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Abstract

We deal with a class of lattice dynamical systems, namely hysteretic reaction-
diffusion equations that are continuous in time and discrete in space. Our primary
goal is to analyze a new mechanism that leads to appearance of a spatio-temporal pat-
tern called rattling. The rattling is characterized by a specific behavior of the solution
profile: while evolving in time, it oscillates up- and downwards and ”switches” hys-
teresis at nodes satisfying a certain rule. In the one-dimensional case, this switching
rule makes the profile shape two hills propagating outwards the origin with decreas-
ing velocity. In a prototype case, we prove the existence of rattling and identify the
propagation velocity.
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1 Introduction

1.1 Background

Hysteresis, or, more generally, bistability, refers to a class of nonlinear phenomena which are
observed in numerous real-world systems. It arises in description of ferromagnetic materials,
shape-memory alloys, elasto-plastic bodies, as well as many biological, economical, and social
models, see [8,18-21,25]. The primary goal of the present paper is to analyze a new mecha-
nism (which we call rattling) for pattern formation in spatially discrete systems of reaction-
diffusion equations (lattice dynamical systems) with hysteresis. The phenomenon occurs in
any space dimension, including dimension one, and persists even for scalar equations. As
it is explained below, our results are relevant not only for lattice dynamical systems, but
also for continuous systems with hysteresis. On the other hand, they link pattern formation
mechanisms in hysteretic and bistable slow-fast systems.
Let us begin with the prototype spatially continuous problem

{'UT = VUgx +%('U)7 T (_1a ]-)7 T > 07 (11)

v(z,0) =p(z), z€(-1,1),
supplemented with, e.g., Neumann boundary conditions. Here #(-) is the simplest hystere-

sis operator, namely, the non-ideal relay or bistable switch, see Fig. 1.1.a and the (slightly
modified) rigorous definition in Section 2. Hysteresis is defined by two thresholds o <
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Figure 1.1: a) Hysteresis with thresholds o < . b) Hysteresis with thresholds a« = —oo and
g =0.

and two values hy, —hy € R (in what follows, we are interested in the case hy > 0 > —hy).
Given a continuous input function w(7), its output H(w)(7) remains constant unless the
input achieves the lower threshold a or the upper threshold 5. In the former case, the
output either switches to hy if it was equal to —hy “just before” or otherwise remains h.
Analogously, in the latter case, the output either switches to —hs if it was equal to hy “just
before” or otherwise remains —hs. Since the function v(z,7) in (1.1) depends not only on
7, but also on the spatial variable x, one defines H(v) = H(v(z,-))(7) “pointwise”, i.e., for
each fixed x. Thus, the hysteresis operator H becomes spatially distributed.

Problem (1.1) is the simplest model of a reaction-diffusion process in which a diffusive
substance with density v(z, ) interacts in a hysteretic way with a non-diffusive substance
that affects the diffusive one via the reaction term taking values hy or —hy. The first model



of such a type was suggested by Hoppensteadt and Jéger [14]. It consisted of two reaction-
diffusion equations and one ordinary differential equation and described the concentric rings
pattern that occurs in a colony of bacteria (Salmonella typhimurium) on a Petri plate,
see Fig. 1.2. Numerical simulations in [14,15] yielded a pattern that was consistent with

Figure 1.2: Density of bacteria on a Petri plate after growth has stopped as a result of a
numerical simulation via spatial discretization.

experiments, however the rigorous mathematical description of the model was lacking. To
begin with, the well-posedness was an open question, due to the discontinuous nature of the
hysteresis operator. First analytical results were obtained in [3,24] (see also [2,17,25] and
a recent survey [26]), where existence of solutions for multi-valued hysteresis was proved.
Formal asymptotic expansions of solutions were recently obtained in a special case in [16].
Questions about the uniqueness of solutions and their continuous dependence on the initial
data as well as a thorough analysis of pattern formation still remained open.

In [11,12], we formulated the so-called transversality condition for the initial data ¢ (z)
in (1.1) that guaranteed existence, uniqueness, and continuous dependence of solutions on
initial data for scalar equations with hysteresis. In [13], this condition was generalized to
systems, and in [9] to the case z € R?. For problem (1.1), the transversality loosely speaking
means that if p(zy) = a or ¢(x¢) = f for some z € (—1,1), then ¢'(xy) # 0. Due to [11-13],
the solution is either exists and is unique for all 7 € [0, 00), or there is T' > 0 such that the
solution exists and is unique for 7 € [0,7] and v(z,T) is not transverse. The approach
of [11-13] was based on treating the problem with transverse initial data as a special free
boundary problem. The study of regularity of the emerging free boundary was initiated
in [5,6], based on methods developed for obstacle-type problems (see, e.g., [7,22,23] and the
references therein).

The key question which we address in this paper is how the solution may behave after
it becomes nontransverse. To answer this question, we consider the nontransverse initial
data. First, set § = 0 (without loss of generality) and consider an initial function p(z) =
—cz? + o(2?) in a neighborhood B(0) of z = 0. By taking a smaller neighborhood if needed,
we have ¢(x) < 0 for z € B(0) \ {0}. We define the hysteresis at the initial moment in this
neighborhood as follows: H((0)) = —he and H(e(x)) = hy for  # 0. Now we “regularize”
the parabolic equation in B(0) by discretizing the spatial variable: for any € > 0, setting



vy (T5€) :==v(en, T), we replace the continuous model (1.1) in B(0) by the discrete one

dv, Awv,
P +H(v,), 7>0, n=-N....,N,,

v,(0) = —c(en)® + o(e?n?), n=—-N.,...,N.,

(1.2)

where Av, := v,41 — 2v, + v,_1 and N, — 0o as ¢ — 0. Since we are interested in small
¢ and in the behavior near the threshold f = 0 (i.e., in a small neighborhood B(0)), we
consider the next approximation by omitting o(¢?n?) in the initial data, replacing N, by oo,
and formally setting o := —o0. Thus, (1.2) assumes the form

dv, Awv,
P +H(v,), T>0, n€eZ,

v,(0) = —c(en)?, n€Z,

(1.3)

and the hysteresis operator is now represented by Fig. 1.1.b (see the rigorous definition in
Section 2).
A nontrivial dynamics occurs in the case hy > 2¢ > 0 > —hy. To indicate the difficulty,

. . . dv
note that, due to the initial configuration of hysteresis, we have —0(0; g) = —hy —2¢ <0,

or
but %(O; g) =hy —2c>0forn € Z\{0}. Thus, for small 7 > 0, vy(7; ) decreases, while

all the other nodes v, (7;¢), n € Z\ {0}, increase. It is not clear at all, which node achieves
the threshold 5 = 0 and switches first and hence what a further dynamics is.

In fact, numerical analysis does not reveal any general rule that could describe the behav-
ior of v, (7; €) for small 7. However, it reveals the formation of quite a specific spatio-temporal
pattern for large 7, see Fig. 1.3. If hy = 0, then each node eventually achieves the threshold

a) H(vn) b) H(vn)

Un Un

Figure 1.3: Upper graphs represent spatial profiles of the hysteresis H(v,) and lower graphs
the spatial profiles of the solution v,. a) Nontransverse initial data. b) Spatial profiles at a
moment 7 > 0 for hy = 0. ¢) Spatial profiles at a moment 7 > 0 for hy = hy > 0.

f =0 and thus H(v,) eventually switches from h; to hy = 0 for each n € Z. If hy > 0, then
some nodes achieve the threshold and some do not. If we denote by N;(j) and Ny(j) the

number of nodes in the set {vg, v41, ..., vy} that switch and do not switch, respectively, on
the time interval [0, c0), then numerics suggests that
No(j)  ho

im L == 1.4
Jj—ro0 Nl(]) hl ( )
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Moreover, if hy/hy = po/p1, where p; and py are co-prime integers, then, for any j large
enough, the set {v;41,...,Vj4p +p, b contains exactly p; nodes that switch and p, nodes that
do not switch on the time interval [0, c0).

The next numerical observation is as follows. Let 7, = 7,(¢) be the switching moment
of the node v, (7; ¢) if this node switches on the time interval [0, 00) and 7, := oo otherwise.
Then, for any fixed hy > 0, the 7,’s that are finite satisfy, as n — oo,

20(yn) if hy =0,

1.5
20(n) it hy > 0, (1:5)

7o = a(en)? + {

where a > 0 depends on hy/c but does not depend on hs or € and O(+) does not depend on ¢.

Remark 1.1. In Section 1.2, we will show that € in (1.3) can be scaled out, see scaling (1.8).
In particular, all the numerical observations concerning the dynamics of v, have been done
for e = 1 and then transferred to an arbitrary e according to the scaling in (1.8).

Consider the function
H(z,7;¢) = H(v,(58))(7), x€[en—¢e/2,en+¢€/2), n € Z,

which is supposed to approximate the hysteresis H(v(z,-))(7) in (1.1). Assuming the dy-
namics (1.4) and (1.5) and taking into account Remark 1.1, we see that H(x,7;¢) has no
pointwise limit as e — 0, but converges in a certain weak sense to the function H(x, 7) given
by H(z,7) =0 for 7 > ax? and H(z,7) = hy for 7 < az?. We emphasize that H(x,7) does
not depend on hy (because a does not). On the other hand, if hy > 0, the hysteresis operator
H(v(z,-))(T) in (1.1) cannot take value 0 by definition, which clarifies the essential difficulty
with the well-posedness of the original problem (1.1) in the nontransverse case. To overcome
the non-wellposedness, one need to allow the intermediate value 0 for the hysteresis operator.

Such a re-definition of hysteresis is consistent with the behavior of v(x, ) (also observed
numerically) in the following sense. For a fixed € > 0, the spatial profile of v,,(-;¢)(7) forms
two humps propagating away from the origin according to (1.5). The cavity between the
humps has a bounded steepness characterized by the relations

‘Uk-‘rl(T;g) _Uk(T;€>| < b627 |k| Snv T ZTnv n:071727"'7 (16)

where b > 0 does not depend on k, n, and €. As time goes on, the profile executes down-
wards and upwards motions, always remaining beneath the threshold § = 0 and hitting this
threshold at specific nodes characterized by (1.4). We call such a behavior of v, and H(v,)
rattling. Furthermore, numerics indicates that, as € — 0, the function

V(z,1;€) :i=v,(156), x€len—¢/2,en+¢/2), n € Z,

approximates a smooth function V (x, 7), which satisfies V(z,7) = 0 for 7 > az? due to (1.5)
and (1.6). In other words, V(z,7) sticks to the threshold line 5 = 0 on the expanding

interval z € (—/7/a,/7/a).



We recall paper [3], in which Alt proved the existence of a function V(z, 7) that satisfies
the equation in (1.1) on the set A = {(x,7) : V(2,7) # «, 8} and the homogeneous heat
equation on the set B = {(z,7) : V(z,7) = o or f}. Thus, our heuristic argument provides
a qualitative description of the sets A and B and justifies the completion of hysteresis by the
zero value via the thermodynamical limit. To make this argument mathematically rigorous,
we should first rigorously describe the rattling phenomenon in the discrete system (1.3).
This is the central topic of the present paper, in which we concentrate on the case hy = 0
and develop general tools for treating discrete reaction-diffusion equations with discontinuous
hysteresis. The application of these tools to the case hy > 0 will be a subject of a forthcoming
paper. We expect that these tools will be applicable whenever hy/hy is rational.

Before we proceed with the description of our tools and of the structure of the paper,
let us make two more comments. First, the rattling phenomenon also occurs in multidimen-
sional domains. For example, Fig. 1.4 illustrates the switching pattern for a two-dimensional
analog of (1.3), where we have implemented spatial discretizations on the square and trian-
gular lattices, respectively. Moreover, numerical analysis of the Hoppensteadt—Jager system

a) X2 b) Xo

X1 X1

Figure 1.4: A snapshot for a time moment 7 > 0 of a two-dimensional spatial profile of
hysteresis taking values hy > 2¢ > 0 and hy = h; > 0. The nontrasverse initial data is given
by p(x) = —c(x? + 22). Grey (black) squares or hexagons correspond to the nodes that
have (not) switched on the time interval [0,7]. a) Discretization on the square lattice. b)
Discretization on the triangular lattice.

indicates that the solution remains transverse as long as the central disc in Fig. 1.2 gets
formed, but the formation of all the rings occurs via rattling.

Second, the rattling phenomenon is not a pure consequence of a discontinuous nature
of hysteresis, but rather a consequence of bistability in a system. In particular, it persists
in bistable slow-fast reaction-diffusion systems. The simplest example is the system of two
equations

Vr = Vg + W, w, = f(v,w), (1.7)

where ¢ > 0 is a small parameter and the nullcline of f(v,w) is Z- or S-shaped. Formally,
system (1.7) can be treated as another regularization of system (1.1). In the case where the
nullcline of f(v,w) is S-shaped, one should replace hy and —hs in the definition of hysteresis
H(v) by appropriate functions H;(v) and Hy(v), see Fig. 1.5.

