ::][ mi(x1,x3) drs = cosb,, for all x; € R. (6)
-1

Moreover, such vector fields have the property?

m/(d00,-) = (cos 0,,,0) and |ma|(F+oo,-) = sin b,

Tt is a direct consequence of Poincaré’s inequalities (84) and (85), together with Remark 1 (see below)
and [11, Lemma 3].

Figure 1: The cross-section €2 in a ferromagnetic sample on a mesoscopic level.



in the sense of (2). We define the set X as the non-empty (see Proposition 5 below and
[11, Appendix A]) set of such configurations m that additionally change sign as |z1| — oo,
namely ma(400, ) = £sin 6, in the sense of (2):

Xo = {m e 19,8 ‘ Vem' =0 Q, ms =0 on 99, m(+oo, ) 2 métm} ®

Remark 1. (i) Observe that if 6,, € {0,7} for m € H'(Q,S?) with V - (m'1q) = 0 in
D'(R?) — in particular if m € X —, then m € {Fe;}: Indeed, since |m1| =1 in R and
Im| =1 in Q, we deduce |m1| =1 and ma = ms3 =0 in Q.

(ii) Observe that the set X as defined in (7) does not contain symmetric magnetization
configurations m = m(x1) provided m ¢ {xe;}. Indeed, if m = m(xy), then (5) implies
O1my1 =0, i.e. mq; = cosb,,, and mz = 0. This is incompatible with the requirement in
(7) that ma changes sign, unless 0, € {0, 7}, i.e. m € {£e1}.

Our aim is to study the following minimization problem:?

Easym(0) = min |Vm|?dx (8)
Y meXonX? (9]

For every 6 € [0, 7], the minimum in (8) is indeed attained, which is essentially due to
a concentration-compactness result that copes with the change of sign of ma(4o00,-) (see
[11, Theorem 3]). The minimizers stand for asymmetric domain walls and we are going to
characterize their structure and energy as the angle 6 | 0. The variational problem (8) closely
resembles the S?-harmonic map problem with an additional divergence constraint.

1.2 Asymmetric domain walls

In the physics literature [19, 14], two different types of asymmetric domain walls have been
found via the construction of models and also numerical simulation: asymmetric Bloch walls
and asymmetric Néel walls. These transition layers have a width that is comparable to the
film thickness and ensure (5) at the expense of non-vanishing dsm in 2, see Remark 1(ii).
This makes asymmetric walls favored over other types of transition layers only in sufficiently
thick films. Both asymmetric Néel and Bloch walls can also be obtained numerically as crit-
ical points® of a discretized Easym (0) (cf. Figures 2 and 3). We refer to [15] for experimental
pictures of magnetic domains and the domain walls in-between, and to [24] for a rigor-
ous derivation of a precise regime in which asymmetric walls minimize the Landau-Lifshitz
energy.

Judging from the models and the numerical results, there are (at least) three ways to dis-
tinguish asymmetric Néel from asymmetric Bloch walls:

2We refer to Section 1.5 for a brief motivation of E.sym(6) and to [11] for its rigorous derivation from the
full Landau-Lifshitz energy.

3 Actually, we conjecture them to be (local) minimizers of Easym(6), at least for certain ranges of wall
angles 0.
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Figure 2: Asymmetric Néel wall (on the left) and asymmetric Bloch wall (on the right).
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Figure 3: The energies of asymmetric-Néel (solid line) and asymmetric-Bloch (dotted line)
type critical points of a discretized Fasym(6), as well as the expansion of E,gym(6) that we give
n (10) (dashed line). According to the numerics, the expansion (10) is a good approximation
of the energy of asymmetric Néel walls, with a relative error less than 15% across the whole

range of wall angles.

e On the film surface, the asymmetric Néel wall rotates in a non-monotonic way (i.e.,
considered as a map m‘ Pt 0Q ~ S' — S! its phase is non-monotonic), while the
asymmetric Bloch wall rotates monotonically; this feature is actually used to experi-
mentally distinguish the asymmetric Néel wall from other wall types in images obtained

by Kerr microscopy [15, Sec. 5.5.3 (B)].

e The asymmetric Néel wall (up to a translation in x7) is invariant under the symmetry
T — —x, my — —mg, while (except for the special case § = 7) the asymmetric Bloch
wall does not respect any of the symmetries of the energy functional Fagym(6).

e Defining the winding number W := deg(m|89: S! — S'), the asymmetric Néel wall
has a trivial W = 0, while the asymmetric Bloch wall satisfies |[W| = 1 (see also

Section 1.4).

Since the magnetization of an asymmetric Bloch wall points into the opposite direction on
the top film surface with respect to the bottom surface, it is expected to be energetically more



costly than the asymmetric Néel wall when sufficiently strong magnetic fields are applied
along the 1 direction, i.e. when the wall angle 6 decreases from 7 to 0 (cf. [3], the quotation
from [15] in Section 1.5, and Figure 3).

1.3 Main results

Our main goal is to establish the following asymptotic expansion of Eqgyy, in the wall angle 6:
Easym(0) = Co 0> + C10* +0(6%) as 6 |0, (9)

with some positive constants Cy > 0 and C > 0 that we compute explicitly. In fact it will
turn out to be more convenient to expand Eygym in terms of sin@, i.e. derive

Easym(0) = Eq sin? @ + Ey sin® 0 + o(6*) as 6] 0. (10)

Both expansions are related via Cy = Ey and C; = —Ey/3+ E7. Our method is based on an
asymptotic development by I'-convergence. In deriving (10), we will obtain an asymptotic
expansion up to order o(6?) also of minimizers mgy of Fasym(6). The expansion indicates that
the variational problem (8) has — up to translation and for small 0 < # < 1 — exactly two
global minimizers that are related by the reflection x3 ~» —x3, m3 ~» —mg. Moreover, both
minimizers rotate non-monotonically on the sample surface, satisfy — at least up to order 62
— the symmetry x ~» —x, mgy ~» —meo, and are topologically trivial, see Proposition 1.

In conjunction with a reduced model for extended tails of asymmetric domain walls that
was derived in [11], the asymptotic expansion (9) allows us to prove that symmetric Néel
walls turn into their asymmetric variant as the global wall angle increases via a supercritical
bifurcation (see Sections 1.5 and 1.6 for details).

The leading-order coefficient E

The leading-order coefficient in (10) is obtained as a consequence of deriving the asymptotic
behavior of a minimizer mgy of Easym(0) up to order 62 (cf. Lemma 3 below):

- <sirC100§7§1§ )+0(6) asolo,

where mj is a minimizing transition layer of the variational problem

Jexx

= mm/‘Vﬂ dx. (11)
The set of admissible configurations is defined as
~{rem@m | e a ][ Plan)dss =1, f0) =0} (12

Observe that due to translation invariance of the minimization problem (11) and the bound-
ary conditions of admissible f at x; = £oo, the constraint f(0) = f_llf(O,xg) drs = 0



is not a restriction. The requirement that the average f2 = 1 follows from the property
m1 = cos b, of any m € Xy by letting 6 | 0.

By matching upper and lower bounds on Egasym (0) in the spirit of I'-convergence at the level
of minimizers we prove:

Theorem 1. The leading-order coefficient of Eqsym is given by Eg as defined in (11), i.e.

. . 9 N
lelﬁ)l(sm 0 Easym(e)) = FEj.

Problem (11) has exactly two minimizers, determined by:

my(x) = tanh(5xy) + J\/isin(%xg)\/l —tanh®(Zz1), = (z1,73) € Q, (13)
corresponding to the choice of o € {£1}. Moreover, one computes Ey = 4.

The above theorem already justifies the physical prediction for the asymmetric Néel wall:
First of all, observe that mj is a non-monotonic function on the surface 92 = {|z3| = 1}, so
that the same behavior is conserved by the second component of the asymmetric Néel wall.
Second, observe that mj is odd with respect to the origin, so that the second component of
an asymmetric Néel wall approximately conserves the same symmetry. Indeed, by Lemma 3
mh, — mj in H'(Q), in particular uniformly on a.e. vertical line {x; = a}. Due to the
syrﬁmetry T ~> —x, Mg ~ —my , we expect that for small 0 < # < 1 the variational
problem (8) has only two global minimizers my.

Second-leading order coefficient F;

The second-leading order coefficient of the asymmetric-wall energy is obtained by expanding
the minimizer my of Easym(#) to the next order:
my = (50) +sin® 01’ + o(6?)

in H(Q) as 6 | 0, 14
m279:sin9m§—|—o(92) } @) ¢ (14)

where mj is a minimizing transition layer of Ey (cf. (13)) and m’ is given by

dy = 20 and Garg =~ = 72 @ (15)
1t 2 3m3 : 1M 1 .

Note that mg is indeed uniquely determined due to its boundary condition mg = 0 on
). Using the expansion (14) and the fact that m3 minimizes (11), one computes that the
expansion (10) of Easym(6) holds with the exact constant (see Section 2.4)

B = / (1772 = () i [?) e = Y8, (16)
Q

where p: R — R is the Lagrange multiplier corresponding to the constraint fjl fPdzs =1
n (11). It is given by

1
w(zy) :][1|Vm§(:c1,x3)|2dx3 = ﬂ'd;;llé(:cl) = 7r—22(1 — €2(:U1)), (17)



with
{(x1) := tanh(Zzy) for 1 € R. (18)

We again rigorously establish the second-order term of the expansion (10) by finding match-
ing upper and lower bounds on the energy Fasym(6).

Theorem 2. The second-leading order coefficient of Eqeym is given by Ey as in (16), i.e.
lim (sin~* 0 (Basyn(6) — Fosin®6) ) = By,
Glﬁ)l sin ( asym(0) o sin ) 1

Moreover, if {mg}g is a family of minimizers of { Eqsym(0)}e, then the asymptotic expansion
up to the second order (14) holds in H*(Q). That is, up to a translation in x-direction and
a subsequence we have

1 cos O+sin? 0 1 =

—= [ Mo — sin 6 mj — 0 strongly in H*(Q) as 6 ] 0,
sin” 0 sin? 0 13

where m' is defined in (15) for one of the two minimizers mb given in (13).

From Theorems 1 and 2 one finally deduces the expansion (9) of Easym(#) in terms of 0
instead of sin 0:
Easym(0) = 47 0% + 3% 7 0% 4 0(0%).

1.4 Topological properties of small-angle walls
There are (at least) two ways of defining topological invariants for smooth vector fields
m € Xo:

e Since m|BQ: 00 ~ St — St we can define a winding number W (m) = deg(m|8ﬂ).

e Since m3 = 0 on 9N, we can extend m from © to Q := R x [=3,1) by even reflection
in (mq,ms) and odd reflection in mg. The reflected configuration remains divergence
free. Identifying Q C Q with the upper hemisphere of S2 and the reflected version Q\Q
with the lower hemisphere, we see that (due to the boundary conditions at 27 = +00)
the extension m: Q — S? of m induces a vector field m: S — S2, to which we can
associate a degree D(m) = deg(m).

Both degrees can be represented in terms of the Jacobian determinants
J(ms) = 01(my) x 93(msz ),  w(m) =m- (dym x Ozm).
We have (note |23, Rem. 1.5.10])
W(m)= ) sen(J(i)()) € Z, (19)
ve(imy) " (3)

for any regular value ({;) of (1), where sgn(a) denotes the sign of a # 0. The integer W
is independent of the choice of the regular value (¥3) (cf. [23, Prop. 1.4.1]).



