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ENERGY IDENTITY FOR A CLASS OF APPROXIMATE
DIRAC-HARMONIC MAPS FROM SURFACES WITH BOUNDARY

JURGEN JOST, LEI LIU, AND MIAOMIAO ZHU

ABSTRACT. For a sequence of coupled fields {(¢y,, )} from a compact Riemann surface M
with smooth boundary to a general compact Riemannian manifold with uniformly bounded
energy and satisfying the Dirac-harmonic system up to some uniformly controlled error
terms, we show that the energy identity holds during a blow-up process near the boundary.
As an application to the heat flow of Dirac-harmonic maps from surfaces with boundary,
when such a flow blows up at infinite time, we obtain an energy identity.

1. INTRODUCTION

This paper is a contribution to the study of coupled field equations on Riemann surfaces,
merging the theory of harmonic maps from surfaces with a mathematical version of the non-
linear supersymmetric of quantum field theory. The corresponding action functional couples
a term involving what is called the energy of a map from a surface to some Riemannian
manifold with a Dirac action for a nonlinear spinor field. The solutions of the resulting
Euler-Lagrange equations are called Dirac-harmonic maps [2]. While they share many prop-
erties with harmonic maps, their analysis is much more subtle, because the Dirac action is
not bounded from below. Therefore, standard variational methods do not apply to show
the existence of solutions under general conditions. As an alternative, a new type of mixed
parabolic-elliptic has been introduced [3] and further investigated [11] in order to develop
new tools for the existence problem. The existence problem is still not fully solved. In order
to make progress, results about the behavior at singularities that are known and classical for
harmonic maps need to be extended to the Dirac-harmonic case. This is where the contri-
bution of the present paper lies. We study the blow-up process and show a so-called energy
identity, that is, all the energy that is removed from the map gets transferred to the bubbles
that represent the singularity. In fact, we study this at the boundary, because boundary
value problems currently offer the situation where the existence theory is best developed and
most promising. In order that our results be applicable to the parabolic case, we have to
consider approximate solutions, that is, fields that satisfy the Euler-Lagrange equations up
to some controlled error term. This naturally makes the bubbling analysis more difficult.

We now fix the technical setting to describe our results in more precise terms. Let (M, h)
be a compact Riemann surface with smooth boundary 0M, equipped with a Riemannian
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2 JOST, LIU, AND ZHU

metric h and with a fixed spin structure, 3M be the spinor bundle over M and (-, -)sy be
the metric on XM induced by the Riemannian metric h. Choosing a local orthonormal basis
ea, =1,2 on TM, the usual Dirac operator is defined as @ := e, - V.., Where V is the
spin connection on XM, - is the Clifford multiplication, which satisfies the skew-adjointness
property

(X -1, )sm = — (U1, X - o)z
forany X e I'(TM), ¢, e (M), i =1, 2.

Let ¢ be a smooth map from M to another compact Riemannian manifold (N, g) with
dimension n > 2. Let ¢*T'N be the pull-back bundle of TN by ¢ and then we get the
twisted bundle XM ® ¢*T'N. Naturally, there is a metric (-, )smgern on XM @ ¢*T'N
which is induced from the metrics on XM and ¢*T'N. Also we have a natural connection
V on XM ® ¢*T'N which is induced from the connections on XM and ¢*T'N. Let ¢ be a
section of the bundle ¥M ® ¢*T'N. In local coordinates, it can be written as

¢ = ¢Z ® ayl(qb)a
where each 1" is a usual spinor on M and 9, is the nature local basis on N. Then V becomes
(1.1) Vi) = Vo' @ 0,(0) + (T Ve )0* @ 0, (9),

where I, are the Christoffel symbols of the Levi-Civita connection of (N, g). The Dirac

operator along the map ¢ is defined by D1 := e, - %eal/}.

An important factor that will enable us to utilize tools from complex analysis is that the
usual Dirac operator @ on a surface can be seen as the Cauchy-Riemann operator. Consider
R? with the Euclidean metric dz?+dy?. Let e; = % and e; = a% be the standard orthonormal

frame. A spinor field is simply a map ¥ : R? — Ay, = C2, and the action of e; and e, on
spinors can be identified with multiplication with matrices

(0 1 (0 i
“a=\-10) 27\ o)

If o := (i;) :R? — C? is a spinor field, then the Dirac operator is

0 1) (% 0 i\ (%2 O
o ()R- CHE) ()
ox dy 0z
where
o 1,0 .0 o 1,0 .0
2= (i) == gl tin),
0z 2'0x Oy Jz 20x Oy
For more details on spin geometry and Dirac operators, one can refer to [15].
We consider the following functional

L(g, ) = /M(|d¢|2+<¢,]p¢>2M®¢*TN)dU0l

loloelod , ,
= [ (o 5L 5% + 0@ D s ol
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The functional L(¢,1) is conformally invariant (see [2]). That is, for any conformal
diffeomorphism f : M — M, setting

p=¢of and P=1"}of,

here )\ is the conformal factor of the conformal map f, i.e. f*h = A?h. Then L((E, zZ) =
L(¢,). Critical points (¢, 1) of L are called Dirac-harmonic maps from M to N.
The Euler-Lagrange equations of the functional L are

(13) (A0 + T 005) 51 (0() = Rl
(1.4) B = o,
where R(¢,) is defined by

R(9,0) = SR (00 (0, V6! 17) 5 (0(0).

Here Rj; stands for the Riemann curvature tensor of the target manifold (N, g). One can
refer to [1, 2].

By Nash’s embedding theorem, we embed N isometrically into some Euclidean space R,
Then, the critical points (¢, 1) satisfy the Euler-Lagrange equations

(1.5) —A¢ = A(¢)(do,dp) — Re(P(A(dg(ea), €a - 1); V),
(1.6) Jp = A(dd(ea), ea 1),
where @ is the usual Dirac operator, A is the second fundamental form of N in R¥ and
A(do(ea), e - ) = (V(# : wj) ® A(ayiv ayj>7
Re(P(A(dp(ea)s ea - ¥); 1)) := P(A(Dy1, 0y ); Oyt ) Re((y', dg' - 7).

Here P(&; ) denotes the shape operator satisfying (P(&; X),Y) = (A(X,Y), &) forany X, Y €
['(T'N) and Re(z) denotes the real part of z € C. We refer to [1, 2, 32, 4, 26, 10| for more
details.