As 0 — 0, the spatial profiles of v and w in (1.7) behave similarly to V(z,7;¢) and
H(x,1;¢), respectively, as ¢ — 0, see Fig. 1.6, with the exception that the profile of w

7



a) f(U’w) =0 w b) %\w = H(’U)

Figure 1.5: a) The nullcline of the S-shaped nonlinearity f(v,w). b) Hysteresis with non-
constant branches H;(v) and Ha(v).

remains continuous and forms steep transition layers between mildly sloping steps of width
tending to 0 as  — 0. Interestingly, the time-scale separation parameter § in (1.7) yields

tends to 0
as 0 — 0
w
IRe R
U formation

of transition layer

(%

TN

Figure 1.6: Upper and lower graphs are spatial profiles of the solution w(z, ) and v(x, 7),
respectively, for problem (1.7) with initial data v|,—g = —cz? + o(2?), w|,—¢ = h1.

X

the same effect as the grid-size parameter ¢ in (1.3). As far as we know, such a rattling
phenomenon for slow-fast systems has not been explained in the literature, either.

1.2 Structure of the paper

Now we come back to the main topic of this paper, namely, discrete system (1.3). As it was
mentioned in Remark 1.1, € in (1.3) can be scaled out. Indeed, setting

ti=e727, u,(t) = e v, (1;¢) (1.8)
and using the equalities (recall that @« = —oo and § = 0)

H(vn)(7) = H(*un(e™*))(7) = H(ua(e™))(7) = H(un)(e7) = H(ua)(t),

8



we can rewrite (1.3) as follows:

(1.9)

2

Uy = Auy + H(u,), t>0, ne€Z,
u,(0) = —en®, n€Z,

where "= d/dt. Problem (1.9) does not involve e, which justifies the fact that w,(f) in (1.8)
does not depend on €. Note that ¢ in (1.9) could be also scaled out if we replaced u,(t) by
cli,(t) and hy and —hy by chi and —chs, respectively. However, we prefer not to do this,
in order to keep track of what exactly is influenced in our intermediate calculations by the
“tangency” constant c.

From now on, we concentrate on the case hy = 0. Due to (1.5) and (1.8), the asymptotics
for the switching moment ¢,, of the node u,(t) is expected to be

t, = an® + q,, lgn] < Ev/n, (1.10)

where F > 0 does not depend on n € Z.
Our main result is formulated as follows (see Theorem 3.1). Let hy > 2¢ > 0 and hy = 0.

Assume that

finitely many nodes ug(t), u1(t), .. ., Un, () (1.11)
switch at time moments ¢, satisfying (1.10), ’

where the constants a = a(hy/c) > 0 and ng = ng(E) = no(E, hy,c) will be explicitly
specified in the main text. Then each node w,(t), n € Z, switches; moreover, the switching
occurs at a time moment ¢, satisfying (1.10).

Since we will provide an explicit formula for the solution wu,(t), the fulfillment of finitely
many assumptions (1.11) can be verified numerically with an arbitrary accuracy for any
given values of h; and ¢ (see Fig. 1.7).

a) b)
0 T T T T —> 0 T T T T T T —»>
5 10 15 20 25 n ~0.14 5 10 15 20 25 30 35 n
-0.59 ~0.2]
-1 . -0,3
o¥00020s00s05000505004 ~04
-1,57 TOL0020200020620020 —05] e
’ OOV VVO00V000000000000000000000
-0,6|®
Y 9y
n Y

' o
Figure 1.7: Values of ¢,/v/n for ¢ =1/2 and a) hy = 1.5, b) hy; = 2.0.

The paper is organized as follows. In Section 2, we give definitions for the hysteresis oper-
ator and for the solution of problem (1.9). Next, we formulate the existence and uniqueness
theorem (Theorem 2.3), which includes a representation of the solution u,(t) via the so-
called discrete Green function y,(t). In particular, Theorem 2.3 implies that w,(t) = u_p(t),
n € Z. This theorem is proved in Appendix A.

9



In Section 3, we formulate our main result (Theorem 3.1).
Section 4 contains information about three main ingredients for the proof of the main
result.

1. The first ingredient is asymptotic formulas for the Green function y,(¢) and for its time
derivatives, which were derived in [10].

2. The second ingredient is three equations for finding the constant a from (1.10). The
equivalence of these equations as well as the existence and uniqueness of their root
a > 0 are proved in Appendix B.

3. The third ingredient is the approximation of some singular integrals by Riemann sums
and corresponding error estimates, which are proved in Appendix C.

Sections 5, 6, and 7 are three key steps in the proof of our main result. The scheme of the
proof is inductive. Assume we have proved that tg,t;, ..., t, 1 satisfy (1.10) for some fixed
n > ng+ 1. We fix the hysteresis configuration, i.e., set H, := H(u,)(t,—1) and consider the
solution v, (t) of the problem

Uy = Av, + H,, t>t,_1, n€Z,
'Un(tn—l) = u(tn—1)> nez

(we abuse the notation by using the same letter v as in Section 1.1). Obviously, v, (t) = u,(t)
as long as the nodes v,,(t), vy11(t), Vni2(t), ... remain below the threshold 5 = 0.

The main theorem of Section 5 (Theorem 5.4) claims that the equation v, (an?+¢,) =0
has a root ¢, satisfying (1.10). To prove this, we use an explicit representation of v, (t) via
the convolution of H,, with the Green function y,(t) (see (5.20)). Then we use asymptotic
formulas for y,(t) (recall the first ingredient from Section 4) and replace the convolution
by a singular integral (recall the third ingredient from Section 4). As a result, we obtain a
leading order term of order n?, which depends only on a and h, /c, and a remainder of order
v/n, which also depends on qq, g1, - - ., ¢,—1 (that are known due to the inductive hypothesis)
and on the unknown ¢,,. It appears that the coefficient at n? vanishes due to the choice of a
(recall the second ingredient from Section 4). The hard part is to show that the remainder
vanishes for some ¢, satisfying (1.10). This is done by an application of Brouwer’s fixed-point
theorem.

The time moment t, := an® + ¢, given by Theorem 5.4 is a candidate for being the
switching moment of u,(¢). In order that it be the switching moment, we have to prove that
neither of the nodes v,41(t), vni2(t), ... achieves the threshold 5 = 0 on the time interval

(tn—1,t,], while v, (t) achieves it at the moment ¢, for the first time. This is done in Sections 6
and 7.

In Section 6, we prove that v,41(t,) < 0 (Theorem 6.2). To do so, we estimate the gradi-
ent Vu,(t,) := vp11(t,) —vn(t,) by using the representation of Vv, (t) via the gradient Vy,,(t)
of the Green function, applying asymptotic formulas for Vy,(t) (recall the first ingredient
from Section 4) and again replacing the corresponding convolution by an integral (recall the

10



third ingredient from Section 4). It appears that the leading order term of order n vanishes
due to the second ingredient from Section 4. Thus, we have to calculate the next term in the
asymptotics, which turns out to be —3h;/4 < 0. Hence, v,41(t,) = Vo, (t,) < —3hy/8 < 0.

In Section 7, we first show that v, (¢) does not achieve the threshold 5 = 0 for t € (t,,_1,t,)
(Theorem 7.1). To do so, we divide the interval (,,—1,t,) into two parts. We prove that the
function v, (¢) is so small on the first interval that it cannot overcome the distance exceeding
—3h1/8 (the value coming from Theorem 6.2 with n + 1 replaced by n). Then we prove
that v, (t) is nonnegative on the second interval. Hence, the equation v, (t) = 0 has a unique
root, which must be ¢,. In particular, v,(t) < 0 for t € (¢,_1,t,). Finally, we show that
Vu;(t) <0 for all t € (t,-1,t,] and j > n, which implies that the nodes v,,41(t), vy12(%), . ..
remain negative for t € (¢,-1,t,] (Theorem 7.3).

In Section 8, we combine the results from Sections 5, 6, and 7 and rigorously implement
the inductive scheme, which completes the proof of the main result, namely, Theorem 3.1.

The crucial role in our main result (Theorem 3.1) is played by the number ny = ng(E),
which determines the number of switchings one has to check “by hand” (see (1.11)). The
number ny(E) is determined explicitly in the form of 12 inequalities that must hold for
n > ng(F). Each inequality is referred to as a requirement and is introduced in the text
where it is used for the first time. These 12 requirements contain constants that are also
introduced in the text where they are needed for the first time. For reader’s convenience, we
have collected all the constants in Appendices D.1-D.3 and the 12 requirements determining
no(E) in Appendix D 4.

The graphs in Fig. 1.8 represent the values of a, F, and ny(E) that fulfill assump-
tions (1.11) for c=1/2 and hy = 1.1,1.2,1.3,...,2.5.

a) b) c)
a EA n
30 * oT o
70 30 150
60
50
0 20 100 -
30
.
20 101 o 50 ot
. P4
10
= ® .. Coee?
T T T T T T T T 0- hd 0-r T T T T T T T y
1 12 14 16 18 2 22 24 h1 112 14 16 18 2 22 24} 112 14 16 18 2 22 24}
1 1

Figure 1.8: Dependence on hy of the values of a, E, and ng(F) that fulfill assumptions (1.11)
for ¢ = 1/2. a) The values of a are found explicitly for all h; > 1 (see Section 4.2 below).
b), ¢) The values of E and ny(E) are calculated numerically for Ay = 1.1,1.2,1.3,...,2.5.

2 Setting of the problem
For a sequence {v, },ez of real numbers, we use the notation

Vo, := Upi1 — Up, Av, = Vv, —Vu,_1 = 0,1 — 20, + Upi1-

11



Let {u,(t)}nez be a sequence of real-valued functions defined for ¢ > 0. We study the
problem

Up = Auy, + H(u,), t>0, neZ, (2.1)

u,(0) = —cn?, n €z,

where ¢ > 0 and H(w)(t), t > 0, is the hysteresis operator defined for functions w € C0, c0)
such that v(0) < 0 by

hy if w(s) <0 for all s € [0,¢],

. (2.3)
0 if w(s) =0 for some s € [0,1],

H(w)(t) = {

where hy > 0 is fixed. In other words, the output of hysteresis is h; unless the input achieves
the zero threshold; at this moment, the hysteresis switches and since then the output of
hysteresis remains 0. In the context of problem (2.1)—(2.3), we will use the phrasing “a node
u,(t) switches” or just “a node n switches” whenever u,(t) achieves the value zero for the
first time.

Remark 2.1. In the terminology of, e.g., [18,25], the hysteresis operator (2.3) is a non-ideal
relay with the thresholds —oco and 0; see Fig. 1.1.b.

From now on, we assume throughout that the following condition holds.
Condition 2.1. hy > 2¢ > 0.

We note that the function H(v)(¢) may have discontinuity (actually, at most one) even
if v € C*°[0,00). Therefore, one cannot expect that a solution of problem (2.1)-(2.3) is
continuously differentiable on [0, c0). Thus, we define a solution as follows.

Definition 2.1. We say that a sequence {u,(t)}nez is a solution of problem (2.1)~(2.3) on
the time interval (0,T), T > 0, if

1. u, € C[0,T] for all n € Z,
2. for each t € [0, T, there are constants A, > 0 such that sup |u,(s)| < Ae*"l for all
s€[0,t]

n € 7,

3. thereis a finite sequence 0 =19 <11 < --- <71y =T, J > 1, such that u,, € Cl(Tj,Tj+1)
forallmne Z and 7 =0,...,J —1,

4. the equations in (2.1) hold in (7, 7j4q) foralln € Z and j =0,...,J — 1,
5. up(0) = —cn? for all n € Z.

We say that a sequence {u,(t)}nez is a solution of problem (2.1)—(2.3) on the time interval
(0, 00) if it is a solution on (0,7") for all 7" > 0.
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Remark 2.2. If {u,(t)},ez is a solution, then, as we have mentioned above, the function
H(uy)(t) has at most one discontinuity point for each fixed n € Z. Hence, the equations
in (2.1) imply that each function ,(t) has at most one discontinuity point on [0, 00).