Moreover, for any two regular values y and z of m: Q — S? with y3 > 0 and 23 < 0, we have
D(m) = Z sgn(w(m)(ﬂv)) + Z sgn(w(m)(m)) cZ. (20)
zem~1(y) zem~1(z)
The sums are constant in y and z, respectively (cf. [23, Prop. 1.4.1]).
With these definitions the following relation holds (see also [18, pg. 1021]):
W(m) = D(m) (mod 2).
Furthermore, recall that there are alternative characterizations of W and D available by

integrating J and w, respectively:

ZBT/V(m):l/ﬂJ(mé)dw:l 8Qm18Tm2d7-L1(x),

Z > D(m) = 5 /Qw(m) dx.

The winding number W is a classical quantity in the study of Ginzburg-Landau vortices [4]
and has been generalized also to less regular vector fields |7, 5].

By Young’s inequality both W(m) and D(m) relate topological properties of m to its ex-
change energy:

W)l < & [ [V, 1Dm)] < & [ (VP (21)
Q Q

Finally, note that an odd reflection in m3 and even reflection in (mq,ms) across one of the
components of 9§, like in the definition of m: 2 — S?, sets W to zero in 2, while D is
doubled in €.

With these definitions, one immediately obtains:
Proposition 1. For 0 < 0 < 1, any global minimizer mg of Eqsym(0) is topologically trivial

in the sense that m has vanishing winding number and degree, i.e. W(mg) = D(mgy) = 0.

Proof. Using (9), choose 0 < 6 < 1 small enough so that 0 < FE,qm(f) < 2m. Then,
the proposition directly follows from the fact that W and D are integers and the classical
inequalities (21) hold. O

1.5 The origin of Easym(0)

The minimization problem (8) appears naturally in the asymptotic analysis of the micro-
magnetic energy in the limit n | 0, with a fixed parameter A > 0:4

E,(m) :/Q|Vm|2dx—|—)\ln%/RQ|h|2dx—|—77/Q(m1—cosa)2—|—m§daz

4Recall the physical interpretation of the parameters: We have n := QZ—Z and \ := 2—2 In~! % where @
is the quality factor (of the crystalline anisotropy), d is the exchange length and 2t is the thickness of the
ferromagnetic film. The regime (n < 1 and A ~ 1) corresponds to (@ < 1 and ln% ~ (£)?), where the

cross-over from symmetric to asymmetric walls is known to occur. In particular, A can be interpreted as
measure of the film thickness, relative to the critical film thickness of the cross-over. The value cos a can be
seen as strength of the reduced external magnetic field. We refer to [11, 24] for further details.



Here m: Q — S? describes a general, i.e. not stray-field free, transition layer that connects

2
the two directions m(£oo,-) @ mZ for a fixed angle o € [0,3] (cf. (1)). The stray field
h = —Vu: R? — R? is generated in the z123-plane due to non-vanishing “magnetic charges”

AV (m’ 1) via the static Maxwell equation:
V- (h+m'lq) =0 in D'(R?).

In [11], rigorous asymptotic analysis, based on the I'-convergence method, was used to derive
a reduced model for the minimal energy of such transition layers:
740

mrreu)?a E,(m) — eg[l(},ng <Easym(6?) + AEgym (a0 — 9)), given any a € [0,5],  (22)

for Egym(a—0) = 2m(cos § —cos ). This reduced model confirms and renders more precisely
a statement on extended tails of asymmetric Néel walls that is found in the physics literature
[15, Page 250]:

“The magnetization of an asymmetric Néel wall points in the same direction at
both surfaces, which is [...] favourable for an applied field along this direction.
This property is also the reason why the wall can gain some energy by splitting
off an extended tail, reducing the core energy in the field generated by the tail.
[...] The tail part of the wall profile increases in relative importance with an
applied field, so that less of the vortex structure becomes visible with decreasing
wall angle. At a critical value of the applied field the asymmetric disappears in
favour of a symmetric Néel wall structure.”

The symmetric Néel wall has been studied extensively by many authors (e.g. in [21, 22, 9, 17,
16, 10]). It occurs in very thin films (cf. [24] for a precise regime), where the exchange energy
suppresses variation along the thickness direction of the sample. Moreover, the stray-field
energy suppresses an out-of-plane component of the magnetization on the sample surface,
hence in the whole sample. More precisely, to leading order in ¢/d, the symmetric Néel wall
is a smooth, one-dimensional transition layer with values in S' that connects the boundary
values m>

bines a symmetric core of width weore ~ A~ In~! % with two logarithmically decaying tails

and minimizes E,. To this end, it exhibits two internal length scales: It com-

Weore S |71] < Wiagis ~ A1n L /. The symmetric Néel wall is invariant with respect to all the
symmetries of the variational problem (besides translation invariance). Its specific energy
is to leading order given by the energy of the stray field generated in the tails. It depends
quartically on the wall angle a@ < 1.

The first part of the above quotation suggests that asymmetric domain walls can replace the
symmetric wall core of the symmetric Néel wall, in an optimal way. The result (22) confirms
this on the level of the energy: Indeed, asymptotically, Egm(a — ) is the micromagnetic
energy of logarithmic wall tails that connect the boundary values m(jt of an asymmetric
wall core, i.e. a minimizer of Easym(6), with the global boundary conditions mZ. Thus, (22)
states that, asymptotically, min £, splits into contributions from an asymmetric core and
symmetric tails in an optimal way. The core wall angle 6 serves as an indicator for the actual
wall type (asymmetric Néel/Bloch for # > 0 or symmetric Néel for § = 0) and the relative
amount of rotation in the wall core.



0 crit

stable // unstable
o

Figure 4: Bifurcation diagram for the angle 6 of the asymmetric core part in the case A > 2,
depending on the global wall angle «.

1.6 Bifurcation from symmetric to asymmetric Néel walls

We now address the second part of the quotation from [15] in the previous section, i.e. the
core size 6 as a function of the global wall angle « and the relative film thickness \: Consider
the reduced energy

[0,5] 20— Easym(0) + AEgym(a — ), for a € [0, 5] fixed.

Assuming smoothness of F,gym in 6 and using (9), critical points 6 of the above reduced
energy solve the equation

0 = Cof + 2C10% — 27 M(cos O — cos ) sin 6§ 4 0(63),

which always has the trivial solution # = 0. For A > 2 and cosa < 1— 267;—‘))\ =1- %, expanding

sin @ and cos @ up to order #*, we obtain another branch of positive solutions®

2w A(1—cos a)—Cop A(1—cos a)—2 crit 2
9 ~ - = 304 <~ d—cos o as (6% ;= arccos(1l — ).
201+7r)\(1+1 (;)osa) %4_)\4 %osoz \l/ ( >\)

Evaluating the second derivative of the reduced model at these critical points, we see that
for a > ™ (provided A > 2) the trivial zero § = 0 becomes unstable, while the non-trivial
branch — corresponding to an asymmetric Néel wall for 0 < 8 < 1 — is a minimizer.

In other words: In sufficiently thin ferromagnetic films, corresponding to 0 < A < 2 small,
only the symmetric Néel wall is the stable minimizer of the reduced model. In thicker films,
on the other hand, i.e. for A > 2, there exists a critical wall angle ' at which the symmetric
Néel wall, which is a minimizer up to that point, becomes unstable with respect to pertur-
bations that nucleate an asymmetric core. With decreasing field, i.e. increasing angle «a, the
core wall angle grows.

Hence, a supercritical bifurcation as in Figure 4 is at the origin of the cross-over from
symmetric to asymmetric Néel wall (with extended tails).

®Note that at this point we need the expansion of Easym up to order 6.
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1.7 Discussion on methods
Asymptotic expansions by I'-convergence

Our proof of Theorems 1 and 2 is based on the method of I'-convergence, at the level of
minimizers of E,eym(#). Proposition 5 gives an asymptotically optimal upper bound for the
energy Fasym (), while in Proposition 4 below we prove a compactness result for minimizers
of Easym(6) and an asymptotically sharp lower bound for their energy. In combination, these
propositions immediately yield Theorems 1 and 2 (see also Corollary 1 below).

This approach fits into the framework of asymptotic expansions by I'-convergence (or the
process of I'-development), see e.g. [1, 6]. In fact, for small 0, (8) appears to be a scalar
variational problem. To see this, we reformulate (8) in the following way: Let

Fp(m) := sin 2 6?/ |Vm|?dz  for m € Xon XY,
Q

We expect that — at least in the regime Fp(m) < C' < oo of small energy, which is the
relevant one for the study of small-angle asymmetric Néel walls — we can reconstruct the
first and third component m’ of any such m € Xo N X? from its second component ms by
solving the Eikonal equation (cf. Section 4):

IVY|?=1—-m2 inQ, =0 forxz=—1, = —2cosf for x3 =1 (23)

for v € H 2(Q) and setting m’ := V4. Hence, we may formally rewrite Fj as functional on
the second component my alone, while the other components are slaved to mso via (23):

Fy(mse) := Fy (ml,mg,mg), for m’ := V+p.

In order to define all functionals Fy(ms) on the same space, we introduce f := mg/sin6, so
that we may consider Fy as function Fy: H'(Q,R) — [0, 0], given by

sin™?6 [,|Vm|*dz, if f is such that f(+oo,-) = %1 and the
function mo := sin @ f admits a unique
extension m’ so that m € Xy N X?,

400, otherwise.
Then, the leading-order T-limit F©): H(Q,R) — [0, 0] of Fy is expected to be given by

FO(f) = {fgrwr?dw, if f e X7,

400, otherwise.

By Proposition 2 below, the energy F(©) admits only two minimizers m} of energy Ey = 4,
which are related by the symmetry x ~~» —x, mg ~» —msy. Since the whole energy Fy is
invariant under this symmetry, we cannot expect that any higher-order expansion will select
one of the two minimizers, i.e. the first order has already locked the minimizer(s).

11



In line with the general results on I'-expansions (see [1, Eq. (0.5)] and [6, Remark 1.8]), the
next coefficient in the expansion of min Fj is just given in terms of a function F(U': H'(Q,R) —
[0, 0]

400, otherwise,

FO(f) = {E17 if f=mj forao e {xl},

that attains a finite value only on the set of minimizers {mj|o = £1} of the leading-order
limit. The coefficient E; = F()(m3) has been defined in (16).

Viewed as a formal I'-expansion, we may write
L FO £sin2gFM 4+ 0(*) weakly in H' as 6 | 0.

In fact, at the first order, we conjecture that Fy I'-converges to F ©) in the weak H!-
topology as 6 | 0. Note that Lemma 2 proves compactness and the liminf inequality of
the I'-convergence program. A variant of the construction argument in Proposition 5 might
also carry over to general limit configurations f € X™, so that the limsup inequality should
hold true.

Implicit function theorem

One expects that the expansion (10) of Fasym(6) and its minimizers mg can also be derived by
more standard methods such as an implicit function theorem, applied to the Euler-Lagrange
equation Gg(mg, A\g,pg) = 0 of Eagym(6), which is formally given by (for simplicity we use
the notation Vp = (91p,0,05p))

—Am+ Vp—2m
V-m
Go(m, A\, p) == ((937711,(937712,1713)|aQ
3(Iml> = 1)
m(£o0,-) —my
The function A\: @ — R is the Lagrange multiplier that corresponds to the unit-length
constraint |m|? = 1 in the variational problem, while the function p: Q — R is the Lagrange

multiplier that corresponds to the constraint V -m’ = 0 on the divergence of m/, just as the
pressure in Stokes’ equations.