Before we state our main results, let us recall a definition of approximate Dirac-harmonic
map in [14]. Denote

W2**(M,N) :={ ¢ € W»*(M,R*) with ¢(z) € N for a.e.x € M },

WM, SM @ ¢*TN) == { o € WH3(M, M @ R¥) with ¢(z) € SM @ ¢*"TN
forae xe M }
A pair of fields (¢,1) € W22(M,N) x Wh3(M, M x ¢*TN) is called an approximate

Dirac-harmonic map from M to N with boundary data (p(x), x(x)), if there exists a pair of
fields (7(¢, %), h(¢,)) € L*(M) such that

(1.7) T(¢9,9) = A¢+ Adg,d¢) — Re (P(A(dg(en), €a - ¥);1)),
(1.8) h(g, ) = Jv — Aldé(ea), ea - V),
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with the boundary data

o(z) = (), on  OM;
(1.9) {Bw(a@) = Byx(z), on OM,

where B = B¥ is the chiral boundary operator defined by
(1.10) BE: L*(OM,SM ® ¢*TN|apr) — L*(OM, =M ®@ ¢*TN|ans)

(1.11) ¢H%(1diﬁ-c¢)-¢,

where 77 is the outward unit normal vector field on M, G = ie; - e, is the chiral operator
defined using a local orthonormal frame {e,}2_, on TM and satisfying:

(1.12) G*=1Id, G*=G, VG=0, G-X=-X-G,

for any X € I'(T'M). See e.g. [4, 3] for the notion of chiral boundary condition.
Therefore, (¢, 1) is a Dirac-harmonic map if and only if 7(¢, ) = h(¢, 1)) = 0.

Dirac-harmonic maps were introduced in [1, 2]. They are motivated by a model from
quantum field theory, the supersymmetric sigma model [5, 9]. This subject generalizes the
theory of harmonic maps and harmonic spinors. Similarly to the case of two dimensional
harmonic maps, the conformal invariance of the energy functional L leads to non-compactness
of Dirac-harmonic maps in dimension 2 and hence one needs to study their blow-up theory,
as in [1, 30, 31, 21]. For the blow-up theory of a more general model, whose critical points
are called Dirac-harmonic maps with curvature terms, see [10]. For approximate harmonic
maps in dimension two, one can refer to e.g. [25, 8, 22, 23, 6, 24, 19, 20, 16, 28, 27| for the
interior blow-up case and [12, 13, 7] for the boundary blow-up cases under various boundary
constraints.

In order to study the blow-up behavior of the Dirac-harmonic map flow from surfaces with
boundary considered in [3, 11], we introduced the notion of approximate Dirac-harmonic
maps in [14] and proved the energy identity and no neck result in the interior blow-up case
for a sequence of such maps. In general, this sequence might blow up at a boundary point.
In this paper, we shall consider the case that the sequence blows up at the boundary and
hence complete the blow-up picture of the Dirac-harmonic map flow.

Denote the energy of ¢ on Q C M by

B = [ Vo,
Q
the energy of ¥ on Q C M by
B(ws) = [ [oltad
Q
and the energy of the pair (¢,1) on Q C M by
B(6.52) = [ (V0P + [of)aM.
Q

We shall often omit the domain M from the notation and simply write E(¢) = E(¢; M),
E() = E(; M) and E(¢,¢) = E(¢,¢; M).
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Based on the interior blow-up results for approximate Dirac-harmonic maps studied in
[14], we state our first main result in this paper concerning the boundary blow-up case:

Theorem 1.1. Consider a sequence of approzimate Dirac-harmonic maps (¢n, n) € C*(M, N)x
CY{M, XM ® ¢*T'N) from a compact Riemann surface M with smooth boundary OM to a
compact Riemannian manifold N satisfying

E(anawn) + ||T(¢n7 wn)HLZ + ||h(¢n7wn)”L4 < Aa
and with boundary data
¢n|8M =, B¢n|8M = BXa
where ¢ € C**(OM, N), x € C'™(OM,XM ® ¢*TN) for some 0 < a < 1. We assume
(s V) — (¢,%) weakly in WH2(M, N) x L*(M, XM ® ¢*TN). Define the blow-up set
—2
(1.13) 8= nyeofz e M|liminf/ (dgnl? + []t) > S}
n—oo D(J?,T) 2
where € > 0 is some constant depending on N. Then S is a (possibly empty) finite set
{p1,.pg,-spr}, where 1 < q <1, {p1,....,ps} € M\ OM, {pgs+1,....pr} € OM. Moreover, a
subsequence, still denoted by {(ér, Vx)}, converges weakly in W22(M\ 8) x WE2(M\ S) to
(¢,9) and for each i =1,...,I, there is a finite set of Dirac-harmonic spheres (o, &!) : S? —
N,l=1,...,L; such that

(1.14) Jim E(dy) = E(¢)+Zi:E(Jf),
(1.15) Jim E(4y) = E(¢)+ZZ§E(5§)7

and the image ¢(M \ OM) UL, U/, (61(S?)) is a connected set.

Remark 1.2. In Theorem 1.1, for those Dirac-harmonic spheres splitting off at the interior
blow-up points, i.e. (¢!,&) : S? = N, i =1,...,¢; | = 1,..., L;, we know that the image
of the map parts ol, i = 1,...,q; | = 1,..., L;, are connected to the map part ¢ of the base
field (¢,) in the target manifold; this is proved in [14]. However, for those Dirac-harmonic
spheres splitting off at the boundary blow-up points, i.e. (o},&!) : S = N, i =q+1,...,[;
[ =1, ..., L, it is not clear whether the images of the map parts o!, i = ¢+1,....,I; 1 =1, ..., L;
have the same property.

To prove the energy quantization result near the boundary in Theorem 1.1, we shall follow
the general blow-up scheme developed for harmonic map type problems, however, the proofs
in this case are subtle and there are new difficulties arising when carrying out the neck
analysis. Firstly, the method of the three circle type theorem used in the interior case in [14]
can not be applied to the boundary case and we need to apply certain integration argument
to show the no neck energy property. Secondly, we need to establish a new Pohozaev type
identity for approximate Dirac-harmonic maps from surfaces with boundary (see Lemma 2.2)
which requires some algebraic property for the spinors, see (2.10). Moreover, we succeed in
driving a new Pohozaev type estimate (see Corollary 2.5) by showing that some terms in
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the Pohozaev type identity are actually having exponential decay, which are crucial in the
proof of the above theorem. Finally, we would like to remark that the bubbling analysis at
the boundary is more complicated than in the interior case and here we follow the scheme
developed for approximate harmonic maps in [12, 13].

With the help of Theorem 1.1, we can now study the asymptotic behavior at infinite time
for the Dirac-harmonic map flow in dimension 2.

The notion of Dirac-harmonic map flow was introduced in [3]. In this flow, one secks a
pair of fields (¢, ) : M x [0,00) = N X (XM ® ¢*T'N) that solves

(1.16) {fw:ﬂ@—Re<P<A<d¢<ea>,ea-w;w), in M x (0,00);

My = A(do(eq), e - V), in M x (0,00).
with the following boundary-initial data:
o(x,t) = p(z), on OM x [0,00);
L Oz,0) = dofw),  in M
By(z,t) = Bx(z), on OM x [0,00);
Po(x) = p(x), on  OM,

where 7(¢) := Ao+ A(p)(V, Vo) is the tension field of ¢, M is a compact spin Riemannian
manifold with smooth boundary dM and of dimension dim M > 2 and ¢y € W2?(M, N),
o € C*(OM,N), x € C*(OM,XM ® ©*T'N) are given data. The short-time existence
for the above flow (1.16) (1.17) was proved in [3].