Before we treat existence and uniqueness of a solution, let us introduce one of our main
tools, namely, the so-called discrete Green function

1 L e—2t(1—cos€) -
n(t) i= — mrde, t>0. 2.4
yn?) 27?/ 2(1 — cos6) ‘ (24)

One can directly check that y,, € C*°[0,00) and y,(t) solves the problem

—T

o =Ayo+1, t>0,
Un = AYy, t>0, n#0, (2.5)
yn(0) =0, n € Z.
Below, we will use the fact that
Una1(t) < yn(t), t>0, n=0,1,2,..., (2.6)

which follows from the formula ¢,,(t) = e~ 1,(2t), where I,,(s) is the modified Bessel function
of the first kind (see [1, Sec. 9.6.19]), and from, e.g., [4]. We will also use the estimate, which
follows from the series representation of the modified Bessel function [1, Sec. 9.6.10]:

2m et2—2tt\n|

, neEZ. (2.7)

. _ Cotlnl t
0<in(t) = e L) =" ) S S T
2 | |

The following existence and uniqueness result is proved in Appendix A.

Theorem 2.3. 1. Problem (2.1)~(2.3) has a unique solution {u,(t)}nez on the time in-
terval (0, 00).

2. Let t, be the switching moment of the node u,(t) if this node switches on the time
interval [0,00) and t,, := oo otherwise. Then

cn?

tn = ;
_hl—QC

n € Z. (2.8)

3. Let S(t) be the set of nodes that switch on the time interval [0,1], i.e.,
S(t) :={k € Z:H(u)(t) =0}, (2.9)

and let |S(t)| be the number of elements in S(t). Then S(t) is finite for each t > 0,
symmetric with respect to the origin, |S(t)| — oo ast — oo, and

un(t) = —en® + (hy — 200t —hy Y yoi(t — 1), t€ [0,00), (2.10)
keS(t)

where we put y,_p(t —tx) =0 fort < ty,

4. for each n € N, we have t_,, = t,, and u_,(t) = u,(t).

13



3 Main result

We recall that Condition 2.1 is assumed to hold throughout. Below in the text we define
a > 0 (see Lemma 4.2), Ey > 0 (see (5.13)) and an increasing function ng : (Ep,00) — N
(see Requirements 1-12 in Section D.4).

Definition 3.1. We say that a number E > Ej is admissible if the following holds:

1. each node ug, k =0,%+1 ..., £ny = £no(F) switches at a moment t; satisfying
te = ak® + qu,  |qx] < Ev/no, (3.1)
while neither of the nodes 4 (ng11), Ut(ngt2), - - - switches on the time interval [0,,,];

2. at the switching moment ¢,,,, we have

3h
uno-i-l(tm)) = Vg, (tno) < _?1' (3'2)
The main result of this paper is as follows. If finitely many nodes k = 0, ..., no(E) switch

at time moments ¢, satisfying (3.1), then all the nodes n € Z will switch and their switching
moments will be of order an?. On Fig. 1.8.b, one can see the values of addmissible £, which
we found numerically for ¢ = 1/2 and hy = 1.1,1.2,1.3,...,2.5. Figures 1.8.a and 1.8.c
depict corresponding values of a and ny(F), respectively.

The rigourous formulation of our main result is as follows.

Theorem 3.1. Assume that E > Ey is an admissible number, and let ng = no(E). Then
for allm > ng + 1:

1. Each of the nodes u,, switches at a moment t, satisfying
tn =an’ +qu, |ga| < Ev/n, (3.3)
te <tpng <tpng41<..., k=0,1,...,n9—1,
2. There exists Ay > 0 depending on hq,c, E, but not on n, such that

< Agn V3 Vau,(t,) < —%.

‘Vun(tn) + BThl

4 Auxiliary Statements

In this section, we formulate several auxiliary statements. Each of them is a key ingredient
in the proof of our main result, i.e., Theorem 3.1.

In Section 4.1 (Proposition 4.1), we establish asymptotic formulas for the discrete Green
function y,(t) given by (2.4). It is essential that the leading order terms in the asymptotics
depend only on n/+/t, while the remainders are estimated uniformly with respect to n.
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In Section 4.2, we consider three expressions containing integrals (4.17) of leading order
terms in the asymptotics of y,(t), Vy,(t), and 9,(t), respectively. These three expressions
will enter the leading order terms in asymptotic formulas for u,(t,), Vu,(t,), and ,(t,). In
Proposition 4.2, we show that these terms vanish for the same value of a, thus determining
the “propagation rate” an? in the switching moment asymptotics for ¢, in (3.1) and (3.3).

In Section 4.3, we elaborate on properties of integrals (4.17) from Section 4.2. In the proof
of our main result, these integrals will play the role of approximation of some Riemann sums.
Note that the corresponding integrands are not smooth functions, but have singularities of
order (1 — )2 or (1 — x)™%/? at = 1. In Propositions 4.3 and 4.4, we provide error
estimates for approximation of such integrals by their Riemann sums.

4.1 Properties of the discrete Green function y,(¢)
Consider the functions h, f, g, f : Rt — R given by

)= g @)= [y o) = ) Fe) = =
(4.1)

Note that these functions belong to C*°[0, 00) and decay to zero as © — 00, together with
all their derivatives, faster than exponentially. Moreover,

h(z) =g'(x) = f"(x), 2h(z)+zg(x) - f(z) =0. (4.2)

Consider the functions g, 71,71, 79, we, wy : (NU{0}) x R, — R satisfying the following
relations for n =0,1,2,... and ¢t > 0:

B h/l/(x) .

<]
<
3
=
I
Na)
/_\H_
<=
N—
[\
<)~
N
<=
N—
+
g
=
=
T~
-

. 1 12

RS

<=

We fix throughout the paper
7o > 0. (4.9)

The following estimates are proved in [10].
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Proposition 4.1. There exist constants Ay, A1, Ay, Ay, By, By, A%, B > 0 (depending on )
such that, for allt > 19, n=0,1,2,..., and i =0, 1,2, the following inequalities hold:

1 <~ 1
i(n,t)| < Aji——7, ri(n,t)] < A—=, 4.10
i) < A (0] < A (4.10)
1 1
)| < Bo-, )| < B—, 4.11
[wo(n, t)] < 07 [wi(n, t)] 1t\/¥ ( )
1 1
()] < AL— in(H)| < Bi—. 4.12
|iin ()] < Sy Vin(t)] < By (4.12)
4.2 Equivalence of some equations
Consider the functions
1 1—=z
F = 1— 22 — 4.13
(a,2) = /o w)f<ﬁ 1+x>’ (113)
1 1—2
G = — 4.14
(a,7) g<ﬁ\/1+$), (114)
1 1 /1-
H(a,x) = ————=h | — * , (4.15)
a(l — ;1;'2) aV 1l+x
1 1 /1—=x
H — h/ - 4]_6
ia.) a(l — x?) < a 1+$> ’ (4.16)
where a > 0, x € (—1,1) and f, g, h are given by (4.1). Set
1 1 1
Ir(a) ::/ F(a,z)dz, Ig(a):= / G(a,x)dz, Iy(a):= H(a,z)dx. (4.17)
—1 —1 ~1
The following proposition is proved in Appendix B.
Proposition 4.2. Each of the three equations
—c+ (hy — 2¢)a — hilp(a) =0, (4.18)
—2¢ — hylg(a) =0, (4.19)
(h1 —2¢) — hyIgy(a) =0 (4.20)

has a unique root on the interval (0,00). Moreover, all these equations have the same root.

In what follows, we fix a given by Proposition 4.2 and write F'(x), G(x), H(x), Hy(z),
Ir, Ig, Iy, omitting the dependence on a.
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4.3 Error estimates for Riemann sums
Let N € N, and let zy = —1 or 2y = 0. The following propositions are proved in Appendix C.
Proposition 4.3. Assume that a function Fy(x) can be represented as
Fi(z) = (1 —2)Y? + ey(1 — 2)* + Fi (),
where ¢1,¢ € R and F € C?[20,1]. Denote by
R, = /1 F(x)dx — (iFl(zo) + iFl(l) + "Z_:l lFl (E)>
0 2n 2n PR n

the error estimate of the Riemann sum of the integral leo Fi(x)dx.

1. There exists Ly = Ly(Fy, N) > 0 such that

|R,| < n > N.

lea

2. If, additionally, Fi(z) = es(1 — 2)%2 + ¢4(1 — 2)7? 4 Fi(x), where cs,c4 € R and
F € C*[20,1], then there exists Ly = L1 (Fy, N) > 0 such that

1

‘(n ‘l‘ 1)2Rn+l — ann} S Elm

Proposition 4.4. Assume that a function Fy(x) can be represented as
Fy(z) = c1(1 — ) V2 4 o(1 — 2)? + Fy(x), (4.21)

where ¢ > 0, ¢o € R, and Fy € Clz20,1]. Then there exists Ly = Lo(Fy, N) > 0, L} =
L3(Fy, N) > ¢; and ly = l5(Fy, N) such that

L*l ll< 1F d S 1F k <L L >N 4.22
b~y < [ Bode= 3 S R(G) Sl nz N 42)
=zon
n—1
In particular, | %Fg(%) is bounded.
k=zon

The following lemma is straightforward.

Lemma 4.5. Assume that Fy € C°[—1,1) and |(1—x)*?F3(x)| is bounded on [—1,1). Then
there exists Ly = L3(F3, N) > 0 such that

1 k
Z —F3 (-) < L3n1/2, n > N.
n

n
|k|<n—1
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5 Asymptotics for u,(t,)

5.1 Preliminaries

Set
= L L ‘= in T a2
ha() ._h<ﬁ) +h<wa), Dy:= inf ha(x) > h(a™7), (5.1)
o) O, (z) = hal@) 2 (5.2)

where h is defined in (4.1).
Lemma 5.1. 1. 0<p<2t <.
2. The function ®,(z) is nonincreasing on (0, 1).

Proof. 1. Let p:=1/(4a). Then

2\ /Th(z) = e’ (1 + eW—“ﬂ) > ehe?
2VThl (2)z = e " 2 (—x2 + x_2e“z2_“fz> < e op(x? — 2?)e M) < 9 lehet,
Hence, h) (z)z < 2e™'h,(x) and p < 2e!. The inequality p > 0 is obvious.
2. Relations (5.2) imply the following for z € (0, 1]:

¥ (1) - hy(2)2? — ho(x)pa? " :Cler1 (0 (2)r — ph () < 0.

2P

Hence, @, is nonincreasing on (0, 1). O

For any N € N, set

14p
—p 1\ 2
Dy =27 —1, D= N((l + N) - 1) . (5.3)

Lemma 5.2. For any N € N we have

1\ 7 1
1+ = >14Dy—, k>1, (5.4)
k k
1+p
1\ 2 1
1+ — >14+Dyp—, n>N, (5.5)
n n
1
Dpl < DPQ, Dpl < 5 (56)
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Proof. Fix o € (0,1). Note that

(1+z) " *<14+z(l-a), x€(0,1]. (5.7)
1 @—1
Consider the function P,(x) := % Inequality (5.7) implies that

a(l+z)* e — ((1+2)*—1)

Pl(x) = <.

x
Hence, P,(x) is nonincreasing and, for any k; > ks, the following holds:

Po(1/k1) = Pa(1/k2). (5.8)

Inequalities (5.4) and (5.5) are straightforward consequences of (5.8) for a = (1 — p)/2 and
a = (14p)/2, respectively. Obviously, Dy, > 20+P)/2—1 > D, and D,; < v2—-1<1/2. O

Set

1
= ng — Dpl — Q(Dpl + Dp2)Dp1N’

where D, D, are given by (5.3). Lemma 5.1 and relations (5.3) imply that s > 0 for all
sufficiently large N. In what follows, we fix

N € N such that > 0. (5.10)

(5.9)

Assume that ng = no(F) satisfies the following.
Requirement 1. ny > N.

We remind that the complete list of requirements determining ng(F) is given in Sec-
tion D.4.
Set
Cp o= —cn® + (hy = 2c)an® — by Y yo_gla(n® — k?)). (5.11)
|k|<n—1
In other words, the values C,, are obtained by formally substituting ¢t = an?, ¢, = ak?, and
S(t)={—=(n—-1),...,n—1} in (2.10).

In Section 5.3 below, we will prove the following result.

Proposition 5.3. There exist K, K' > 0 such that forn > N the following inequalities hold:

1
Coit — Ol < K—, |C,] < K'v/n. 5.12
\/_
n
Fix K and K’ from Proposition 5.3 and set
K+ »K’
Ey=——"—. 5.13
O (hy — 20)5 (5.13)

Note that Ey > 0 due to (5.10). For each E > Ej, set

| 2B/ QBT
min ._ o max .__ . 14
s T L T (5.14)

We assume that ng = ng(F) satisfies the following requirement.
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Requirement 2. a™™ > 7,/(2n — 1) for all n > ng, where 7o was fived in (4.9).