Denote by mg € Xo a curve of minimizers of F,sym(6) that smoothly depends on the pa-
rameter € in a neighborhood of # = 0. For # = 0, we have mg = (1,0,0), which solves
Go(mg, Ao, po) = 0 for — a priori — an arbitrary choice of the multipliers Ay and pg, provided
O1po = Ag and 93pg = 0. However, it turns out that one has py = n¢ with £ given in (18) (in
fact, this means Ao = p as given in (17)).

In the spirit of the implicit function theorem method, one identifies the first-order correction
(6m’ oA, 5])) to (mO’ >‘0ap0)a Le. (mg, >‘0,p6) = (mo, )‘O,pO) + 9(5m’ oA, 5]9) + 0(9)3 by solving
the linear equation

0=21,_,Go(mg, X, pg) = Bglo—0Go(mo, Ao, po) + DGo(mo, Ao, po)(5m, 5A, 5p)

12



for (dm, 0\, dp). The differential of G is given by

—Adm + Vp — Mg dm — mg o
V- om/
DGy(mo, Ao, po)(6m, 0, 0p) = (930my, D36ma, dms)| ,
mg - Om
om(to0, -)

and the only non-vanishing term in 9plg—oGg(mo, Ao, po) is Bg\gzom;g = +1.

However, according to our results we can expect to have two branches of solutions, so that
DGy(mg, Mo, po) has a non-trivial kernel, containing the linear space spanned by the dif-
ference of the functions m3 for o = +1 (see (13)). But even after restricting to a suitable
subspace on which this degeneracy is ruled out, there is another degeneracy in the Lagrange
multipliers: dp and §A can be taken arbitrarily as long as 010p = dA and 936p = 0. It is
possible to (formally) identify 6\ = 0 and dp = const by taking into account also higher-
order terms in the expansion of (mg, Ag, pg) around 6 = 0, but this involves similar technical
problems as the I'-convergence approach that we have pursued.

2 Properties of the coefficients E, and F;

2.1 Identification of minimizers of £

In this section, we show that a minimizer of Ej exists and has the form (13). The main idea
is to write an admissible function f € X* in (11) as cosine series in z3-direction and find a
lower bound independent of f with help of the Modica-Mortola trick. The lower bound will
be attained by the two configurations given in (42).

Proposition 2. The variational problem (11) has exactly two minimizers ms given by (13).
In particular, Ey = 4.

Proof of Proposition 2: We split the proof into several steps:

Step 1: Fourier cosine representation of (11).

Let f € X*, i.e. be admissible in (11). Since f € HY(Q) and f(400,-) = =£1, there exist
Fourier coefficients ag € H*(R) and a,, € H'(R) for every n > 1 so that f is represented as
cosine series (in zs-direction):

flxy,x3) — %\/%1) = Zan(:ﬂl) cos(En(zs+1)) in HY(Q).

n>1

Therefore, one computes:

[195Par= [ (onf'+ Sl + ) am, 2

n>1 n>1
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and

Li\f<x1,x3>¢1\2dx:/ lao F V3P dmz/ (an]? day. (25)

n>1

Hence, agFV2 € H'(R.), ag, a, are continuous in R, and we have lim,, 4. ag(z1) = +1/2
and limy;, |00 an(z1) = 0 for every n > 1. Finally, one may write the constraint fjl fldzs =
1 in terms of the Fourier coefficients as:

1
1 =][1f2(9c1,m3) drs = %(’%(%)\2 + Z!an(ml)]2) Vz1 € R, (26)

n>1

while f(0) = 0 is equivalent to ag(0) = 0.
Step 2: Lower bound: Eg > 4.

Indeed, with the notation introduced at Step 1 for an arbitrary f € X*, we defineg: R — R
by

= (Dan(mn?) = (2 - |ao<asl>|2>é Vo €R. (27)

n>1

By (24) and (25), we have that g € H!(R) since the Cauchy-Schwarz inequality yields:

gl = T 20 < S 90,2 in L'(R). (28)

>1‘an‘2
n>1
Let us introduce the continuous profile

(=% ['(R).

Note that limg, 10 ¢(x1) = £1. By (24), (27) and (28), we have the lower bound:

[ Vs = [ (100l + orgl? + (3)76") da
Q
/({W! V1= 2P+ (32(1 - ) dny
—2 [ (14 + (3P0 ) an

2271'/‘316‘6[.%'1 ZQW/81€d$1=47T,
R R

where we applied Young’s inequality to obtain the first term in the last line.
Step 3: The configurations m3 in (13) are the only minimizers of Ey.

First of all, a direct computation shows that m} in (11) belongs to X* with [,|Vm}|*dz = 47.
In order to prove that these two configurations are the unique minimizers, let f: 2 — R be

14



an arbitrary minimizer of Ey, i.e. let f € X* satisfy fQ|Vf|2d:U = 47r. By (29), this implies
that 0;¢ > 0 and

Ol =7%(1-¢%) in R, (30)
g° = anlan\Q in R. (31)
n>1

Comparing (31) to (27), one deduces that the Fourier modes a,, with n > 2 vanish, and the
unique solution of (30) with £(0) = ag(0) = 0 is given by £ as it has been defined in (18), so
that

ao(z1) = V2 tanh(Zx1).

Therefore, (27) turns into the relation a?(z1) = 2(1 — tanh?*(3x;)) > 0 for every z; € R and
the continuity of a; implies the existence of o € {1} such that

ay(z1) = 0\/5\/1 —tanh?(Zz;) in R.

Hence, using cos(5(z3+1)) = —sin(5x3), we conclude that f has the form given in (13). O

2.2 Derivation of the Euler-Lagrange equation of Ej

Let m3 € X* be one of the minimizers of Ey. We aim to prove that mj satisfies the equation

[ vms - Vrde = [ s faends i e @), 50 =0 (32)
Q Q

for the Lagrange multiplier p as defined in (17).

Let f € H'(Q) be such that f(0) = 0 and f = 0 if |x1| > 1. We define a variation v, € X*
of mj for |t| < 1 as

my+tf in Q. (33)

" VL (ms+tf)2das

Since 9 = m3 € X* minimizes Ey, we deduce that

%‘to/ﬂ‘v%‘zdﬂﬂ =0.

Using the fact that

1

1
0= di][ (3 doa = 2f o) ghm (. aa) s

a short computation yields that mJ satisfies the Euler-Lagrange equation (32), provided the
test functions have compact support.

In order to pass from compactly supported functions to arbitrary f € H L(Q) with f(0) =0,
we consider f,, := xnf for x,(z1) = x(%), where x: R — [0,1] is a smooth, compactly
supported cutoff function with y = 1 on [~1,1]. Then Vf, — Vf in L?(Q), hence, by
Hardy’s inequality (86), also /ﬁ(xl)fn — /ﬁ(ml)f in L?(€)). Therefore, passing to the limit
n 1 oo in (32) for f = f,, one deduces that indeed (32) holds for every f € H'(Q) with
f(0)=o0.
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2.3 The Hessian of E; and its spectral gap

As above, let m3 € X* be one of the minimizers of Ey and f € Hl(Q) such that f(0) = 0
and f =0 if |x1] > 1. Again, we consider the variation ~; of m5 defined in (33), under the
additional assumption that the function f be tangential to the constraint f_ll(m§)2 drs = 1.

To this end, we require f to satisfy fil m3 fdxs = 0.

Since 9 = mj € X* minimizes Ej, one has that

2B(f.f) = L] /Q VP > 0.

Using (32) one can explicitly compute the bilinear form

B(f. ) = /Q VfVF - ) £ de. (34)

Hence, the same density argument as in the previous section shows that we trivially have

B(f, f) > 0 for every f € H'(Q) with f(0) =0 and /1 ms f dzrs = 0.
-1

However, the Hessian in fact has a spectral gap as we prove below.

Proposition 3. Let m} be given by (13) for some o € {£1}. For all f € H'(Q) with

1
f(0)=0 and / m} fdrs =0, (35)
-1
we have
B(f.f) = /Q VP — ) fPdo > L /Q VIR 4P, (36)

where p has been defined in (17). Moreover, B(f, f) > %QHfH%Q, where %2 is sharp.

Proof. We divide the proof into three steps:
Step 1: Any f € HY(Q) with (35) satisfies f € L*().
Indeed, by the second constraint in (35), we may apply Poincaré’s inequality (84) to m3f.

Hence,
(35)
(84)
[ Pde < [ Pomp e mi)? de<C [ (oumpP o+ uds
<Cu(z1) <C(103f1%+12n)

< c/ VI + f2pde < c/ V12 de,
Q (9]

where we used that |m5| < C and |9sm3| < C'\/p(z1) in Q.
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Step 2: For all f € HY(Q) with (35), we have

=% [ f

As in the proof of Proposition 2, we represent f € H'(Q) as a Fourier cosine series: There
exist coefficients a,, € H'(R), n > 0, such that

The constant %2 1s sharp.

flxy,23) = %\/xﬁl) + Zan(azl) cos(En(zz+1)) in HY(Q).

n>1

The constraints (35) turn into

ag(0) = 0, W =o% =ge H'(R). (37)

Then, one computes

(Orao)® = (1 — *)(D19)* + ( — )P g — (1= )y,
(O1a1)* = *(D1g)” + 7(1 - 52) g+ 31— )og,

as well as g> = a2 + a? and

2

(01a0)® + (O1a1)? + Z-af = (919)* + %292- (38)

Therefore, using the cosine-series representation (24) of the exchange energy, and

[ 156 Pz = Y w2 ®)

n>0

we find
B = [ <<81a0>2 (O — pad + (2 pa?
(@ + (§0° - w)ad) ) di

2
>0+ a2
(38)
/(319) —ug dw1+—/g +) aprds.
n>2
=[o fPdx
This concludes Step 2, provided
/ (019) — pg?dey >0 Vg € HY(R) with g(0) = 0. (39)
R
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For the proof of (39), note that by an approximation argument we may assume that g is
smooth and g = 0 in a neighborhood of 21 = 0. Then, (39) easily follows using the Hardy
decomposition g = £%, which entails 019 = 01€ % + £01(%) and hence

2531581(%)2
D) + (310)2(9)? + 01 (O0%) — (D10)*(2)? — LD}(4)>
P - LRGP = 0dnl) + g’

=47(142)_7m

(019)” = (D (
> 01(0n¢

After integrating over R, the first term on the right hand side vanishes.

Finally, we note that the spectral gap estimate would be saturated for a function f that
is defined in Fourier space by a, = 0 for n > 2 and ag,a; such that the corresponding
g € HY(R) satisfies equality in (39). While g = ¢ saturates (39), it is not in H'(R). However,
it can be approximated by compactly supported functions ¢, such that B(¢,,¢,) — 0 as
n T oco. Hence, the constant %2 is sharp.

Step 3: Conclusion
By Step 2, we have

/ VP4 £ ude = B(f ) + 2/ P ude < 5B(f, f).
Q Q

N—_——
<2B(f.f)

2.4 Computation of FE;
Observe that the two minimizers m} as in (13) and hence also the two possible definitions of

m/ are related® via the symmetry z3 ~» —z3. By definition (16), the energy Ej is invariant
under this transformation. Therefore, we may restrict our attention to the case o = 1.