When M is a surface, it was shown in [11] that there exists a unique global weak solution
to (1.16) with initial-boundary data (1.17) under some smallness assumption for ||¢o| g1 +
|Bx|| 2, which has at most finitely many singular times and enjoys the following property:

(L18)  E((t), (1) M) + /M [0 fded < COM, (o0, 1Bl 2oan), ¥ 0 <t < oo,

It follows from (1.18) that there exists a sequence t,, T 0o such that
(Gns ) := (&, tn), ¥ (-, 1)) € C*T(M,N) x C'F*(M,EM x ¢*TN)
is a sequence of approximate Dirac-harmonic maps with boundary-data (¢, y) and satisfying

and
T(Gny ¥n) = 04d(+, t,) with || 7(dp, ¥n)||L2 — 0.

When such a flow blows up at infinite time and at interior points, it was proved in [14]
that an energy identity and no neck property hold during the blow-up process. In this paper,
as an immediate corollary of Theorem 1.1 and as a complement of the blow-up picture at
infinite time of such a flow given in [14], we obtain

Theorem 1.3. Let M be a compact spin Riemann surface with smooth boundary OM. Let
¢o € HY(M,N), ¢ € C?*™(OM,N), x € C***(OM,XSM ® ©*TN). Let (¢,%)) : M x
[0,00) = N x (XM ® ¢*T'N) be a global weak solution of (1.16) and (1.17), which has
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finitely many singular times and satisfies (1.18). Then there exist t,, T 0o, a Dirac-harmonic
map (oo, Vo) € C*T(M, N) x C1H(M, XM @ ¢*  TN) with boundary data ¢uolon = ¢ and
Bisolonr = Bx, nonnegative integer I and a possibly empty set with at most finitely many
points {p1, ..., pgs -, 1y C M, where 1 < q < I, {p1,....,0q} € M\ OM, {pg+1,....01} € OM
such that

(1) (¢n,’17/)n) = (¢('vtn)v¢('vtn)) - (gboo>w00) in WLQ(Mv N) X L4(Ma XM x ¢ZOTN)’
(2) (ns¥n) = (oo, Yoo) I Wz}xQ(M \ P, s pr}) X Lige(M A\ Ap1, - pr});

(3) For 1 < z < I, there exist a positive integer L; and L; nontrivial Dirac-harmonic
spheres (ol &) :S? - N,i=1,..,1;1=1,..., L; such that

(1.19) lim E(¢,) = E(¢w)+ZiE(al

nee =1 =1
I L;

(1.20) lim E(ya) = E(e)+) ) B(E)
=1 [=1

and the image doo (M \ OM) UL, U (04(S?)) is a connected set.

This paper is organized as follows. In Section 2, we extend some basic lemmas to the
boundary case, such as small energy regularity, Pohozaev’s identity and removable singular-
ity. Then, we recall some known results which will be used in this paper. In Section 3, we
prove our main Theorem 1.1.

Notations: We denote R = {(z,y) € R*ly > 0}, D.(z) = {y € R¥|ly — 2| < r},
Df(z) = D,(x) NR%, 8+D+( ) =0D,(z)NR2, 3°D;f (z) = D,(x) N IR
For simplicity, we also denote D,.(0), D;F(0), Dy(0), D (0) as D,, D;f D D7 respectively.

2. SOME BASIC LEMMAS

In this section, we will prove some basic lemmas and recall some known results which will
be used in this paper.
By the standard elliptic theory, there exists a unique solution u € C?*®(M,RX) of

Au = 0, in M,
u = @, ondM,

satisfying
|ullc2taary < Cla, M)||@llc2+a@an-
For simplicity of notation, in the sequel, we will also denote this solution as ¢.
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Firstly, we prove a small energy regularity theorem for the boundary case. For similar
results for approximate harmonic maps, one can refer to the main estimate 3.2 in [25] and
Lemma 2.1 in [6] for the interior case and one can also refer to Lemma 4.1 in [12], Lemma
2.4 in [13] for various boundary cases.

Theorem 2.1. There is a small constant g > 0 depending only on p,q and N, such that if
(p,) € W2P(DF, N)xWh(Dt DT ®¢*TN) is an approzimate Dirac-harmonic map from
the upper unit disc D™ C R? to a compact Riemannian manifold (N, g) with 7(¢,) € LP
and h(¢,¥) € L1 for some 1 < p < 2 and some % < q < 2, and with boundary data (1.9),
satisfying

2.1) B(o.v:D") = [ (o + 101 < (ao)
then
6 — @sz,pwg) < Cldell ey + [0l 2vory + 17l Lo o) + IV Ellwrros),
||77Z)||W17L1(D;{) < C(H@UHLQ(D*)"‘||hHLq(D+)+||BX||W1—1/q,q(aOD+))7

where B := [y0p+ ¢ and C >0 is a constant depending only on p, q, N, |l¢|lcz2,|x|lc:-
1/2
Moreover, by the Sobolev embedding W?P(R?) C C°(R?), we have
(2.2)

1@lose(ny,y) = sup  [o(x) = o) < C(IVll2on) + IT(W) | ooty + IV ellwreos))-

1/2
oc,yEDf'/2

Proof. Without loss of generality, we assume |, sop+ © =0.
1
2
Choosing a cut-off function n € C§°(D1) satisfying 0 < n < 1, 7]|D;/4 =1,|Vn|+|V3y| < C,
by elliptic theory of first order elliptic operator, for any 1 < ¢ < 2, we have
Imbllwracpsy < CUPO)N Lan+) + 1BYllwi-1/a0(0p+))
< C(IVn - ¥ + 0@ L+ + 1Bl wi-1/00(0p+))
< C ([l ago+y + Mldolmblll La+) + Ikl sy + [1BY lwi-s/aagoon+)
< Clldelaonlmill 2 .+ CU s + IRlzs+) + 1B lwi-v/mageon))

< C€0|’77¢||L;qu(m) + C([[¥llLap+) + Ml Lap+) + [1BY[lwi-1/0.a@0 p+))-

Taking €y > 0 sufficiently small, by Sobolev embedding, we get
(2.3) [yl ) S vllwrae) < O o) + hllows) + 1BYllwi-r/sagaopt))
Computing directly, we obtain
[A(ne)| = nA¢ +2VnVe + ¢An|
< C (9] + [de| + [dolinde| + [ Indg] + |7])
< C(ldg| + [¢1*)|d(ng)] + C (|o] + dg| + [¢1* + |7]) -

2q
L2=4(Dt
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By standard elliptic estimates and Poincaré’s inequality, for any 1 < p < 2, we have

Inollwzr ey < Cll(Jdo] + [ )| Lop+) + C(1do|| ep+y + Y] Lo+
+ 7l e 04y + lollw2p(pt))
< Clldne)| = (ldoll2o+y + 1117 p+y) + CUldllop+)

Lr (D)
+ 22y + N7l + [l o)

< Ceolldmo)l, 2z, ., + CUASN L) + 11 Z2n o) + Nl ooy

+[Vollwirp+))-

Taking €y > 0 sufficiently small, we have

2p < 2,p
1Y@, 22, . < Cllndllwasiosy

+)
(2.4) < C(lldel ooy + 1011220+ + Tl ooy + IV llwrnp).
So, we have proved the theorem in the case 1 < p <2, 4/3 < ¢q < 2.

