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Abstract: We study maximally entangled bases in bipartite systems C? @ C* (k € Z+) which are
mutually unbiased. By systematically constructing maximally entangled bases, we present an approach
in constructing mutually unbiased maximally entangled bases. In particular, five maximally entangled
bases in C2®C* and three maximally entangled bases in C?®C® that are mutually unbiased are presented.
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I. Introduction

Quantum entanglement is central in quantum information processing and quantum
computation!! 12, In particular, maximally entangled states play vital role in quantum
information processing tasks such as perfect teleportation® 1%, It has been proved that
mixed maximally entangled states also exist when the two individual dimensions of a
bipartite system are not equall'®l. A pure state [1)) is said to be a d®d’ (d' > d) maximally
entangled state if and only if for an arbitrary given orthonormal complete basis {|i4)} of
subsystem A, there exists an orthonormal basis {|ig)} of subsystem B such that [¢)) can
be written as [¢) = \/LE Z?;()l lia) @ |ig)*. There are many references for the bases of

entangled states!'5~18].

Mutually unbiased bases (MUBs) play central roles in quantum kinematics!'”, quan-
tum state tomography?*=2!) and in quantifying wave-particle duality in multipath in-
terferometers 2. Moreover, the importance of the mutually unbiased bases has been
demonstrated in various tasks in quantum information processing, such as quantum key
distribution!?¥, cryptographic protocols?*=24, mean king problem!?”, quantum teleporta-

tion and superdense coding?6-28.
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Two orthogonal bases By = {|¢;)}&, and By = {|1;) }¢_, of C? are said to be mutually

unbiased if )

Vd
A set of orthonormal bases By, Bs, ..., B,, in C? is said to be a set of mutually unbiased
bases if every pair of the bases in the set is mutually unbiased.

Recent years, there are many interesting topics combining mutually unbiased bases
with other bases, such as product bases (PB)?%, unextendible product basis (UPB)B% and
unextendible maximally entangled basis (UMEB)®'=32. The UPB is a set of incomplete
orthogonal product states in C¢®C? such that whose complementary space has no product
states. The UMEB is a set of less than d? orthogonal maximally entangled states in
C? ® C? such that whose complementary space has no maximally entangled vectors that
are othogonal to all of them. In [32], two complete UMEBs which are mutually unbiased
in C? ® C? have been presented.

Ever since the introduction of mutually unbaised bases, considerable theoretical results
with useful applications have been obtained. One main concern is about the maximal
number of MUBs for given dimension d. It has been shown that the maximum number
N(d) of MUBs in C? is no more than d + 1 ? and N(d) = d + 1 if d is a prime power.
Different constructions of MUBs, especially for prime power and qubits systems, have
been presented in [33 — 40]. Whereas d is a composite number, N(d) is still unknown.
Since the dimension of C? ® C* (k € Z*) is kd?, it is still a challenging problem to study
N (kd?) and construct MUBs in C? @ C*.

In this paper, we first study the maximally entangled bases in arbitrary bipartite
system C?® C* (k € Z*). We provide a systematic way of constructing maximally
entangled bases in C% @ C¥. Moreover, we present explicit constructions of mutually
unbiased maximally entangled bases in C? ® C* and C? @ CS.

I1. Maximally entangled basis in C?® C* (k € ZT)

Let us first consider maximally entangled basis(MEB) in C? @ C*. Let {|0),|1)} and
{10, [17), ]2}, |3') } be the orthonormal bases in C? and C*, respectively. We consider the
following orthogonal basis in C? @ C*:

‘ 1 : : : :
|07 = E(0¢®f4)(|0>|(21)'>+|1>|(2J+1)'>)7 i=0,1,2,3; j=01, (1)
where {0;}?_, are the Pauli matrices and oy = I, is the 2 x 2 identity matrix.

It can be easily checked that the above eight states in (1) are orthogonal maximally
entangled states, which constitute a MEB in C? @ C*.

Now we generalize the above construction of MEB to the case of C¢ @ Ck (k € ZT).
Let {|7) ;l;é and {|i")}F4;! denote the orthonormal bases of C? and C, respectively.