As before, we denote /(1) := tanh(5x1). Then
my(z1,73) = £(z1) + V2y/1 — 2(371) sin(Za3), (40)

and using the relation ¢ = (1 — %) one can compute:

ovms 2 51— ) — Z0y/1— Psin(Fas), (41)

40
O3ms @ % 1 — 02 cos(5s3). (42)
%In case of 7ng observe that [ i dxs = — fsl 1 dxs for any s € [—-1,1].
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Hence,
! |2 (41) 2 22 | 7242 2 x 2
][1|81m2| des = T-(1—0°)" + T07(1 -4 ):T(l—ﬁ)

2

! . 42
]Zl\agmz\zdxg W e,

which entails (17):
1
:]Z (V3 Pday = (1 — 62).
~1

Moreover, we have

mi © % @ (1 — %) cos(mwz) — V20y/1 — 2sin(Zxs),
15 44
(L5) 1M (44 (1 — 62) cos(mxs) + %
O3y = —Z(1 — %) sin(rz3) — HiV1- 0% cos(§x3),

and
3 —/ O3z dys
© 10(1 - ) sin(rz3) \/_\/m 1 —20%) cos(Zx3),
g =" Z(1—£%)(1 - 36%)sin(rzs) + = V11— 02(5 — 60%) cos(Zx3).
This yields

1
/ m2des 2 11— 2)% 4 202(1 — %) = 1(2 4 1262 — 140%),
—1

Loy (47) 1 2 2\2 2 2)2
/ mydry = 70°(1 =€)+ 2(1 = £7)(1 — 2¢7)
-1
= 1(16 — 7807 + 124¢* — 625),
and

1 .12 (45) 2 2 212

2

=T (1 — 0%)(8 — 2807 + 28¢%),

1
/ By [ dws ) (1= 22 4 21— 2) = (1 — ) (4 + 402,
—1

1
/ |Oyrins|? dws =) T2 (1 — 2)2(1 — 32)2 + Z2(1 — 2)(5 — 602)°
-1
= T (1 — 2)(1 + 19362 — 465¢* 4 279¢5),

1
/ |3 |” das © (1 — £%)(8 — 28¢% + 28¢%).
—1
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Using this and (43) in (16), and exploiting the relation ¢ = 7r72(1 — (2), we obtain
Ey=1% /(3 +2070% — 519¢* + 3416°)¢' day .
R
By the change of variables s = £(z1) we arrive at

1
E) = %/1(3 +2075% — 5195 + 34158) ds = 87

3 Compactness and lower bounds

In this section, we prove asymptotic lower bounds for E,sym(6) as 6 < 1. Together with the

upper bound in Section 4, they combine to Theorems 1 and 2.

Starting point is the following Lemma, which shows that the energy of any magnetization

configuration my € Xo N X? has the structure displayed in (10):

Lemma 1. Let mg € Xo N X? be admissible in the definition of Eqsym(0), and let m5 € X*
satisfy the equation (32) (e.g., m% could be one of the minimizers of Ey). Let g be such

that
cos 0 TR
mg = | sindm3 | + sin” 6 rig.
0
Then
1 1
2/ mh Mo g drs = —sinﬂ/ img|? dxs  for every z; € R
—1 -1
and
/\Vmg\Qdaﬂ:sin29/]Vmglzdx—i—sin‘l@B(mg,mg),
Q Q
where

3
B(ing, g) = / Ving|* — pligda = B(rig g, ip).
Q i=1

Proof. From |mgy|? = 1 and (50) we obtain
1 = cos® 6 + 2cos 0 sin” § 1y g + sin 0 mig + m;e + sin* ng’g.

Integrating over (—1,1) in z3 and using f_ll g dxs =0 (recall my g = cos ) yields

1
sin?f =1 — cos? 0 = sin? 9][

1
(m} + sin 0 1ig 9)* dag + sin’ 9][ i |* das.
-1 -1

:mg’e/ sin? 6

20
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Dividing by sin? 6, we obtain:
1
1 :][ <(m§)2 + 2sin @ m} 1o g + sin” 0 |m9|2) dxs.
—1
Now, using fjl(m’z‘)Q dxs =1, we conclude (51).

For (52), we use the Euler-Lagrange equation (32) associated to m} together with (51):

sin40(/\Vmg\2dx - siHQH/IVmEde)
Q Q

(50) / (NmG]Q +2sin" 1 Vm} - sz,e) dx
Q

32 / (|vm9|2 + 2sin 10 pu(z)m 7”722,9) dx
0

51 N N
(51) / (|Vm9|2 — p(xq) |m9|2> dzx. O
Q

Hence, for a family of minimizers {mg}s of Easym it remains to find a suitable m3 — a
minimizer of (11) for an appropriate choice of o € {£1} — such that the corresponding term
B(rng,myg) (see (50) and (52)) can be controlled. We are going to prove that B(rg g, 12,0)
is negligible for 6 | 0 and B(ry,my) — Ei.

3.1 Outline of the proof

While obtaining an asymptotic lower bound on E,gym(6) in terms of Ej is almost straightfor-
ward (cf. Lemma 2 below), using the concentration-compactness type result [11, Lemma 1],
it requires more work to establish rigorously that the coefficient £ in (10) is given by (16).

Main problem here is that — a priori — the term B(rhg,19) in (52) is lacking a sign, while
the explicit construction in Section 4 below (see Proposition 5) just provides an upper
bound (note that, due to ©(0) = %2, even with optimal constants, Poincaré’s and Hardy’s
inequalities yield a sign for B only away from the origin, where p is small).

We overcome this difficulty in the following way: Exploiting the relation

] SN0 e 0 )24 (51 0 Fra )2
myg =~ \/1 —my,—mi, 1~ sin? g matsin m“; HEm0ms0)” g g < 1,

leading-order control over ms g and ms g in fact suffices to prove that {1 g}¢ and {0171, }e
are bounded in Lfoc(Q) and L' (2, udz), respectively. Using the stray-field constraint O g =
—03mi3 9 and a suitable interpolation inequality, L?(€, pdzx)-control can be transferred to
{ms3.0}e. Due to the exponential tails of the density y, local control of 7y g suffices to render

B, my) harmless. In fact, B(ry,m)) provides H'-control of 1.

For B(rgg,mgyp), we use that B is the Hessian of the problem (11) defining Ey (cf. Sec-
tion 2.3) and satisfies a spectral gap inequality. Thus, it provides some control over tangent
vectors to the “manifold” X™* at m3. Unfortunately, 79 is not exactly tangential, but, by
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(51), it is at least formally an approximation to a tangent vector. Using part of the control
of 1y, coming from B (g, 171y), this suffices to prove that asymptotically, B(riz,g,7m2,6) still
controls Mg g in H 1(Q), and in particular is non-negative. This finally yields the lower bound
for the expansion of E,gym(6) at order sin 6.

The details of this procedure will be given in the following Section 3.2, Proposition 4 summa-
rizing the compactness results that we obtain for sequences of magnetization configurations
mg € Xo N X? whose energy satisfies the upper bound of Proposition 5.

3.2 Compactness and lower bounds for minimizers of Easym(0)

Our main result is the following:

Proposition 4. For0 < 0 < 1, let my € XoNX? be admissible in the definition of Eosym(0)
and satisfy the bound

/ |Vmg|?dx < Fysin? 6 + C'sin 0 (54)
Q

for some fized positive constant C > 0, where Ey = 47 is given in (11). Then, up to a
suitable translation in x1 and a subsequence, we have mgg = sin@m3 + o(sin @) in H(Q),
for an m3 as in (13). Let mg be as in (50).

Then, up to another subsequence, for p = pu(x1) as in (17),
mpy —m'  weakly in HY(Q) and strongly in L*(Q, udx) as 6 | 0,
where 1y and m3 are given in (15).

Moreover, we have the lower bounds
=FEo=4m by Prop. 2
—_—~

liminf sin~*6 </|Vm9|2dx—51n 6 /|Vm§|2dx >
040 Q

(55)
/|v p(zy) | |? de = B!, m') = Ey.
and, for some e >0,
limsup sin~* 9(/ \Vmg|?dx — Eg sin?@ — Fy sin? 9)
0
v o (56)
> elim sup/ |Ving g|*d.
010~ Jo
Corollary 1. Provided the upper bound in Proposition 4 holds in the form
/ |Vmg|?dz < Eysin® 6 + Fy sin? 6 + o(sin 9), (57)
Q

we have strong convergence g — (11, 0,13) in H'(Q) N L*(Q, pdx) as 6 | 0.

22



Proof of Corollary 1. By (56), Lemma 1 and the stronger upper bound (57), we have

0@ limsup<(B(mg,mf9) —E1) + B(mQ,g,mQ,g)) > 6hmsup/ |Ving g|*da.
010 010

Therefore, Mgy — 0 in H'Y(Q) and thus - by Hardy’s inequality (86) — in L3(Q, udz) as
6 | 0. In particular, B(1gg,729) — 0. By (55), this yields

(55)
0 = limsup(B(rig, 1hy) — E1) > liminf (B(rng, my) — E1) > 0,
010 610
i.e. B(r,my) — B(m/,m) as 6 | 0. In view of the strong convergence of mjy in L?(Q, udzx),

this implies convergence fQ\Vmg\Qdm — [o| Vi |?dz. Therefore, 1y, — 1’ strongly in H*()
as 0 0. U

The proof of Proposition 4 consists of several steps. In the first one, Lemma 2, we prove
a compactness result for sequences of magnetization configurations my € Xo N X? with
exchange energy of order sin?# in the limit 6 | 0.

Lemma 2. For 0 < § < 1, let my € XoN XY be admissible in the definition of Eosym(0)
and satisfy the bound

/Q|Vmg|2dx < Csin*6 (58)

for some fixed positive constant C > 0. Define m;,e and 1y by

_cosf Mg
mg = ( sinomi, | +sin?6 [ o ). (59)
0 m3,0
Then, up to translations in x1 and for a subsequence in 0, there exists f € X*, i.e. admissible
in Eqy, such that for 8 [0

i m;ﬂ - f in Hl(Q)i

® Mg — 1}f2 1y an LY, (Q) for any p > 1,

e sinfrgy — 0 in H(Q).

Here, the main issue consists in proving that there exists a (weak) limit configuration f € X*
of the sequence {m;e}g. While a change of sign in the second component can be established
easily by applying the concentration-compactness result |11, Lemma 1], one has to take into
account also the convergence of the two remaining components my in order to obtain the
correct numerical value 1 in f_ll f?dr3 =1and f(+oo,-) = £1. In particular, this part deals
with controlling my g in L2 (see Section 3.1 for the relevance of this).

In the next step, Lemma 3, we identify the (weak) limit f as one of the minimizers mj
of the variational problem defining Ejy, provided the second-order upper bound (54) holds.
Moreover, we improve the convergence of my and derive the bounds on 9114 g in LY, pdzx)
(again, cf. Section 3.1).
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Lemma 3. For 0 < 0 < 1, let mg € XoN X? be admissible in the definition of Eosym(0)
and satisfy the more restrictive bound

/ |Vmg|?dz < Eysin®6 4 C'sin' 0 (60)
Q

for some fized positive constant C' > 0, and Ey = 47 as in (11). Then, the limit configuration
f € X* in Lemma 2 is one of the minimizers m3 of the variational problem defining Ey;
moreover, adopting the notation in Lemma 2, up to translations in x1 and for a subsequence
in 0, we have in the limit 0 | 0:

® My, — M5 in HY(Q),
o {0119}y is bounded in L' (S, pdx),
e sinfryj — 0 in H(Q).

