Max-Planck-Institut
fiir Mathematik
in den Naturwissenschaften
Leipzig

Lagrangian submanifolds in strict nearly Kéhler
6-manifolds

by

Hong Van Lé and Lorenz J. Schwachhdfer

Preprint no.: 57 2015







LAGRANGIAN SUBMANIFOLDS IN STRICT NEARLY
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ABSTRACT. Lagrangian submanifolds in strict nearly Kéhler 6-manifolds
are related to special Lagrangian submanifolds in Calabi-Yau 6-manifolds
and coassociative cones in GGa-manifolds. We prove that the mean cur-
vature of a Lagrangian submanifold L in a nearly K&hler manifold
(M?",J,g) is symplectically dual to the Maslov 1-form on L. Using
relative calibrations, we derive a formula for the second variation of the
volume of a Lagrangian submanifold L? in a strict nearly K&hler man-
ifold (M®,J,g). This formula implies, in particular, that any formal
infinitesimal Lagrangian deformation of L? is a Jacobi field on L®. We
describe a finite dimensional local model of the moduli space of compact
Lagrangian submanifolds in a strict nearly Kahler 6-manifold. We show
that there is a real analytic atlas on (M 6.J, g) in which the strict nearly
Kahler structure (J, g) is real analytic. Furthermore, w.r.t. an analytic
strict nearly Kéhler structure the moduli space of Lagrangian subman-
ifolds of MY is a real analytic variety, whence infinitesimal Lagrangian
deformations are smoothly obstructed if and only if they are formally
obstructed. As an application, we relate our results to the description
of Lagrangian submanifolds in the sphere S® with the standard nearly
Kahler structure described in [33].
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1. INTRODUCTION

Nearly Kéhler manifolds first appeared in Gray’s work [14] in connection
with Gray’s notion of weak holonomy. Nearly Ké&hler manifolds represent an
important class in the 16 classes of almost Hermitian manifolds (M?", J, g)
classified by Gray and Hervella [16]. Let us recall the definition of a nearly
Kihler manifold (M?",J,g). Let V¢ denote the Levi-Civita covariant de-
rivative associated with the Riemannian metric g.

Definition 1.1. ([14, §1, Proposition 3.5], [15]) An almost Hermitian man-
ifold (M?", g, J) is called nearly Kihler if (VXY J)X =0 for all X € TM?".
A nearly Kihler manifold is called strict if we have VXCJ # 0 for all
X € TM?*\ {0}, and it is called of constant type if for every x € M?"
and X,Y € T, M?",

[(VECDYIP = (X IPIY P~ (X,Y)? = (JX,Y)?),
where X is a positive constant.

Remark 1.2. 1. It is known that any complete simply connected nearly
Kaéahler manifold is a Riemannian product M7 x My where My and M, are
Kéhler respectively strict nearly Kéhler manifolds [22, 40]. Furthermore,
a de Rham type decomposition of a strictly nearly Kéhler manifold was
found by Nagy [41], where the factors of the decomposition are of the fol-
lowing types: 3-symmetric spaces, twistor spaces over quaternionic Kéhler
manifolds of positive scalar curvature, and strict nearly Kahler 6-manifolds.

2. It is easy to see that if (M?",.J,g) is a nearly Kihler manifold of
constant type A, then (M?", J,A~/2g) and (M?",—J,A\"1/2g) are nearly
Kéhler manifolds of constant type 1.

3. According to [15, Theorem 5.2|, a strict nearly K&hler manifold of
dimension 6 is always of constant type.

On an almost Hermitian manifold (M?2",.J, g) the fundamental 2-form w,
defined by w(X,Y) := ¢g(JX,Y), measures the connection between the al-
most complex structure J and the Riemannian metric g. A submanifold
L™ C (M?",.J,g) is called Lagrangian, if w|r» = 0. As in symplectic geome-
try, the graph of a diffeomorphism of M?" that preserves w is a Lagrangian
submanifold in the almost Hermitian manifold (M?" x M?" J&(—J),g®g).
If (M?",.J,g) is Kéhler, then w is symplectic. Lagrangian submanifolds in
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Kéahler manifolds have been studied in the context of calibrated geometry
[17] and of relative calibrations [25], [26], in the investigation of the Maslov
class [39], [28], of the variational problem [25], [42], [48], [50], and of the
deformation problem/ moduli spaces [5], [4], [19], [29], [35], [50], etc. The
literature on the subject is vast, and the authors omit the name of many
important papers in the field.

The relation between nearly Kihler manifolds (M?2",.J, g) and Riemann-
ian manifolds with special holonomy is best manifested in dimension 2n = 6.
In dimension 6, a nearly K&hler manifold is either a Kahler manifold or a
strict nearly Kéhler manifold [15, Theorem 5.2]. It is known from Bér’s work
[3] that a cone without singular point over a strict nearly Kéhler manifold
(M®,J,g) is a T-manifold with Ga-holonomy. It is not hard to see that the
cone over a Lagrangian submanifold L3 in a strict nearly Kihler manifold
(M5, J,g) is a coassociative cone in CM®. Thus the study of strict nearly
Kahler 6-manifolds and their Lagrangian submanifolds are essential for the
study of singular points of Gs-manifolds as well as for the study of singular
points of coassociative 4-folds. Furthermore, special Lagrangian submani-
folds in Calabi-Yau 6-manifolds could be treated as a limit case of Lagrangian
submanifolds in nearly Kéhler manifolds when the type constant A goes to
zero (Remarks 2.6, 3.15). We also note that Lagrangian submanifolds in the
standard nearly Kahler manifold S® are found to be intimately related to
holomorphic curves in CP? and they present extremely rich geometry [9],
17, [32].

In this paper we study Lagrangian submanifolds L? in strict nearly Kéhler
6-manifolds (M9, J, g) in two aspects: the variation of the volume functional
and Lagrangian deformations of L3. Since L? are minimal submanifolds in
(MS,J,g) (Corollary 3.6), these two aspects are related to each other. In
particular, results from theory of minimal submanifolds are applicable to
Lagrangian submanifolds in strict nearly Kéhler 6-manifolds, for instance
see Remark 5.1. To study variation of the volume functional of L? we apply
the method of relative calibrations developed by the first named author in
[25, 26]. To study deformations of Lagrangian submanifolds in (M9, J, g)
we develop several methods. First we reduce the overdetermined equation
for Lagrangian deformations to an elliptic equation (Proposition 4.5). Since
the Fredholm index of the elliptic equation is zero (Proposition 4.7) and, on
the other hand, most interesting examples of Lagrangian submanifolds have
nontrivial deformations, the usual elliptic method yields only limited results.
Thanks to our result on the analyticity of a strict nearly Kéhler structure
(Proposition 2.7), we reduce the smooth Lagrangian deformation problem
to the deformation problem in the analytic category (Proposition 4.8). We
prove that the moduli space of Lagrangian deformation is locally an analyt-
ical variety and hence an infinitesimal Lagrangian deformation is smoothly
unobstructed iff it is formally unobstructed (Theorem 4.10, Corollary 4.13).

Our paper is organized as follows. In section 2 we collect some important
results on the canonical Hermitian connection on nearly Kéahler manifolds.
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Then we prove the existence of a real analytic structure on any strict nearly
Kihler 6-manifold (M9, .J, g) in which both .J and g are real analytic (Propo-
sition 2.7). In section 3, using a result of the first named author [25], we
establish a relation between the Maslov 1-form and the mean curvature of
a Lagrangian submanifold in a nearly Kéhler manifold (M?",.J, g) (Propo-
sition 3.3) and show its consequences (Corollaries 3.4, 3.6). If (M?" J,g)
is a strictly nearly Kéhler 6-manifold, we derive a simple formula for the
second variation of a Lagrangian submanifold in (M9, .J, g) using relative
calibrations (Theorem 3.8). This formula implies, in particular, that any
formal infinitesimal Lagrangian deformation is a Jacobi field, generalizing a
result obtained by McLean for special Lagrangian submanifolds (Corollary
3.12, Remarks 3.13, 3.15, 3.16).

In section 4 we show that the moduli space of closed Lagrangian sub-
manifolds L? ¢ MY of a strict nearly Kéhler manifold in the C''-topology is
locally a real analytic variety. That is, the set of C''-small deformations of
a compact Lagrangian submanifold can be describe as the inverse image of
a point of a real analytic map between open domains in a finite dimensional
vector space (Theorem 4.10). This leads us to the following

Conjecture. The group Diff(M®,[w]) of all diffeomorphisms g of a
strictly nearly Kihler manifold (MS, J, g) that preserves the fundamental
2-form w in its conformal class, i.e., g*(w) = efw for some f € C°(M5), is
a finite dimensional Lie group.

Another support of our conjecture is our result that the group Diff (M¢, w)
of all diffeomorphisms of a strict nearly Kihler manifold (MY, J,g) that
preserve the fundamental 2-form w is a subgroup of the isometry group of
(M?®, g).