Note that Requirement 2 implies that

a(n* — k) —2Evn>1, n>mng, k| <n-—1. (5.15)
Set h g2
2A4; 1 2A5E 1
5, = L ok (5.16)
aDy,n — Dy(a™)3/2\/n
Obviously, _
a™ —a, 6, =0 asn— oo,
and

a?—t-nl > a;nin’ 5n+1 < 57” n Z no.
We assume that nyg = ng(FE) satisfies the following requirement.

Requirement 3. 9, + 0,11 < 2D, for all n > ny.

Below we will use the following constants S,, T,,, and R. For a > 0, let S, be the smallest
number satisfying the inequalities

(n — k)~ 1
<S,— > N. d

For a > 1, let T,, be the smallest number satisfying the inequalities

1 1
3 7 = T n= N (5.18)

n? — k2)o ne
|k|<n—1
Let R be the smallest number satisfying the inequalities

3 m <R(=7), n>N. (5.19)

|k|<n—1

5.2 Candidates for switching moments ¢,
5.2.1 Formulation of a theorem

In this section, we will prove the following result.

Theorem 5.4. Let the assumptions of Theorem 3.1 hold. Then there exists a sequence ty,
k € Z, such that to,tyq,. .., tin, are given by (3.1),

th=an® 4+ qn, |qu| < EVn, t_n=1t, forn>ng+1,

te <tpng <tpngt1<..., k=0,1,...,n9—1,
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and the functions

v (t) := —cn® + (hy — 2c)t — Iy Z Yn—k(t —tg), n>ng+1, (5.20)
|k|<n—1
satisfy
Un(tn) =0, n>mny+1. (5.21)

Remark 5.5. The sequence t; in Theorem 5.4 is a sequence of candidates for switching
moments in the following sense. Assume that, for some n > ng + 1, we know the following
(this is what we will in particular prove in Sections 6 and 7 below):

1. the nodes uy, ..., u,_1 switch at time moments %, ..., t,_1, respectively,
2. the nodes Uy, Upt1, Unt2, ... do not switch on the time interval [0, t,).

Then v, (t) coincides with the solution u, () of problem (2.1)—(2.3) on the time interval [0, ¢,)
and equality (5.21) implies that ¢, is the switching moment of u,(t).

5.2.2 Proof of Theorem 5.4

First, we substitute (5.20) into (5.21), replace t;, and t,, by ak?®+ q;, and an®+¢,, respectively,
and expand ¥,,_ into the Taylor series around a(n? — k?). This yields

—cn? + (hy — 2¢)(an® + q,) — Z Yn—k(a(n® — k%))

|k|<n—1
—h Y Gaesla(n® = k) (g — @)
|k|<n—1
1.
—hi Y Siner(a(n® = k) + &up)(an — 2)? =0, n=mo+ 1, (5.22)
|k|<n—1

where |&, k] < |¢n — qr|. We introduce the notation

. 1.
An i = yn—k(a(n2 - k’2)), ﬁn,k(Qn) = §yn—k(a’(n2 - k2) + gn,k)(QTL - Qk)> (523)
where we omit an explicit indication of the dependence of f,; on ¢ with |k] < n — 1.

Further, set

Jn,k(Qn) = Qpk + an,—k + ﬁn,k(Qn) + Bn,—k(Qn)u k= 17 27 s, = 17 (524)

Jn,O(Qn) = 0o + 5n,0(%)7 (525)
n—1

Jn(Qn) = Jn,ka Dn(Qn) = hl —2c— hIJn(Qn> (526)
k=0
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Using this notation and recalling the definition of the constants C,, in (5.11), we rewrite
(5.22) as follows (it will also be convenient to replace n by n + 1):

Cost + Dost(Gust)Gnsr + 11 Y Juri(@nsn)qe = 0, n > ng. (5.27)
k=0

Thus, it remains to find a sequence ¢, k € Z, such that |g,| < E\/ng for k = 0,%£1,...,%ny,
|gnt1] < EvVn+1, ¢-my1) = @uga for n =ng,no+1,..., and the equalities (5.27) hold.

First, we note that qq, . .., ¢1n, are already prescribed by the assumption of the theorem.
Moreover, (5.27) holds with n 4 1 replaced by ny:

no—1

Cno + Dno(%o)qno + M Z Jnmk(qno)% = 0. (5-28)
k=0

Indeed, Requirement 2 implies that ¢,, > tx, £ =0,...,n9 — 1. Therefore,
S(t> :{_(no_l)u"'uno_l}v t e [tn0—17tn0)7

in (2.10) and

U (tng) = —cng + (b1 = 200ty —h1 > Yng—i(tng — L) (5.29)

|k|<nop—1

Hence, (5.28) is obtained in the same way as (5.27) from (5.20) and (5.21).

Now we proceed by induction. Fix n > ng. Suppose, we have constructed the desired
sequence (o, . . ., qn. Let us find g,y satisfying |g,.1| < Ev/n + 1 and equation (5.27). We
rewrite equation (5.27) in the form

n

C,
Gnt1 = F(gnt1), F(gnt1) = —ngﬂ) —

Jn+1,k(Qn+1)

PR D1 (Gn+1) o (530)

To prove Theorem 5.4, it now suffices to show that if ¢, € [—E+\/n, E\/n| for k =
0,41,...,4n, then F has a fixed point on the interval [—E+v/n + 1, Ev/n + 1].

To do so, we need to show that F maps the interval [—E+v/n + 1, —E+/n + 1] into itself.
Let us indicate the main difficulty on this way. We will see in Sections 5.3 and 5.4 that
Cy ~ /n, D, ~ 1/\/n, and Jpi15(¢ns1) ~ 1/v/n? — k2, provided that |¢,+1] < Evn+ 1.
Therefore, the straightforward attempt to estimate |F(g,.1)| would yield

n

+EVR-h Y

k=0

C'n—l—l

Tnt1,5(@ns1)
Dn+1(qn+1)

, 5.31
Dn+1(qn+1) ( )

F(gunr)| < ‘

and we would obtain nothing better than |F(g,41)| < const - n.
To overcome this difficulty, we will use the following trick. Note that, by the induction
hypothesis, (5.27) holds with n + 1 replaced by n. Therefore, we can multiply (5.27) by
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1 + s¢/n with an appropriate > > 0 and subtract (5.27) with n + 1 replaced by n. As a
result, we will obtain the equation

~ ~ Cn+1 - jn—l—l k(Qn—l—l)
Gni1 =F(qnt1),  Flon)=———-"Mm )} ———~ @, (5.32)
Dii1(gn+1) kZ:O Dyt1(gn+1)

which is equivalent to (5.30). The advantage of this new representation will be that we
will obtain C,, ~ 1/y/n and D,, ~ 1/y/n. Hence, the first term in the formula for F
can be estimated by a constant oy > 0. Furthermore, we will show that the expression

hy >

k=0

Jn-i—l,k(Qn-i—l)

is estimated by 1 — ay/y/n with as > 0. Therefore, (5.32) will yield
Dipt1(gnt1)

F(gui1)| < 1 + Ev/n— Eay < EV/n + 1, (5.33)

provided that £ > Ey = «a;i/as. In particular, it will turn out that the appropriate s is
given by (5.9) and Ej by (5.13). Interestingly, ¢ = 0 would not be sufficient for this scheme
as it would then follow that as = 0.

To make the above argument rigorous, we need the following proposition, in which we
do not explicitly indicate the dependence of the functions on ¢, 1.

Proposition 5.6. Let the assumptions of Theorem 3.1 hold. Then for any n > ng and
Q0 Q415 - - -+ qa(ns1) € [FEVn+ 1, Ev/n+1], the following holds with s given by (5.9):

1 Jupy>0,k=01,...,n—1,

2. Jn,k_<1+z> Jn+1,k20,k:0,1,...,n—1;
n

3. Dn - hfl (1 + g) ']n—l—l,n Z 0.

Now, assuming that Proposition 5.6 is true, we complete the proof of Theorem 5.4. After
that, in Section 5.4, we prove Proposition 5.6.

Substituting n instead of n + 1 into (5.27) and using (5.28) for n = ny or the induction
hypothesis for n > ny (and omitting the dependence of J, x on ¢,), we obtain the equation

n—1

k=0

Multiplying (5.27) by 1 + 3¢/n and subtracting the latter expression we have

x 4
0= (Cn—l—l - Cn) + _Cn-l-l + (1 + _) Dn—l—lQn—l—l
n n

(1 2 = DY S (14 ) i = o)
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Equivalently (cf. (5.32)), qns1 = F(gny1), where F(q,,1) satisfies

(1 + %) Dy1F(Gni1) = —<(Cn+1 —Cp) + gcn-i-l)

(D= (1 2) ) ot 103 (o — (14 2) )

According to Proposition 5.6, all the coefficients at qg, ¢, ¢.+1 are positive. The inductive
hypothesis |qx| < Ev/n, k =0,...,n, Proposition 5.3, and the inequality £ > E, imply that

r = r
(1+2) DasalBlgus)] < [(Cosr =€) + ZCri

—_

+(Du— (14 g) Piduiin) BV Ry (g = (14 g) Juir) BV

/ 1 n—1
% +Evn <<Dn +hy Jn,k> - (1 + %) I (Jnﬂ,n +2 Jn+lvk>> '

k=0 k=0

3

B
Il
o

IN

Combining this with (5.26) yields (cf. (5.33))
1
NG

/ 1 Ve, »
= (K o 2K) = 4 EViDye (1+2) - BV — 20~

The latter estimate and the inequality £ > Ey, where Ej is given by (5.13), imply

(1+2) DuntlB(quin)| < (K + 2K")—= + BV (b = 20) = (14 2 ) (7 = 2¢) = Doy

a4 ~ Va4
(1+2) DusalFlansn)] < BVaDwa (1+5).

Hence, |F(¢nt1)| < Ev/n < Eyv/n+ 1. Therefore, F maps [~Ev/n + 1, Ev/n + 1] into itself.
Furthermore, the function F is continuous, because the functions

ym—k(a(mz - k2) + Gm — Qk) - ym—k<a(m2 — k2))

Binge(@m) = Tm — Gk
O, dm = 4k,

— QU ks Gm F Qs

are continuous with respect to ¢, € R for k =0,...,m — 1 and D,,11(¢,+1) > 0 by Propo-
sition 5.6. Hence, by Brouwer’s fixed-point theorem, the map F has a fixed point on the
interval [—E+v/n + 1, Ey/n + 1]. The latter implies Theorem 5.4.

It remains to prove Propositions 5.3 and 5.6, which we do in the next two sections.

5.3 Proof of Proposition 5.3
Taking into account equalities (4.4) and (4.18) we write (5.11) as follows:

C,=CV 4+ Cc? ¥
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where

CV=hy(n’Ip = > aln k2f<—kk2)> , (5.34)

|k|I<n—1

—k
Cr(L2) = _hl Z ( " ) ;
kj<n—1 V@ —k?) — k)
CH = —hy Y #1(n—ka(n® k).

k| <n—1

Proof of inequality (5.12). Below we separately estimate ¢V and ¥ + .
Step 1. Applying Proposition 4.3 (item 1) to the function F'(x) (see (4.13)), we conclude
that
IOV < hLy(F, N)v/n = Kiv/n, K} :=hLi(F,N). (5.35)

Step 2. Due to (4.3), (4.4), and (4.10),

1ICP 1 ¥ = |n, Z ro(n — k,a(n® — k?))| < h1Ag Z

|k|<n—1 |k|<n—1 V ]{;2
where, by (5.19),
1

ll = hlemR (536)

Taking
1
K =K +l— (5.37)
VN’

we obtain inequality (5.12). O

Proof of inequality (5.12). Below we separately estimate C’,(Llll —C’,(Ll), ngl —Cr(?), and 07(321 —
C% in Steps 1, 2, and 3 respectively.
Step 1. Applying Proposition 4.3 (item 2) to the function F'(x), we conclude that

1 _
|%ﬁ—%%§m%?lG:MM@N) (5.38)
Step 2. Set
. 1 A 1-z L
Fz) = . Ip= [ F(x)de. 5.39
(«) a<1_$2)f< a<1_z2>> pim [ P (539

Note that lim F(z)(1 — x)/2 < 0. Therefore, by Proposition 4.4 applied to the function
z—

—F(z), for some constants Ly, L}, l7 > 0, we have

L1 1 1
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Hence,

1
‘Cn—i-l Cr(L2)| < Kzﬁ, (5.41)
where
7))
Step 3. Inequalities (4.10) and (5.18) imply that
O < hA ! < Ay — Ty —
csh ; (a2 iy = AT
<n
Hence, ) )
‘Cn—i-l Cr(L3)‘ S Kgm, Kg = thglng/g (543)
Summarising (5.38), (5.41), and (5.43) yields
1 1
‘Cn+1—Cn| SK%, K = K1+K2+K3N (544)
U

5.4 Proof of Proposition 5.6

5.4.1 Proof of Proposition 5.6: Preliminaries

For k=1,...,n — 1, consider the following representation of J,, . (see (5.24) and (4.5)):

J = Jmam 4 (wn,k -+ wn’_k) + (ﬁn,k + Bn,—k)7

where
maln = fynk _l_ f}/n —k>
1 nFk
n = h n = k" 2 _ k2 ,
Y,k T < £ k)) , Wpak i=1m1(nFE, (a(n )
and |
Jn,o = Jy?’:(z)im + Wn,0 + 571,09
where ]
ff,lgm = Yno = h (1/\/5) , Wpo 1= ri(n,an?).

van?