Note that under the more restrictive assumption (60) (which, in particular, is satisfied by
minimizers my of Easym (), cf. Proposition 5), not only the weak limit f can be identified,
but also the convergence of the second component becomes strong in the H'()-topology.

This information then suffices to prove the asymptotic spectral gap inequality for the ap-
proximate tangent vectors s g:

Lemma 4. Let mg € XoN XY satisfy the assumptions of Lemma 3. Define 1y as in (50),
for m5 given by Lemma 3.

Then, there exists a constant € > 0 such that in the limit 0 | 0 we have
B(rg,g,1ma4) > e/ [Ving,ol* + 3 g pda — o(1) / |Ving|*dz, (61)
Q Q

where the Hessian B has been defined in (53).
Combining all steps, we finally obtain Proposition 4.

We will now prove Lemmas 2 and 3.

ms3.e
sinf -

Proof of Lemma 2. Define mj , := sinf 1z =
Step 1: There exist f € H'() and m} € H'(Q) such that f(0) =0 and

limsup f(z1) <0 as well as liminf f(x1) > 0. (62)

T1——00 Z1—00
Moreover, up to a subsequence and translations in xi-direction, as 6 ] 0:
m;,@ - f in Hl(Q)7
mye— f locally uniformly, (63)

mzg—msz in HY(Q).
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Indeed, by (58), the families {m3 ,}¢ and {m} ,}s are bounded in H'(Q). Recall that for
me € XoNX? we have m1,9 = cos B (cf. (6)). Moreover, msz g = 0 on 0. Thus, the Poincaré
inequalities (84) and (85) imply

/\ng — cos O* + mg,g dx < C/ |O3miy|*dz.
Q Q

Similar estimates hold for the rescaled variants 1 ¢ and 73 ¢ given in (15). For the second
component mg g, due to mag(0) = 0, Hardy’s inequality (86) leads to a control of the L*-
norm of mgy on bounded subsets Q = (—k, k) x (—1,1) C Q for every k > 0:

(86)
m;edaz:/ {m279—m279(0){2d$ < C’k/ |Vm2,g|2dx.

Therefore, we deduce that {mj} ,}¢ is bounded in H L(Q) while {m3 4}e is bounded in HY(O)N
Hlloc(Q)'

Now we will use a concentration-compactness result to ensure that x;-translated configura-
tions {mj ,}¢ do satisfy the constraint (62) in the limit 6 | 0. For that, let

3

2,
sin@ *

ug = 7”72;79 ==
Since mg g(£00,-) = £sinf and § € (0,7), we have that ug ¥ 1 € H'(R1): Indeed

_ . . 2)
/ lug — 1> dzy = ﬁ/ g, — sin 0| dry < 251—1129/ Ima — sinf|? dr < oo

(similarly on R_). Moreover, {ug}g is uniformly bounded in H'(R) and satisfies

limsupup(z1) = —1 < 0 and liminfuy(z;) =1 > 0 for every 6 | 0.
Tr1—00

Tr1—>—00

By Lemma 1 in [11], up to a subfamily in 6, we obtain an admissible limit u € H L(R) and
zeros x1,9 of mgg for 6 | 0 such that

m5 (- + 719) — u locally uniformly in R and u satisfies (62).

In particular, u(0) = 0. Since {m3 ,(- +1,, ") }¢ is bounded in H'(Q) and {m3 (- +z10,)}0
is bounded in H'(Q) N HL (), there exist f € H'(Q,R) and m% € H'(Q,R) such that

loc
mbo(-+z19,-) = f  in H(Q) N HL(Q) as 6 10,
m3g(- +x19,-) = m3 in HY(Q) as 6 ] 0.

By Rellich’s theorem, we know that m} ,(- + x1,-) — f strongly in L% (Q), which implies

loc
in particular that we can identify the xs-average of the limit f = w.

In order to simplify notation, we may w.l.o.g. assume that these hold without translation in
x1-direction.
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Before we can show that f is admissible in X™* (see Steps 4 and 5) and mj = 0 (see Step 3),
we need to identify the limit of {71 g}¢ as 6 | 0.

*\2
Step 2: For every 1 < p < oo we have my g — m in LY ().
Let Qi := [—k, k] x[—1, 1]. By Rellich’s embedding theorem, Step 1 yields strong convergence

ms o — fand m3 , — mj in LP(Q) as 0 1 0. Set
hg = (m§,9)2 + (m§,9)2-
On one hand, one has that
hg — f24 (m3)? = h in LP(Q) for every p > 1.
On the other hand, denoting
M,g:={mip < p} forsome pc [-1,1] and 6 > 0,

the function 77 ¢ can be expressed in terms of hg as follows:

mq g—cos @ \/mfl —
_mug _ 0 — 4 1=00s8 —: Fy(hg) on Q\ M.

mie - sin? 6 sin? 6

YT sin? 0
It is easy to check that Fy(t) — F(t) as 6 | 0 (assuming sin?@ < ¢t~! to make Fy(t) well-
defined) with F(t) = 1L,

In fact, one computes

. < |1 _ l—cos® i 1
|F9(t) F(t)| — |2 sinZ 6 |+ |t|‘2 1+m

‘ngin29(1+t2)

as 0 | 0. Therefore,

/S)k\MO,Q

<CPsin®@ [ (1+h3)Pde—0 asf]0.
Qp

1*(m;’e)2*(m§,e)2

e = / \Fy(he) — F(he)|P dz
Qi \Mo,p

For the estimate on Mj g, we will prove more generally that for arbitrary p > 1,0 < p <1
and 0 € (0, %) such that 1—"52 <cosf <1

L2(M, ) < C,psin 0, (64)
where C,, , > 0 is a constant depending only on p and p.

Indeed, if 1—42_2 < cosf < 1, we have
my g—cos 0
1< p—cos 6 on Mpﬂ‘ (65)

By Poincaré’s inequality we know that mq g — cosf € H'(Q), so that for p > 2, Sobolev’s
embedding theorem H'(2) C LP() yields

o 1d % (6<5) mq g —cos 0 pd %
_( CC) — ( ‘ p—cos ‘ CC)
M0 M0

1
¢ 2, \2 :
cos prp (/Q’vml,e‘ d.%') < Cp,p s 6,

=

(EZ(MP,G))
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as long as 1—"53 < cost) < 1, eg. for § € (0,%), if p = 0. Since we have now proven that

(64) holds for p > 2, it immediately follows that (64) holds also for p € [1,2) (because
sin? @ < sin? 6 for every 6 € (0, 3)).

Therefore, applying (64) for 2p + 1 instead of p, we find, using |1y gl, |hg| < c_.

— sin%6"

— sin?P @

/ i — 52 Pde < —Sp£2(Myg) &0 as 6 0.
QrNMoy g
So far we have obtained ka |Fo(hg) — F(hg)|Pdz — 0 as 6 | 0. Due to
F(h) ~ FWP do < 3 [ ho — PP dz 0,
Q Qp

we conclude ka|F0(h6) — F(h)|Pdz — 0 in the limit 6 | 0.

Step 3: We have m3 = 0. In particular, by Step 2, this yields 1y 9 — 1_2f2 in LY (Q) for
every 1 < p < oo.

Indeed, we will use V - my = 0 in © in order to show that mj , vanishes in the limit 6 | 0.
For that, observe that in terms of 1y ¢ and mj ,, the divergence constraint turns into

{ Sinealml,g + ({93m§79 =0 in €, (66)

m39 =0 on 0Q.
By Step 1 we have mj , — mj weakly in H'(Q), hence weakly in H 2 (092) by weak continuity

of the trace operator. Therefore, mj = 0 on 0. After testing (66) with functions in C§°(£2)
we may therefore pass to the limit 6 | 0 and use Steps 1 and 2 to find

33m§ =0in 'DI(Q)
Since m} € HY(Q2), we conclude m} = 0 in Q.
Step 4: We have fil(mg 0)2dzs — 1 a.e. in z1. As a consequence, fil f2dxs = 1.

Indeed, by the compact embedding HL _(Q) — L?*({z1} x[~1,1]) for any fixed z; € R, Step 1
implies that fil(mze)Q drs — fil f%dzs a.e. in z;. But Step 3 yields 0 = fil my,gdrs —
f_ll(l — f*) dzs in L{, .(R) and thus a.e. in z1. Since the function z; — f_ll f?dxs is of class

VVllo’Cl (R) and therefore continuous, we conclude fil f2dxs =1 for all z; € R.
Step 5: We have f(£oo,-) = +1, which concludes the proof of f € X*.

We start by checking that |f|(£o0,-) = 1. Indeed, since |f| € H (), the function z3 —
| f|(z1,23) is of class H ((—1,1)) for almost every 21 € R, hence continuous on almost every
line {x1} x (—1,1). Using Step 4, we deduce that for a.e. z1 € R, there exists an x3 € (—1,1)
such that |f|(x1,z3) = 1. Therefore, from Poincaré’s inequality we deduce that

1 9 1 9 1 )
/\|f|<x1,s>—1| dsz/ 1£1(@1, ) — | (a1, 23)| dsgc/ 05 f P (21, 5) ds.
-1 -1 -1
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Integrating in x1, one obtains

/Hf! C1Pde SC/\asf\Qdm,
Q Q

ie. |f|(£oo,-) =1.

In particular,

fl — Qx:l fl — 23:
712 112 2
g/ﬂ!f F2+ (171 - 1] deC/Q\asf\ dz < oo, (67)

where we used ||f| — |f|| < |f — f| and the Poincaré-Wirtinger inequality (84).

Due to H|f|HH1(R) = HfHHl(R) < %Hf“]{l(g) < 00, we have |f| — 1 € H*(R). Therefore,
|f(z))] =1 as |z1| — oo (68)

In order to conclude, we proceed as in [11, Lemma 2|: From (62) and (68) we deduce that
|f(z1)| = f(z1) and |f(—21)| = — f(—=1) if 21 is sufficiently large, such that (67) translates
into

/ \f + 1dzy + |f — 1dz; < oo
R_ Ry

This finally yields

/|f+1|2dx+/ |f — 1|%dx
Q- Q4

SQ/‘f—JFPdﬂU‘f“l/ ’JF+1’2dﬂU1+4/ |f — 1|%dz; < oo. O
Q R_ R,

Proof of Lemma 3. The proof of Lemma 3 is essentially independent of that of Lemma 2,
once it is known that up to translations in xi-direction there is a weak limit f € X™* of m3 ,

in H 1(Q) that is admissible in Ey. We will now step by step use the additional information
(60) to improve the compactness result from Lemma 2.

Step 1: The limit f =:m3 € X* is a minimizer of Ey and mj g — mj in HY(Q).