We prove that any smooth Lagrangian deformation of a Lagrangian sub-
manifold L? in an analytic strict nearly Kéhler 6-manifold can be written as
a convergent power series (Theorem 4.10). As a result, look at Lagrangian
submanifolds in standard nearly Kihler sphere S% from an perspective that
is different from consideration by Lotay in [33] (Remark 5.1)

2. GEOMETRY OF NEARLY KAHLER MANIFOLDS

In this section we collect some important results on the canonical Hermit-
ian connection on nearly Kéhler manifolds (Propositions 2.1, 2.2) and derive
an important consequence (Corollary 2.3), which plays a central role in the
geometry of strict nearly Kéhler 6-manifolds (Proposition 2.4, Remark 2.6).
At the end of this section we prove the existence of a real analytic structure
on M9, in which both the complex structure J and the metric g are analytic
(Proposition 2.7).

2.1. The canonical Hermitian connection. Let U(M?") denote the prin-
cipal bundle consisting of unitary frames (ej, Jey, - ,ep, Je,) over an al-
most Hermitian manifold (M?", J, g). Denote by {e}, (Je;)*} the dual frames.
Then {0 := e ++/—1(Je;)*} is the canonical C"-valued 1-form on U(M).
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Let a be a unitary connection 1-form on U(M) and T its torsion 2-form.
The Cartan equation for «, and 7' [21, Chapter IX, §3] [25, §3] is expressed
as follows

0’ = —af NO7 + THo! N0 + T467 N6* + T567 A6F,

dOéj— Oék./\OZJ +Qj’

where 2 is the curvature tensor of a.

Proposition 2.1. ([30, Chapter IV, §112]) Let (M?",J,g) be an almost
Hermitian manifold. Then there exists a unique unitary connection 1-form «
on U(M?™) such that its torsion tensor T is a two-form of type (2,0)+(0,2),
1.€e.,

T(JX,Y)=T(X,JY).

We shall denote the Levi-Civita connection of g and the canonical con-
nection from this proposition by VE¢ and V¢, respectively. If the almost
Hermitian manifold is nearly Kahler, then the following is known.

Proposition 2.2. ([15], [22, Theorem 1]) Suppose that (M?",J,g) is a
nearly Kdhler manifold.
(1) Then T(X,Y) = —JVLC(J)Y.
(2) The associated torsion form T*(X,Y,Z) = (I'(X,Y),Z) is skew-
symmetric.
(3) veenrT* = 0.

The skew-symmetry of the torsion of the canonical connection of a nearly
Kihler manifold (M?",.J,g) will play an important réle in our study of
(M?", ], g).

We shall derive from Proposition 2.2 the following

Corollary 2.3. On a nearly Kdihler manifold (M, J, g) we have dw(X,Y, Z) =
—3T*(X,Y,JZ). Furthermore, dw is a 3-form of type (3,0)+ (0,3), that is,

dw(JX,Y,Z) = dw(X,JY, Z) = dw(X,Y, JZ).
In particular, V" (dw) = 0.

Proof. We use the fact that the nearly Kéhler condition is equivalent to the
following condition [16, Theorem 3.1]

(2.1) X|dw = 3VEuw

for all X € TM?". A straightforward calculation shows that (2.1) implies
(2.2) dw(X,Y, Z) = 3(VEC ()Y, Z).

Since T(X,Y) = —JVEY(J)Y, we obtain immediately the first assertion

of Corollary 2.3. The second assertion follows from the first one, taking
into account the fact that T is a 2-form of type (2,0) + (0,2). Finally, the
parallelity of dw follows from Proposition 2.2 (3) and since V" is unitary.

O
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2.2. Strict nearly Kéhler 6-manifolds. Among nearly Kdhler manifolds
the class of strict nearly Kéhler 6-manifolds are most well-studied. By [15,
Theorem 5.2 (1)], any 6-dimensional nearly Kéhler manifold, which is not
Kaébhler, is of constant type, i.e., there is a constant A > 0 such that

(2.3) IVEC (DY = (I XPIY)? - (X, Y)? — (X, JY)?).

Proposition 2.4. Assume that (MS,g,.J) is a strict nearly Kdhler mani-
fold with constant type X\ (cf. (2.3)). Then %dw is a special Lagrangian
calibration. In particular, (M®, g, J) has an SU(3)-structure.

Proof. It is an immediate consequence of (2.2) and (2.3) that sydw is a
special Lagrangian calibration, i.e., w|s, = 0 on any 3-plane ¥ C T, M with
dw|s, = 3 voly.

Since dw is parallel w.r.t. V" and is of type (3,0) + (0,3) by Corollary
2.3, it follows that the complex linear (3,0)-form ® € Q3(M,C) given as

1
(XY, Z) = ﬁ(dw(X, Y,Z) —V/-1dw(X,Y,JZ))
(2.4)
1
= ﬁ(dw(X, Y,Z)+3V/-1T*(X,Y, Z))
is parallel w.r.t. V" and nowhere vanishing, so that a strict nearly Kahler
6-manifold carries a canonical SU(3)-structure. O

The above argument also shows that for any 3-dimensional subspace ¥ C
T,M we have (cf. [17, Chapter III])

(2.5) |®x|? < |volg|* with equality if and only if w|y = 0.

Namely, the first estimate and that equality holds only if wy = 0 follows
immediately from (2.2) and (2.3). For the converse, let X, Y, Z be an ortho-
normal basis of a Lagrangian plane. Then (2.2) implies that VEY(J)Y is
orthogonal to X,Y, JX, JY, so that Z € span(VLY (J)Y,JVEC(J)Y). From
this and (2.3), equality in (2.5) follows.

Evidently, there are no calibrated submanifolds of dw, since on such a
manifold L C M we would have w|;, = 0 and hence, 3\vol, = dw|s = 0.
Thus, by (2.5) on a Lagrangian submanifold L C M, —Im(®)|, = —A"1T*|,,
is a volume form on L, i.e., it is calibrated by the non-closed 3-form I'm(®),
see also [25], [26].

Remark 2.5. For the remainder of our paper we shall choose the orientation
on a Lagrangian submanifold L? such that

(2.6) volps = —Im(®P)|ys.

This orientation agrees with the natural orientation of the Lagrangian sphere
S3(1) = H N S® in the standard strictly nearly Kéhler sphere S¢ C Im O,
see also subsection 5 below. Note that our choice of the orientation of L3
agrees with that in [32, p. 2309], but differs from that in [50, p. 18].
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Remark 2.6. By the above discussion, a nearly Kihler 6-manifold (M, J, g, w)
of constant type A satisfies the following equation (cf. [6, §4])

(2.7) dw =3\Re (®?) and dIm (®) = -2 A w A w.

Thus, a Calabi-Yau 6-manifold can be regarded as an almost strict nearly
Kahler manifold with A = 0.

In principle, one could verify (2.7) by a direct calculation, but there is a
more elegant way to do this, due to C. Bar. Namely, first of all, by rescaling
the metric g (Remark 1.2) we can assume that the metric is of constant type
A=1

In [3, §7] Bér constructed a 3-form ¢ on the cone CM% = M® x ., R*
supplied with the warped Riemannian metric § = r2g + dr? over a strict
nearly Kihler 6-manifold (M9, J,g) of constant type 1. We identify M5
with M% x {1} ¢ CM®. The form ¢ on CM?Y is defined by [3, §7]

3
(2.8) o(r,z) = %dw + r2dr A w.

Since dw is of type (3,0) + (0,3) and of comass 3, for any x € MS there
is a local unitary basis ((e1)*, (Je1)*, -+, (Je3)*) at T MO such that dw =
3Re (dz' Adz? Ad2?) and 2w = —Im (dz' Adzy +d2? Adz? 4+ dz® Adz3). Here
dz' = (e;)* + v/—1(Je;)*. In this basis, rewriting dr = e” and abbreviating
gk = et A el A eF, we have

(2'9> (p(?”,.’l:‘) — (6135 o 8146 _ 6236 _ 6245) + 6127 +€347 + 6567.

Clearly, dp = 0. Bar also showed that d*¢ = 0. Thus ¢ is a 3-form of
Go-type and of comass 1. In particular, ¢ (resp. xp) is an associative (resp.
coassociative) calibration on C M. Furthermore, d* = 0 implies the second
relation in (2.7) for A = 1. This implies the following result.

Proposition 2.7. Let (M5, .J,g) be a strict nearly-Kihler manifold. Then
there is a real analytic structure on M in which both the complex structure
J and the metric g are real analytic.

Proof. Tt is known that a strict nearly Kihler metric on a 6-manifold M is
an Einstein metric [15, Lemma 4.8]. By the DeTurck-Kazdan theorem [§],
M possesses an analytic atlas in which ¢ is an analytic metric. It follows
that in the induced real analytic structure on C M the aforementioned cone
metric g := dr? + r2g on C MY is analytic and the vector field 9, on CM®
is analytic. Since the form ¢ € Q3(CM®% g) from (2.8) defining the Go-
structure on C'MY is harmonic, it is analytic as well. Thus, 9, |¢ = r?w is
analytic, and so is its restriction to the analytic submanifold M% x {1} C
CM°.