For the case p =2, 4/3 < ¢ < 2, taking p = ﬁ €(1,2) and p = % in (2.4), by Sobolev
embedding, we have

(D7)
(2.5) < C(||d¢||L2(D+) + ||¢||L4(D+) + I7llz2o+) + IVollwrzp))-
By (2.3) and the W*2-estimate for the Laplace operator, we obtain

1Pllwzz(py,) < CUAAN L2z, ) + VOllL2on) + [ Vellwrzws)
< C(IVollZs i TVl 2 oy Il

3/4

+ Vol L2+

75 D+ 2
+ IVellwiz )
< C(lldoll 2oy + [¥1 a+) + lTlll2+) + [[Vellwrz o).
For the case ¢ =2, 1 < p < 2, taking ¢ = 35_32 € (1,2) in (2.3), we get

(2.6) 191 52 s = CUPH200 F+[1Rll2we) + [BYllwraz@ops))-

By (2.4) and W'2-estimates for the Dirac operator, we arrive at
[lwsaos < CUBlaens )+ ellsns + 1B - vsaaons)
< OOV, 2, I+ W50+ 1B ssanp)

< CYllzn) + 1Pl 2y + [1BY[lwr-1r22(00p+) )

For the case p = ¢ = 2, taking ¢ = £ in (2.3) and p = § in (2.4), we will obtain a L*(Dy,)-
bound for ¥ and a L4(D§r/ ,) bound for V¢. Then one can apply the W*2-boundary estimate
for the Laplace operator and the W'2-boundary estimate for the Dirac operator to get the

conclusion of the theorem. O
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Next we shall derive a Pohozaev type identity for approximate Dirac-harmonic maps with
boundary data, extending the interior case given in Lemma 2.3 in [14]. For corresponding
results for two dimensional approximate harmonic maps, one can refer to Lemma 2.4 [19] for
the interior case and refer to Lemma 4.3 in [12] and Lemma 2.5 in [13] for various boundary
cases.

Lemma 2.2. (Pohozaev type identity) Let Q C R? be a bounded smooth domain. If DT C

Q CR3 and (¢,¢) € C*(Q, N)x CHQ,EQ®¢*TN) is an approzimate Dirac-harmonic map

with boundary data (1.9) on 0°Q, then for any 0 <t < %, we have

1 1 _ 1
t/a+D?_(|¢r|2 —5IVel’) = 5/8+Dt+(¢,r L0 - 1bg) — E/Dt+<¢,w¢>dx - Re/l)g_(qu/}”r@bT)d{p

1 0
+ /Dj T(Qb - SO)TTdI + 5 /BDD;F <¢a @ ’ T¢r>

—l—/ T oy —/ Vo(Vp +rVp,)dx
d+Df Df

(2.7 + [ (e Al9)(d0,d0) = Re (P(AWo(ea) o - 0)i0)) o

t

where (r,0) are polar coordinates in D centered at 0, ¢, = %, U, = 6(3@1# and g = %%@/J

Before we prove this lemma, let us recall two basic properties for Dirac operators and
spinors with chiral boundary constraint,

Lemma 2.3 (Proposition 3.1 in [4]). For any v¢,w € WH/4(M, XM ® ¢*TN) satisfying
B|om = Bwlonm = 0,

we have

(2.8) <W> ~h,w) =0 on OM,

where T is the unit normal vector field on OM.

Lemma 2.4 (Proposition 3.2 in [4]). For any v,w € W"3/4(M, XM ® ¢*TN), we have
JR— I % .
(2.9) /M@p, Pw)de = /M<]Dz/1,w>dx /8M< 7 )

where (Y, w) 1= hy; (Y w’).

Proof of Lemma 2.2: Multiplying the equation (1.7) by r(¢ — ), and integrating over D;",
noting the fact that r9,¢ = 2°95¢ and recalling Proposition 2.2 in [14] that

(210) (. V_a (D) = 2(Re (P(A(dd(ea). o~ ¥):%)) .V _a 6) + (0, BV o 1),
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we get

[ ro=hrin= [ ro=ndodi— [ (o, Re(PA@S(R).co- v)i))da

Df

= [ e A6, d6) ~ Re (POAGB(ea) o )i )
= /D? (¢ — ) Agdr + %/Dj (2%, g da — %/Dj (@), Vo, D) dae

— [ (o A@)(d5,40) — Re (PAWS(ea), o 0)i0))da

t

: =1+ 1T+ III + IV.

On one hand, by integrating by parts, we have

1= [ ol [ e [ Va9t o

t

1
— [ e [ o [ Vove— e [ o vepas
o+ D} a+D} Df 2 Jpr

+ / rVoVe,dz
Dy

1
o[ (ol =5voR = [ ot [ Ve(Ver e
o+Df o+Df Df

where the last equality follows from the fact that

1 1 t
——/ r@r\VMzda::——/ /r28T|V¢\2drd9
2 Jpy 2 Jo+pr Jo
1
——5 [ Avep+ [ 1vepas
2 a+Df Df

On the other hand, by Lemma 2.4, we get

21T = / (2P, Dabg)da
D+

t

0 0
= [ i [ G [ et
0
(211) - /Dj <¢,w¢>d~’c +/D Upwﬂ"?ﬂr)dﬂ? + /8+Dj Wﬂ”ar ’ wr> - /OD:' <w> @ ’ T77D7">'

- b}
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Integrating by parts, it follows that

21l = — /D +<x%,%ﬁzp¢>dzp

t

_ / (), D)da + / (Vo,(z°0), Pip)dx
o+ D} D

(2.12) -2 By + / <rz;r,zpw>d:c— | o)

+ o+ D

t

Thus, we have

_1 1 15, .
I[]I_'_]IH]I_ 2/D:_<w7mw>dz+R6\/l7:_<lDwarwr>dx 2/8+Dj‘<w’r 89 ¢9>

1 0
=3

Combining these estimates, we get (2.7). This finishes the proof of the lemma. O

As a consequence of Lemma 2.2, we derive the following Pohozaev type estimate, which
plays a key role in the proof of Theorem 1.1.