Indeed, since f € X* is admissible in Fy by Lemma 2 (in particular, Fy < fQ|Vf|2dx), we
only need to prove the corresponding lower bound Ey > [,,|V f|? dz. Indeed, from (60) and
Lemma 2 it follows

Ep < /\Vf\de Sliminf/]Vm%Fdw < limsup/\Vm§9]2dx (69)
Q 010 Jq ’ 010 JQ ’
59 . . -2 2, 80 in?
< limsup sin H/IVmgl dr < hmsup(EO—i—Csm 9) = Ey.
640 Q [ZAN]
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Therefore, f is one of the minimizers m} of Ey with representation (13); moreover, (69)
implies [,|Vm3 |*dz — [,|Vm3|*dz as 6 | 0, which yields strong convergence m}, — m}
in H'(Q) as | 0.

Step 2: We have sinfmj — 0 in H'(Q) as 6 | 0.

Indeed, to obtain more information on the convergence of 77, we combine Step 1 with (60):

sin2 0 / (Vi 2dz CVE P sin2 g / Vmg|*dz — Eo+ / Vm3|* — |Vm3 | da
Q Q
(?)C sin? Ste:p 10(1)
—0 as@]0.

Convergence of sin 6, in L*(2) again follows from the Poincaré inequalities (84) and (85).
Step 3: We have [o|01mm1 9] p(21)dz < C < oo uniformly in 0 < 0 < 1.
Indeed, consider M1 ,:= {m1 < 1}. Using (64) for p = 3, i.e.

27

£2(M%,9) < Csin?0 for § < 1,

the Cauchy-Schwarz inequality implies

1
L2(M1 )\ 2
/ |0111,9| pu(1) d < 7r_22 <51T290> (/ |01 (Sin@fm,e)’de)
M 7 S—— M ’

N

It thus remains to treat the set Mlce =Q\ My,
29 27

On Mfe, we have my g = \/1 — m2 ) m3 0 . Hence, we can estimate the derivative of
27

M1 ¢ by using the Cauchy-Schwarz inequality and p < %:

/ |01 | p(z1)d = /
M¢ Mg

5.0 bR

(59)
< C | (ImsplPutz) + |ormi,l*) do
M¢

mg gO1mo g+m3 991m3.0
sin? 9\/17m§ efmg 0

p(w1)dw

3.0 (70)
+C/ ‘sin0m379|2+ ‘81(sin6m3,9)|2) dx
(85) & (86) Steps 1&2
</‘Vm29‘ —|—|V (sin@mgp) ‘ dm) <
This concludes the proof of Lemma 3. ]

We now turn to proving the spectral gap for approximate tangent vectors, which improves
Proposition 3 and in combination with the previous lemmata yields Proposition 4.
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Proof of Lemma 4. Denote by C' > 0 a generic, universal constant, whose value may change
from line to line.

Step 1: The function g(z1) : f | M3 My g drs satisfies

(51)
/gZ,udng/gZ,u%dx < Csin29/|mg|4,u%dx
Q
< C'sin® 9 /|Vm9| da: = /|Vm9|2dx

Indeed, while the inequalities on the first line are obvious due to the boundedness of 1 and
Jensen’s inequality, the last equality holds since Lemma 3 entails sin? 0 [,,|Vrig|>dz = o(1)
as 6 ] 0.

It remains to argue that [|rg|? ,u% dr < C (fQ|Vm9|2d:U)2 holds for a constant C' > 0
indegendent of 6: Indeed, by continuity of the Sobolev embedding H' <« L*, applied to
M8, we have

/Imel“u% deC'(/W( 18)|2 + [ring|? it dm) .
Q Q

Since p decays exponentially, we have |d;;ll,u%| < ,ufg|%l,u| < ,ué. Hence, noting ,ui <

(1+22)~1 <1, the Poincaré inequalities (84) and (85) (for mjy) and Hardy’s inequality (86)
(for mgp) yield

4,4 2 2 1 2 2 2
/|m9| i dz < c(/|vm9| + |rng|? d:c) < c(/|vm9| d:c) .
Q Q Q
Step 2: Projecting 1 onto the “tangent space” { f ‘ fil m3 f drs = 0} yields

B(1ng.g,12,6) > /fn”udx (1)/ﬂyvm912dx.

Indeed, we define the projection v of 799 onto {f ‘ fjl mb fdxs =0} via
Y(x) :==1mgg(x) — g(x1)ms(x) forall z € Q,
where g = g(x1) has been introduced in Step 1. Then one computes

B(rg,p,m29) = B(Y,¥) + 2B(¢, gm3) + B(gms, gms). (71)
We estimate each term separately.

For the third term, using f (m3)?dzz =1 and g?u = (gz,u) (x1), we trivially have

B(gm3, gms) = /Q IV (gm3)|2d — /Q (gm3) wdz > — /Q ¢ jda. (72)
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For the first term in (71), we observe that ¢ € H'(Q) satisfies the assumptions of Proposi-
tion 3, i.e. ¢¥(0) = 0, and f_ll m5 1 dxs = 0. Hence, the spectral gap of B yields

Bw,wz%/Qrw?w?udx:%/Q\w!%m%,eudx—é/gg%dm (73)

Note that in the last step we used p = p(z1) and that by definition we have f_ll 2 drs =
1.
f—l m%ﬂ — 92 drs.

Finally, we rewrite the second term in (71):
Blwgm) = [ V- Vlgms) — g da

- /Q V(1bg) - Vi — (g)mi i+ iV - Vg — pVg - Vi da

G2 [ 4 v, .
= / mg/ my01Y — Yimy dus day
R -1

1
_ s /R ay / w03 da dy =2 /Q 901 (¥Oym3) da,

where we used the fact that

1 1
0= d%l /1 Ym; dag = /1 ma01 + Yoymy dxs

and, in the last step, integration by parts (g(£o00) = 0 since 7199 and thus also g € H'(R)).
By (13), we have |01m}|, |02m3| < Cu% in 2 so that Young’s inequality and Hardy’s in-
equality (86) yield

2B, gm)| < C /Q 911816 + [t de < 1 /Q VoPdr+ C /Q Pudde. (1)

Thus, in view of Step 1, using (72)-(74) in (71) concludes Step 2.
Step 3: Conclusion.

Trivially, we have

/ |Vm270|2 + m%ﬂ de = B(mzﬂ, mlg) + 2/ m;e de
Q Q
Step 2 9
2 1B (g0, 1i19,6) + o(1) / (Vg 2de.
Q
This yields (61). O
Proof of Proposition 4. By assumption, (60) is satisfied so that we may apply Lemma 2 and

Lemma 3 to the sequence {myg}g. This already yields mg g = sin §m} + o(sin §) in H(2) as
6 | 0 for a minimizer mj3 of (11) as in (13).
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In the remainder of the proof, we first explain why B(rmy, ) is harmless and apply Lemma 4
to control 7y in H'(£2). Then, simple lower-semicontinuity arguments yield the bounds (55)
and (56).

Step 1: For every § > 0, there exists a constant Cs < 0o, independent of 6 | 0, such that
/|m'9|2,udx§6/|vm'g|2dx+05 as 6 1 0. (75)
Q Q

In particular, the sequence {1}y is bounded uniformly in HY(Q) and therefore — up to a
subsequence — converges weakly in H'()) as well as strongly in L*(Q, udx). The weak limit
of my is given by ' as defined in (15).

We start by bounding 7 g in L?(9, udz): Indeed, for L >> 1 such that we have SUP|g, >, b <

2 . oy o .
07, Poincaré’s inequality in z3 yields

/ mig pdr < 5/ Vi g|*da.
{lz1|>L} O\QL

Thus, the first half of (75) follows after recalling that by Lemma 2 the sequence {7} is
bounded uniformly in L2 ().

For ms3 g, we can argue via the interpolation inequality”

1
/mg,aﬂdﬁﬂSC/|337”7“L3,0|,ud£6</IVm379|2daz)2.
Q Q ——— Q

=—01M19

Since by Lemma 3 the sequence {81711 }¢ is bounded uniformly in L'(2, udz), Young’s
inequality yields the second half of (75).

Regarding boundedness of {rg}g, we have
(54) & Lem. 1 9 9
o> C ST Blng, ing) :/\vmg\ dx—/\m;,\ jude + Blrg g, thag)
Q Q
> (1-6—o0(1)) / |Ving|?de — Cs + e/ |Ving g|*de,
Q Q

where we applied (75) and Lemma 4.

Thus, for § and 6 sufficiently small, {rhg}g is bounded uniformly in H 1(Q). In particular, we
may extract a subsequence for which Vg converges weakly in L?(2). Strong convergence of

"W.lo.g u:= a,e € Hg () is compactly supported and smooth. Then we have

N[=

3)|

w?(z1, w3)p(@1) = [u(z1, w3) — w(zr, —1)|p(z1) [0’ (21, 23) — u?(—o0,
< [ oo, ) ds ( JLES |dy1)

S(fplorul2dyy fr u2dyy)

Bl

Integrating over 2 and applying Cauchy-Schwarz’ and Poincaré’s inequality yields the result.

32



{mg}e in L%(Q, udz) follows from Rellich’s theorem on sufficiently large but compact subsets
and Poincaré’s/Hardy’s inequality on the (negligible) tails of the density p.

Comparing the weak limit of {721 9}¢ to the one obtained in Lemma 2 and 3, and passing
to the limit in the equation V - rj = 0 in D'(R?), identifies 0/ as the function defined in
(15) and thereby concludes Step 1.

Step 2: The lower bounds (55) and (56) hold along the subsequence obtained in Step 1.

Indeed, Lemma 1 shows
sin49(/ Ve |2d —sin2a/\vm;\2dm> = B(inly,17t)) + B(1hng,1712,0)-
Q Q

By Step 1, we have

lirzlisup B(ryg,mp) > 11%%nf3(m’9,m’9) > B(m!,m') = Ej.
0

Using boundedness of {1}} in H'(Q), Lemma 4 yields
B(ing g,12,6) > g/ |Vingg|?de —o(1) as @ 0.
Q

Hence, both (55) and (56) easily follow. O

4 Upper bound

We prove the upper bound for Eagym(#) that we relied on in the previous section:

Proposition 5. For every 0 < § < 1 there exists a smooth function mg € Xo N X9 that is
admissible in Eqeym(8) and satisfies the estimate

Eqsym(0) < / |Vmg|?de < Egsin® 6 + Eysin® 0 + 0(6%), (76)
Q

where Ey and Ey have been defined in (11) and (16), respectively.

4.1 Strategy of the proof

For minimizers of Easym(0), # < 1, we have already identified the leading-order behavior of
the second component as sinfm} (see (13)). Therefore, we will begin the construction by
making the ansatz mg g := sin @ m3 and searching for configurations my, that satisfy

Imy|> =1 —sin? 60 (m3)* and mp(£oo,-) = (cosb,0).
Since also (4) needs to be satisfied, the construction of mj is equivalent to finding a “stream

function” vp: © — R such that mj, = V11 in Q (hence V- m/ = 0 in Q) and 1y is
constant on each component of {3 = £1} (leading to ms3 = 0 on 9€2). The limit condition
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Figure 5: The way in which the three solutions ¢, ¥5" and ¢g are combined in the case
o=1

cost) = myp = —031g at x1 = Foo fixes the difference of those constants: Indeed, setting

Yg(-,—1) := 0 on R, we deduce that (-, f O3 (-, 8)ds = —2cos 6. Therefore, 1y
has to satisfy:

|Vpg|> = 1 —sin? 0 (m3)* in Q, (77)

g =0 on {x3 = —1}, (78)

1y = —2cos b on {xz = +1}. (79)

However, there is no solution of the “perturbed” eikonal equation (77) with (78) & (79).
Indeed, integrating (77) on {z1} x (—1,1) for every z; € R, we deduce:

2 o [t e @ [* 2
cos“f =1 — sin 6][ (m3)*(z1,8)ds = ][ |Vbo|*(z1,s) ds
-1 -1

1 1 2
2][ |D31pg |2 (1, 5) ds > <][ O31p(x1, 8) ds) = cos? 4.
—1 -1

It means that 011¢ = 0 and 03109 = —cosf in §, i.e.,
Yo(z) = —cosf(x3+1) in Q,

which is a contradiction to (77).