The general idea is to prove each assertion of Proposition 5.6 for Jﬁzin first, and then
consider J,; as a small perturbation of mam We formulate the fact that it is a small
perturbation as a lemma.
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Lemma 5.7. Let 0,, be given by (5.16). Then

| Tnk = T cs 1
Jmain = kn— k7

k> 0. (5.45)

Proof. Fix k € {1,...,n—1} (the case k = 0 can be treated similarly). It follows from (4.10)

and (5.15) that
1

(o~ 7
Definition (5.23) of B, 4, (5.15), (4.12) and (5.14) imply that

|wn,k + wn,—k| S 2A1

(5.46)

1Bk + Bol < max  |in_w(a(n® — k) + &)l - 1an — @1

[€n,k|<lgn—qr|
< QAEE\/E < QAEE\/H ‘
< (ol = 12) — 2B/ = (agn(ue — )

(5.47)

Note that, by (5.1),
D

(o — R

Jan > (5.48)

Relations (5.46)—(5.48) imply

Wk + Wy, 1] <2A1W 24, 1 1

Jg,lgm B (a(n2_D;:2))1/2 ~aDyn+kn—k’

2A5E/n
@ o—epr | 2A43Ed? n 1

(
< _ . |

‘Bn,k + 5n,—k|

main
Jn,k

Hence, inequality (5.45) holds. O

5.4.2 Proof of Proposition 5.6: Part 1

Since J;j},iin > 0, it suffices to show that the right-hand side in (5.45) is less than or equal
to 1. The latter is true because ¢, < 1 due to (5.6) and Requirement 3.

5.4.3 Proof of Proposition 5.6: Part 2
Fix k € {1,...,n — 1} (the case k = 0 can be treated similarly). Note that

main 1 n—k pq) n—k
nk a(nQ—ka) n+k P n+k

= 1 o n—=k
_\/E(n — k)A=p)/2(n + k)(+p)/2 7P eyl
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where ®,(x), x € (0,1], is given by (5.2). Taking into account that ®,(x) is nonincreasing
(see Lemma 5.1, item 2) and using (5.4) and (5.5), we have

Jmain 1 — k)(a-p)/2 14 k)(1+p)/2 1 (1-p)/2 1 (1+p)/2
DR (O ell) Nt G e ) :(1+ ) (1+ )

Jmain = (n — k)A-P)/2(n + k)1+p)/2 n—k n+k
>(1+D ! 1+ D ! >1+4+D ! + D ! (5.49)
= "n—k Pnvk) = Pn—k TPk ’

Combining (5.49) with (5.45) yields

) Jn,k:_J;;:ain )
Jnk T 1+ J,'{fii"k Jor 1= né—nknL-i-k

J - Jmain T Jmain Ont1  ntl
41k ntlk ] 4+ 2 J—mailfn:+ ’ ntLk L+ T
n+1,

Jmain -1
> n,k. (1 . 671 n 1+ 6n+1 n
I n—kn+k n—kn-+k

1 1 n 1
>(14+D — _— .
_< * pln—k+Dp2n+k) <1 (6"+5"+1)n+k:n—k:)

It is easy to show that Requirenment 3 implies that the minimum of the last expression is
achieved for £ = 0. Hence, using Requirenment 3 again, we obtain

Jn,k 1 1
T > (1 + (Dp1 + Dp2)5> (1 — (0 + 5n+1)5)
1\1
> 1+ (Dpl + Dy — (0n + Opt1) — (Dp1 + Dyp2) (6 + 5n+1)ﬁ) -
4
2 ]- _l_ BRE]
n

where s is given by (5.9).

5.4.4 Proof of Proposition 5.6: Part 3

Using (5.26) and the notation in the beginning of Section 5.4.1, we write

Vl VA
DTL - hlJn-‘rl,n (1 + E) = (hl - 20) - h’l']n - hIJn—l—l,n (1 + g) = Zjl,n - (22,n + 23,n + 24,n)7
(5.50)
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where
Sip = (b — 2¢) — hlz main,

Ve
ZZ,n = h17n+1 n (1 + _> s
n

n—1

§ : mam
= hfl nk — )

k=0
1 ((']n—l-l,n - ;:fir,ln) + ryn-l-l,—n) <1 + g) .

i
>

In steps 1-4 below, we will estimate ¥; ,,,...,%4,. We will see that ¥, ,, and X, are
“large” with respect to X3, and ¥,,, which motivates the splitting in (5.50).
Set .
Hy(z) :=H(z)+ H(—z), z€][0,1),

where H(z) is given by (4.15). Then

: 1~ (k

:anln:_Hl<_)7 ]{?:1, ’7n_17
’ n n

Jmaln_ 1I~{(O)

TLO - 2n 1 ‘

Step 1. Applying Proposition 4.4 to the function H(x) given by (4.15) and using (4.17),

we conclude that ) )
Yin>h|Chp— —Ilg— ),
(et u)

where
Cy:=LyH,N), lyg:=I0(HN). (5.51)

Step 2. Since the function h(x) is decreasing,

1 1 »
Zan <l —=h(0) 7 (1 + Z) .

Step 3. Due to (5.45), we have

-1

[Ssnl < M Z Rl
k=0

1
Applying Lemma 4.5 to the function 17}[ (x), we conclude that

— 12
1

|Xan] < hl(anH2ﬁa

OHQ::L?,( ! H). (5.52)

1—x2
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Step 4. Using (5.45), we obtain

. n+1 : n+1 1 1
Jn " — Jmam < 5n 7 '~ gmain S 5n - —h 0 - . ).
| Jnt1, ntlnl = +12n—|—1 n+l,n +12n—|—1 (\/% ( )\/ﬁ-l-V +1, )
Note that
1 2n+1 1
n —-n S —h =
Tn+1, \/% < a ) \/ﬁ

Summarising the last two inequalities, we have

1 o n+1 2n + 1 1
Yun <h 1+ —)1 A(0)——6, 14+ 6,41)h —.
= 1@( +n)( (O)2n+1 w1+ (L4 Onp) ( a ))ﬁ

Steps 1-4 yield Proposition 5.6 (part 2), provided that ng = no(E) satisfies the following
(we multiply the original expressions by /n and divide by hq).

Requirement 4. Forn > ng, the following holds:

1 1 ” 1
Cyg— —h(0) > lg—= + —h(0)— + Cg2d,
1= aa0) 2 b=+ = h0) 5 4 Oz
1 574 n-+1 2n +1
+—=(1+%) <h<0>—2n+15n+1+<1+5n+1>h( - ))

Note that, according to (5.51) and Proposition 4.4, the left-hand side of this expression
is positive.

6 Asymptotics for Vu,(t,)
We consider the sequence t;, (k € Z) given by Theorem 5.4 and the quantities

Vou(tn) = =2en—c—h1 Y Viyuiltn —t), n>ng+1, (6.1)

k| <n—1
where v,(t) is given by (5.20).
Remark 6.1. Under the assumptions of Remark 5.5, we have
Vo, (tn) = Vu,(t,).
In this section, we will prove that Vu,(t,) < 0.

Theorem 6.2. There exists Ay > 0 depending on hy,c, E such that, for alln > nyg+ 1, we

have ah
< Agn~'/?, Vou(t,) < Skl

3h
‘an(tn) + T 8
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6.1 Preliminaries

Set .
nk ‘= —. 6.2
Tk = (6.2)
Consider a constant Kj; such that
1 1 1 1=,k
- W= ’ <K > N. 6.3
Ik;_l na(l—a,) <\/5 1+ :)snk) = = (6.3)

Such a constant exists because the left-hand side in (6.3) is the Riemann sum of the finite
integral (note that A'(0) = 0).

6.2 Leading order terms

Substituting t; given by Theorem 5.4 into (6.1), we have
Vou(tn) = —2cn—c—hy Y Vyeila(n® = k) + ¢, — @) (6.4)
k| <n—1

Due to the Taylor expansion,

Z Vyn—k(a(n2 - k2) + n — Qk) = Z Vyn—k(a(n2 - k2)) + Zl,m (65)

|k|<n—1 |k|<n—1
where
. 1 .
Y= |k<z_1 Vyn_k(a(yﬂ _ k2))(qn —q) + 5 kKZ_l Vyn_k(a(n2 _ k2) + §nk)(qn _ %)2

(6.6)
with [&, k] < |gn — qi| < 2En1/2.
Using (4.7) and the functions G(z) = G(a,x) and H(x) = H(a,x) given by (4.14)
and (4.15), we represent the sum in (6.5) as follows:

1 1 1
2 2 _
> Vyaorlan® =) =n Y ~Glanp) + 5 > ~H (0 1) + ., (6.7)
|k|<n—1 |k|<n—1 |k|<n—1
where
Som= Y wo(n—ka(n®—k)). (6.8)
|k|<n—1

Now we replace the respective sums in (6.7) by the integrals. Set

1 G(1) 1 1
Son = Y, ~Glong) —Ie+ L= >, —Glanp) = lo— 1 (6.9)
|k[<n—1 |k|<n—1
1
Eh,n = Z gH(SL’n’k) — IH, (610)
k| <n—1
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where I = I(a) and Iy = Iy(a) are given by (4.17). Then (6.7) takes the form

Iy 1 Shn
> Vonila(n® =) = Ion + 54 7 080+ =5 + D (6.11)
|k|I<n—1

Combining (6.4), (6.5), and (6.11) and using Lemma 4.2, we obtain

hil h Yhn
Vuu(t,) = (—=2¢ — hilg)n + (—c _ " —1) —hy (Zl,n + X p gn g )

3h Yihn
:—Tl—hl <2M+22n+n2gn+ ;L ) (6.12)

6.3 Remainders and proof of Theorem 6.2
It remains to estimate ¥, 32, Xy, and Xj, in (6.12).

2E B, Ty

2
S+ 2E°B;

)

Lemma 6.3. |2 ,| < 2EK,n~2 + (

Proof. Using (6.6), we write X, = ¥, + X7, where

le n = Z v?)n—k(a(n2 - k2))(Qn - C_Ik)’
|k|<n—1
/ e 1 . 2 2 2
S = 3 MZ_lm_k(a(n = k) + &) (4 — au)*.

Using (4.8), (4.11), (6.3), (5.18), and the inequality |g, — qx| < 2En'/?, we have

1 1 1 [1—=z 2FE Bin'/?
Y| < 2EnR "2 R — Y p— okt :
[Z1nl < 2Bn Z na(l — xflk) Va\l 1+, + Z (a(n? — k2))3/2

[k|<n—1 k| <n—1

2EBT:
s 1

—-1/2
S 2EKh1n + a3/2

Further, using (4.12) and the inequalities |g, — qx| < 2En'/? and a(n® — k%) + &up >

a™(n? — k?), we have

(6.13)

‘2 < 1 Z 4E2B§n < 2E2B§T2n_1
Ln (a?in(n2 _ k2))2 = (amin)2

|k|<n—1

By

Lemma 6.4. |X,,| < —_—
|k|<n—1 a(n? — k?)
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Proof. Lemma 6.4 is a straightforward consequence of (6.8) and (4.11). O

Remark 6.5. For n > 4, we have

1
2. mznz”z SrERY

k| <n—1 k=1
n=2+42n71 E

Proposition 4.3 (item 1) implies the following.
Lemma 6.6. There exists K, > 0 such that forn > N the following holds: |, ,| < K,n=%/2.

2In(n—1)+2+n"") = 0.

?vli—‘

Proposition 4.4 implies the following.
Lemma 6.7. There exists K;, > 0 such that forn > N the following holds: |y, | < Kpn=1/?

Now Theorem 6.2 follows from (6.12) and Lemmas 6.3-6.7, provided that the following
requirement is satisfied.

Requirement 5. Forn > ng, the following holds:

~ 2EB\Ts;y  2E2BiTy\ By K\ _ 3
1/2 2 1 1/2
2EKn~" +( + : n~! 4 E a7 + Kg+—2 n12 < 2,

a3/2 (agln)2 Pt CL( 2 _

7 Estimates of w,(t), u,.1(t),... for t € (t,_1,t,)

7.1 Uniqueness of a switching moment

As before, we consider the sequence t; and the functions v,, given by Theorem 5.4. In this
section, we will prove the following result.