Corollary 2.5. (Pohozaev type estimate) Under the assumption of Lemma 2.2, if
E(¢,4; D7) + |7(d, )|z + (17, ¥) |14 < A,

thenforany0<t<%and0<z—:<%, we have

1 2
/ (I6:12 - L1vol2)de <e / 190 |dz
DI\D} 2 pi\of | 00 ¢ Jpi\pf
(2.13) +C/ i dz + CVt,
pi\pf | 00

where C'is a positive constant depending only on A, N, ||¢llcz, [Ix|lcr-
Proof. Firstly, by equation (1.8) and elliptic theory, we have

16014 s, < CUAVOl 2 [¥llzaos) + 114 e, + IBX I/ 03@000)) < C.
2

Thanks to Lemma 2.2, for any 0 < t < %, we have

1
(2.14) t/ (6,2 = SIVo2) =T + ... + T,
o+D; 2
Using Young’s inequality and the fact that
~ o , J, 0
2.1 = = - P Aldod(=). —
( 5) ¢T V%w ar +¢ ® ( QS(ar)? ayz>’
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where ?;f = (855 ey ag’:(), we obtain
Ip + I3 + Ly < Ct([9l oy + 10ell g o PN sy
+ CtIVOll L2ty + IVl 2 o) 1Tl 207
< Ct(||¢||L4 (D) + ”V%D“Lg (D) + ||V¢||L2(D;f)||¢||L4(Dt+))||h”L4(Dj) +Ct
(2.16) < Ct.

As for I5, we have

1 8
1 0 1 0
= 5/80[)?@—%@'7’(15—)()» +§/80DT+<X;@'7’%>

1 0 1 0
+§/80D:_<w7@ 'TXT> - 5/8‘0D+<X’@ 'rXr>

1 0 1 1 0
2.1 == —. - - —.
( 7) 2 /BOD:_ <X7 &%2 Tq/]’l“> + 2 \/a\OD“' <1/J7 83:2 rX?") 2 /éaOD:- <X7 axz rXT)?

where the last equality follows from Lemma 2.3 which tells us that

L 0
2 /aoD;w Xz W= X)) =0.

2
Computing directly, we get

1 0 1 o X
5/80D;L<X7 @ . 7“1/)r> = __/ < 8_ X,Vﬁ@@dm
o 1 t a 1 a . 1 t " . 8 )
___/ ax1< @-X,?de +§/_t<vail($ @'X},l@d])
< Ct([YI(t, 0) + [¢](=¢,0)) + CVE[ [l 200 p-

By Holder’s inequality and trace theory, we have

1 0 1 )
_/E)OD?W 502 X T 5 / (X 5.2 ) < OV o 80D+)+t)

2 2 o9Df
< OOVl 3 e, + )
2
where C' is a constant depending only on ||x|/c1-
Then (2.17) implies
(2.18) Is < CH([9[(£,0) + [¢[(=,0)) + C\/ZH?/me(aong) +Ct.

For II; and I, it is easy to see that

(2.19) I, + I < Ct.
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Multiplying (2.14) by 1 and integrating from ¢ to 2t, we get
| ol = 5Ivopyis
D+

2t 1
< / / (1, r1o, - 1) dOdr +/ / rorp-didr
=32 o+ D o+ Dt

/ (11, 0) + [¢](—r.0) + 1+ W)d

< C||¢||L4(D;\Dj)||T_1¢0||L§(D;\Dt+) + Ct(1 + (ol r2(pg\pyr)) + C\/E(l + 191l L2@0p))
2

<e /
D3,\Df

where the last inequality follows from Young’s inequality, the trace theory

191l . @0 = < Cllll s

3

_1¢

20 dzx + CVt,

2
r1 | dx+ = |@Z)|4dm+C’/

€ JpF\Df D3 \D}

and the fact

=Y 49 ‘;‘é’+wl®A<d¢< ) ;J

This finishes the proof.

In the end of this section, we recall some known results for (approximate) Dirac-harmonic
maps which are used in this paper.

Theorem 2.6 (Theorem 2.1., [14]). There is a small constant ¢, > 0 depending on p,q
and N, such that if (¢,7) € W*P(D,N) x WH4(D, XD ® ¢*TN) is an approzimate Dirac-
harmonic map from the unit disc D in R* to a compact Riemannian manifold (N,g) with
(¢, %) € LP and h(¢,v) € L7 for some % <p <2 and some % < q <2, and satisfies
(2.20) B(0.0:D) = [ (46 +101)ds < (6
D

then

16 = Gllwzry) < Cllddllzo) + Illoo(m)),

[llwram,) = CUWlLao) + hllzam),

where ¢ 1= \D1/2| fD1/2 odx and C > 0 is a constant depending only on p, q, N.
Moreover, by the Sobolev embedding W*P(R?) C C°(R?), we have

(2.21) [Pllose(ny) = sup  |d(z) — d(y)| < C(A, N)(IVElL2p) + 7 ()l e (0))-

z,y€D1 2
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Proposition 2.7 (Theorem 3.1 in [1]). There exists an ¢; > 0 depending on N such that if
(¢,7) 1s a smooth Dirac-harmonic map from the standard sphere S? to a compact Riemann-
tan manifold N satisfying

[ ek + 101 < e

then ¢ s a constant map and ¢ = 0.

Theorem 2.8 (Theorem 1.4 in [11]). Let (¢,v) : RY — N be a smooth Dirac-harmonic map
with boundary data qﬁ]aRgr = const. and BW@R?F = 0 and satisfying

/ |V¢|2dm—|—/ [Y)*dr < oo.
R2 R2

+

Then ¢ is a constant map and ¢ = 0.

3. ENERGY IDENTITY

In this section, we will prove our main Theorem 1.1. Since the interior blow-up behavior
was already studied in [14], we only need to consider the boundary blow-up behavior.
Firstly, we consider the following simpler case of a boundary blow-up point.

Theorem 3.1. Let ¢, € C*(D{(0), N), v, € C*(Dy(0),XD{ (0) ® ¢*TN) be a sequence of
approzimate Dirac-harmonic maps satisfying

(@) N onllwrety + |¥nllLamry + Imall2ory + (Al ety <A,

(0) (fnsthn) = (,9) weaky in Wy (DF\{0}) x W2 (DF\ {0}) as n — oo.

loc

Then there exist a subsequence of (¢n,¥n) (still denoted by (¢n,1n)) and a nonnegative
integer L such that, for any i = 1, ..y L, there exist points x,,, positive numbers A;, and a
nonconstant Dirac-harmonic sphere (o°,£%) : S — N such that:

(1) zf —0, X, =0, asn — oo;

(2) dist(z?,,0°DT)

9 — 00, s N — 00,

. Al )\j |:E’ ol N . .
(3) Mg (25 + 2 + 22l — o0 for any i £ 5

(4) (0%, is the weak limit of (¢, (2% + Nox), b, (2% + Nox)) in WL (R?) x L}

loc loc

(R?);
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(5) Energy identity: we have

(3.1) Jim B(gn) = B(0)+ 3 E(0"),
(3.2) lim B(v,) = BW)+ Y B(E).

i=1
Proof. By assumption, without loss of generality, we may assume that 0 is the only blow-up
point of the sequence {(¢,,1,)} in DT, i.e.