Therefore, w € Q2(M5) is analytic, and J is defined by contraction of w
with the real analytic metric ¢ and hence analytic as well. O
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3. VARIATION OF THE VOLUME OF LAGRANGIAN SUBMANIFOLDS

In this section we introduce the notion of the Maslov 1-form u(L) of a La-
grangian submanifold L in a Hermitian manifold (M?",.J, g) and relate this
notion with the classical notion of the Maslov class of a Lagrangian subman-
ifold in (R*",wp) (Remark 3.2). Then we prove that u(L) is symplectically
dual to the twice of the mean curvature Hj of a Lagrangian submanifold
L in a nearly Kihler manifold (M?",J, g) (Proposition 3.3) and derive its
consequences (Corollaries 3.4, 3.6). Using relative calibrations, we prove a
simple formula for the second variation of the volume of a Lagrangian sub-
manifold in a strictly nearly Kéhler 6-manifolds (Theorem 3.8) and discuss
its consequences (Corollary 3.12, Remarks 3.13, 3.15, 3.16). We discuss the
relation between the obtained results with known results (Remark 3.7, 3.15,
3.16).

3.1. Maslov 1-form and minimality of a Lagrangian submanifold
in a nearly Kahler manifold. Let L be a Lagrangian submanifold in
an almost Hermitian manifold (M?", J, g) and (aé») the canonical Hermitian
connection 1-form on U(M?",J,g). The Gaussian map g, sends L to the
Lagrangian Grassmanian Lag(M?") of Lagrangian subspaces in the tangent
bundle of M?". Denote by p : U(M?") — Lag(M?>") the projection defined
by
(v1, Jo1, -+ U, JUp) — [U1 A Aoy

v = —\/—712042.
i

Set

We recall the following fact
Lemma 3.1. (c¢f. [5],[25, Proposition 3.1]) There ezists a 1-form 7 on
Lag(M?") whose pull-back to the unitary frame bundle U(M?") is equal to
7.

We call 25 the universal Maslov I-form and the induced 1-form g7 (2%)
on L the Maslov I-form of L. We also denote g7 (27) by u(L).

Remark 3.2. For M?" = R?" we have Lag(M*") = R?" x U(n)/O(n). In
this case it is well-known that the Maslov 1-form u(L) is a closed 1-form
and represents its Maslov index of a Lagrangian submanifold L [39].

Now we relate the Maslov 1-form p(L) := g7 (27) with the mean curvature
of a Lagrangian submanifold L. We define a linear isomorphism L, : TM —
T*M as follows.

(3.1) L,(V):=V]w.

Proposition 3.3. The Maslov 1-form p(L) is symplectic dual to the minus
twice of the mean curvature Hy, of a Lagrangian submanifold L in a nearly
Kdhler manifold (M?",.J,g). That is,

2L, (Hy) = p(L).



LAGRANGIAN SUBMANIFOLDS IN STRICT NEARLY KAHLER 6-MANIFOLDS 9

Proof. By Proposition 2.2.2 the 1-form ), T;]—gék vanishes, where T is the
torsion of the connection form a. Using [25, Lemmas 2.1, 3.1 and (3.6)], we
obtain for any normal vector X to L

(3.2) (~Hy, X) = (u(L)/2, JX).
Since w(—Hp, JX) = (—Hr, X ), we derive Proposition 3.3 immediately from
(3.2). O

Since the curvature dv form of the connection form + is the first Chern
form of a nearly Kéhler manifold we obtain immediately

Corollary 3.4. Assume that a Lagrangian submanifold L in a nearly Kdhler
manifold (M, J,g) is minimal. Then the restriction of the first Chern form
to L vanishes.

In the remainder of this section we assume that L? is a Lagrangian sub-
manifold in a strict nearly Kithler manifold (M®,J, g). We also need to fix
some notations. Recall the definition of the V" -parallel complex volume
form ® = dz; A dze A dzz from (2.4), and let

a:=Re® = (3\) " ldw, B:=Imdz = —\"1T*

Lemma 3.5. Let & be a simple 3-vector in RS = C? and w the standard
compatible symplectic form on RS. Then

(1) (117, Chapter III Theorem 1.7]) |®(£)|* = a(€)? + B(£)2.
(2) (117, Chapter IIT (117)]) [B(§)* + o0, ldzi A w(€)[* = |¢)*.

We chose the canonical orientation (2.6) on L, i.e., 8|3 = —volys. For
x € L3 let () denote the unit simple 3-vector associated with T, L3. By
[25, Lemma 2.1], [26, Lemma 1.1] for any V € NL? we obtain

(3-3) (=Hps, V) = (V]d £ 5)(&).
(In [25] Lé showed that the formula (3.3) is equivalent to the formula (3.2).)
Using (2.7), we obtain immediately that Hys = 0.

Corollary 3.6. Any Lagrangian submanifold L? in a strict nearly Kdihler
6-manifold (M9, J, g) is orientable and minimal. Hence its Maslov 1-form
vanishes.

Remark 3.7. The relation between the Maslov class and the minimality
of Lagrangian submanifolds has been found for Lagrangian submanifolds in
various classes of Hermitian manifolds [39], [28], [25]. Corollary 3.4 extends
a previous result by Bryant [5, Proposition 1] and partially extends a result
by Lé in [25, Corollary 3.1]. The minimality of Lagrangian submanifolds in
a strict nearly Kahler 6-manifolds has been proved by Schéfer and Smoczyk
by studying the second fundamental form of L3 in M [50, §4], extending a
previous result by Ejiri [12] for M® = S5, The minimality of a Lagrangian
submanifold L in a strict nearly Kéhler manifold M9 can be also obtained
from the minimality of the coassociative cone CL3 C CMS.
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3.2. Second variation of the volume of Lagrangian submanifolds.
The second variation of the volume of a minimal submanifold N in a Rie-
mannian manifold M has been expressed by Simons [49] in terms of an
elliptic second order operator I(N, M) that depends on the second funda-
mental form of N and the Riemannian curvature on M, see also [27], [43].
If L3 is a Lagrangian submanifold in a strict nearly Kahler manifold M9,
we shall derive a simple formula for I(L3, M) that depends entirely on the
intrinsic geometry of L3 supplied with the induced Riemannian metric.

Theorem 3.8. Assume that (M5, J, g) is a strict nearly Kihler manifold of
constant type X. Let V be a normal vector field with compact support on a
Lagrangian submanifold L?> C MS. Then the second variation of the volume
of L? with the variation field V is given by

2

%2|t:0wz<L§) _ / (A(Lo(V)) = 3) # Lo (V), d(Lo (V) + A% Lu(V))
L3
2
+ [ s e
(3.4)

Proof. Let ¢y : L> — M9 be a variation of L? generated by the vector field
V. Set

&i(z) == (1)« (&(2)).
We observe that, to compute the second variation of the volume of L3, using
Lemma 3.5 and the minimality of L3, it suffices to compute the second
variation of the integral over L3 of 2?21 |dz; A w(€)]?, (a(£))? and (B(€))2.
Namely, using the observation that for all x € L3

(35 ()| = 1 and li=ol (62))| =0

we obtain

d? d?
bl @) = [ oo dvol,

(35) =3 [ o)) dvo
. = 5 L5 dt2 t=0|St\ X VOl g.
Lemma 3.9. For any x € L we have

d : 2 2
ﬁhzo ;((dzi Aw),&(x))* =2|dLy, (V) — 3\ * L,(V)|*(x).
Proof. Since w|rs = 0 we have for all 4

(37) 4z Aw(©F = 2 limold A (@))%
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By Proposition 4.2, taking into account the rescaling factor A, see also [50,
Theorem 8.1], we have

(3.8) %It:oqﬁ (W) () = d(Lo(V)) (@) = 3(A * Lo (V) (2).

Since the RHS of (3.8) is a 2-form on L3, there exists an orthonormal basis
fLf2, f3 of TYL? and a number ¢ € R such that

d(Lo(V))(@) = 3\ Lu(V))(@) = ¢ fL A f2

Using w|;s = 0 and the expression of the RHS of (3.8) in this basis, we
obtain from (3.8)

3
(3.9) %ytzo S uldzi Aw) = fLA SR A
=1

Using again w|;s = 0, we obtain Lemma 3.9 immediately from (3.7) and
(3.9). O

Lemma 3.10. For all x € L? we have

d2
T l=o(a(&(@))?) = 2ld Lu(V)*(@).
Proof. By Proposition 4.2 we have
dt
(3.10) g l=0(a(&(@)) = (dx Lo (V))(2).
Since a(§(x)) = 0, we obtain Lemma 3.10 from (3.10) immediately. O

Lemma 3.11. We have
d2
2|t:0/ B(&)? dvoly, = 8N | (%L, (V),d(Ly,(V)) — 3\ % L, (V) dwol,.
dt 3 3

Proof. Since (V|5)|rs = 0, (see e.g. [25, Proposition 2.2.(ii)], [26, Propo-
sition 1.2.ii], which is also now called the first cousin principle), using the
Cartan formula we have

(3.11) limo(5(z), () = (V 15, €(2),

for all x € L3.
By (3.3) the RHS of (3.11) vanishes. Since 8(£(z)) = —1 for all z € L3,
we obtain

d? d?
(3.12) T l=0(B(&(2))?) = =25 i=0(B(& ().