Theorem 7.1. For alln > ng + 1, we have
va(t) <0, € [th1,tn). (7.1)

Fix 6y > 0, satisfying

1
HoKh < 1, (72)

where K}, is given by Lemma 6.7.
The proof of Theorem 7.1 is based on the following proposition.

Proposition 7.2. Let the assumptions of Theorem 3.1 hold. Then, for alln > ng+ 1, we
have
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3hi1 K, (n
2
2. U,(t) >0 for all t € [t,_1 + 0p(n — 1)V2 ¢,].

1. 0,(t) < —1)7Y2 for all t € [ty_1,ta_1 + Op(n —1)/?],

We first assume that Proposition 7.2 is true and prove Theorem 7.1. The proof of
Proposition 7.2 is given in Sections 7.2 and 7.3 below.

Proof of Theorem 7.1. By (3.2) (for n = ng+ 1) and Theorem 6.2 (for n > ng + 2), we have
Un(tn—1) < —3hy/8. Therefore, Proposition 7.2 (part 1) and inequality (7.2) imply that, for
t € [tno1,ty1 + bo(n — 1)1/,

3hy 12 3h K,

Un(t) = vp(tn_1) + /tt n(s)ds < Y +6p(n —1) (n—1)"2 <. (7.3)

Now, for t € [t,_1 + 0p(n — 1)¥/2 ¢,], Proposition 7.2 (part 2) guarantees that v,(t)
can vanish no more than once, and thus, by Theorem 5.4, this happens no earlier than at
t=1t,. U

As a corollary of Theorem 7.1, we obtain the following result.

Theorem 7.3. For alln > ng + 1, we have
vi(t) <0, te€lth1,tn), Jj>n.

Proof. First, we show that

Vo;(t,) <0, j>n. (7.4)
To do so, we estimate Awv;(t) for t € (t,—1,t,] and j > n. Using (5.20), (2.5), and the fact
that ¢,,(t) > 0, we have

Avj(t) = —2c— Iy Z Ayj_p(t —ty) = —2c— hy Z Yj—k(t —t) < —2c.
|k|<n—1 |k|<n—1

In particular, Av;(t,) < 0. Together with the relations v,(t,) = 0 (Theorem 5.4) and
Un+1(tn) < 0 (Theorem 6.2), this yields (7.4).
On the other hand, (2.6) implies that Vy;_j(t — t)) decreases and thus

Voi(t) = —c(2j + 1) —h1 Y Vyn(t —ty)
|k\<n 1

increases. Together with (7.4), this yields Vu;(t) <0 for all t € (t,-1,t,] and j > n. Since,
additionally, v,(t) < 0 for all ¢t € [t,,—1,t,) (Theorem 7.1), the desired result follows. O

Remark 7.4. Under the assumptions of Remark 5.5, Theorem 7.3 implies that ¢,, is indeed
the switching moment of the node w,,.

Remark 7.5. Theorem 7.1 implies that the equation in (5.30) has a unique root on the
interval [—Ev/n + 1, Ev/n + 1]

In the rest part of this section, we will prove Lemma 7.1
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7.2 Proof of Proposition 7.2: Part 1

7.2.1 Leading order terms
We take 6 € [0,0y(n — 1)/ and set t =t, 1 + 6 € [ty_1,tn_1 + Oo(n — 1)'/2].

First, we represent 0y (t,—1 + 6), using (5.20) and the relation t_(,_1) = t,_1, as follows:

Up(tho1 +0) =hy —2c— Iy Z Un—1-k(tn—1 + 0 — ty)

|k|<n—2

(7.5)
—h1 Y Vineak(taos + 0 — tn) = ha (§1(0) + gaar(6)).
Jk|<n—2
Set
m:=n— 1.
Since 71(0) > 0 and §2,-1(0) > 0 for all § > 0, we obtain
Un(tm +0) <ht =2 —h1 > Gonk(tm + 0 — t) — b1 Sgm, (7.6)
|k|<m—1

where

Ssm = Y Vimk(tm +0 —ti). (7.7)
|k|<m—1

Further, to apply the Taylor expansion in (7.6), we note that
t — i + 0 = a(m?® — k*) + (qm—qk+9).

Therefore, using (4.5), the function H(x) = H(a,z) given by (4.15), and (6.10), we obtain

S Gmekltm+0—t) = > Gmr(a(m® — k) + Sy

|k|<m—1 |k|<m—1
1 (7.8)
= Y —H(@mnk) + S5 + Zam = Iy + S + Ssm + Sams
k<m—1 "
where
Sim = > Gmekla(m?® = k) + &ni) (Gm — q +6), (7.9)
k|<m—1
Ssm =Y rmi(m—ka(m®—k)), (7.10)
e|<m—1
Ty = m/k, and —2Em!/? < &, < 2EmY? + 6ym!/2,
Combining (7.6), (7.8), and Lemmas 4.2 and 6.7, we have
Bt + 0) < by (Kpm ™2 4 |S5,0] + [Sam| + | Ss.m) - (7.11)
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7.2.2 Remainders

It remains to estimate X3 ,,, ¥4, and X5, in (7.11).

_ BiT3/5 ., I3 _
Lemma 7.6. |33,,| < Kpym™ + ( a3/2/ + (2E + 0y)B; OOk m=3/2,

where

Proof. Using (7.7), we write X3,, = 33, + ¥

3,m»

Shom =Y Vim_ila(m® — k),

|k|<m—1

Eg,m = Z vym—k(a(mz - kz) + gm,k>(Qm —qr + 9)

|k|<m—1

Using (4.8), (4.11), (6.3), and (5.18), we have

1 1 1 11—z,
Z/ < -1 s h/ o m,
Zaml < m Z ma(l—xfmk) <\/5 1+xm7k>

k| <m—1

T
" Z ))3/2<Kh1m + B =2,

32
|k|<m— 1

Further, using (4.12), (5.18), and the inequalities |g, — qx + 0| < (2E + 6,)m*'/?

a(m? — k?) + & > an(m? — k?), we have

2F + 6,)m'/?B; T
|Zg’m| S Z ( + 0)m 2 < (2E+90)B* 2 m—3/2.

|k|<m—1 (amin(m? — /{52))2 B ? (@min)2

(2E + eo)A*Tg/Q
min)3/2 m
(amm)?/
Proof. Using (7.9), (4.12), ( 8), and the inequalities |¢,, — qx + 0] < (2F + 6y)m!
a(m? — k?) + & > ain(m? — k?), we have

Lemma 7.7. |X,,,| < -1

*,,1/2 *
|Z47m| S Z (2E —+ 90)A2m < (2E + GQ)AzTg/Q

; 3/2 — min
k<1 (a%m(m2 _ k2)) / (am )3/2

AT
1 3/2m‘3/2.

Lemma 7.8. |X;,,| < i

Proof. The assertion is a straightforward consequence of (7.10), (4.10), and (5.18),
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Now inequality (7.11) together with Lemmas 7.6-7.8 yield part 1 in Proposition 7.2,
provided that the following requirement is satisfied

Requirement 6. Forn > ng, the following holds:

(2E + 90)A§T3/2 _1/2 BlT3/2 (2E —|— 90)B§T2 A1T3/2 1 Kh
<Kh1 + (qmin)3/2 mot a3/2 + (qmin)2 + sz )M S D
(7.12)
7.3 Proof of Proposition 7.2: Part 2
7.3.1 Preliminaries
We introduce the function
1 /1—=2 1 /1+4+=x
v =h"l = n | —= 0,1). 7.13
(«) <ﬁ 1+$>+ <¢a 1_1«)’ e ) (7.13)
Note that 1
lim ¥(z) = h"(0) = ———=. 7.14
lim () = 1(0) = ~—= (714)
Fix .
— . 1
ve (0.57) (7.15)
We will need the following lemma.
Lemma 7.9. There exist zp € (0,1) and g9 > 0 such that
11—z 1+x
n" +n” < - 7.16
<\/a(1—x2)+51> <\/a(1—x2)+51> = (7.16)
for all x € [xg,(m — 1)/m] and e, with
1
— min <€0, i (2 — —)) S IS5 S €o- (717)
2m m

Proof. Choose n; € (n,1/(4y/7)). Equation (7.14) implies that there is 2o € [0, 1) such that
\I](.CL’) < -, XE [.CL’(], 1) (718)

It is not difficult to check that there exists g9 > 0 such that

h// 1 - _ h// 1_7&7 S 771 - n (7.19)
a(l—2%) +¢ a(l —z?) 2
for all z € (—1,1) and ¢ satisfying |¢| < &g and € > —a(1 — 2?)/2.
Formulas (7.18) and (7.19) imply Lemma 7.9. O
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We fix zy and ¢¢ from Lemma 7.9 and b such that
b > 2a. (7.20)

We introduce numbers R; and Rs satisfying

1
Z m S le_2, m Z N, (721)
|k|<zom
Z 12 372 > Rom ™%, m > max (N, 1 ) (7.22)
ko] (amax(m?2 — k2) + bm) 1—
Set
Bpg := sup |h'(z)] = —h"(0), Bus:= sup |h"(z)] =hr""(0). (7.23)

x€[0,00) z€[0,00)

7.3.2 Leading order terms

As before, we assume that m = n — 1. We take 0 € [fym'/? bm] and set t = t,, + 6. Then
t € [tm + 0om!/? t,, + bm], and the latter interval contains [t,, + 6ym'/?,t,], provided that
the following is satisfied.

Requirement 7. Forn > ny, the following holds (see (7.20)):
a(n —1)% = E(n — 1)Y2 4 b(n — 1) > an® + En'/%, (7.24)

First, we represent ,(t,_1 + 0), using (5.20), as follows (cf. (7.5)):

Up(tm +0) = —h1(Lim + Lom + X6m), (7.25)
where
Lm =Y djmkltm + 0 — 1), (7.26)
k| <m—1
L = 31(0) + Jom+1(0), (7.27)
Sem = Y Viimk(tm +0 —ti). (7.28)
k| <m—1

Using (4.6), we represent Iy ,,, as follows:

1 m—k
I m — +E m»
: Z_ (a(m? — k2) + gm —Qk+93/2 <\/a — k?) +qm—Qk+9> "
(7.29)

Srm =Y ra(m—ka(m® = k) + ¢ — qx + 0). (7.30)

|k|<m—1
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Now we split the sum in (7.29) into two sums in which the summation is taken over
|k| < zom and |k| € [xgm, m — 1], respectively. Let us estimate the first sum, using (7.21),
(7.23), and the inequality a(m? — k?) + ¢,, — qx > a™"(m? — k?):

|k|<zom (CL( k2>+q _qk+0 3/2 \/CL k2 +Qm_Qk+9
Bh2 Bh2R1 -2
< < .
Z (a;nlin((m2 _ k2))3/2 - (a%in)3/2m

(7.31)

|k|<zom

To estimate the second sum (which we have to do if m — 1 > zgm, i.e., m > 1/(1 — xg)),

we set

. 9m — Gk +0
6m,k = 72
m

Below we assume that the following holds.

1
Requirement 8. For n > max (nO(E), 17) , the following holds:
0

_ 1/2
—min [ &g, £ 2 — i < (6o — 2E)m .
2m m m2

1
1—213'0

Requirement 9. For n > max (nO(E), ), the following holds:

2EmY? + b
m—_HTL S €0-

1
— min (50, 4 <2 — —)) <éemr < €0 (7.32)
2m m

< a™™(m? — k?). (7.33)

Then

and

Z 1 Y m—k
\k|€[zom,m—1] (a(m? = k2) + gm — qx +0)*? Valm? — k) + gn — g + 0

1
B Z (a(m? — k?) 4 g — qi + 0)/2

ke[xzgm,m—1]

(7.34)
B 1- T k Y 1+ Tk
\/(1—x ) T Emk \/(1—x o) T Emk
1
<-n Yy —nRym™*/?,

(amo(m? — &%) + bm)2 =

k€lzom,m—1]
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where z,, is given by (6.2).
Thus, using (7.29), (7.31), and (7.34), we obtain the following estimate for I; ,, in (7.26):

Bpa Ry

_ =3/2 , _Zh2 M
Ly < —nRom + (min)3/2

m=? + Y. (7.35)
In what follows, we assume that the following is satisfied.
Requirement 10. For n > ng, the following holds:
70 S 90711/2.

Now we represent Iy, in (7.27), using (4.6) and the equalities h”(0) = —1/(4/7) and
R"(0) = 0, as follows:

1, (1 1, (2m+1
Iz,mzmh’ <%)+93/Qh/< 7 )+r2(1,9)+r2(2m+1,9)

]' 1 1 nn " 2m+1
= 2 <_m + %h &) +h <T) + 02 (ro(1,0) + ro(2m + 1,6’))) ,

where & € [0,671/2].
Below we assume that the following holds.