Therefore, we will solve (77) imposing only one boundary condition at a time. Denote by
¥} and 1 the solutions of (77) & (78) and (77) & (79), respectively.

We will then try to blend the two solutions 1/12 and 1/15 into one. This leads to a new difficulty:
The blended function will not solve (77) anymore, but an equation of the form |Vi|? =
1 —sin? §v? with v2 = (m3)% + O(6?). Yet the function v? will in general not have a curve
v of zeros that connects {3 = 1} with {x3 = —1}; note that the existence of such a curve
is necessary to define mgg := £sinf |v| with the suitable sign to the left and right of v so
that (1) holds. To fix this problem, we solve (77) a third time for suitably chosen boundary
data on the curve of zeros of mj, calling this solution vy, and blend all three solutions into
one, according to Figure 5.
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In order to prove the energy estimate (76), we will show that each of the approximate
solutions 1/15, 1/12 , Yg* and therefore also the blended function 1y agrees with

~ 3

Yo(z1,23) = —/ <cos€ +sin? 0 ﬂ(aﬂl, s)) ds (80)
-1

up to an error of order O(§?4) that is exponentially decaying as |z1| — co. We remark that

it is natural to Consider 1 since by Proposition 4 we expect to have O399 = —myg ~

(COSH—l—Sln 9 (m2)2).

Method of characteristics

Our main tool for constructing solutions to the Hamilton-Jacobi equation (77) and proving
VYo = g + O(0*) is the method of characteristics. Recall (see e.g. [12, 20]) that given a
Hamiltonian Hyg: R? x Q — R the characteristics (p,x): Imax CR — R2 x Q are defined as
solutions of the Hamiltonian system p = —V Hy(p,z) and & = V,Hy(p, z) for some initial
data (pp,xo) at time s = 0 € Iypax with Hy(po,zo) = 0 (so that Hy(p(s),z(s)) = 0 for all
times s of existence).

In the case of (77), i.e. for

Ho(p,x) = |p|* = (1 = sin” 0 (m3)*(x) )

1

choosing 6 > 0 small enough so that 1 — sin®6 (m})?*(z) > 3,

characteristic equations:

we obtain the following

& = 2p,
: 2 2 (81)
p= —sin“0V(m3)*(x) =: F(x).
Observe that also 9y satisfies (77) up to an error of order O(6*%):
[Vihg|* = 1 —sin® 0 (m3)? + O(6*). (82)

Finally, we cast property (82) in the form of a Hamilton-Jacobi equation for the Hamiltonian
Ho(p, %) = [pl* — [Vebo|”.
The associated characteristic equations read
I =2p,
A (33)
= VIVip|*(z) =: F().

Observe that (81) and (83) are the same, up to an error |F(z) — F(z)| of order §*, which
decays exponentially as |z| — oo.

In Lemmas 7 and 8 in the Appendix we have collected properties of the solutions of (81) and
(83) which will be used in the sequel. In particular, we prove existence and uniqueness, a
growth estimate and a stability estimate under perturbations of the initial data. Furthermore,
we prove that the characteristics cover the whole domain.
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4.2 Proof of Proposition 5

To simplify notation, we will omit the index 6 from here on.
Step 1: A simple perturbation result.

Let (p,z) and (p,Z) be solutions of (81) and (83) with respect to the initial conditions
(po, o) and (po = Vb(Zg), o) at time s = 0, respectively. Suppose that |zg — Zo| < 1
and |pg — po| < C'sin? 6 < % Then, by the fundamental theorem of calculus, we obtain the
following estimates:

1p(r) = 3(r)] < Ipo — ol + / p(s) — Bs) ds

0 S— ~
=F(x(s))—F(Z(s))+F(Z(s))—F(&(s))

< 9o — fol + C(IV Fllooioe sup [2(s) — #(5)] + IIF — Fllocuoc).

s€[0,r]

as well as

[2(r) — ()| < [0 — Fo| + \ [ a9 - 30 ds\ < Lo — ol + 2Ir| sup |p(s) — ()
et selor
=2p(s)—2p(s

< |zo = Zo| + C(Ipo — Bol + |V F lococ sup [2(s) = Z(5)| + | F = Flloo,toc)

s€l0,r

where we denote by ||-||oc,loc the L> norm of a function, taken over a sufficiently large but
bounded box that contains both trajectories z and Z.

Since ||V F||o < Csin?f — 0 as 0 | 0, we can absorb the third term on the right hand side

of the second estimate into the left hand side, so that we obtain

sup |z(r) — &(r)| < C(|lzo — Zo| + |po — Bol + ||1F — Fl|sojloc) s
re(0,s]
and thus also

sr[lp]\pm —p(r)| < C(Ipo — Po| + | F = Fllootoc + sin? 0]zg — Zo|).
rel0,s

Now additionally suppose that = and # intersect at some point z = x(s) = Z(3) € Q, and that
the initial values x¢ and Zg are taken from the graph of a smooth function f: [a,b] — [—1,1],
so that we have the estimate |xo3 — Zo3] < || f'|lcolZ0,1 — Z0,1]- We prove that xy and Zo
cannot differ much and therefore the previous estimates apply.

Note that s and s need to have the same sign. W.l.o.g. we may assume 0 < s < §. Thus, we
have

|5 — s §2/;;]53’(:)/dr:/Osjsg(r)dr—/ngg(r)dr—Q/ospg(r)—ﬁg(r)dr

1
=3

=x0,3—%0,3

< C(’wo - -%O‘ + ‘pO _]50’ + HF - FHOO,IOC)-
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This yields

S s
|03 — Tos| + |zoq —Toa| < (1+ Hf’l!oo)‘/ 2p1(r) dr — / 2p1(r) dr
N — e 0 0

< lleclz0,1=F0,1]  =T0,1—Z1+Z1—To,1

< C sup [pi(r) —pi(r)| + C sup max(|p1(r)], [p1(r)]) 5 — s

rel0,s rel0,s

<C'sin? 0

< C(Ipo — Pol + [|IF = Fllotoc + sin® 0 (|03 — z0,3] + |F0.1 — z0,1])),

so that (again absorbing the small term C'sin? (|Fo3 — o3| + |To.1 — T0.1]) into the left
hand side)

|zo — Fo| < C(|wo.1 — Foal + w03 — Fo,3]) < C(lpo — ol + IF = Fllso,loc)-
This improves our estimates to
|z0 = Zo| + |s =3[ + sup [p(r) = p(r)[ + sup [z(r) —z(r)]
0<r<s 0<r<s

< C(|p0 _ﬁ0| + HF - FHOO,loc)a

and we may deduce for a solution 1 of (77), using ¢(z) = ¥(wo) + [, $(2(t))dt and the

equivalent for 1;,
7)) — (% x0) — U(Z + ) s)[?ds — §~52d5
[V(Z) — ()] < [Ph(w0) — P (T0)| 2/0 Ip(s)| /0 1p(s)]

< |1/)($0) - T/;(jO)| + C(|p0 _]50| + ||F - FHoo,loc)

and

Vi(E) — V(@) < C(Ipo — Fol + | — Flloooc) + / F(a(s)) ds
<|p(s)—p(s)|+|p(s)—D(5)|

< C(lpo = Pol + IF = Fllosoc)-

Step 2: Construction of ¥° and ¥t.

For <« 1, we consider the following admissible initial data of the Hamilton-Jacobi equation

(77):

(b, 20,p0) = ((xh1,1), —2cos b, —\/1 — sin® 6 (m3)?(zf) |, 1) e3) € 02 x R x R?

and

(5, 25, ph) = ((m&l, —-1),0, —\/1 —sin? 0 (m§)2(3:871, —1)e3) € 9Q x R x R?.
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Figure 6: The cutoff function a.

Thus, by the method of characteristics (cf. Appendix), there exist smooth functions ¢* and
Yt that satisfy

VY (2°(s)) = p°(s) and Vo' (2!(s)) = p'(s), respectively,

and solve (77) subject to the one-sided constraints ¢* = ¢ = 0 on {3 = —1} and ¥t = ¢ =
—2cosf on {z3 = 1}.
Observe that |pf — po| < C'sin? 0|zl — Fol, so that Step 1 for f = 1 immediately yields
|zt — Zo| < C||F = F||so,10c and thus also

[94(@) = 9(@)] + [V () = V(@) < C|F = Fllosjocs Y € Q.
The same inequality holds for ¥?, i.e.,

[4°(2) = (@)| + |V¢*(Z) = V(@) < OIF = Flloojoc, V7 € Q.

Step 3: Definition of ™.

Now, we focus on the region around the curve v of zeros of mj, where we interpolate v
with 1/® by means of another stream function 1™ that will satisfy the same equation (77).
To define 9™, we will impose initial conditions on the curve v that interpolate between V!

and V.

To this end, we may assume that v denotes an arc-length parametrization of the curve of
zeros of m3, i.e., |¥| = 1. Moreover, we can choose 7 symmetric w.r.t. v(0) = 0. Denote by
a > 0 the value at which vi(a) = —7y1(—a) = 3. Obviously, a > 3. We also remark that on
[—a, a] the curve ~ is in fact the graph of a smooth function.

Let oz (—%,2) — [0,1] be a smooth cutoff function with a(s) =1 for s < —1 and a(s) =0

for s > 1. Then we define h: (—1,1) = R via

W (4(s)) = h(s) = al(s)¥' (1(s)) + (L — ()’ (1(s)) = & (1(s)) + O(IF — Fllococ)-
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while pf’ is uniquely determined by
g 3(s) = h(s) = Vi (y(s)) - 4(s) + O(|F = Fllosjoc),

e -t (s) = =1 = [h(s)2 = VO (7(s) -4 (8) + O(IF = Fllootoc)

Clearly, (z(", 20", pg') are admissible initial data such that the method of characteristics yields

a smooth function ¢¥™: [—2, 2] x [~1,1] — R that coincides with ¢’ in a neighbourhood of

{=2} x [~1,1] and with ¢® in a neighbourhood of {2} x [—1,1], and solves (77) with the
boundary conditions (z{", pg") on 7.

In particular, using the notation from Step 1, we have |p* — fo| < C||F — F|lsc.loc, SO that
Step 1 yields

9" (2) = (@) + [V (&) = V(@) < C|IF = Fllootoe V2 € [-3, 3] x [-1,1].

Step 4: Construction of a smooth stream function ¥:  — R such that
e o satisfies (78) and (79) on 09,
o |Ve| <1 and |V|? =1 —sin? 0 (m5)? in a neighborhood N C Q of v,
o [¢(x) — d(2)| + |V(x) = V()| < C||F = Floo,toc for all @ € Q.