It follows that

d? d?
313 gl [ B6@) dvole = 2510 [ (61(6).€) dvol..
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Using the Cartan formula, we derive from (3.13)

(3.14) tzrto / (&) dvol, = =2 | £u((V1dB) +d(v19))

Since Ly (d(V|B)) = d(Ly(V]3)), we obtain from (3.14), taking into ac-
count that dg = —2)\w Aw

d2
(3.15) mytzo/ Bl (@) dvoly = AN [ Ly (V|(w Aw)).

t L3 L3

Taking into account V|(w Aw) = 2(V]w) Aw and w|;s = 0 we obtain from
(3.15)

2
(3.16) %hzo /L Ble(x)2 dvoly = 8X | (V|w) A Ly (w).

L3
Since (V]w) = L,(V) and Ly (w) = dL,(V) —3A* L, (V'), we obtain Lemma
3.11 immediately from (3.16). O

Now let us complete the proof of Theorem 3.8. Using Lemma 3.5 we
obtain from 3.6

% )
2.0 limovol(6u(L )):/ dt2|t OZ (dz A w, &) dvol, +

d 2 > 2
(317) /L3 tho(a,&g) dUOlw + A3 @‘tzo(ﬂ,gt) dUle.
Clearly Theorem 3.8 follows from (3.17) and Lemmas 3.9, 3.10, 3.11. O

Using Corollary 4.3, we obtain immediately from Theorem 3.8 the follow-
ing.

Corollary 3.12. 1. Any formal infinitesimal Lagrangian deformation with
compact support of a Lagrangian submanifold L> in a strict nearly Kihler
manifold is a Jacobi field.

2. Assume that L3 is a compact Lagrangian submanifold in a strict nearly
Kdihler manifold (M5, J,g) and H*(L3,R) # 0. Let 3 be a non-zero har-
monic 1-form on L3. Then the variation generated by L, (3) decreases the
volume of L3.

Remark 3.13. There are many known examples of Lagrangian submani-
folds L? in the manifold S® supplied with the standard nearly Kéhler struc-
ture induced from R” = Im Q such that dim H'(L?3) is arbitrary large. For
instance, L? is obtained by composing the Hopf lifting of a holomorphic
curve ¥, of genus g in the projective plane CP? to S® with a geodesic
embedding S° — S% [9, Theorem 1], see also [32, Example 6.11].

Remark 3.14. In [46] Palmer derived a simple formula for the second vari-
ation of Lagrangian submanifolds in the standard nearly Kahler 6-sphere
by simplifying the classical second variation formula with help of (relative)
calibrations.
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Remark 3.15. Letting A\ go to zero, we obtain the formula for the second
variation of the volume of a special Lagrangian submanifold L in a Calabi-
Yau manifold M® with a variation field V' which is normal to L:

2
1) ggheavol(L) = [ 1@+ [ @R

Formula (3.18) has been obtained by McLean in [35, Theorem 3.13] for
special Lagrangian submanifolds in Calabi-Yau manifolds of dimension 2n
as a consequence of his formula for the second variation of the volume of
calibrated submanifolds, using moving frame method. Note that our proof
of Theorem 3.8 can be easily adapted to give (3.18) for special Lagrangian
submanifolds L™ C M?". Here we use the full version of Lemma 3.5 given in
[17, Chapter III, Theorem 1.7, (1.17)]. The first summand in RHS of (3.18)
is the second variation of the term (|£|? — dz(£)?)/2. The second summand
in the RHS of (3.18) is the second variation of the term (a(£))?/2. By [25,
(4.11)], the second variation of the term (3(¢) vanishes, if M?" is a Calabi-
Yau manifold. This proves (3.18) for any dimension n. Note that (3.18)
also follows from Oh’s second variation formula for Lagrangian minimal
submanifolds in Kahler manifolds [42, Theorem 3.5].

Remark 3.16. Using the strategy of the proof of Theorem 3.8, we can have
a (new simple proof of a) formula for the second variation of the volume of
¢-calibrated submanifolds N™ in a manifold M™ provided with a relative
calibration ¢ such that a generalized version of Lemma 3.5 is valid, that
expresses |€|2 as a sum |¢(&)* + Zle | (€)]?.  Generalized versions of
Lemma 3.5 have been found for Kéhler 2p-vectors, coassociative 4-vectors,
ect. in [17].

4. DEFORMATIONS OF LAGRANGIAN SUBMANIFOLDS IN STRICT NEARLY
KAHLER 6-MANIFOLDS

In this section we consider the moduli space of closed Lagrangian sub-
manifolds L? € M® of a strict nearly-Kéhler 6-manifold M%. We show that
any C'-small Lagrangian deformation of L3 in M is a solution of an elliptic
first order PDE of Fredholm index 0 (Propositions 4.5, 4.7). Furthermore, a
closed Lagrangian submanifold L? is analytic and any smooth deformation
of L3 is analytic (Proposition 4.8). Moreover, the moduli space of smooth
Lagrangian deformations of L? locally is a finite dimensional analytic vari-
ety, hence any formally unobstructed infinitesimal deformation is smoothly
unobstructed (Theorem 4.10, Corollary 4.13).

Our notation on forms will be as follows. By Q*(L) we denote smooth
differential forms on L. If we wish to specify the degree of regularity, we
write Q7,,, (L) for the space of C*-regular forms.

4.1. Deformations of Lagrangian submanifolds. Let L be a submani-
fold in a Riemannian manifold (M, g). Then the normal exponential map-
ping Exzpr, : NL — M identifies a neighborhood of the 0-section in N L with
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a tubular neighborhood U(L) C M of L. With this, Expy, , which we shall
also denote by Exp if no confusion arises, identifies C''-small deformations
of L with C'-small section s : L — NL.

Now assume that (M, J, g) is a Hermitian manifold and w is the associated
fundamental 2-form. If L C M is a Lagrangian submanifold, then the
isomorphism L, from (3.1) identifies a covector in 7*L (resp. a l-form
a € QY(L3)) with a vector in NL (resp. a section s, € I'(NL)). Since we
are interested in Lagrangian deformations of L C M, we therefore consider
the map

(4.1) F:QLi(L) — Q% (L),  a— (Exp(sa))*(w).

Evidently, F(0) = 0 as L is Lagrangian, and the space of C'-small La-
grangian deformations of L can be identified with a neighborhood of 0 €
F~1(0).

Now we shall compute the linearization of F' at « = 0. We begin with the

Lemma 4.1. With the choice of orientation of L® from (2.5) we have for
any B € Qéo(Lg)

(4.2) 3% = —(sg)dw)|ps.

Proof. As we have remarked in subsection 2.2, using the same notations,
at any given point x € L3 there exists a unitary basis (e’, .Je’) such that
dw(z) = 3Re(dz' Ndz? Nd2?) and w = —Im(dz! Adzt+dz? ANdZ%+dz3 NdZ3).
Since special Lagrangian planes in T, M® are transitive under SU(3)-action
[17], we can assume that T,L3 is spanned by (Jei, Jes, Jeg). Denote by
{(e1)*, (Je1)*, (e2)*, (Je2)*, (e3)*, (Je3)*} the dual frame to {e!, Jel, e?, Je?,
e3, Je3}. Since w(z), dw(z) and T, L? are invariant under the action SO(3) C
SU(3) C Aut(T,M?"), we can assume further that 8 = c¢- (Jey)* for some
c € R. Recall that the orientation (2.5) on L? is defined by

Im (dz* Adz? N d2®)|ps = —3vol |3,
ie. (Jey, Jeg, Jes) is an oriented frame. Then we have
35 (Jer)* = 3(Jea)" A (Jes)" = —(ex)dw)lps = — (L5} (Jer) Jdw)l
what is required to prove Lemma 4.1. ([l

Proposition 4.2. Let (a;),¢(—ce) be a C'-regular variation of ag = 0 €
QYL3), i.e. such that the map

(—e,6) x L* — T*L3, (r,z) — ap(2) € TFL?
is Ct, and let &g(z) = Or (o ())|r=0 be the pointwise derivative. Then
dir - F(ay) = ddg — 3 * ay,

whence

(4.3) OF|o(B) =dB—3x8  forall B € Qp(Q).
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Proof. We define the C'-map

D:(—¢g,e) x L? — M, (r,x) — Exp(Sa, )z =: Dr(x).
Note that Dy = Idys and dD(0r)|0yx13 = Sao- Also, if we let @, denote
the flow of 9, on (—¢,¢) x L3, then D,,, = ®.D;, whence by definition,

d d d
Fla,) = — Di(w)= [ — ®,.(D*(w
o) = & Diw) (dr Ry >>) s

= (Lo, D" (w)lgoyxrs = (0] D*(dw) + d(0r | D™ (w))l 10y 13
= D{(sa0)dw) + d(D(Saq |w)) = Sag |dw + dc.