=2
(3.3) liminf E(¢,, ¥,; D) > % for all r >0

n—oo

where € = min{ep, )} and ¢, ¢, are the constants in Theorem 2.1 and Theorem 2.6 by
taking suitable p and ¢. By the standard argument of blow-up analysis (see e.g. [6, 1]), we
can assume that, for any n, there exist sequences x,, — 0 and r,, — 0 such that

[\

€
(3.4 B(Gutho; D} () = sup B(gn s D} () = .
xeD*,rSrn
D} (z)cD*
Firstly, we make a Claim 1: limsup,,_, ., dist(en,0OD) _ o

Tn

If not, after taking a subsequence, we may assume lim,, . dist(zn,0°D7) _ > 0. Set

Un(x,t) := dp(xn + 10x), Vu(z,t) = \/Tn(xn + T0),
and
B, :={z € R*|z,, + r,z € D'}
Then
B, — R2 .= {(2', 2?)|2* > —a},
as n — o0o. It is easy to see (u,,v,) lives in B,, and satisfies

(35) {T?J(cbn) — Aup + A(dtn, duy) — Re(P(A(dun(ea), ea - vn)ivn)),  in Bu:

4

TTthn = (%n - A(dun(ea)7 €a - Un)a in By,

with the boundary data
(3.6) un () = (1 + rpx), if Tp+rx € 0M,

' B, (x) = \/TaBx(xn + 12), if x,+r,x € IM.
By (3.4), Theorem 2.6 and Theorem 2.1, we have
(3.7) [tnllw22(Dir©)nB.) + [[0nllwr2(Dsr)nB,) < C(R, N)
for any Dg(0) C R? which implies

dn dn
[[un(z — (0, T—))HWZ%D;R(O)) + [lon(z — (0, T—))HWM(D;R(O)) <C(R,N)

n n

when n, R are large, where d,, := dist(z,,0°D").
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Then there exist a subsequence of (u,,v,) (also denoted by (u,,v,)) and a Dirac-harmonic
map (u,v) € W>?(R3) x W'2(R3) with the boundary data (i, Bv)|arz = (¢(0),0), such
that for any R > 0,

| o

JNim [lun(@ = (0,27)) = @l@)llwr2pg0) =0
| dy

JMim [lon(z = (0, 7)) = 8@} saogy0 = O

Set u!(z) := u(x + (0,a)) and v'(x) := 0(z + (0,a)), then we get, for any R > 0,
z)

Ji_{{}o [un(z) — @' (2)|lwr2(p,p0)nBanrz) = 0
Jim v, (z) — 0" (2) | 24(Dyro)nBarr2) = 0.

Combining this with (3.7) and noting that the measure of Dyg(0) N B, \ R? goes to zero, we
have

nlggo ||Un($)||wlv2(DR(0)mBn) = ||a1($)||W1*2(DR(0)ﬂR3)
Tim Jon (@) 4o p©)nBa) = 15 ()| L4 (D (0)e2)

Therefore, by (3.4), we can obtain E(a",v"; D;(0) NR2) = . However, by Theorem 2.8,
we know u' is a constant map and ©' = 0. This is a contradiction. We proved Claim 1.

dist(x,,0°DT)
Tn

which tends to R? as n — oo. Moreover, for any x € R?, when n is sufficiently large, by
(3.4), we have

Under the assumption limsup,,_, . = 00, we can see that (u,,v,) lives in B,

(3.8) E(um?}n;Dl(x)) <

W~ | T

—~

According to Theorem 2.6, there exist a subsequence of (u,, v,) (we still denote it by (u,, v,,))
and a Dirac-harmonic map (u'(z),v'(z)) € W**(R?, N) x WH3(R? XR? @ (u')*T'N) such
that

(3.9) Un(x) — u'(z) in I/VZLQ(RQ), vp(z) — v'(2) in L} (R?),

oc loc

as n — oo. Besides, we know E(u',v'; D{(0)) = %2. By the standard theory of Dirac-
harmonic maps [1], (u!(x),v!(z)) can be extended to a nontrivial Dirac-harmonic sphere
which is usually called the first bubble.

By the standard induction argument in [6], we only need to prove the theorem in the
case where there is only one bubble. For the more bubbles case, i.e. the bubble tree, we
just need to distinguish “neck domains” which is almost the same as in the blow-up theory
of approximate harmonic maps. See [17, 18] for details. Then we can estimate the energy
concentration on each “neck domain” by using the proof of the one bubble case.

Under this assumption, we have the following:
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Claim 2: for any € > 0, there exist § > 0 and R > 0 such that

1
(3.10) E(¢n, n; Dgi(x,) \ Dif (2,)) < € for any t € (§TnR’ 20)
when n is large enough.

In fact, if (3.10) is not true, then we can find ¢, — 0, such that lim,, 7";—: =ooand e >0
such that

(3.11) E(¢y, Yn; D, (x4) \ Dy () > € > 0.

Passing to a subsequence, we may assume lim,, ., f—" = b € [0,00]. For simplicity of
notation, we also denote

Un(2) 1= G (Tr + 1), V0 (2) 1= V0 (20 + o).

Denoting B!, := {x € R?|z,,+t,x € DT}, then it is easy to see that (u,(x),v,(x)) lives in B,
and 0 is also an energy concentration point for (u,,v,). We have to consider the following
two cases:

(a) b < .

Then B, tends to R? as n — oo. Here, we also need to consider two cases.

(a-1) (un,v,) has no other energy concentration points except 0.

By Theorem 2.6, Theorem 2.1 and the proof of Claim 1, there exists a Dirac-harmonic

map (u,v) : RZ — N with boundary data ulorz = ¢(0), Bu|spz = 0 satisfying, passing to a
subsequence, for any A\, R > 0, there hold

nhjgo [|wn(7) — u(x)||W172(D2R(0)OB;LO]R§\DA(O)) =0

T}g{}o |vn(2) — U(x)||L4(D2R(0)mB;mR§\D>\(O)) =0,

and
Jim fJun (2) [wr2oronz\pa0) = [w(@) w20 ronmz\pa0)
Jim [[on (@)l 2 r©)nB\Dr©0) = 0@ 23(DRO) 2D 0)-

According to (3.11), we have
E(u,v; (Dg(0) \ D1(0)) NRZ) = lim E(uy,,v,; (Dg(0) \ D1(0)) N B.) > €.
n—oo
However, Theorem 2.8 tells us that u is a constant map and v = 0. This is a contradiction.