Requirement 11. Forn > ny and m =n — 1, the following holds:

Bh4 —1/2 " 2A2 1 1

—ns h 2 /2 <« =

20, T Sw M@+ ommTt s
="Vom 0

Hence,
Iy, < 0. (7.36)

Combining (7.25), (7.35), and (7.36), we see that, to prove Proposition 7.2 (part 2), it
suffices to show that
Bha Ry

_ —-3/2 , _h27M
nktzm + (amin)3/2

Mm% 4 Sy ] + [Zem| < 0. (7.37)

7.3.3 Remainders

Let us prove (7.37). To do so, we need to estimate X, and X7 ,.

BT
Lemma 7.10. |36, < —2—m™2
= gy
Proof. Using (7.28), (4.12), (5.18), and the inequality a(m? — k?) + g, — g > a2 (m? — k?),
we have B BT
Yem| < : 2 < 2. 2 -2
‘ 6, ‘ - Z (amln(mZ _ k2))2 - (a%m)Zm

|k|<m—1 ™
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AoT
245/2 m_2

(a%in>5/2

Proof. Using (7.30), (4.10), (5.18), and the inequality a(m? —k?) + ¢, — g, > a™*(m? — k?),
we have

Lemma 7.11. |YX7,,| <

Ay AT5)9
Soml <0 : < — -
X7m| < W (@™ (m2 — k2) + Gom/2)572 = (a%m)s/zm

Using Lemmas 7.10 and 7.11, we see that (7.37) holds, provided that the following is
satisfied.

Requirement 12. Forn > nyg and m =n — 1, the following holds:

( BpoRy B3T, )m_1/2 (A2T5/2

(a%in>3/2 (a%in)2

m~ < nR,. (7.38)

8 Main result: proof of Theorem 3.1

For n = ng + 1, Theorems 5.4 and 7.3 imply that the node u,(t) achieves the threshold 0 at
a time moment t,, = an? + ¢,, where ¢, € [—FE+/n, 0] with the same E as in (3.1). Moreover,
neither of the nodes u,, u,11, ... switches on the interval [t,_1,t,), and thus u,(t) switches
exactly at the moment t,,. Furthermore, by Theorem 6.2, the required estimates for Vu,,(t,)
hold. Thus, the assertion of Theorem 3.1 holds for n = ng + 1.

In particular, we see that items 1 and 2 in Definition 3.1 hold with ng replaced by ng+ 1
and with the same E as before. Hence, we can repeat the above argument to obtain the
assertion of Theorem 3.1 for n = ny + 2, and so on, by induction, for any n > ng + 1.

A Existence and uniqueness: proof of Theorem 2.3
Step 1. Using (2.5), we see that the functions
() = —en® + (hy — 20)t — hyya(t), n€Z, (A.1)

satisfy the initial condition (2.2) and the equation in (2.1) as long as z,(f)(t) < 0 for all

n € 7\ {0}. By comparing zﬁl)(t) with the solution

ZH(t) = —en® + (hy — 20)t (A.2)
of problem (2.1)—(2.3) with #H(u,) replaced by hy for all n € Z, it is not difficult to see that
AV <zHt), t>0, nek (A.3)

Therefore, the time moment ¢,, at which z,(¢) vanishes for the first time is not less than the
moment ¢ = en?/(h; — 2¢) at which z(¢) vanishes.
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In particular, 257 () < 0 for all n € Z\ {0} and ¢ € [0,¢/(hy — 2¢)). Let 7, := sup{t >
0:257(t) < 0Vn e Z\ {0}}. Tt follows from (A.1), (4.3), and (4.10) that 7, is finite. As
we have seen, 71 > ¢/(hy — 2¢) > 0. Furthermore, zﬁl)(t) satisfy the growth condition from
item 2 of Definition 2.1 for ¢ € [0, 71]. This follows from (A.1) and the fact that |y, (t)| given
by (2.4) are bounded on any finite time interval, uniformly with respect to n € Z. Thus,
up(t) == z,(f)(t) is a solution of problem (2.1)—(2.3) on the time interval (0, 7).

Let us prove that the solution u,(t) is unique on (0, 77). Assume we have another solution
U, (t) on a time interval (0,7;), where 71 < 7y is such that @,(t) < 0 for all £ € (0,7) and
n € Z \ {0}. Then the difference w,(t) := wu,(t) — @,(t) must satisfy the homogeneous
diffusion equation on the time interval (0,7;) with the zero initial data

wn(t) = Awn(t), te(0,7), ne,
wa(0) =0, nez.

If we looked for solutions that are square summable with respect to n € 7Z, then the applica-
tion of the discrete Fourier transform would immediately imply that all w,(¢) = 0. However,
we are interested in solutions that may have exponential growth with respect to n € N (see
item 2 in Definition 2.1). Therefore, we will argue as follows. For each N € N, we introduce
the functions

Cu(t) = ¢ (t) == wy(t) for |n| < N, Ca(t) =Y (t) :=0for |n| > N +1. (A.4)
They satisfy the relations

alt) = AGu(t) + GY (1), te€(0,7), neZ,

(.(0)=0, nez, (A.5)

where G (t) =0 for |n| < N —1 and |n| > N + 2, GYy(t) = wini1)(t), and Gi[(NH)(t) =
—w4y(t). Since no more than finitely many elements in the sequences {(,(t)}nez and
{GN(t)}nez are nonzero, we can apply the discrete Fourier transform to (A.5) and obtain

N+1

Ny =S /0 lt— 5)GY(s)ds, te[0A] neZ. (A.6)

|k|=N
Now let us fix n > 0 and t € [0, 71]. By assumption, there exist A, > 0 such that

sup |wy(s)] < Ae“™ ke Z. (A7)

s€[0,t]

Combining (A.4), (A.6), (2.7), (A.7) and choosing N > n, we have

N—+1 N _aN
tVe
wa ()] = [CYO] <t Y sup (Ini(s)] - |G (5)]) € cim——7 =0 as N = oo,
k= 5€00:] ( +)) (N —n)!
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where ¢ = ¢(n,t) > 0 does not depend on N. Therefore, w_,(t) = w,(t) = 0. This proves
that wu,(t) is a unique solution of problem (2.1)-(2.3) on the time interval (0, 7).

Step 2. Set S(ry) :={0}U{n e Z: z,&l)(ﬁ) = 0}, cf. (2.9). Due to (A.2) and (A.3), the
set S(7p) is finite. Due to (A.1) and the symmetry y,,(t) = y_n(t), the set S(7;) is symmetric
with respect to the origin. Note that t; = 0 is the switching moment of the node 0, while
t, = T are the switching moments of the nodes n € S(m) \ {0}.

Using (2.5) and assuming y,,(t) := 0 for ¢t < 0, we see that the functions

22 (t) = —en® + (hy — 26)t — by | ya(t) + Z Yn—r(t — T1)
kes(r\0) (A.8)

= —cn2 + (hl - QC)T, - hl Z yn—k(t - tk), te [0, OO),
keS(r1)
satisfy the equations in (2.1) as long as 2P (t) < 0 for all n € Z\ S(m), ie., as long as
S(t) = S(m1). Obviously, 2 (t) also satisfy the initial condition (2.2).

As in Step 1, we see that the time moment ¢, at which z,(t), n € Z \ S(71), vanishes
for the first time is not less than cn?/(h; — 2¢). Hence, there is a positive time interval (of
length bigger than 71) on which {2 (¢) < 0 for all n € Z \ S(71).

Let 5 := sup{t > 0: zy(?)(t) <0VneZ\S(m)}. It follows from (A.1), (4.3), and (4.10)

that 7 is finite. We have proved that m» > 7. Furthermore, zy(?)(t) satisfy the growth

condition from item 2 of Definition 2.1 for ¢ € [0, 7»]. Thus, u,(t) := 22(t) is a solution of

problem (2.1)—(2.3) on the time interval (0, 75). Note that w,(t) = zﬁl)(t) for t € [0,71]. The
uniqueness of u,(t) on the interval (71, 72) can be proved similarly to Step 1.

Continuing these steps, we obtain the desired infinite sequence {7;},;>o (of switching
moments) from Definition 2.1. On each step, we compare u,(t) with z!(¢) given by (A.2)
and conclude that the switching moments satisfy ¢, > cn?/(hy — 2¢). Hence, 7; — oo as
J — 00.

B Equivalence of three equations: proof of Proposi-
tion 4.2
We have to prove that
1. equation (4.20) has a unique root,
2. equations (4.18) and (4.20) have the same roots,
3. equations (4.19) and (4.20) have the same roots.

We will prove in detail items 1 and 2. Item 3 can be proved similarly to item 2.
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1 1-—
Making the change of variables y = 7@ / g T in (4.15) and (4.13), we have
a x

I +oc0o 2 h y / +oo 8a2y2 p
wo = [ = [
Now we see that I (a) decreases from 1 to 0 as a increases from 0 to +o0o. Hence, for any

0 < ¢ < h1/2, equation (4.20) has a unique root a > 0. Item 1 is proved.
Let us prove item 2. Integrating by parts and using equations (4.1) and (4.2), we calculate

Io(a) = /0+°°<( By’ _a ) st + /;w T

1+ay2)3— 1+ ay? 1+ ay?

ay(—l + ay2) +0c0 /+oo ay(—l + ay2) /+oo a
= Ao - —————g(y)dy + ——f(y)d
(]__l_ayZ)Z g(y) o 0 (1+ay2)2 g(y) Yy o 1—|—ay2f(y) Yy
+00 ay(—l +ay2) a +00 a
[ (e st et [ () - va) dy
1 et T 2q
= - ——h(y)d ——h(y)d
W e [k

1 T 2+ 1 20 + 1 1
S 2T h(y)dy = In(a) — =.
5 +/0 T o (y)dy u(a)

It is easy to conclude from the last identity that equations (4.18) and (4.20) have the
same roots. Item 2 is proved.

C Error estimates for Riemann sums: proof of Propo-
sitions 4.3 and 4.4

Here we provide the proofs of item 2 of Proposition 4.3 and Proposition 4.4 for the case
zo = —1. Item 1 of Proposition 4.3 and the case zp = 0 can be proved similarly.

C.1 Proof of item 2 of Proposition 4.3
Consider the function ®(z) := Fy(z) + Fi(—x). Then

n—1

°p 2 (7 n k
n"R, =n°Ip (2<I>(O) + 2<I>(1) +Zn®<n)> ;
where I = f_ll Fy(z)dz. Therefore,
('n, -+ 1)2Rn+1 — n2Rn

1 1 n k = k
= (2n+ DIp — <§<1>(0) +50(1) + > (n+ 1)<1><n - 1) - 1n<1><ﬁ)>
= Yin + Lo, (C.1)
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where

Egm = n(]pl — (I)(O) - 2‘1’771) y

s 3 (o) o)

Note that ¥, = (n + 1)R,11. Hence, Proposition 4.3 (item 1) implies that, for some
Ly > 0, the following holds:

1
Sl <L . C.2
| 1, | = 1\/77/—H ( )
k—1 1-k
Estimates of X, , are more subtle. First, note that — _nt and,

n+1 n n(n+1)
hence,

k kE—1 n+l1—k_,( k
(I)<n—|—1)_q)< n ):n(n+1)®<n+1>
1/n+1-k\>_,[ k 1/n+1-k\*_,
_§<n(n—l—1)) ¢ <n+1)+6<n(n+1)) (&),

where &, € [k— %} Therefore,

n+1 1 n+1-k k
Yo = o’
> n §:n+1 n+1 <n+1)

In+1 1 (n+1-—k\° k
(p//
2 02 ;nle( n+1 ) (n—l—l)

In+le~ 1 [n+1-k\°_,
5w ;n—i-l( n+1 ) G- (C3)
Set
Oy (z) = (1 —2)®'(2), Po(z) :=(1—2)*®"(x), &3(z):=(1—2)°®"(x),
1 1
Ip = d d Ipo = d d C4
®1 / 1(I) z, b2 /0 2($) xz, ( )
a n+1—k_,[ k 1 .
" n +1—k 2 I k 1 "
Zozn = Lo ( n+1 n+1 )G>QH&>+%n+D®m0’ (C-6)
"1 1—k\°
S = R L) ©)
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k
Since &, < g we have

— < [@s(&). (3

<n+1 —k)3®,,,(£k>

Proposition 4.3 (item 1) and (C.8) imply that, for

Kgy = Ll(q)laN)u Kgy = Ll((I)QaN)a Kgz == sup \(I)3(CC)|7

x€(0,1)

we have

|Xo10] < Ko |Xaoon| < Koo |Xaosn| < Kos. (C.9)