Here, we used Cartan’s formula for the Lie derivative as well as the fact
that by (3.1), sg, |w = cp. Now the formula follows since sg, |dw = —3 * &g
by (4.2). O

dri,._,

Recall that the Laplace operator on forms is defined as A = (d + d*)?,
where d* = xdx is the adjoint of d. Proposition 4.2 yields immediately the
following Corollary 4.3, which has been obtained by Schéfer-Smoczyk by a
different method.

Corollary 4.3. (¢f. [50, Theorem 8.1]) Let (L3),e(—cq) be a C'-regular
family of Lagrangian submanifolds of MS, such that Lg = L3 and L? =
Exp(sa,) for a family (on)re(—ce) in Q' (L?). Then the derivative § :=
Ao = OpQy|r=o is a solution of

(4.4) xdfB — 38 =0.

In particular, d*6 =0 and A3 = 90.

We call the map 0F|o(f3) from (4.3) the linearization of the equation F' = 0
at 0. We set
QL3 = {a e QYL Ala) = a-a}.
All eigenvalues a are nonnegative and the eigenspaces QL(L3) are finite
dimensional, as A is an elliptic differential operator [47].

Lemma 4.4. The map *d : QY (L?) — QY (L3) is selfadjoint, and its kernel
is dC*°(L3) @ Q}. Moreover, for each a > 0 we have the L*-orthogonal
decomposition

QL (L%) Nkerd" = K (L%) @ K_ 5(L%),
where Ki\/a(L?’) is the (£+/a)-eigenspace of xd.

Proof. The self-adjointness of *d follows since d* = *d* and the Hodge-*
operator is self-adjoint. Moreover, since xd = d*x, it follows that the image
of xd equals the image of d* : Q?(L3) — Q(L3), so that the kernel of *d
is the orthogonal complement of this image, which by Hodge decomposition
equals dC™(L3) & Q} as claimed.

Since *d commutes with A, it follows that *d preserves Q! and hence,
QL (L3)Nker d*. But on ker d* we have (xd)? = d*d = A, whence on Q} (L3)N
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ker d* we have (xd)? = a Id, so that these subspaces can be decomposed into
K 5® K_ s as claimed. O

It follows from (4.3) that
(4.5) Tys :=ker OF | = K3(L?).

The equation F'(«) = 0 with F' from (4.1) is an overdetermined equation.
In fact, one of the technical problems we wish to overcome is the fact that
OF|p from (4.3) is not an elliptic operator, but only the restriction of an
elliptic first order operator to a subspace as we shall show now.

For this purpose, we extend F' by its prolongation dF' and add another
parameter. Namely, we define

C(L?) := {f € C=(L?)| / f dvol = 0}
L3
and the extended map F' to
F: QUL @ Ce(L?) — QYL @ C(LP)

(4.6) (0, f) — (*F(a)+df)—%*dF(oz).

Proposition 4.5. («, f) is a solution of the equation F(a,f) = 0 if and
only if « is a solution of the equation F(a) =0 and f = 0.

Proof. By definition (4.6), (a, f) is a solution of F(a, f) = 0 iff
(4.7) dF(a) =0 and F(a) = —*df.

Taking the exterior derivative of the second equation in (4.7), this implies
that d x df = 0 and hence, Af = 0. Thus, f is constant, and since f €
C§°(L3), we obtain f = 0. Therefore, « is a solution of the equation F(a) =
0. The converse is obvious. ([

Remark 4.6. From this proof, we can also conclude that
(4.8) Flo,f) € Tis & f =0 and F(a) = %d « F(a).
It follows from (4.3) and (4.6) that the differential
OF |00y : @'(L?) @ C°(L?) — Q'(L) & C5°(L?)
has the following form
(4.9) OF |(00)(8,9) = (xdB — 34 + dg, d"3).

Proposition 4.7. 8F|(0’0) 1s a self adjoint elliptic first order differential
operator, and

ker 8FA1‘(070) = TLS.
That is, (B, g) € ker 8}?’\(070) iff *dB = 306 and g = 0.
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Proof. The symbol of 8}%](0’0) is coincides with that of (xd + d*)|q1(zs) +
d|Cg°( 13), and it is straightforward to see that the square of the latter oper-
ator is Algi(zs)ecge(rs)- From this, the ellipticity of 9F|(g ) follows.

To see that 815](070) is self adjoint, let 3,y € Q'(L3) and g,h € C§°(L3).
Then

<8F|(0,0)(ﬁ79)7 (7? h)>L2 = <*dﬁ - 3ﬁ + dg7’7>L2 + <d*6, h>L2
</87 d* * fY>L2 - 3<ﬁ77>L2 + <g7d*7>L2 + <67dh>L2
= (B,xdy =3y +dh)2 + (g, d"7) 2
(

(8,9),0F |(0,0)(7, h)) 2.

To compute the kernel, let (3, g) be such that *d3—35+dg = 0 and d*3 = 0.
Then, applying d* to the first equation and using the second, it follows that
d*dg = 0, whence Ag = 0, so that g is constant and hence vanishes. Thus,
xdfB — 308 = 0, so that 8 € T;s C kerd*, and this completes the proof of
Proposition 4.7. O

Propositions 4.5, 4.7 imply that, the expected dimension of the moduli
space of Lagrangian submanifolds is of zero dimension. Most interesting
examples of strict nearly Kéahler manifolds possess non-trivial symmetry
group and hence the moduli space of their Lagrangian submanifolds is of
positive dimension. The usual Fredholm theory is not yet developed to deal
with this phenomenon, see also [33] for a related consideration. Thus we
shall exploit the analyticity of the strict nearly Ké&hler structure (J,g) on
M5 in our next consideration.

4.2. Analyticity of Lagrangian deformations and its consequences.
As we pointed out in Proposition 2.7, a nearly-K#hler manifold (M, g, J, w)
is real analytic. As we shall show now, Lagrangian submanifolds as well
as their deformations are analytic as well. More concretely, we have the
following

Proposition 4.8. Let L be a smooth compact Lagrangian submanifold in
an analytic strictly nearly Kdahler 6-manifold M.

1. Then L? is also an analytic submanifold of M?S.

2. Assume that Exp(sa,)|ie(—c,e) i a smooth Lagrangian deformation of
L3. Then ay can be written as a convergent power series in t as a(t,z) :=
ar(z) = 332 thag(z) for t in some open interval (—¢',e') C (—¢,¢), and
o € Ql(L?’).

Proof. Since any Lagrangian submanifold L3 c (M5, .J, g) is a minimal sub-
manifold in (M9, g), the Morrey regularity theorem for vector solutions of
class C'! of a regular variational problem [36], [37] (see also [38], [17, IV.2.B])
implies that L? ¢ M9 is a real analytic submanifold of M6.
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Set a(t,z) := a(z). Now assume that Exp(sa)lie(—c ) is a smooth La-
grangian deformation of L3. Let us consider the following map

(Pzp(sa),Id)
-

L3 x (—¢,¢) MC x (—¢,¢).

Since the imbedding (Exp(sa), Id)(L3 X (—¢,€)) is a minimal submanifold in
the analytic Riemannian manifold (M x (—¢,¢), g @ dt?) the map Exp(sg)
is an analytic map.

Since the map Exp~! is analytic at each point in L3, and L? is compact,
we can assume that ¢t € (—¢’,¢&) is so small such that the map s is also
analytic. It follows that &(z,t) can be written as a convergent power series
in t at t = 0. This completes the proof of Proposition 4.8. U

1

Note that due to the analyticity of L? C M9, the normal exponential map

L,
Exp:T'L 2 NL — M
is a real analytic diffeomorphism onto a tubular neighborhood of L3.

Definition 4.9. Let L3 C M% be a closed Lagrangian submanifold.

(1) An element o € T3 is called smoothly unobstructed or smoothly
integrable, if there is a smooth Lagrangian deformation s(t) : L3 —
M® such that s(0) = L3 and 5(0) = a. Otherwise, a is called
smoothly obstructed.

(2) An element o € T3 is called formally unobstructed or formally inte-
grable, if there exists a sequence oy = a, ag, - - € QY(L3) such that
the formal power series

(4.10) a =Y ant™ € QY(LP)[[Y]
n=1
satisfies
F(ar) = 0 € Q*(L%)[[t]
as a formal power series in t.
(3) We call L? regular if every o € Tys is formally unobstructed.

Clearly, if o« € T3 is smoothly unobstructed, then it is formally unob-
structed. Indeed, if 5(¢) is a smooth Lagrangian deformation with s(0) = L3,
then s(t) = Exp(L,(a(t))) for some cuve a(t) € Q'(L3) with a(0) = 0 such
that F(ay) = 0. Let oy := Y o0 ant™ € QYL3)[[t]] be the Taylor series
of a(t) at t = 0. Then F(ay) is the Taylor series at t = 0 of the function
0 = F(a(t)) and hence vanishes.

The main purpose of this section is to show the converse: every formally
unobstructed element o € T3 is smoothly obstructed, and this condition is
equivalent to the smooth or formal obstructedness of a w.r.t. an analytic
function 7 : U — T3 with U C T3 a neighborhood of the origin, i.e. of
an analytic function in finitely many variables (cf. Corollary 4.13 below).
More precisely, we show the following
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Theorem 4.10. The moduli space of closed Lagrangian submanifolds of a
6-dimensional nearly-Kdhler manifold in the C-topology locally is a finite
dimensional analytic variety.