(a-2) (un,vy,) has another energy concentration point p # 0.



ENERGY IDENTITY FOR A CLASS OF APPROXIMATE DIRAC-HARMONIC MAPS 19

Without loss of generality, we may assume p is the only energy concentration point in
D, (p) for some o > 0. By the standard argument of blow-up analysis, there exist sequences
x!, — p and 7/, — 0 such that

(3.12) E(tn, vy; Dy (27,) N By,) = sup E(upn,vn; D(z) N B) = <
xEDTO(p),TST;L 4
Dy (x)CDrq (p)

[\

By (3.4), we have 7/ t,, > r, and taking a subsequence, we may assume

. dy
lim
n—00 7’;1 tn

=d e [0,00].

Furthermore, we know d must be oo (the proof is the same as for Claim 1). Then similar
to the process of constructing the first bubble, there exists a nontrivial Dirac-harmonic map

(u?(x),v?*(x)) € W2%(R?, N) x WH(R?, XR? ® (u?)*T'N) such that
un (2, + 1l x) — u2(x) in VV;?(R%, Vo, (xl + 1l x) — U2<J]> in L?OC(]RQ),
as n — oo. This is

O (Tt a1 ) — 02 (2) in WL (R?) and A/t Y (2n ozl +tarh x) — v2(x) in L (R?).

Thus, (u?,v?) is also a bubble for the sequence (¢,,1,). This is a contradiction to the one
bubble assumption.

(b) b= oc.

In this case, B!, will tend to R? as n — oo. Again, we need to consider the following two
cases.

(b-1) (un,v,) has no other energy concentration points except 0.

According to (3.11), Theorem 2.6, Theorem 2.1 and the process of constructing the first
bubble, we know that there exists a nontrivial Dirac-harmonic map (u?,v?) : R* — N such
that, passing to a subsequence,

U () = u?(x) in WA (R?\ {0}) and v, (x) = v*(z) in Lt (R?\ {0}),

loc loc

asn — oo. Then, we get the second bubble (u?(z), v?(x)) which contradicts the “one bubble”
assumption.

(b-2) (up,v,) has another energy concentration point p # 0.
Similar to Case (a-2), there exist sequences z/, — p and r], — 0 satisfying (3.12) and

. dy
lim
n—oo Tgltn

= Q.
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Moreover, by the process of constructing the first bubble, there exists a nontrivial Dirac-
harmonic map (u?,v?) : R? — N such that, as n — oo,

up (!, + 7 2) — v (x) in WEA(R?) and /7 v, (2, + 7 x) — v*(z) in L},
that is
On (Tt a1 x) — 02 (2) in WE(R?) and /L1 by (24 tp a1, z) — v*(z) in L (R?).

loc

(R?)

So, we get the second bubble (u?(x),v?(z)). This also contradicts the “one bubble ” assump-
tion. Thus, we proved Claim 2.

Under the “one bubble” assumption, by (3.9), it is easy to see that energy identity (3.1)
and (3.2) are equivalent to

(3.13) lim lim lim E(¢y; Df (z,) \ D p(x,)) =0

R—00 §—0n—o0

and
(3.14) lim lim lim E(¢n; Df (2,) \ D} p(an)) = 0.

R—00 §—0 n—o0

Without loss of generality, we may assume § = 2™"r,, R for some positive integer m,, which
tends to co as n — co. We denote P : D;T R(@) \ DFi 1, 1 (Tn)

Firstly we use a finite decomposition argument that is similar to those in [29, 30] to
separate ¥ := D (x,) \ D, p(x,) into finite parts

Y= U;Zle, Qj = Ufikj_l—s—lpi’ 0=Fy <k < .., < ksn =my
such that s, < .5 and
1 .
(3.15) E(¢n, ¥n; Q;) < 1( 7 j=1, .., 8,

where C1(N) > 0 is a constant depending only on N to be determined later and S is a
uniform integer for all n large enough.

From (3.10), for any € < m, we have
1
ns Pn, <e< ;o i=100my
<¢ w ) € QCl(N) v m
when n is large.
If .
E(n, ¥n; X)) < 775
(6, ¥n; B) )

let k; = m,, and then ); = ¥. Otherwise, we can choose an integer 1 < k; < m,, such that

1
2C1 (V) < E(fn, ¥n; Q1) < m and  E(¢n, ¥n; Q1 U Pp41) > LNy

This is the first step of the division. Inductively, suppose that k; is chosen such that
E(ntn: Q) < gy If

(¢n7wna = k+1p) < Cl(N)’
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let kj11 = my,, thus Q41 = U?l"ijPi. If not, then similar to the first step, we can find
k; < kjt1 < m, such that

1 1 1
201(]\7) < E(an,l/)n;QjH) < m and E(%,l/)n;QjH ) ij+1+1) > m

Since E(¢n,¥y) is uniformly bounded by A, we will finish our division after at most S =
[2C1(N)A] + 1 steps. So we have finished the division.
Take a cut-off function 7 € C’go(D;“kj +17MR(xn) \ D7,

ijflflrnR

(x,,)) such that 0 <n <1 and

77|D2+kjmR(xn)\D;kj_lrnR(xn) =1 and
C
|V < 5ok " D;j+1rnR(xn)\D;jrnR(xn> and
C
Vil < g o D m@0)\ Dgiy i, ).

By the standard elliptic estimates, we have

||77¢n||W1,4/3(D1+)
< Ol + Vi - w””L%(DT) + ClinBxllw/a43 005

IN

CONYNGal ol 3,5, + I71Balll g ) + CHVIG I3 5, + CHIBX i marsaon

C<N)||d¢nHLQ(DijHT"R(In)\DQk
C||vn¢n||L%(ij71Uij+1) + O||nBX||W1/4:4/3(8OD;)
2

C(N)WHU%HL%Z) + Clldnlleae, v ) + Cllball 4 ) + ClinBxllwr/sas o),

IN

R(wn))’|771/1n||L4(2) + CHh”“L%(z)

-1,

IA
NN

where the last inequality is from (3.10) and (3.15). Then, taking C,(N) = C?(N) + 1, by
(3.10) and Sobolev embedding, we have

[Dullza@n + IVnllas < Clivalliae, _up o) + Cllhnll 4 ) + CllnBxllwisaars@ons)

< O, [Ixllen) (Ve + 6).
So,

1oy + IVall sy < D (allia@y) + IVenllosi,) < CS(Ve+6).

j=1

This is (3.14).