Consider a set of unitary matrices

d—
Z Wit |0 @ m) (¢ n,m=0,1,...,d—1, (2)
=0
where w; = e%dF and £ @ m denotes (£ +m) mod d. These matrices {Uy m }p meo form
a basis of the operator space on C? and satisfy
Tr (U}, o Unin) = A6 it . (3)

The above d? operators defined in (2) accurately corresponds to the Weyl-Heisenberg
group.
Let us consider & maximally entangled states in C? @ C*:

d—
) = — Z (p+dj)), =01, k-1 (4)

=0

Applying the unitary matrices (2) to the first space of the maximally entangled states in
(4), we get kd? orthogonal maximally entangled states:

60) = Unm @ L)), j=0,1,...,k=1; nm=0,1,....d=1.  (5)

Hence the above kd? orthogonal maximally entangled states (5) give rise to a MEB in
C¢ @ CH.
Substituting (2) into (5), we can simplify the above MEB (5) as follows:

69, wadplp@m\(pw)% j=01,....k—1 nm=0,1,....d—1. (6)

Let {|a})} ! be another orthonormal basis in C*?, which is different with {|i’)}, .
Similar to the above discussion, we can get another MEB in C? @ C*:

. 1L .
|wg2n>:7j2wdp]p€am)|a;+dj>, j=0,1,....k—1;, nm=0,1,...,d—1. (7)
p=0

Eq.(6) and Eq.(7) will be useful in the next section to construct mutually unbiased
maximally entangled bases in C? @ Ck.

III. Mutually unbiased maximally entangled bases in C¢ @ C*

In this section, we investigate special MUBs comprised of only MEBs in C? @ C*,
namely, we establish a method to construct mutually unbiased maximally entangled
bases(MUMEBs) in C? @ C*.



It is easy to show that the two MEBs (6) and (7) in C?® C*¢ are MUBSs if they satisfy
the following property
1

— 4,7=0,1,....k—1;, nm,z,y=0,1,...,d— 1. (8)

(G = =

Let A denote the transition matrix from the basis {|¢')}¥%;! to the basis {|a})}¥;! in
Ck, that is

) )
|a:1> 4 ‘1 ) 7 (9)
’a/(kd71)> |(kd —1)")

iLe. |a}) = Z?igl Aijl7"), A;j are entries of the matrix A.

Then conditions (8) are valid if and only if A satisfies the following relations:

d—1

r
> W Aprgipeqral = —= 4§ =01, k=1 (qg=0,1,...,d-1, (10)
p=0 \/E

Obviously, the above conditions (8) imply that the unitary matrix A is a kind of complex
Hadamard matrix*!.

Let B be the transition matrix from the basis {|a})}*%* to the third basis{|b})}¥ !,
ie., [b) = 50" Byla)). Then the following MEB
=

M) = DD @ il =01 k=L mm =01, d =1 (1)

in C? ® C* is mutually unbiased with (6) and (7), if and only if the matrices A and B
satisfy the following relations:

p=0

d—1 d—1
1 1
V4 V4
\p;owdeerdj,p@qwil 3 |p:20wdp(314)p+dj,p@q+dz’| =70 (12)

where 7,7 =0,1,...,)k—1;, ¢,q=0,1,...,d—1.
By inductive method, more mutually unbiased MEBs can be constructed and so on.

For a detailed construction of MUMEBs, we first consider the case of C*> ® C*. In the
following for simplicity we denote

i
D=1 1219
)



for x = a,b,¢,d, e, with |e}) = |i’) for i =0, 1,2, 3.

By using (1) we have the first MEB in C?* ® C*. Taking the second basis {|a})}2_, in
C* as

(la")) = A(le"), (13)

where
-1 1 =1
-1 -1 1
with i = v/—1. Then the second MEB in C? @ C* is as follows:

—_
[ T =t
~
[
~
|
~

]
) = E(Ji ® 11)(|0)]as;) + [D]as;q)), i=0,1,2,3; j=0,L (14)

It is direct to verify that the transformation matrix A satisfies the relation (10), then
the two MEBs (1) and (14) in C? ® C* are mutually unbiased.

The third orthonomal basis {|b})}3_, in C* can be obtained by

(16)) = B (la')), (15)

where
1 1 —i —i
1+ i =1 —1
B_§ i —i —1 1
1 —1 —i 4

Hence, the third MEB in C? ® C* can be constructed by

; 1 : :
A7) = E(Ui ® L)(|0)|b;) + [1)[b3;41)),  i=0,1,2,3; j=0,1. (16)

One can directly check that A and B satisfy the relations in (12). Hence the above three
MEBs (1) , (14) and (16) are mutually unbiased.

The fourth and fiftth MEBs in C?® C* can be similarly constructed from the following
orthonomal bases {|c})}2_, and {|d})}3_, in C*:

(1) =c(v)), (1)) = D(l)), (17)

where
1 T —1 —2 - —1 =1 —2
1 -1 3 1 — 1 —7 —1 1 7
¢= 9 1 4+ 1 4 ’ D= ) 1 1 i 1
1 — 1 —2 1 1 —1 —1



The corresponding MEBs in C? @ C* are given by

: 1 : :
i) = 75 (@@ L)(10)le;) + [Dley40),  1=0,1,2,3; j =01 (18)

j 1 . .
Vi) = E(Ui ® 1)(10)|dy;) + [1)]dy;44)), =0,1,2,3; j=0,1. (19)
one can directly check that any two matrices of A, B, C, D satisfy the relations in (10) and
(12), hence the five complete MEBs (1), (14), (16), (18) and (19) are mutually unbiased.