More concretely, for a closed Lagrangian L3 C MY there is an open neigh-
borhood U C Tys of the origin and a real analytic map 7 : U — Tps with
7(0) = 0 and 0|y = 0, as well as a C*®-map ® : L> x U — M5 such that
L3 = ®(L3 x {a}) satisfies:

Lg = L3, and any closed submanifold L' c MS% C'-close to L3 is La-
grangian if and only if L' = L3 for some a € 771(0).

In order to work towards the proof, we let @ := (L, o Fzp)*(w) €
O2(T*L3), so that F(a) = a*(®). We associate to each a € Q(L3) the
vector field &, on T*L3 which on each fiber T;L3 is constant equal to a.

If a € Q7 (L3) is C*-regular, we define for each p € L? its C*-norm in p
and on L3 as

(4.11) lallory = > 1Dl leler = sup [[ollcry,
1<k peL?

where the sum is taken over all multi-indices I in a coordinate system of L3
which is orthogonal at p.

Lemma 4.11. There are constants A,C > 0 such that for each C*-regular
a € Qlok(L?’), k> 1, and each p € L? we have

dn
(4.12) ‘ —|  (F(ta)) < nlAC"|| .
dt™ |, Ch1p ip
dTL
(4.13) ——  (d(F(ta))) < nlAC"|| oGk,
dt" o ch-1; "
7p

In particular, at each p € L3, the maps t — F(ta), € A2T;L3 and
t— d(F(ta))p € A?’T;‘L3 are real analytic at t = 0, and all their derivatives
w.r.t. t are C*~-regqular 2-forms and 3-forms on L3, respectively.

Proof. Let us describe this situation in local coordinates. Namely, we let

r = (2') be analytic coordinates on L3 and let (x;y) = (2% ") be the

corresponding bundle coordinates on T*L? — L3. With this, we can write
@ = fiydae' Ada? + gipdat Ady" + hesdy” A dy®,

where the coefficients are analytic functions.

After shrinking this coordinate neighborhood, we may assume that the
coefficients of the Riemannian metric g are uniformely bounded and, more-
over, by [23, Proposition 2.2.10], we may assume that for suitable constants
Ay,Cy1 > 0 we have for ¢ € {fij, gir, hrs} and any continuous vector field

of the form X = a"(x)0, with arbitrary continuous coefficients a"(z) the
pointwise estimates

(4.14) | X™(¢)] < n! AL CT(IX]".
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Let o € Qf,, (L3) be C*-regular, and suppose that |a|/co is sufficiently
small, so that its graph is given in these coordinates by y = d&(x) for C*-
regular functions &(z) = (&"(z)),=1,23. Thus, in these coordinates we have

. 0
§a = Gy (x)aiy’"
and for |t| small we have
F(ta) = fij(z;ta(s))dz’ Ada? + tgi(z;ta(x))dz’ A da" (x)
2 hps (s ta(z))da" (2) A da®(2)

AT

= (fotaitate) + towsta(0) 57

7
04" 06° , .
2 C4A i j
+t hrs(x,ta(x))ax[i 8xj})al:v A dz?.

Thus, for fixed z, the map t — F(ta), yields an analytic curve in A2T;L3.
For the derivatives w.r.t. ¢ of the coefficient functions, note that for ¢ €
{fij» Girs hrs} and m € N we have

am . m
dtim Qb(xa to‘(x)) = (ga) (¢)($;0),
t=0
whence
" . n
a fij(zita(z)) = (§a)"(fij) (0
t=0
T (tgir(z;ti(2))) = n(&a)" " (gir) @0)
t=0
d" 2 ~ n—2
dm (t"hes(z;ta(z))) = n(n—1)() (hm)(x;o)‘
t=0
Thus, for the derivatives we get
dar n e oa"
], P = (€Ul + e e 5
(4.15) (= 1)) 2(hrs) ey 22 0 ) da A da?
. «a T8 (:(:;O) 81’[1 ax]} .

Now (4.14) implies that
|(€a)™ (D) (@0 < MALCT o™

for ¢ € {fij, Gir, hrs}. Furthermore, since the coefficients of the metric are
bounded, there is a constant Cs > 0 such that at every x and for all 7,7

‘ oa”

ox’
Since also [|da* A da?||cx,, is uniformely bounded, and as [ja.|| < [|allor.,
for all k > 0, (4.12) follows for all p € L3 parametrized by this coordinate

< C2HaHCk*1;ac'
Ckix
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system and for constants A, C depending on these coordinates. But as L3
is compact, it can be covered by finitely many such neighborhoods, whence
(4.12) follows for all p € L? for uniform constants A, C > 0.

The estimate on the derivatives of d(F(ta)), = (ta)*(dw) follows analo-
gously. O

It follows from Lemma 4.11 that for each n € Ny, there are symmetric
tensors

(4.16) @y : O"Q51(LP) — Q20(L?),  diy : O"QG (L) — Q0 (L),
satisfying
|{@n; @) ||cr—1 < nLAC™ ||| o and [{d&n; &) || cr—1 < ntAC™ ||| ok

by (4.12) and (4.13), respectively, such that for all a € QF,, (L?) with [ay|| <
C~! with C > 0 from (4.12) we have the power series expansion

=

(@17 F)= Y {(@)ia),  dF(a) = Y (dB.);a).

n=1 n=1

=

In particular, ((dwy,);a) = d{(&n)p; ). It is important to point out that

for a € Qf,,(L?) we have d{(@n)p; ) € Qfu_1(L?), even though it is the

exterior differential of ((@n)p; ) € Qg (L3).

For a € QICI(LS) the flow of &, on T*L? is given by the formula

(I)fa(ﬂ) = B“‘t()é’

whence
(25°)" (@gsa ) = Flta)y,
so that
(1.18) (@u)0) = | Flta) = (£e,)"(@))
t=0

Since the vector fields &4, &g for o, 3 € Qlcl (L3) commute, it follows that the
symmetrization of (@y,), is given by

(4.19) (@n); @ty o) = Leo, - Leo, (@).

Proof of Theorem 4.10. Observe that by (4.18) the description of (@y; )
is given in (4.15) and hence a first oder differential operator, and the same
holds for the description of (dw,; ). Thus, the maps @, and do,, from (4.16)
extend to a symmetric n-linear map
Op i Q"LE(T*L?) — L3 | (A’T*L3),
don : O"LE(T*L?) — Li_(A°T*L?),
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where for a vector bundle E — L3 we denote by LZ(E) the Sobolev space
of sections of E with regularity (2; k). By (4.12) we obtain the estimates
H(CDn§a>||L§_1(A2T*L3) < n!ACnHaHLg(T*L?’) and
{don; o)z (aspersy < nlAC"||allp2(peps).
1
In particular, for o € L} with HO‘HLi < C™1, the power series > oo " (On; @)

|

converges in L? | (A*T*L3), thus defining the maps

1
kaBc—1(0> — Li_l(AQT*L?’), a — ZZOZO—'<§J7L;O¢>

n.

1
dFy : Bo-1(0) — L2 [ (A3T*L3), a 302, —{don;a)

n:

where Bo-1(0) C L2(T*L3) is the ball centered at 0. Clearly, F}, and dF}
are analytic maps between Banach spaces in the sense of Definition 6.1,
and moreover, because of (4.17) and (4.18), F) and dF}) extend the maps
F Qe (LP) — 92, (L?) and dF : Q, (L) — Q2,_, (L?) from before.

Thus, if we let

LT I* & R)y = {(o f) € AT [* & R) | / fdg =0},

then F" from (4.6) extends for all £ > 1 to a map
EFy: (Be-1(0) Cc LA(T*L*®R)y) — L2 (T*L3®R),
1
(e, f) — (Fila) +df) — 5 x dFi(a)

which is analytic at (0,0) as F}, and dF}, are analytic. Observe that 815;6|(070)

is the extension of OF (0,00 which by Proposition 4.7 is self adjoint and
elliptic. Thus, for all £ > 1

ker(aﬁ’k ‘ (0,0 ) = COkel‘(aFk ‘ (070)) = TL3 .

Denote by m = 7 : Li(T*L?’ ® R)y — Trs the orthogonal projection
which is continuous as T3 is finite dimensional. Then

(4.20) Fj:=m—F: (Bo1(0) C LT L ®R)g) — Li_(T*L* ®R)g

is again analytic at (0,0), and its differential at (0,0) is an isomorphism.
Therefore, the inverse function theorem for analytic maps of Banach spaces
(Proposition 6.3) implies that there is an analytic inverse of F:

Gr: Uy C L} (T*L?®R)o) — (Vi C LI(T*L? ® R)y).

Let U := Uy NTrs which is an open neighborhood of the origin and inde-
pendent of k as Tys C Mg>1 Li(T*L? @ R)g), and define the map

(4.21) 7:U — Tps, T(a) = m(Gr(a)) — a.
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Then 7 is again analytic, and clearly, 7(0) = 0. Moreover, for a € T3 we
have

07lo(a) = m(9Gk|(0,0)(a)) — a = (9] (0,0)) " () = =0,
so that dt]p = 0.