Suppose z!, € D™ is the projection of z,, i.e. d, = dist(x,,0°D") = |z, — x/|. Sim-
ilar to the boundary blow-up cases for approximate harmonic maps studied in [12, 13|, we
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decompose the neck domain D} (z,,) \ D} p(x,) as follows
D () \ D7 g(wn) = D5 (@) \ D3 (2,) U Dy () \ D3y, (77,)
U D3y, (23) \ Dj, (xn) U D (2n) \ Dy} p(2n)
= 91UQQUQ3UQ4,

when n is large.
Since lim,, o d,, = 0 and lim,,_, f—" = 00, when n is large enough, it is easy to see that

Q1 C Dy (z,) \ Df (), and Q3 C DY, (x,)\ Dy ().
Moreover, for any d,, <t < ¢, there holds
Dy, (a,) \ D/ (2,) € Dyy(an) \ Dy ().
By assumption (3.10), we have

(316) E(¢n7 wn; Ql) + E<¢n7 wn; 93) <e€
and
(3.17) B(b, s D () \ DF (1)) < € for any 1 € (du, ).

By (3.10), Theorem 2.6, Theorem 2.1 and the standard scaling argument, we get
OSCp3, (24)\DF (a1, P
< CUIVonll L2(pt (o IND] (@) T [¥nll st (o IAD; () T IVoll 2o WAD ()
+t’|v2¢HL2(D+ (@ )\D
(3.18) < C(Ve+9)

for any ¢ € (2r, R, 30), where C' = C(A, N, [|¢]|c2, ||x]|c1) is a positive constant.

Noting that Q4 = D (x,) \ D z(@,) = Da,(2n) \ Dr,r(x,), by the energy identity of
approximate Dirac—harmonlc maps with interior blow-up points (see Theorem 1.2 in [14]),
there holds

(3.19) lim lim E(up; Da, () \ Dy, r(2,)) = 0.

R—o00 n—0

sty T Tl 20, @07, @)

Therefore, we just need to estimate the energy concentration in {25. Here, we use a similar
method as in [12, 13].

Define Q = Dg(x;l) \ Do, (z), ®n(x) := ¢p(x) — @(x), z € Qs and

(3.20) Da(2) = {%n(x();;/) . i %’\ 2

where 2 = (21,2?) and 2/ = (2!, —22). It is easy to see that @, (z) € W2((,) and satisfies
the following equation
A¢p () — Ap(x), x € o,

(3.21) A, (x) = {—A%(m/) + Ap(z), =z¢€ Q/\Q \ Qy,
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where Agy(2) = —A(dgn, d,)(x) + Re (P(A(dgn(ea), €a - Pn); ¥n)) (2 )+T(un)(ﬂf)-

n))
Without loss of generality, we may also assume 15 = 2™ (2d,,), where m/, is a positive
(z7) \ Dy, (27,) and P o=

integer which tends to co as n — oo. Setting P/ := x,

Set

21+1d

— 1 [27 _~
B () = / B (r, 0)d0.

2T

where (r,0) are the polar coordinates at z/,. By (3.18) and 0), we have

(32
1B0) = 8 @y < 500 180) = 8 @l ey S 50 180y

<2 5 |9u(0)lomry <2 SUp (100 (w)louciry + CO Vil

1<i<m/,

(3.22) < C(N, A [lelless lIxllen) (Ve +6).
Integrating by parts, we get

— — —~% — —~x (i)\ — ~% —
| VO, V(D, — B, )da = /A@n _ 5,2 /A(cpn ~ 3, AT, dx.
P! /

Pi/ 87’

On the one hand, we have

o, 00,
VCIDV(CID ~- 3, dx—/|V(I>\dx— 8nandx

P/ 73? 87’ 37’
. 0y . 1, [ 0D 5
> (I)nQd _ n,2 / n 2d 5
2 [ VB ([ a1 !

~ >,
v 2dr — [ 122212
7l 7

or
od,, ,
or

1 —~ 00, , 1 _—~
= - IV, |*dr — / ( 2 |V, [H)dx
7 7 2

1
. V&, [*dz — Q/P’( §|V<I>n|2)dx

By direct computation, we obtain

o,
\V@n\2d:v—2/ ( O%n 2
P

P 81”
K

Oy, 1 0y, 0
:/P{N%\de—Q/ “a%‘Q_i’W"P)MH/;( e ﬁ—v¢nv@)dx

or Or
0
/w 2~ 198

v —2 — 2|V — C2d,.
Vo, da /1(‘ SR — SV oalDdr — C2d,

1

P/
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On the other hand, by (3.21) and (3.22), we have

/4@ B AT dr < C(Ve+6) [ [dénPde +C(Ve+0) [ |dollvaPde
/ 2 P

L O+ ) / (Il + 1A dz

/
i

< C(Je+0) /P donfda + CVe+3) [ funl'de+ C(Ve+8)2d,.

From the above, by Corollary 2.5 (taking ¢ = %), we get

~ . 0D, O 1
P! oP! r p, 0T P!

+C(We+6) [ |vn|tde + C2'd,

P

~ 0D, 1
g/ (@, — T, )—+(—+O(\/E+6))/ |d¢n|2dx+0/ |
o7 or 2 P! P/

+C | |V|ida + C2id,.

P

Summing ¢ from 1 to m/,, we get

1 — — 8&); = X 6‘57\1
(5~ C(Ve+6) ]V¢n|2dx§/ (@, — @, )a__/ @ -85
Q2 dDs (w7, r 8Dag,, (a,) r
(3.23) +C | |Vu|YPde 4+ C | |,|tdx + C6.
Qz QZ

As for the boundary term, by trace theory, we have

ODs () 9 ODs ()

r o=

< O(ve +0) / (IV6al + Vo))

0t Dsa(zh,)
< OWe+9) (I90nlxopro ) +3IV0ulliosror) + 1)
4 4
< C(\/E+ 6)(HV¢7LHL2(D1' \D1) + H¢n||L4(D;r \DT)
35 66 35 65
2

+ ||V90||L2(D§6\D%6) +0|IV QDHL?(D;S\DJ%&)

+ 5HTnHL2(Dj§5\D%‘5) +1)
< C(Ve+9),

where the last second inequality can be derived from Theorem 2.1.
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Also, there holds

r

/ @ - 5,220 < o(ve+ o).
-~ 9

Putting these in (3.23) and taking e and § sufficient small, we have

(3.24) / Vo |*dr < c/ (V|3 da + 0/ [ |*dx + C (Ve + 6).

Qo Qo Qo
Combining this with (3.16), (3.19) and (3.14), we will obtain (3.13) and we finished the proof
of Theorem 3.1. O

Proof of Theorem 1.1: 1t is easy to see that Theorem 1.1 is a consequence of the interior
blow-up case, i.e. Theorem 1.2 in [14] and the model case of boundary blow-ups, i.e. Theorem
3.1. O
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