Here we blend the functions t, ® and ¥™ from Steps 2 and 3 as indicated in Figure 5. Let
n: [~1,1] — [0,1] be a smooth cutoff function with n(x3) = 1 for 3 > 2 and n(x3) = 0 if
z3 < % We define

()t (z), if z € QF,
Y™ (), if z € Q™
b (x), if z € Qb

b(x) = ¢ nlzs)v!(z) + (1 - nlas)) ™ (@), if 2 € Qf e, and |21] < §,
n(w3)y () + (1 - n(2s)) ¥ (z), if 2 € Qf o, and 21 > §,
n(—a3)y’ (@) + (1 = n(—z3))Y"™(x), if 2 € Qe and |a1] < §,
n(—a3)y’ (@) + (1 = n(—x3))¥"(x), if 2 € Qe and a1 < —5.

= () + O(|F = Flloo,toc)-

Observe that the resulting function is smooth, since 9, 9™, 1® and n are, and since ™ = *
and ¢™ = ¢’ in neighbourhoods of {—3} x [~1,1] and {2} x [~1,1], respectively. Further-
more, by definition, 1 satisfies (78) and (79) on 99 and |V#|? = 1 —sin?6 (m3)? < 1 on
QU QP U Q™. In particular [Vi|?2 =1 on . On Q. UQY  we can estimate

inter inter

VUl <0 |VO| + (1) V] + [0l [ — ] < /1~ sin20 (m3)? + ClIF — Fllococ < 1
~—~— —~— ~——

:\/lfsin2 0 (m3)>? :\/lfsin2 0 (m3)? <C||F=F|lso,l0c

for ¢, € {4®, 9t 4™} suitably chosen and 6 < 1, since (m})? > C > 0 for every = €
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Step 5: Conclusion.

First, observe that

ub

inter’

O(|F — Fllcoloc), Ot
(V| =1 —sin® 6 (m3)? + {0 ( locuoc). — on er

, otherwise.

We define

m'(z) = Vi(z),  ma(x) = s(@)y/1— [/ (@),
where s(x) = —1 if x is left of v and s(x) = 1 else, to obtain a magnetization that is
admissible in Eagym ().

This yields

s(z)y/1 — |m/(z)]? = sinf@ mi(x)

for x € N and

s(z) /1= [ (@) = sinem;(x)\/ 1+ O (M) — sin () + O (L leiee )

for x ¢ N, since [m4| > C >01in Q\ N.

We claim that the smooth m = mygy defined above generates a suitable recovery family as
6 | 0. Indeed, it is easy to see that m € XN X?, and using the expansion of 1 given in
Step 4 we obtain (by (15))

cos 6 . 9 m1+sin? 0 ¢,
m = sin ' m3 + sin 0 sin 6 ¢2
0 Thg+sin? 6 ¢3

with ¢ = (¢1, P2, ¢3) € C°(Q) decaying exponentially as |x| — oo. Thus, by Lemma 1, we
have

Sin—4e/ (1VmP? — sin? 0 [Vms|?) da
Q
(52 / (I + (9 ? = (1) (2 +03) ) da + O(6%)
Q

(ﬁ) El +O(92),

which ends the proof of Proposition 5. U

Appendix

A Classical inequalities

Lemma 5. The following Poincaré(-Wirtinger) inequalities hold with optimal constant:
W e @) [ |- fPdr< b [|ousian (31)
Q Q
Vf e H} (Q): /f2 dx < %/]83]”]2(135. (85)
Q Q
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In the context of this paper, we typically apply the first inequality to “first components”,
i.e. my g with my g = cos 6 or 10y g with m ¢ = 0. The second inequality is applied to “third
components”, i.e. ms g or ms g, which satisfy mgg(do00,-) = 0 as well as mg s = 0 on 052

The above lemma can be obtained as a corollary e.g. of [8, Theorem 4.24].
Combining the classical Hardy inequality [13, pg. 3] with (84), one obtains

Lemma 6. There exists a constant 0 < C' < oo, such that we have:

/Q‘f—f(O){z 1+1$§ dz SC’/Q|Vf|2dx for any f € HY(Q). (86)

Note that we may replace the profile H—# with any continuous function that decays at least
1

quadratically for |z1] — oo such as u = pu(x;) as in (17).

B Characteristics of the eikonal equation

The following two lemmata show that the method of characteristics can in fact be applied
to construct a solution of the modified eikonal equations (77) and (82) on 2. Lemma 7 (iii)
yields that under suitable assumptions on the initial data characteristics cannot cross, while
by Lemma 8 characteristics cover the whole domain 2.

Lemma 7. There exists a universal constant 0 < C' < oo such that for 8 < % and any

initial datum (zo,po) € Q x R? with |py + e3| < % there exists a unique solution (z,p) of
(81), subject to the initial condition (x,p)(0) = (zo,po). The solution depends smoothly on
time and initial data and satisfies:

(i) Let [Ty, Tp] be the mazimal interval of existence of (x,p). We have Ty = sup{t <0 | x3(t) = 1},
Ty =inf {t > 0| z3(t) = =1}, and |Ty| + |T| < C.

(ii) It holds |p(t) — po| < C'sin%0 for all t € [Ty, Ty).
(i1i) Given 0 < q < 1 there exists a constant C(q) such that the solution (Z,p) of (81)
corresponding to the initial datum (&, p)(0) = (%o, Po) € Q x R? satisfies the estimate
o0 — ol + ¢ — )
< la(t) = 2(0)] < C(a)(Jwo — Fo| + [t =) Ve [T, Ty, t € [T}, Ty),

provided § < s, [po — Pol < 'xg{q’ﬁ"', and |(zo — Zo) - &| < ¢*lzo — Zoll¢] for € €
{po,po}. This last inequality in fact is a lower bound on the angle between xo — Ty and
€ € {po,Po}-

The same statements hold for solutions of (83).

Proof. We denote by 0 < C' < co a universal, generic constant. Note that we only treat the
case (81), since the argument for (83) is similar. In fact, the only property that we actually

need is F' = O(0?) = F.
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Existence of a unique solution (x,p) of (81) that depends smoothly on time and initial data
is immediate by standard theory, see e.g. [2, Ch. 2, Cor. 6].

Integrating the second line of (81) obviously yields
Ip(t) — po| < Csin® 0]t (87)

if the solution exists on [0, ¢). In view of the structure of (81), this already rules out finite-time
blow-up.

Hence, solutions exist until z(t) leaves Q and we may estimate for ¢ > 0

(81) t t
x03 —3(t) =—=2 [ poszds —2 [ p3(s) —po3zds
0 0

lpo+es|<:
> t—Ct sup |p(s) — pol
0<s<t
(87)

>t(1—Csin®6t).
Thus if € is sufficiently small, e.g. such that C'sin?6 < é, we have
1> —z3(t) > §(8—1t) —wo3 > (8 —1t) — 1,
and therefore 0 < T3, < 4. A similar argument shows that 0 < —T; < 4.

This proves statement (i) of Lemma 7. In particular, (87) improves to statement (ii).

We now address statement (iii): Assume # > ¢ > 0. In the remaining cases, the proof is
similar (using that |t| + || < 2|t — | if t£ < 0). Successively employing (81), one computes

a(t) — 2(f) = (z0 — To) — 2po(t — ) + 2(po — Po) t

+2/ / F(z (5))Jd0ds

|-|<C'sin? 0 |z(s)—&(s)|

_2// ))do ds.

With help of (i) this yields the estimate

| (=(t) = &(t)) — (w0 — To) + 2P0 (f — 1))

< Csin® 6|t — 1] + supla(s) — 5(5)]) + Clpo — fol. (%)
s
By the triangle inequality and (88) in the case t = t we derive
sgp\x(s) — &(s)] < C(|wo — Zo| + |po — Pol),
such that (88) turns into
|(z(t) — () — (w0 — Zo) + 2po(t — 1) (89)

< Csin? (|t — t| + |vo — Zo|) + Clpo — Pol-
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The upper bound of statement (iii) now easily follows from the triangle inequality and (89).
For the lower bound note that Young’s inequality and the assumptions yield:

~ ~ /7 2 ~ g
(w0 — Fo) — 2p0(t — )" > (1 = ¢*)|wo — Zol* + (1 — ¢*)|f — t[*4|po|*.
——

Thus by the triangle inequality and (89), we can estimate 21

V1= @ (Jwo — @o| + [t — 1) < |a(t) — 2(T)| + Csin® (|t — | + |zo — Fo) + Clpo — Pol-

|zo—o]

In view of the assumptions 6 < % and [pg — po| < it remains to choose C(q)
sufficiently large to absorb the second and third terms on tile right hand side into the left
hand side and conclude the lower bound of (iii) in Lemma 7. O

Lemma 8. Let v C Q be the graph of a smooth function f: [a,b] C R — [~1,1], and let
po = po(z01) € R? be a smooth function of xo1 € [a,b] with Hd;;llpoHoo < % Jor ¢ =3
if | f oo < 1, and ¢* = % < 1 otherwise (cf. previous lemma). Moreover, assume
lpo + €3] < and

|p0 3|
Ipo,1| < ’
4 f' Nl oo

V$0,1 S [a, b]

Denote for 0 sufficiently small by (z%,p®) and (xb,p?) the non-intersecting characteristics
solving (81) corresponding to the initial data ((a, f(a)),po) and ((b, f(b)),po), respectively.
Let M be the bounded subdomain of Q that is bounded by the curves z® and .

Then for each point x1 € M there exists an xg € vy such that the characteristic (x,p) corre-
sponding to the initial datum (zg,po) passes through x1, i.e. M is covered by characteristics.

The same statements hold for solutions of (83).

Proof. First of all, we remark that Lemma 7 (iii) is applicable and in particular the char-
acteristics  do not intersect. Indeed, by smoothness of py we have |po(zo1) — po(Zo,1)| <

4_nolleo| o — Zo|. Moreover, due to the assumptions, an improved Cauchy-Schwarz inequal-

=y
ity holds: By definition of zg = (20,1, f(20,1)) and monotonicity of z — %, for az < b,

a,b,z > 0, we have for £ € {po(z0), po(2o)}:

N f(z0,1)—f(Z0,1)
(w0 — Fo) - €] el el + &l Dl
\/|$071 — f071|2 + |f(£l70,1) ,I() 1 \/1 + |f I;)Oll xorlo 1) | /14 Hf/||2

In the case || f'[loc <1 we use |[§| < 1 < 1|&5], which implies

+ oo 2 (5 HI1l0)? 2 LI I3 =5+ 31/ llo 2 2
(lballrl=) < 6 PATITEE — Pl b e — 4 ) = FleP

For || f'|lcc > 1 the improved Cauchy-Schwarz inequality follows from the assumption 4|| f'||s|&1| <

€3]
2
<|§1| + |€3|||f'||oo> <GP+ G+ 121G < G+ I 12)1ER
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We now give a topological argument to prove that the characteristics cover M: Denote by
U: D — M the continuous map (t, s) — x(s), where (z, p) is the characteristic corresponding
to the initial datum (zo,po(z0)), zo = (¢, f(t)) € 7. Both the domain D = Urefan{tt %
[Tt(t), T (t)] of ¥ and M are homeomorphic to a disk. Moreover, W(9D) = OM, and the
restriction \I/| op has topological degree 1. Therefore W is surjective.

Indeed, if R := ¥(D) € M, ¥ would induce a continuous map g: D? — S! with g|§1 ~ idgr,
i.e. the sphere were a retract of the disk, which is impossible. Hence R = M, and Lemma 8
is proven. O
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