Observe that for a € U we have Gi(a) € Qbo (L?) for all £ > 1, so
that we may omit the subscript k. Indeed, the smoothness of G («) follows
since U C Tps consists of smooth (in fact analytic) forms; moreover, if
Gr(e) = (&, f), then Fp(a, f) = a € Tis. As Fi(a, f) = F(&, f) by the
smoothness of (&, f), (4.8) implies that f = 0 and for & = G(a) we have

1
F(G,) = §d *x F(Gy).
Let us define the C*°-map
©:Upx LP — M°  (a,p) — Eapp(éca)):

and let L3 := ®(L3 x {a}). Evidently, L3 = L3 as ®(0,p) = p. If L' c M
is a closed submanifold which is C'-close to L3, then we may write L’ as
the image of p — Expy,(£s) for some § € Qp, (L) € L3(T*L?) with |||
sufficiently small so that 8 € V; and hence o := F',(3) € U;. By definition,
w| = F(B), whence by (4.20) L’ is Lagrangian iff F(3) = 0 iff F,(3) =
m(B) € Tys iff a:=7w(B) € UyNTrs = U and § = G(«), and the latter is
the case iff @ = 7(G(a)) iff 7(a) = 0. That is L' is Lagrangian iff L' = L3
for some o € 771(0) as claimed. O

Theorem 4.10 reduces our consideration of smooth deformations of Lan-
grangian submanifolds to the one in analytic category as follows. Namely,
in analogy to Definition 4.9 we define

Definition 4.12. Let L?> C M® be a closed Lagrangian submanifold, and
let 7: U — T3 be the real analytic map from Theorem 4.10.
(1) An element o € Tps is called smoothly unobstructed or smoothly
integrable w.r.t. T, if there is a smooth curve «(t) in T}s such that
a(0) = 0 and &(0) = «a, and such that 7(a(t)) = 0. Otherwise, « is
called smoothly obstructed.
(2) An element o € T3 is called formally unobstructed or formally inte-
grable w.r.t. 7, if there exists a sequence a; = o, a9, -+ € T3 such
that the formal power series

(4.22) ap =Y ant" € R[[t]] ®g T
n=1
satisfies
(o) =0 € R[[t]] ®r T3

as a formal power series in ¢.

Corollary 4.13. Let L? C M5 be as above. Then for o € Tys the following
are equivalent.



24 H.V. LE AND L. SCHWACHHOFER

(1) « is smoothly obstructed.
(2) « is formally obstructed.
(3) « is smoothly obstructed w.r.t. T.
(4) « is formaly obstructed w.r.t. T.

In particular, L?> C M is reqular iff T = 0.

Proof. According to Theorem 4.10, a smooth family of Lagrangian subman-
ifolds with s(0) = L3 and $(0) = a must be of the form s(t) = Li(t) for a
smooth curve a(t) € T3 with a(0) = 0 and &(0) = a such that 7(a(t)) = 0.
That is, « is smoothly obstructed iff it is smoothly obstructed w.r.t. 7.

Likewise, working on the level of formal power series, it follows from
Theorem 4.10 that « is formally obstructed iff it is formally obstructed
w.r.t. 7.

But as 7 : U — T3 is an analytic function in finitely many variables, the
equivalence of smooth and formal obstruction of « € T} 3 follows immediately
from Artin’s approximation theorem [2, Theorem 1.2].

To show the last statement, let 7 = ° , 7,, be the analytic expansion of
T with 7, € ©Tps — Tys. If 7 # 0, the there is a minimal n > 2 such that
Tn, 7 0, so that there is some o € Ty 3 such that 7% := 7, (v, ..., ) # 0. Let
ap =Y o2 apt™ be a formal power series with a; = . Then 7(a;) = t"72
mod "1 so that 7(a;) # 0. That is, « is formally obstructed.

Thus, if all @ € Ty3 are formally unobstructed, then 7 = 0. [l

Corollary 4.14. Fach connected component of the moduli space of closed
reqular Lagrangian submanifolds of MS, equipped with the C'-topology, is
an analytic manifold whose tangent space at each L3 may be canonically
identified with Tys.

Proof. Let L?> C M be a regular Lagrangian submanifold, so that the
map 7 : U — T3 from Theorem 4.10 vanishes identically. Then the map

® : L3 x U induces an analytic parametrization of all C'-close Lagrangian
submanifolds of L2, given by a + L3. O

Let us now describe the analytic expansion of 7 : U — T3 from Theorem
4.10.

Proposition 4.15. For o € Tys, define 7& € QY(L3) for n € N recursively

7—1 — (6%

1 . -
= 52 Y o ((0Fee) B i)

r=2|I|=n Q1(L3)
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summing over all multi-indices I = (i1,...,1i,), setting |I| := i1 + ...+ i,
and I! :==141!---2,). Then

(4.24) (o) =) w(f) =) 78
n=2 n=2

with the orthogonal projection m : QY (L3) — Tys. In fact,
1 . .
(4.25) T :n!Z Z ﬁﬂ( <wr;7'i°1‘,...77'ic:>).

Proof. For § € Q'(L3) and any k > 1, the map ¢t — F,(t8) from (4.20) is
real analytic at ¢ = 0 with the expansion

(126)  E(t8) =t 0F Jio0)(8) — Y 5t * (3= d){@ni B, B)
n=2 :

using the definition of F in (4.6) and the expansions in (4.17). Since 8Ek|(070)
is invertible, it follows that the map t — G (ta) is also analytic at ¢t = 0,
and we expand it as a power series for an element a € Ty 3 as

> n n
(4.27) Grlta) =" —(guia...a) = Z 9
n= 1 n=1

for n-multilinear maps g, : ©@"Tys — Q' (L3) ® C>°(L3)g which we decom-
pose as
g =Tn + I
Applying F to this equation, and using (4.26), it follows that ¢ must be
solutions of the equation

. >0 1 -
ta = t0Ful0a (o) + 31" (OEuhlof)

n=2
(4.28) _,Z > ﬁ* (3 — d){wr; “,...,@%).
r=2|I|=n

Comparing the t-coefficient and using that §F kl(0,0) is the identity on Tpgs,
it follows that g = a, whence 7{* = a and f{* = 0, and comparing the
t"-coefficients for n > 1 yields

& 1 ofoa ca o
52 2 g (0Flon) 3= dlwnf.... 7).
r=2|I|=n

That is, 7 from (4.23) is the Q!(L3)-component of g&.
Now by (4.21), the series expansion of 7T is

T(ta) = m(Gy(ta)) — ta =Y t"w(gy) —ta =Y "7 (7]
n=2

n=1
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using that ¢¢ = a. This shows (4.24), and (4.25) follows as 7 is the projec-

. . —1
tion onto the (+1)-eigenspace of Iy (g o) by definition, so that 7 (Ek|(0’0)) =
. ([

Definition 4.16. Let L? C M5 be a closed Lagrangian submanifold. The
Kuranishi map of L? is the symmetric bilinear map

K :Tps x Tps — Q*(L3), K(aq, ) i= (wa; a1, ) = Lg, Le, (w).
Thus, by (4.25) we have
5 =7 K(o, ),
whence the we obtain the following result.

Proposition 4.17. Assume that L> C M is a Lagrangian submanifold,
and let « € Tys. If o is smoothly unobstructed, then ™+ K(a,a) =0, i.e.,

K(a,a) N3 =0 forall B € Tys.
L3
Proof. If o € Ty3 is smoothly unobstructed, then by Theorem 4.10 there is
a curve «(t) in Trs with «(0) = 0 and &(0) = « such that 7(«(t)) = 0. As
07lp = 0, we have

d2
0= p7e] T(a(t)) = 21a(c&, &)|i=o = 275" = 27 * K (o, ).
t=0
From this, the claim follows. O

Evidently, with increasing n, the the n-th order formal obstructions of an
element o € Ty 3 become increasingly involved.

5. EXAMPLES

In this section we wish to apply our results to Lagrangian submanifolds
of the standard nearly Kihler sphere (S°,.Jy, go) and put our work into the
context of the deformation results in [33].

Let O denote the octonians, which is the unique 8-dimensional normed
division algebra. It may be orthogonally decomposed into Q@ =R -1 Im Q,
and there is a vector cross product x on Im @, defined as the imaginary part
of the octonian multiplication, i.e.

xxy=—(z;y)+x Xy for all z,y € O,
where (.;.) denotes the scalar product on @. Then the automorphism group
G of O preserves the inner product and acts on the 7-dimensional space
Im ©, and it clearly preserves the cross product x on Im@. Furthermore,
we define the 3-form ¢ on Im @ by
e(@,y,2) = (z X y;2),

so that ¢ is invariant under the action of Go; indeed, G2 can also be described
as the group of automorphisms on Im Q preserving ¢.
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Let S% ¢ Im O denote the unit sphere with the round metric gy induced
by the inner product (.;.) on Im@. Then there is an orthogonal almost
complex structure Jy on S8, defined as

Jolp(u) :=p xu

for p € S® and u € T,5% C Im Q. Since the cone metric over S is the flat
metric on Im O which is clearly a (flat) Go-manifold, the result of Bér [3, §7]
already mentioned in section 2.2 implies that (S°, go,.Jy) is a strict nearly-
Kahler manifold. It follows that the action of Gy on S® C Im O preserves the
nearly-Kahler structure and is in fact the invariance group of this structure.
Moreover, this action of G on S is transitive, with stabilizer SU(3) C Ga,
whence we may write the sphere as a homogeneous space

56 =Gy/SU(3).