1 1
(n+1)3/2 (n+1)3/2’

In this notation, (C.3) takes the form

n+1 1
Yo, = Ip — ———@'(0) — So1
2, n ( P o(n+ 1) (0) = Zan, )

In+1 1 In+1
L (= 3"(0) = S | + 2 S
2 n? < 2 9(n+1) (0) = Zoz, ) - 6 nd

Finally, taking into account (C.2), we conclude that

In+1 1 1
Yon=nlp —(n+ 1)l + ™ Ipo — (n@(O) — 5@’(0) + R(I)”(O))
1n+1 In+1
)X n - q by n - A7 9 n
+ ((n + 1) X, 5 gy TPn T g T s )

Using the relations Ip = Ig1 + ©(0) and Ips = 2151 — P’(0), we obtain

1

'(0) — <n<1>(0) - %@’(0) + %cp"(()))

n+1 In+1
Iq>1—§

In+1 In+1
12 n- 5 n - 47 5 n
+<(n—|— ) a1, 3 ¥on T G Ty e )

22771 = ’n,Iq>1 + n(I)(O) — (n + ].)Iq>1 +

1 1, 1,
= nLM 4n<I> (0) 2n<I> (0) + ((n + 12010

In+1 In+1
—~ Yoon — = Y d3n
5 2, 6 2 2 )

The latter equality and estimates (C.9) yield

|®"(0)] |9'(0)] Koz 1 Kgy 1
. T T 3 +K¢1n1/2+ 2 132

1 [©7(0)] | [2'(0)] | Koz} 1 | Kool
SW(K¢1+<|I¢1|+ T T vt N

1
aul < 2 (11 +
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Combining this with (C.1) and (C.2), we have

-1
|(n+1)?Rp1 — n*R,| < Llﬁa
where
- [@7(0)] | [®(0)] & Ka3\ 1 1
Li =01+ K I Kgo—.
1 1+ <1>1+(\ 1| + 1 + 5 + 3 N1/2+ ®277

C.2 Proof of Proposition 4.4
Fix '™ > ¢; and ™ € (ﬁcl,cl). Let us choose § € (0,1) such that, for x € [1 — 0, 1),

min max

F: < 1
(1—1')1/2 -~ 2($) — (1_1,)1/29 (C O)
1 Ci‘ﬂln 1 Cmax
= <L, — 1 11
2(1—x)32 — 2(v) < 2 (1 —ux)3/? (G-11)
Using the representation (4.21) and (C.10), we choose C' = C'(F') > 0 such that
B
[ @i < oo pen-a), (C.12)
-1
Finally, we assume that (increasing Lo and [y if necessarily)
2
nz (C.13)

Integrating by parts, we have

/_ 1 Fy(z)dz = i / e Fy(z)dw

§:< k+1 B@)
1r

(k+1)/n (k+1)/n k41
— / <x _Er ) Fy(x)dx

n—1

( ) + Z1 K%
k=—n

— [EEm g
Y= / < x)F’xd:c.
! k;n o - 5(2)

where
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Inequalities (C.10)—(C.13) imply that

1 n=2  a(k+1)/ 1
/ (1—2)Fy(z) + Z / (k i :17) Fy(z)dx
1-1/n k=— k/n n

1 max (k+1)/
1 1
S/l—l/n§1_xl/2+zn/k IR

max 1 1-1/n

|Zl,n| =

|F(2)|da. (C.14)

Since 1 —1/n > 1 — 6 due to (C.13), we conclude from (C.10), (C.12) and (C.14) that

max

& 1 1 1 1
— 51— — C)<2em*— 4+ (O—.
ﬁ+n<< )*)—Cl v Y

Taking Ly := 2 + %, we obtain the second inequality in (4.22).

1X1,] <

Set ko := [(1 — §)n|, where [-] is the integer part of a real number. We represent ¥ ,, as
follows:
Zjl,n = Z:2,n + Z:3,n7 (C15>
where

o D g 0 (ko + 1
Yon = / ( —x)F’xd:)j+/ (0 —x)F’xd:p ,
2, (k:Z o - 5() . - 5()
(hot1)/m /o 4 il pkeD)/no 4
zn::/ (0 x)F'xdx—i- / ( )F’x . (C.16
=R EETS ol i e EC) I

k=ko+1

Below we estimate Y, and X3, separately.
Inequality (C.12) implies that

Sy > —% </_11_5 |F2’(:)s)|d:)s) > —%(an _8)+0). (C.17)

Due to (C.11) all the terms in expression Y3, are positive. Inequality (C.13) implies that
the last sum in formula (C.16) contains at least two terms. Hence, inequality (C.11) implies
that

1-1/n 1
Y3, > / (1 L x) Fy(z)dx —|—/ (1 —x)Fy(x)dx (C.18)
1 1-1/n

—2/n n
1-1/n 1 1 cmin 1 1 cmin
> —1—-—-— S S—— S ) C.19
> [, 2 h o) wiame [, st (€49
1 min 1-1/n min
1 1 3vV2—-2 . 1
B A Y P W
1-2/n 2(1—x) / 2n 1-2/n (1—-x) / 2 Vn
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Relations (C.15), (C.17), and (C.20) imply that

1 1
Yin > Lz—n — 525,

where L} := 3\/_%0‘1“1“ > ¢ and Iy := Fy(1 —6) + C.

D

Requirements on ny(F)

In this appendix, we collect the constants that we use throughout the paper to determine
no(E) as well as all the 12 requirements on the number ny = ny(E) entering Definition 3.1
of admissible E.

D.1 Constants not depending on a or F

1.
2.

7o > 0 is an arbitrarily fixed real number (see (4.9)).

o1 (3)]

oo ()

Set (see (4.10))
Ay:= sup Vit

n>0,t>79

Set (see (4.10))
A= sup tVi

n2>0,t270

Set (see (4.10))

A= sup tVi

n>0,t>79

wo-s(3)- 53]
Set (see (4.10))
Ay = sup 2Vt

n>0,t>1m0

. Set (see (4.11))

Set (see (4.11))
By := sup tVt|Vi(t) — 1h’ <£> ‘ .

n>0,t>70 t
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8. Set (see (4.12))
Aj =

9. Set (see (4.12))
B; =

10. We use the notation (see (5.19))

11. Bys is given by (see (7.23))

By = sup |h"(z)]

sup  tVt|ia(t)].

n>0,t>10

sup 2| Vijn(t)].

n>0,t>79

R :=m.

2€[0,00)

12. Byy is given by (see (7.23))

= —1"(0).

By = sup |B"(z)| = h"(0).

z€[0,00)

D.2 Constants depending on a but not depending on £

1. a is a unique root of equation (4.18) (or equivalently (4.19), (4.20)).

) =( 72) +h(77)

2. Consider the function

Set (see (5.1))

3. Set (see (5.2))

4. N is a fixed natural number satisfying (see (5.9), (5.10))

1+p

N((l+%)2—1> - (2% -1)
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5. Set (see (5.3))

1-p

Dpl =27 — 1,

e

1—|—1
N

)

6. Constants needed to define K and K’ from Lemma 5.3

(a) Set (see (5.35))

Li(F,N) :=supn

n>N

3/2 /_llF(x)dx— Z

1

_Fk

n

ol

k| <n—1

where the supremum exists due to Proposition 4.3. Set

Ki = hlLl(F, N)

(b) Set (see (5.36))

1

ll = hlemR

(c) Set (see (5.37))

1
K/ = Ki + ll\/—N
(d) Set
Ky = sup n!2|CY, = O,
n>N
where
l—k
O = | PIp— > \a(@—k)f <—> . l=n,n+1.
k| <i—1 va(l? — k?)
Note that the supremum exists due to (5.38).
(e) Consider the function
~ 1 = 1—=
Fz) = ——e—of |
a(l — z?) a(l — x?)

and constants L, L;k;, l7 > 0 such that (see (5.40))

1 1 L 1-(k 1
Li— — ;=< — | F(2)d SE(E) <p— > N.
I In = /_1 <x)“_n<;n_ln (n)— VI

Set (see (5.42))
1



10.

11.

(f) Set (see (5.43))

~ 1
Kg :2h1AlmT3/2.

(g) Set (see (5.44))

1
K = K1 + K2 + Kgﬁ
Remark D.1. In principle, due to Proposition 5.3, we could define K’ := sup,,> y n=*/?|C,|
and K := sup,>y n'/?|C, .1 — C,|. However, calculation of the values C, is compu-
tationally consuming as it involves Bessel functions. We used the strategy described
above, since it is based on error estimates of Riemann sums only.

Set (see (5.9))

1
o= ng Dpl — 2(Dp1 + Dpz)DplN (> 0)
Set (see (5.13))
K+ »K'
Ey:=— (>0).
O (hy — 20)5 (>0)
For a > 0, set (see (5.17))
—k)>
S, :=sup [ vn
N kKZn 1 k2)a+1/2

We use only the values of Si, Sy, and S5 to determine ng(E).
For a > 1, set (see (5.18))

n
Ta = sup E VIO
n>N Pt (n2 _ k2)a

We use only the values of T3/, T5, and 755 to determine ng(E).

1
Let constants Li(H, N) > Fh(()) and lo(H, N) > 0 be such that (see Proposition 4.4)
a

n n
k=—n

n—1
1 1 1 k

where H (z) is given by (4.15) and Iy = Iy(a) is given by (4.17). Set (see (5.51))

Cp = Ly(H, N),
Ui = L(H, N).
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12.

13.

14.

15.

16.

17.

18.

Consider the function H () =

n>N

1 — 22

H(x). Set (see (5.52))

Clps := sup n~? Z lH(E) )
n

Set (see (6.3))

Ky = sup nt
n>N

Set (see Lemma 6.6 and (6.9

n
|k|<n—1

|k|<n—1

)

1 k 1
Kg::supn?’/2 Z —G(—)—Ig—4—,
n n

n>N

n
|k|<n—1

where G(x) is given by (4.14), and I = I (a) is given by (4.17).

Set (see Lemma 6.7 and (6.1

0))

1 k
K), := sup n'/? Z —H<—) —Iy|,
no \n

where H(x) is given by (4.15), and Iy = Iy(a) is given by (4.17).

6y satisfies (see (7.2))

7 satisfies (see (7.15))

n>N

|k|<n—1

1
HoKh < 1

ne(o,#).

xo € [0,1) and g9 > 0 satisfy (see (7.16), (7.17))

1—=x
h//
<\/a(1 —z2) +

for all € [zg, (n — 1)/n] and €, with

) a
— min (50, o (

2_ =
n

1
))Seléeo, nzmaX(N,l

23

1 (1 [L—k/n
Z a(l—(k:/n)Q)h <\/5 1+k/n>

1+2x
+h” <_
€1> <\/CI,(1—[L’2)+€1> =1

1

— T

)



19. b satisfies (see (7.20))

b > 2a.
20. Set (see (7.21))
Ry = Sggn Z k2 (2 _ 1.2)3/2
\k|<x0n

D.3 Constants depending on F
1. Set (see (5.14))

min 2En1/2
a, =a-— o1
2. Set (see (5.14))
max 2En'/?
a,  =a+ 1

3. Set (see (5.16))
24,1  2A3Ed'? 1

Op 1= — . —.
aDy,n  Dy(a™)3/2\/n
4. Set (see (7.22))
n3/2
Ry = inf .
2 anax(]lVr,ll/(l—mo)) Z (aﬁa"(rﬂ — ]{?2) + bn)3/2

ke€lzon,n—1]

D.4 Requirements on ng(F)

We assume that the following requirements hold for n > ng(E):

1. n> N.
. T0
2. m1n> .
G =50 1

3. 8+ 6ps1 < 2D,1.

4. Cy=h(0) 2 Iy ot Fnh(O) 2+ Crradt o (14 2) (AO) 5001 + (1+ 8)n (/2221)).

a(n?—k2)

5. 2B Kun 2 + (e 4 2ED ) oty > i () < 4,

(2E+00)A3T5/2 —1/2 BiTss | (2E+00)B3T, | MiTs) 1 K,
6. (Kh1+ (qmin3/2 n~Y + 2372 + (a%nin)22 + Py R < 2}-

7. a(n — 12— E(n—1DY2 +b(n —1) > an? + En'/?.

o4



8. 2£-0 < min (g9, £ (2—2)) for n > max (no(E) L) :

Y 1—xg

9. 2En~%2 +bn~! < gy for n > max (no(E) #> :

’ 1—xg
10. T0 S 90n1/2.

Bpa ,,—1/2 " 245, —1/2 1

(aglin)fi/Z a;r’bnin)Q (aglin)S/Z

19, ( BhoRi n (B;Tg )n_1/2+ AsTs )5 n-1 < nR,.
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