Thus, by suitably choosing the bases in C*, we have presented an approach in con-
structing maximally entangled states which are mutually unbiased in C? @ C*.

Remark In [17], the authors showed that a complete set of MUBs of a bipartite system
contains a fixed amount of entanglement, independent on the choice of the complete set.
Moreover, in [36] Klimov showed that there are four structures of MUBs in C? ® C? @ C%:
(2,3,4), (3,0,6), (0,9,0) and (1,6,2), where the three numbers in a bracket represents the
number of triseparable, biseparable and nonseparable bases, respectively. We don’t know
whether our 5 MUMEBES are extendible to 9 since we can not construct the sixth maximally
entangled basis. Recently, based on different constructions, in [42] the authors presented
a set of 5 MUBs in dimension 8. These MUBs are not necessary maximally entangled.
But the set of these 5 MUBs is found to be unextendible. It is possible that the set of
our 5 maximally entangled MUBs is also unextendible.

Nevertheless, our approach is more general than the case of multi-qubit systems. Next,
to give an example which is not included in C¢/@C?®...CY systems, we present a detailed
construction of MUMEBs in C? @ C°, which is absolutely different from qubits systems.

In the following, for simplicity we denote (y')) = (|yp), [v1), [v5), [v4), [v4), ly))" for
y = f,g,h with [f}) = [j') for j =0,1,2,3,4,5, where t stands for transpose.

According to (6) we have the first MEB in C? ® C°:

1
; 1
600 = 25 D W@ m)lp+27)), 5=01,% nm=01 (20)
p=0

where wy = e and p @ m denotes (p +m) mod 2.

For the second MEB in C* ® C°, we take the basis {|g})}>_, in C° as

(Ig)) =X (1)), (21)
where
w* —w* wt —w* w* —wt
v* v* v* v* v* v*
¥ _ i 7 —i W =i W —wt
V6 1 1 v voovt ot ’
1 —7 W —w* W —w
1 1 v* v* ) v



with v = —1 + @, * denotes conjugate. Then the second MEB in C? ® C° has the form:

1
A 1 " )
W)y = 7% > Wi lp@m)lg, ), §=0,1,2 nm=0,1. (22)
p=0

It is direct to verify that the transformation matrix X satisfies the relation (10), then the
two MEBs (20) and (22) in C?* ® C° are mutually unbiased.

The third orthonomal basis {|h})}>_, in C° can be obtained by

(1) =Y (lg'), (23)

where
1 1 1 1 1 1
T =1 1 —1 ) —1
v _ 1 1 1 v v v* v*
Vel @ —i w —w wt =it
1 1 o V¥ ) v
7 —1 wr —wt W —w

Then the third MEB in C? ® C® can be constructed by
L2
M) = 75 D lp @ m)lhyezy), 5 =012 nym=0,1 (24)
p=0

One can directly check that X and Y satisfy the relations in (12). Therefore the above
three MEBs (20), (22) and (24) in C? ® C® are mutually unbiased.

It would be interesting to mention that no more than 3 MUB are known in dimension
12 (despite 13 is the upper bound), then our construction of three MUMEBs (20), (22)
and (24) in C*®C" are exactly a breakthrough, which is also different from those in qubits
systems. In fact, our approach applies to general bipartite systems C? @ C* (k € Z1).
Such constructions of orthonormal bases of MEBS by applying local unitaries (Weyl-
Heisenberg group) have been adopted in [18], corresponding to the case C? @ Ck with
k=1.

IV. Conclusion and discussion

We have provided an explicit construction of maximally entangled basis in arbitrary
bipartite spaces C?® C* (k € Z*). Based on such bases, we have established an method
to construct mutually unbiased maximally entangled bases in C? @ C* (k € Z*). As
detailed examples, we have constructed five mutually unbiased maximally entangled bases
in C?> ® C* and three mutually unbiased maximally entangled bases in C? ® C°.

The problem we have investigated about maximally entangled basis is different from
that of unextendible maximally entangled basis. There are still many open problems
related to maximally entangled basis and mutually unbiased maximally entangled bases,

7



such as the construction of mutually unbiased bases which are comprised of one maximally
entangled basis and one unextendible maximally entangled basis in C*® C* (k € Z*) or
C'® (Cd'(d # d'), as well as to the roles played by such bases in information processing.
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