We call a Lagrangian submanifold L3 C S linearly full, if it is not con-
tained in a totally geodesic sphere S C S6. For instance (cf. [32, Example
6.11.]), if © C CP? is a holomorphic curve, then the inverse image of ¥ under
the Hopf fibration $° — CP? yields a Lagrangian submanifold L3, ¢ S® c S°
which is not linearly full. In fact, any Lagrangian submanifold L3 c S
which is not linearly full is of this type [32, Theorem 1.1.].

If ¥ C CP? is a curve of degree d = 1, then the Hopf lift is a totally geo-
desic 3-sphere which is preserved by SO(4) C G4, whence the space My—;
of all Ly, with ¥ C CP? of degree one is diffeomorphic to the symmetric
space G2/S0(4).

For d = 2, the sets of smooth conics in CP? is the homogeneous space
S1(3,C)/S0O(3,C), whence the moduli space of the Hopf lifts of curves of
degree d = 1,2 is given as

My=2 = G2 x5y (3) SI(3,C)/SO(3,C).

In particular, M —o is a manifold of dimension 16.

In [34], Mashimo gave a complete classification of homogeneous Lagrangian
sumbmanifolds L3 c S, i.e., L3 is the orbit of some subgroup H C Gs.
Indeed, there are, up to Ga-equivalence, five inequivalent Lagrangian sub-
manifolds; the description of the induced metric is given in [7].

(1) The totally geodesic Lagrangian sphere L3 := S3 C S given as the
intersection of S® with a coassociative subspace V4 C O, i.e., such
that |y = 0.

(2) The “squashed sphere”

VvV 2
L} = {361“1‘1‘3(16 tqeSp(1) g,

using the decomposition @ = H ¢ He for some unit octonian e €
HL. Clearly, L3 is again a sphere, and the metric induced by this
embedding is a Berger metric, invariant under U(2) C G5. That is,
every oriented isometry of L extends to S°.
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(3) The space L3 := L3, with the notation from above, where ¥ C CP?

is the quadric

224224 z% =0.
Then Lj C S5(1) € S%(1) is not linearly full and diffeomorphic to
RP3. In fact, it is acted on simply transitively by the subgroup
SO(3) € SU(3) C Ga, where SU(3) is the stabilizer of (S°)*. The
induced metric on L3 is again a Berger metric, but the only oriented
isometries which extend to S% are the elements of SO(3).

(4) There is a (unique) subgroup SO(3) C G2 which acts irreducibly
on Im O, thus identifying Im O with H3(R?), the space of harmonic
cubic polynomials in the three variables z,y, z, as an SO(3)-module.

If p € H(R3) is completely reducible, then — up to a multiple —
it is contained in the SO(3)-orbit of one of the two non-equivalent
polynomials

pg(.%',y,Z) :x(mQ _3y2) or p4($7yvz> = LYz,
and we let L? := SO(3) - m C S for k = 3,4 be the SO(3)-orbit
of these polynomials. Then L3 = SO(3)/D3 and L3 = SO(3)/Ay4,
where D3 and A4 denote the dihedral and the tetrahedral group,
respectively.

The induced metric on Lg is a Berger metric, whereas the induced
metric on L} is a metric of constant curvature.

In [33], Lotay calculated the formal tangent spaces T;s for all these ex-
amples L3 C S% i = 0,...,4. Furthermore, he discussed the regularity
of these spaces, using an approach different from ours which heavily uses
the G-invariance of the nearly Kéhler structure on S%. His results can be
summarized in the following table.

Table: Properties of homogeneous Lagrangian subspaces of S

’ ‘ dim Ty s ‘ L3 regular? ‘ deformation space of L3 ‘
1=0 8 yes My=1 = G2/SO(4)
i=1 10 yes Go/U(2)
i=2 16 yes Ma=2 = G2 xsy(3) SI(3,C)/SO(3,C)
1=3 41 ?
1=4 22 ?

Remark 5.1. (1) The rigidity of the Lagrangian sphere S(1) also fol-
lows from the Simons rigidity theorem which states that each geo-
desic sphere in S" is rigid as minimal submanifold up to the motion
of the isometry group SO(n + 1) [49, Theorem 5.2.3].

(2) The term rigidity we use here corresponds to the same notion of
rigidity of [33, Definition 4.12, p. 28]. Our notation of regularity
corresponds to Lotay’s notion of Jacobi integrability [33, Definition
3.18, p.18]. Lotay’s notion of stability corresponds to a special case
of our notion of regularity [33, Definition 4.12, p. 27-28].
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6. APPENDIX. REAL ANALYTIC BANACH MANIFOLDS AND IMPLICIT
FUNCTION THEOREM

In this Appendix we recall the notion of a real analytic Banach mani-
fold, following Eells [11], see also [10, §2], and the analytic inverse function
theorem, following Douady [10, §6]. Then we prove a simple criterion for a
smooth mapping to be analytic (Lemma 6.2). We also derive the analytic
implicit function theorem (Proposition 6.4) from the analytic inverse func-
tion theorem. We always work over the field R of real numbers, if not sp
ecified otherwise.

Let E and F be real Banach spaces, and U an open subset of E. Denote
by L(E, F') the vector space of all continuous linear maps v : £ — F. Let
us recall that a map ¢ : U — F' is called Fréchet differentiable at o € U if
there is an element ® € L(F, F) such that

o 1600+ 0) = 6(2) = Do)l

=0.
v—0 ‘U’E

In this case ®(v) is unique and also denoted by ¢.(x,v) or d¢(z;v). We
regard d¢ as a mapping from U to L(E, F).

Denote by SL"(E, F) the class of continuous symmetric r-linear maps
E Xy times xE — F. Inductively, ¢ is of class C", if "¢ : U — SL"(E, F) is
continuous.

Definition 6.1. Let F and F' be two Banach spaces and U an open subset
in E. A smooth map h: U — F is called analytic at a point a € U, if there
exists 7 > 0 such that for all |z| < r we have (a +z) € U and

= d*h(a;z, -z
(6.1) h(a+x)zzd ul ,k:’! ’ )
k=0

To recognize analytic maps among smooth maps we use the following
Lemma.

Lemma 6.2. Let U be an open subset of a Banach space E. A smooth
mapping f from U to a Banach space F' is analytic at a point x € U iff there
exists a positive number r depending on x such that the following holds. For
any affine line | through x the restriction of f to INU is analytic at x with
radius of convergence at least .

Proof. The “only if” assertion of Lemma 6.2 is straightforward. Now let us
prove the “if” assertion of Lemma 6.2. Since we do not assume any condition
on f, w.l.o.g. we can assume that x = 0 € E. By the assumption the sphere
S(r) of radius r and with center at x = 0 lies in U. Let s € S(r). Set
g(t) := f(ts). By the assumption g(¢) is analytic at 0 with the convergence
radius at least r. Since

dg

5 = U ts;s)
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and hence p
Wg =d"f(ts;s,---,s)

we have the Taylor expansion of g at zero is

gk £(0. 5. - s)tk
(62) o(t) = £(0) + 3 TI O 000
k=0

Comparing (6.2) with (6.1), we obtain immediately Lemma 6.2. O

Having the notion of an analytic mapping between Banach vector spaces,
it is straightforward to define the notion of an analytic Banach manifold.
Now we formulate the analytic inverse function theorem that has been
proved in [10].

Proposition 6.3. ([10, Theorem 1]) Let X and Y be two analytic Banach
manifolds and f : X — Y an analytic map. Assume that b = f(a) and
Tof : T, X — TpY is an isomorphism. Then f is a local isomorphism.

Now we combine the implicit function theorem for Banach spaces as for-
mulated in [24, Chapter I, Theorem 5.9] and the analytic inverse function
theorem to prove the following.

Proposition 6.4. Let U,V be an open sets in Banach spaces E and F
respectively, and let f : U x V. — G be an analytic mapping. Let (a,b) €
U x V and assume that the restriction of the differential Df at (a,b) to
(0,F) C E X F to G is a topological isomorphism. Let f(a,b) = 0. Then
there exist a small neighborhood Uy of a in U and an analytic mapping
g: Uy — V such that

f(@,g(x)) =0

for all x € Up.

Proof. The proof of Proposition 6.4 repeats the proof of the implicit function
theorem given in [24, p. 19]. It reduces to the analytic inverse function
theorem 6.3 by considering the new map ¢ : U x V. — E x F, (z,y) —
(z, f(x,y)), so we omit the detail of the proof. O
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